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ABSTRACT

This thesis preseﬁts an algorithn for finding
Davenport-Schinzel sequences. Details of its implementatiorn
on a high-speed computer are given. An overview of the
current literaturé on Davenport-Schinzel sequences 1is
included. The following new results are obtained:

1) the value of N(5,6), |
'2) a lower bound for N {(5,n), n > 4,
3) a correction of the previously determined value of
N{6,5),

4) a lower bound for N{(6,n), n > 5.



CHAPTER I

DAVENPORT~SCHINZEL SEQUENCES

In 1965, Davenport and Schinzel {[1] proposed the
follqwinq ccmbinatorial problem.

Suppose J{n) denotes the set of integers 1,2,...,n. We
wish to form sequences of integers using the elements of
J {n) subject to the following tvwo congtraints:

1) no two adjacent elements are egual;

2} no seqguence contains a subseguence of the form
abab... of length greater than d, for a and b elements of
J{n) and a not egqual to b.

N {d,n) denotes the maximal length of any such sequencs
for given 4 and n. We are interested in finding the value
of N{d,n) for wvarious d and =n. Previous literature has
placed d as a subscript on N; the current mnotation is
adopted +to facilitate use of the text-editing program which
produced this copy of the thesis.

It is worthwhile at this point to clarify what is meant
by an abab... subsequence. Despite the form in which this
is written, the elements need not;appear as adjacent entries
in the sequence. Thus the sequeﬂce 12132 3 1 2 1 3
contains a 1212... subsequence of 1length 7, a 1313...
subsequence of length 4, and a 2323... subsequence of length

6.



Throughout the discussion, we will call a seguence
admissible if it satisfies the definition just given. We
call a sequence a Davenport-Schinzel sequence (DS sequence)
if it is of length N(d,n).

It.is obvious from the definition that N{d,n) 1is
finite. A crude upper bound may be given as follows.

Consider all possible pairs of thg integers 1,2;¢4.0,0-
Because of the sécond conétraint in the definition, an
admissible sequence can contain any given pair of integers
at most d/2 #+ 1 times. The number of pairs of unequal
integers taken from 1,2,...,n, is n{n-1). Thus,

N{d,n) < (d/2 + 1) n{(n-1)

n{n-1) {d+3)/2, n > 1.

Before proceeding further, we define a normal segquence.
A sequence is said to be ﬁormal if, before any occurrence of
the element £k, there occur all elements less than k. In
other words, the elements occur in increasing order. In the
search for N({(d,n) and DS sequencas, we need consider only
normal sequences, since a suitable pernutation of the
elements of J{n) will give a normal sequence. That
permutation may be made as follqws, Take the first tvwo
entries to be 1 and 2, the next entry not equal to either of
these to be 3, and so on, naming the entries in order of
their first appearance in the sequence. Clearly, the

constraints imposed in the definition are unaffected by this



pernutation; so there is no loss in generality incurred.

1.2 Elementary Results.

Several fundamental known results are presented in this

section.

N(i,n)=1
There can be no subsegquence ab. Thus the sequence can

contain only 1 element.

N(d, 1) =1

There is only one symbol to be entered.

N{2,n) =1
For 4 = 2, thers can be no subsequence of the form aba.

Thus each of the integers 1,2,...,0, appears only once. The

only normal DS sequence is 1 2 3 ... n.

Nd,2) =4
The only normal DS sequence is 1212... to 1length 4,

since there are no other symbcls to be entered.

1.3 Discussion of N{3,n).

N(3,n) =_2n =1 :

Consider the following sequences:

Both sequences have length 2n - 1 and both are clearly



admissible. Thus, N{3,n) = 2n - 1. ¥®e will show that these
are DS sequences by proving that 2n - 1 is also an upper
bound.

Two distinct derivations have been given [1] for
N{(3,n), one based on induction, the other on the fact that
there is an integer from J{n) which occurs only once in a DS
sequence of length N(3,n). The latter proof is given below.

" Suppose S is a DS sequence. Let a be any integer which
occurs twice in S, so that
i{¥x) = a and i{(y) = a for x < ¥y.

There must be some integer b which occurs between these

occurrences of a, that is,

i{(z) = b, x < z2 < V.
b can not occur before the first occurrence or after the
second cccurrence of | a, since that would producs
subsequences baba or abab, respectively, each of which has
length 4 + 1. If b occurs only once, we have established
the result. If it occurs more than once, we can repeat the
arqument replacing a by b and taking some new element as b,
Eventually the set of n integers will be exhausted, and we
will have the result.

Suppose then that the el;ment 1 occurs only once in
the DS sequence S. If n is deleted from the seguence, ve
then have a sequence made up of entries from J{n-1} which

still satisfies the subsequence criterion. If the elements



on either side

has adjacent elements which are equal.

then,
deleting at most two entries from S,
sequence constructed of entries from
N(3,n) - 2 £
N(3,n) £
Noting that N(1) =

1, and recalling

and the sequence again becomes admissible.

N(3,

of n in S were equal, the new sequence now

We delete one of
Thus, by
we have an admissible

1,2;,500,0=1. This gives

n=1),

N(3,n"1) + 20

that the lower bound is

N{3,n) 2 2n - 1, we have N{(3,n) 2n - 1,
1.4 _Discussion of N{d,3).

N(d.3) = 3d - 4, d_even, 4 > 3

N{d,3) =_34_-_5; d odd,_ 4 > 3

Case 1. 4 even.

Let the frequencies of the entries 1, 2, and 3, in a DS
sequence be £(1), £{2), and £(3), respectively. Obviously,
N{da,3) = £(1) + £(2) + £(3). We may assume without loss of
generality that £{1) 2 £(2) 2 £(3).

Lenma '

f{fH =4 - 1

Consider the seguences

1721212131313 13232323



121212121313 1313132323232 3.
These sequences show that N({8,3) 2 20, N(10,3)y =2 26, and,
in general,

N{d,3) 2 2{(d/2 - 1) + 2(d/2) + 2(da/2 - 1) = 3d - 4.

Thus £(1) 2 (34 - #)/3 = d-4,3, that is, £(1) 2 4 - 1.

"Consider +the spaces between the 1's in é DS seguencsa.
If £(1) 2 d - 1, then there are at least d - 2 spaces to be
filled. Each spéce must contain either a single 2 or a
single 3. The following arqument shows that the entries 2
and 3 can appear in at most (4d-2)/2 spaces.

If a 2 appeared in (d-2)/2 + 1 = d/2 spaces, then there
would be a subsequénce of the form 1212...1 which would have
length 2¢d/2) + 1, and this is impossible. A similar
argument applies to 3. Thus there are at most d - 2 spaces
between the 1's, with an équal number of 2%'s and 3fs filling
them. This proves that £(1) =4 - 1.

Taking the 4@ — 1 occurrences of the element 1, the
(d-2) /2 interior 2's, and the (d-2)/2 interior 3's, we have
subsequences 12121... and 13131... of length d - 1. Thus
2's may be added before the first 1 or following the last 1.

The same holds for 3's.

”
[

If the 2's and 3's are added at opposite ends of the
sequence, only 1 of each can be added. This does not
produce a DS sequence, since it is of length

(A-1) + (d-2) + 2 = 2da-1 < 3d-4.



Adding the 2's and 3's at the same end allows us to add a
subsequence of the form 2323... with length 4 - 1. A
previous or later 2 or 3 will extend this subsequence to
length d. With this construction,
N{d,3) < d-1 + (d-2)/2 + (d=2)/2 + {(d-2)/ 2 + N{d-1,2)
=334 - 4.

.

Thus N{d,3) = 3d - 4, 4 even, 4 > 3.

Case 2. d odd.

Consider the sequences
1212123232313 131
1212 1212323232313 131%13 1.
- These show that W({7,3) 2 f6, N{9,3}) 2 22, and, in general,
N(d,3) 2d -2 +2@d - 1)/2 +d- 2=334 - 5.
Making the =same assumptions on symbol frequency as in the
case with 4 even, we have
£(1) 24 - 5/3,
£(1) 24 - 1.
Suppose that £(1) > d - 1. Then we have at least 4 - 1

interior positions to be filled with single 2's or 3's. 2

and 3 «can occur in at most (d - 1) /2 of these positions,
since if a 2 or 3 occurred in (d - 1) /2 + 1 = ({4 .+ 1)/2

positions, then +there would be a subsequence having length



2{(d ¢+ 1)y/2 + 1 =4 + 2.

if £(1) = d + 1, we would regquire d interior positions
to be filled by 4 -= 1 2's and 3's; consequently, we see that
f£f{1) £ 4.

Suppose that £({1) = d. The subsequences 12121... and
13131... have length d; consequently, neither the element 2
nor the element 3 can occur before the first 1 or following
the last 1. Thus the sequence has length d+d-1 = 23 - 1.
This sequence can not be maximal, since N(d,3) 2 3d -5. Thus
£(1) < d, and £(1) = a - 1.

‘We know then that there are d - 2 interior positions,
and each of 2 or 3 can appear in at most (d - 1)/2

positions. Consider the fcllowing two cases.

Case A
Each of 2 and 3 occurs in {(d - 1)/2 positions. This
results in a total of 4 - 1 occcurrences, that is, there is

scme interior position in which both 2 and 3 occur. In this

overlapping interior position, we can add at most a seguence

of length N(d-1,2) to give a sequence of length at most
@-1) + (d - 3) + (d - 1) = 343 - 5.

The examples given are of this leﬁqth; hence, N{d,3) = 34-5,

provided Case B does not yield a longer sequence.

Case B.

Suppose that 2 occurs in (d-1)/2 positions and 3 in



{8-3) /2 positions; this fills all interior positions with
single symbols. Then one further 3 can be added at the
beginning and the end of the sequence to give a sequence of
length

1+ (d - 1) + (&4 -2) + 1=24 - 1.
Since this is 1less than 3d - 5 for all d being considered
here (that is, d = 5,7,9,.-.), the result in Case A holds.
Thus we have that, for 4 odd, 4 > 3,

N{d,3) = 34 - 5.

Stanton and Roselle «c¢laim [2] that the construction
just given given for N(d,3) is unigue for both even and odd
d. It is instructive +to clarify their use of the ternm
"unique". In the case 4 even, the construction produces
exactly one DS sequence,. since the subseguence of length
N{(d-1,2) must be added at‘the end of the sequence. Howvever,
for odd d, the construction actually produces 4 - 2 normal
DS sequences, none of which may be obtained from another by
a simple permutation of the synbols.

Consider d = 5. The three normal DS sequences are
121. 2323. 131
12131.32.32.1
1. 232 3. 1‘3 121

We see that the sequences of length N(d-1,2) may be inserted
in any of the 4 - 2 interior positions, with each insertion

giving a different DS sequence. The construction is



"uynigue" insofar as it is the c¢crly way to construct a DS
sequence for n = 3 and d odd, but it does produce 4 - 2

normal DS sequences.

1.5 Discussion of N{4,n), n > 4.

Consider the following seguences:

n=5, d=4 1213141 .432.5253514%5

i

n=6, d=4 121314151 .5432.6263%614605%6
The construction of these seguences shows that N(4,5) 2 17,
N{4,6) =2 22, and, in general, that
N{(#,n) 2 2{(n~- 1) + {(n - 3) # 2{n - 2) + 1 =5n - 8.
(These examples were found to be unique DS sequences in an
exhaustive search using the prcgram which will be described
in Chapter IT.)
Stanton and Roselle have shown [5] that
5 - 8 £ N{4,n) < n N{4,n-1)/(n-1) <+ 2.

This gives

N{4,7) 27,
N{4,8) = 32.

J. H. Conway has shown that
N (4,9) = 37, :
N(4,10) = 42,

W. H. Mills has shown that

N(4,11) = 47,

N{4,12) 53,

10



N(4,13) = 58.
n= 11 is +the 1last value for which W ({4,n) = 5n - 8.
Davenport has proved [4] that

N(4,km+1) 2 6km - m - 5k + 2.

This implies that N(#,n) > 5n - 8 for odd n 2 13 and for
even n 2 18, He notes also [4#] that Z. Kolba has proved
that N{(4,2n) 2 1im - 13. Combining these results, we have
that N(4,n) > 5n - 8 for all n > 12.

For values of 1n such that 14 € n £ 20, the following

bounds are listed according to the material outlined above.

64 < N{4,13) < 64 Kolba

69 < N(4,15) < 70 Davenport
75 < N(4,16) < 77 Kolba

80 £ N(4,17) £ €4 Davenport
B6 £ N(4,18) £ 91 Davenport
91 < N(4,19) < 98 Davenport
98 < N{4,20) < 105 Davenport

1.6 Discussion of N(d,H4) .

N (d,4) 6d - 13, i _even, 4 > 4°

N(d,4) = 6d - 14, d odd, 4 > 4

We begin by establishing a lower bound.

Case 1. d even, d > 4.

11



Let f be the maxiwmum number of occurrences of any
element 1in the DS sequence. Without lcss of generality, we
choose the element 1. This implies that there are f - 1
interior blocks Qf elements, each of which contains elements
chosen from 2,3;...,n, and is bounded on both sides by 1's.
None' of the remaining n - 1 elements nay appear in as many
as d/2 interior blocks, since this would give a subsequence
of the form lala... of length 4 + 1. | Thus, the maximum
number of blocks in which an element ‘'other than 1 appears is
d/2 - 1 = (d - 2)/2. Aalso, a pair of 1's can not appear as
adjacent elements; thus, the number of interior blocks must
be equal to or 1less than the total number of elements
appearing in the blocks. This gives

f-1 < (m- 1@ - 2y/2,
f £ (n - 1)(& - 2)/2 + 1.
The following construction shows that +this bound can be
attained.

List {n - 1)(d - 2)/2 + 1 T's. Insert n between the
first (d - 2)/2 1's, n-1 between the next (4 - 2)/2 1's,
etc., down to the element 2. Finally, to the right of the
last 1, enter a normal DS sequence of length N{d~1,n~-1) made
up of the elements 2,...,0. Certéinly there are no adjacent
elements egual. He can see that +there 1is no abab...
subsequence of length greater than d by noting that the DS

sequence of length N{(d-1,n-1) has no abab... subseguence

i2



(a>b) of length greater than 4 - 2. Thus, the sequence ve
have just constructed is admissible. This proves that, for

4 even, 4 > n,

N(d,n) 2 {n 1@ - 2) +# 1 + N{d-1,n-1).

1

In particular, for n 4,

N{d,4) 2 33 - 6 + 1 + 3(d - 1) -5=64 ~ 13.

Case 2. d odd, 4 > 4,

Again let f denote the maximum fregquency of any
element, say 1. In this <case, none of the remaining
elements may appear in more than {(d - 1)/2 of the £ -‘1
interior blocks, since more appearances would result in an
abab... subsequence of length greater than d. Thus,

£f-1 £ (n- 1N/2,
f £ (n-1H@-NHr/2+ 1,
This bound is attainable as follows.

List (n - 1)(d - 1)/2 - n + 3 i*s., Insert n between
the first (d-3)/2 of the 1's, n - 1 Dbetween the next
(d-3) /2 of the 1's, etc.; betveen the last two 1's, insert
a normal DS segquence of length N{(d-1,n-1). This sequence is
admissible, and its existence shows that, for 4 odd, d > n,-

F(@,n) 2 (n- 1)(@ - 3) +1¢N(@-1,10-1) + 1.

In particular, for n = 4,

N{d,4) 2 3(d - 3) +# 2 +# 3(d- 1) -4 =64 - 14.

We will now show that, for n = 4, the bounds

N{d,4) > 64 - 13, (4 even),-

13



N{d,4) =2 64 - 14, (4 odd),

are also upper bounds.

n_=4; 4 even, 4 > 4.

_We know that
£f<3(@-2y/2+ 1= (34d-296)/2+ 1= 34/2 - 2,
and N(d,4) 2 64 - 13. Since there are 4 synmnbols, and £
denotes the waximum frequency of the.most common one,
4f 2 N(d,4) 2 64 - 13.
This gives

£ > (6a - 13) /U

]

3d/2 - 3,

3d/2 - 2 =2 £ 2 34/2 - 3.
Suppose that £ = 3d/2 - 3. Then there are 3d4/2 - 4 interior
positions. If there is no overlapping of elements, that is,
each position is filled by a single symbol, then the number
of blocks filled by the remaining symbols 2,3, and 4, must
be (d-2)/2, (d-2),/2, and (d-4) /2. If overlapping does occur,
we see, by the followinq argument, that it «can happen in
just one interior block.

If we have one entry in each interior block, there are
then 3d/2 - 4 appearances of eleménts. Adding an element in
one of these interior blocks will increase this number to
5&/2 - 3, But 2,3, and 4, can occur in at most {4 - 2)/2
blocks; hence, the maximum number of Dblock occupanéies is

3(d - 2)/2, and we see that there can be 1no nore

14



overlapping.

Let us take the number of blocks containing 2,3, and 4,
to be (d-2)/2, (d-2)/2, and {d-4)/2, respectively. Since the
sequence already contains subsequences 121271... and 13131...
of léngth 2{(d - 2)/2 + 1 =4 - 1, we can not add either 2 or
3 at both ends Qf the seguence. However, 4 could occur at
both ends. If 2 and 4 appear at one end, with 3 and 4 at
the c¢ther end, then we have a sequence whose length is at
most

£f+ £ -1+ 2N(d-1,2)
= 3d/2 - 3 + 3d/2 - 4 + 2d - 2 = 5d - 9.
If 2,3, and 4, appear at the same end of the sequence, with
a single 4 at the other end, we have maximum length
1+ f + £ -1+ N(d-1,3)
=1+ 38 - 7 + 3(d-1) - 5 = 64 - 14.
But we know that N(d,4) 2 64 - 13 for d > #4; so neither of

these is a DS sequence.

Case B. Single Overlap.

Let us assume 3 and 4 occur in the same interior block°
The sequenca already contains subéequences tala... of length
d - 1 fora= 2,3, and U4; consequently, each of these
entries can occur at only one end of the segquence.

If 4 is at one end and 2 and 3 at the other end, then

15



the seguence can not be longer than

1+ £+ £ -2+ 2 N(d-1,2) =54 -9 < 64 - 13,
If 2 is at one end and 3 and 4 at the other end, then the
sequence can not be longer than

1 +.f+ £~ 2+ 2+ N{d-1,2) =44 - 8 < 64 - 13,

If 2,3, and 4, appear at one end, the length is at most

f + £ -2 % N(k+2,2) + N{d-k,2), k =z 1.
This gives 64 - 2k - 10 for k even, and 64 - 2k - 11 for k
odd. The lower bound N({(d,4) 2 64 - 13 implies that k = 1.

It has been shown [3] that the DS seguence of 1length
N{d,3) for odd 4 contains a subseguence abab... of length at
least 4 - 2 for all a and b. The sequence for k = 1 above
must then contain a subsequence vhich has length at least
1+43+d4-1-2 = d+1, and hence is inadmissible. We have
exhausted all éossibilitiés, and can conclude that £ can not
be equal to 34,/2 - 3.

The construction used in establishing the lower bound
N(d,4) = 64 - 13 gives a sequence in which £ = 34/2 - 2. It
remains only to examine the ©possible <constructions of
sequences with this frequency of 1's.

There c¢an be no overlapp%ng, since the number of
entries to be made is at most £ ; 1= 3d/2 - 3, and the
maximum numnber of interior blocks in which 2,3, or 4, can
occur is {(d - 2)/2. The sequence already contains -l1ala...

subsequences of length d-1; thus, additional entries of 2,3,

16



and 4; must appear at only cne end of the segquence.
If 2 occurs at one end and 3 and 4 at the other, then
the sequence has maximum langth
1+ £+ £ -1+ N{d~1,2)
= 3d - 4 +d - 1=14d - 5,
This is not a DS sequence, since 64 - 13 > ud -5 for d > 4,
If 2,3, and 4, occur at the same ehd, Wwe have the
seguence construc{ed for the lower bound, which is of length
f+ £ -1+ ¥(da-1,3)
= 3d/2 - 2 + 3d4/2 - 3 + 3(d - 1 - 5 =864 - 13.
Thus we have shown that, for 4 even, 4 > 4,

N(d,4) = 64 - 13.

n =_4; 4 odd, 4 > 4

From the development of the lower bound, we have

(6d - 1)y ,/4 = 3{d - V) /2 -2 < £ <£3@ - 1H/2+ 1.

He gave the construction of a sequence of length 63 - 14 for
which £ = 3(d - ) /2 - 1. I1If £= 3(&a - 1H,/2 - 2, +then
N(d,4) = 64 - 14; so we need only consider

3(d - H/2 -1 £ £ £ 3(a - ©h/2 + 1.
I£f £ = 3(& - MNH/2 + 1, then each interior position is-
occupied by a single element, sinée each of 2,3, and 4, can
occur in at most (d - 1)/2 blocks. This sequenca contains
all subsequences lala... of length 2{(d - 1)/2 + 1 = d; so no
further entries can be made at either end. The length of
this sequence is o
£f+ £ - 1=2(3(8-1)/2 + 1) - 1 = 34 - 2 < 64 ~ 14,

17



if £ = 3(d - 1)/2, there can be an overlap in at most one of
the interior blocks.
If there is no overlap, £he sequence has length
£f+ f- 1+ 1=2f=13d-3 < 64 - 14,
If there is an. overlap in one interior position, then the
length is
f+f - 2 4 N{(d&-1,2) = 4d - 6 < 64 - 14.

The last possibility for £ is 3(d-1)/2 - Te This allows
overlapping to occur in at most two interior positions. If
there is no overlapping, the seguence can not be longer than

f+ f -1+ N{(@-1,2) + 2 =43 - 3 < 64 - 14,
If there is overlapping in two of the interior positions, we
nay have 2 and 3 together in both of them, or 2 and 3 in omne
and 2’and 4 in the other. 1In the first case, the sequence
has maximum length

f+ £ - 3 + N(d-k,2) ¢ N{k+1,2).

As before, we see that k = 1, and the length is 44 - 7. The
second case gives a longer seguence, with length

f + £~ 3+ 2N(d-1,2) =54 - 10 < 64 - 14,
The final possibility, that of overlap 1in one interior
block, gives the longest sequence, as follous.
If only +two distinct elements :occur in the overlap, the
sequence has length at most

f+ f - 2+ N(d-1,2) + 2 = 4d - 6 < 64 - 14,

If 2,3, and 4, all occur in the overlapping position, the

18



At g o e o e

sequence can not be longer than

£+ Ff -2+ N(@a-1,3) = 6a —- 14.

All possibilities are exhausted, and we have proved that,

for 4 odd, 4 > 4,

N(d,4) = 64 - 14.

1.7__Results Derived for N(5,6).

‘The prime purpose of the computational algorithnm

vhich

will be described in Chapter II is to find the value of

N(5,6). He shall show that this number is:

N(5,6) = 29.

‘There are thirty-five DS sequences for n = 6, d = 5;

are listed below in the order in which they appeared
search.
1212324252543 63646561615114
‘42123242525 45351565¢61636%46
12123242525 4£&535656361Uu461614
1212324252626561U46363u451514
1212348545 3525665¢%626364616 114
121313234 35350426261Uu46561615
12131323453535452565626%4616
12131323435363656%u462624515
121313245485 253565¢63¢62¢61U461°F6
121314143252535145 6 5646 362656
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1.8 A Lower Bound for N(5,n}), n > 4.,

Observation of the sequences in the previous section
allows us to develop a 1lower bound for N{5,n), n > 4.
Consider the following sequence for d = 5, n = 6,

1212 3-2 4 252 .543.6361U40565¢6.,
| 16 1514131
Consider also the following sequence for d = 5, n = 7.
121 2_3 2 4 25262.65143, 7'3 747576 17.
17 16 15 14 131
These sequences are certainly admissible, and show +that
N(5,6) 2 29, N(5,7) 2 36. Construction of admissible
sequences of the same form for larger n is clearly possible,

and thus we have that, for n > 5,

N{(5,n) 2 2{(n-1 + {(n-3) + 2{n=-3) + 1 + 2(n-2) + 1 7n - 13.

1.9 Discussion of N(4,5).

Case 1, __d even, d 2> 3.

He recall that in obtaining N(d,4), we proved that
f < (n-1)(@-2)/2 + 1,
where £ 1is the frequency of 1's in a DS sequence. For n=5,
wve have f < 23d-3. U¥e recall alsg that
N{d,n) 2 {(n-1){d-2)y + 1 + N(d-1,n-1), d even, 4 > n.
This gives N({d,5) 2 104-27, and we see immediately that

2d-3 2 £ 2 2d-5.
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Stanton and Roselle claim [5] that this bound of 10d4-27
is also an upper bound, and occurs when £ = 24-3. Their
method is similar to that used in obtaining N(dgﬁ), that is,
they consider occurrences of overlap within interior blocks,
and then the possible entries exterior to the blocks. They
claim that, for f = 23d-4 and f = 24-5, it is not possible
to construct a seguence of length 10&—27f Their results,
howe§er, do not abply to the case d = 6; there does exist a
unique maximal sequence of length 34 with f = 24-5, as ve

shall show belov.

The following lemma is useful.

In a DS sequence of length N(d,3), all subseguences
abab... occur at lesast d-1 times if d is even and at least
d-2 times if d is odd.

The result can readily be seen by considering seguences
of the follcwing type.

N (8,3) 121212131313 1.3232323

N(7,3) 12121.232323.13131

Let us now consider N(6,5). Suppose that £ 2d-5 = 7,
If there is no overlap in the 6} interior positions, the
interior blcck occurrences of 2,3,4, and 5, may be (d-2)/2,
(a-2) /2, (a-2)/2, and (d-6)/2, respectively, or (d-2)/2,
(d-2) /2, (3&-4) /2, and (d-48),/2, respectively. It ié in the

first case that a sequence of length 34 may be found.
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Suppose that the interior block frequencies are (d-2)/2
for 2,3, and 4, and (d-6)/2 for 5. This gives the following
initial entries in the sequence:

121213131414 1,
It is particularly important to notice that, for d = 6, the
element 5 does not occur in an interior block; it is this
zero freguency, for d = 6, which was ignored by Stanton and
Roselle. Let us nov add to these eiements a sequence of
length N{d-2,3) = 8 made up of the elements 2,3, and 4. By
the Lemma, this part of the segquence will contain all
subsequences aba to length at least 3. Now consider the
lengths of abab... subsequences thus far in the sequence.
1212, 1313, 1414 - already of length 4 (=6)
2323, 2424, 3434 - now of length 4 - 1 (2+3=5)
¥e may then add the follokinq elemnents:
5252535354545,

These will increase the length of the 2323, 2424, and 3434
subsegquences to length d, and will introduce a5a5
subsequences of length 4 for a = 2,3, and 4. The last
subsequence 1515... has length only 2. All subsequences
except this one then are cof length d, and no further 1's may
be added because of the fact that(f = 24-5. Thus no further
elements can be added, and the segquence is maximal. Since
the DS sequence for N (4,3) is.unique, the above construction

is unique also, and gives the following corresponding DS
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seqguence
1212131314141, 434824232,
5252535354545
Combining this new result with the proofs in [{5], we have:
‘N{d,5) = 104 - 27, d even, d > 6,

and - N(6,5) = 34.

case 2. _d odd, d > 5.

He know that
N{d,n}) 2 (n-1)(d-3) + 2 + N(d-1,n-1), d odd.
This gives
N{(d,5) 2 104-29, d odd.
Also, £f < (n=-N){@a-1m,/2 + 1, d odd,
and wve see that
2d-5 .S f < 24-1.

Consideration of each of these possible frequencies for
f follows. The principles are similar to those in ‘previous
proofs; hence, many of the details will be omitted here.

Suppose that £ = 24-1.

We know that the elements other than 1 can not occur in
interior blocks with frequency. greater than (d-1)/2. But
4{a-1yy/2 = 24-2 = f£~-1. There is no overlap, and the
sequence has length ‘

f+£f£-1 = 4a -3 < 104 - 29,

Suppose that £ = 24-2.
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In this case, we may have no overlap or one overlap.
If there is no overlap, we have interior frequencies
(a-1 /2, @-1,/2, @-1,/2, and (d-3)/2. This yields a
sequence not longer than

£+ £f- 14+ 2 = 43 -3 < 108 - 29.
If there is an overlap, the sequence has maximum length
f 4+ f -2+ N(d-1,2) = 53 -7 < 104 - 29.

‘Suppose thati f = 24-3. | |

In this case, there is a maximum of two overlaps.
If there is no overlap, the interior frequencies may be
(d-1 /2, (@d-1%/2, (d-1) /2, and (d-5)/2, which produces a
sequence not longer than

f+ f- 1+ 2 = 43 -5 < 104 - 29.

Alternatively, the frequencies may be (d-1)/2, (a-1)y /2,
(3-3) /2, and {d-3)/2, which produces a sequence not longer
than

£+ £ -1+ 1+ 8(@-1,2 = 5a-7 < 10d- 29.
If there is one overlap, the interior frequencies may be
(-1 s2, (a-1),2, (a-1),2, and (d-3)/2. This will produce a
seguence of length not exceeding

f+ £f- 2+ 2+ N(d-1,2) = -54d - 7 < 104 - 29.
Finally, if two overlaps occur, the interior frequencies are
all (d-1) /2. The longest sequence will be produced .when
these overlaps occur in one interior block. This results in
a sequence of length

f+f -2+ N(i-1,3) = 74 - 15 < 13104 - 29.
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Suppose that £ = 2d-5.
If there 1is no overlap, Wwe have several possibilities fotr
interior frequencies. They may all be (d-3)/2. This will
yield a segquence of length not greater than
£+ f- 1+ 1+ 8{a-1,4) = 10a - 29.
Consideration of the subsegquences 5a5a... in this case showvs
that the sequence is not a DS sequence.

Next, we may have interior freguencies‘ (d-1) /2, (d-3) /2,
(a-3) /2, and (d-5)/2. This gives a seguence not longer than
f + f£f- 1+ 1T+ N(@-1,3) = 74 - 17 < 104 - 29.

For d4 > 7, we may have interior frequencies (3-1)/2,
(a-1) /2, (d-3)/2, and (d-7)/2. This will produce a sequence

not longer than

f+f£-1+1+ N(d-1,2) = 54 - 11 < 104 - 29.
or, if the interior frequencies are ({d-1)/2, (d-1)/2,
(d-5) /2, and (d-5) /2, we obtain a sequence of length

f+f -1+ 1+ N(d-1,2) = 54 - 11 < 104 - 29.
Finally, for d > 9, the interior frequencies may be (d-1)/2,
(a-1H /2, (d-1)y/2, and {d-9)/2. The sequence has length

f+ £- 1+ 2 = 44 - 9 < 104 - 29.

We now consider possible distributions in cases of a
single overlap. ‘
If we have interior frequencies (d-1)/2, (d-3)/2, (d-3)/2,
and (d-3)/2, the sequence has length

£+ £-2 4+ 1 % N{d-1,3) + N{d-1,2) = 84 - 13 < 104 - 29.
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Or, we may have interior frequencies (d-1)/2, {a-1) /2,

{d-3)/2, and (d-5)/2. The sequence then has length

f+f-24+ 1+ 28(3a-1,2) = 64 - 13 < 104 - 29.
Finally, for d > 7, we consider interior frequencies
(d-1) /2, (d4-1)/2, (d-1)y/2, and (d~7)/2. The sequence is

then. of length

f+ f- 2+ 1+ N({d-1,2) +1 = 54 - 11 < 104 - 29,

“Now we look at the possibility of fwo overlaps.

The interior frequencies @may be (d-1)/2, (d-1) /2, (d-3)/2,
and {(d-3)/2; if the overlaps occur in different blocks, the
sequence has length
f+ f - 3+ 2N(d-1,2) + 1 + N(d-1,2) = 74 - 15 < 104 - 29.
In the case where the overlaps occur in the same block, the
sequence has length
£+ f -2 % N(d-1,3) + 1 + N{(d-1,2) = 84 - 19 < 104 - 29.
Finally, we may ﬁave interior freguencies {(d-1)/2, (a-MH /2,
{d-1) /2, and {(d-5)/2. The segquence length will be either

f+f -2+ 2+ N(d-1,3) = 74 - 17 < 104 - 29,
or, alternatively,

f + f -3+ 2+ 28(d-1,2) =64 - 13 < 104 - 29.

If there are three overlaps, the interior fregquencies
may be (d-1)/2, (d-1)/2, (d-1) /2, and (3-3) /2. The three
possible lengths are:

f + £ -4 %+ 2 + 3N(d-1,2) = 74 - 15 < 104 - 29,

f+ f -3+ 2 + N{(d-1,2) + N{(d-1,3)

8d - 19 < 104 - 29,

f+f -2+ 2+ N(d-1,8) 104 - 29.
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As befére, it 1is possible to eliminate the last case by
considering the length of subsequences in the construction.
It is possible to have four overlaps, with interior
frequencies all (d-1)/2. This gives rise to the follovwing
lengths:
£+ £f -5+ 4N(d-1,2) = 831 - 19 < 104 - 29,
£f+ £ -4 ¢ 2N(d-1,2) + N(d-1,3) = 94 - 23 < 104 - 29,
f+ f -3+ N(,3) # N(n,3), wheré k-2+n-2 < 4,
f+« f -3+ N{d-1,2) + N(d=-1,3) = 114 - 33.
The second-last length beccnes
4d-13-3k+3n-8 < 4d-21+3(d+7) = 7d-9 < 104 - 29.
The last result may be improved by considering subsequences.
Since 45 occurs in more than one block, we may reduce the
length to
£+ £ - 3+ N(d-k,0) + N(k+2,2)

43 - 13 + 64 - 6k - 13 + k + 2

104 - 5k - 28

i

{k odd), or,

4d - 13 + 6d - 6k - 14 + k + 3 104 - 5k - 24

{k even).
Because of the lower bound, k must be equal to 1, and we
find that the length is less than or equal to 104d - 29.

This may then be rTuled out by considering 3434...

subsequences.
Thus, all possibilities for f = 2d-5 have been exhausted,
and none has producsd a seguence of length 104 - 29.

28



The final possibility for £ is 24-4.
If there are no overlaps, the interior frequencies may be
{(a-1)y /2, {d-3)/2, {a-3)/2, and (d-3)/2. This gives a
sequence with length at most

£4f~1+14+N(E-1,3 = 74-15 < 10d - 29.
If the interior frequencies are (d-1)/2, (@-1/2, (d-3)/2,
and (d-5)/2, the sequence has length

f+ £-1+1+ N(&-1,2) = 54 -9 < 10a - 29.
For d > 7, and interior frequencies (d~-1) /2, (d-1) /2,
(d-1) /2, and (d-7) /2, the sequence can not be longer than

f+ £- 1+ 2 = 44 - 7 < 104 - 29.

If +there is one overlap, wWe may have (d-1)/2, (3-1)/2,
(d-3)/2, and (d-3)/2, with length

f+£f-2+ 1+ 2N(d-1,2) = 64 - 11 < 104 - 29;
or, we may have interior frequencies (d-1)/2, (d-1) /2,
{d-1) /2, and (d-5) /2. The segquence then has length
| f+f -2+ N(d-1,2 +2 = 54d-9 < 104 - 29.

Two overlaps might rTesult frcm frequencies (d4-1)/2,
(d-1) /2, (d-1)/2, and (d-3)/2. There are two possibilities
for the length of this sequence, namely,

£+ £f- 2% 2+ N(3-1,3)

1

74 - 15 < 104 - 29,
£ ¢ £ -3+ 2+ 2N(d-1,2) = 6a - 11 < 10d - 29.
If three overlaps occur, with all frequencies (d—-1)/2,

the possibilities for length are:

f + £ -4 ¢ 3N(d-1,2) = 78 - 15 < 104 - 29,
£+ f -3 + N(a-1,2) + N(@-1,3) = 83 - 19 < 104 - 29,
£+ £ -2+ N(d-1,4) = 104 - 29.
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The sequence corresponding to the last possibility is the
one constructed for the lower bound.

A1l possibilities have been exhausted, and we have
shown that, for 4 > 5, 4 odd,

R{d,S) = 104 - 29.

1-10__A Lower Bound for N(6,n), _n > 5.

We are able io extend the construction given in the
determination of N({(6,5) to produce a lower bound for larger
n. We recall that the sequence of length 34 for N(6,5) wvas
constructed as follows: |

12 1t 2 1 3 1 3 1 4 1 4‘ 1,
plus

a sequence of length N(4,3) on the elements 2,3, and 4,

plus

5 2 5 2 5 3 5 3 5 4 5 4 5,
BRecause of ;he properties cf DS sequences for n = 3, vwe sawv
that the sequence was maximal for this particular frequency
of 1's.

Let us consider a generalization of this cbnstruction.
Take a sequence ;

t+ 2 1 2 1 3 1 3 1 ... n-1 1 n-1 1,
plus

a seguence of length N(4,n-2) on the elements 2,3;...,n-1,

plus



He must now determine whether, for n > 3 and 4 = 4, we can
always find a DS sequence which, when inserted between the
initial and terminal elements, will leave the sequence
adnissible. We show that this is possible by consideriﬂg
the sequence cdnstruction used earlier in obtaining the
lower bound for N(4,n). Two examples were given (n=5 and
n=6) . With a suitable renaming of the elements, we can
always insert this sequence into the structure above and
maintain an admissible sequence. By using the lengths of
these sequences we find that, for n > 4,

N (6,1) > 4(n-=2) + 1 + N(4,n-2) + 4(n-2) #+ 1

\%

8n - 14 + S5(n-2) - 8.

13n - 32.

1.11__7The Diagonal Entries: N{d,n) for 4 = n.

For 4 = n, the Davénport—Schinzel problem seems not to
share the characteristics c¢f either the case 4d > n or 4 < n.
Most of the literature involves one or other of these cases,
and analysis of the diagonal entries using non-computational
mnethods has not proved to be very successful.

The first unknown diagonal entry is, of course, N(6,6),;
Some spot searches were done for {his case using the progranm
in Chapter II, but no sequences of length greater than 46
(the length given by the bound in the section above) were
found. However, since this is considerably longér than any

@
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previously known sequence for n = 4 = 6, we note it here as
12121313 141415151,
5452353424232,
6 26 26 3636 1U4U6465625%¢6

there are 2 DS seguences (length 5).

"
[o1}
it
W

o

For n

For n = d = 4, there are 5 DS sequences {lengdth 12).

For n d = 5, there are 63 DS seqﬁences (length 22).
The sequences for these diagonal entries are listed for

reference in Appendix A.

He conclude this chapter by giving the following table,

which contains the known values of ¥N({(d,n) for =n,d £ 10.

a

1 2 3 4 5 6 7 8 3 10

1 1 1 1 1 i 1 1 1 1 1

2 1 2 3 4 5 6 7 8 3 10

3 1 3 5 8 10 1 16 20 22 26

4 1 4 7 12 16 23 28 35 40 47

n 5 1 5 9 17 22 34 41 53 61 73

6 1 6 11 22 29

7 1 7 13 27
8 1 8 15 32
g 1 $ 17 37
10 1 10 19 42
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CHAPTER IX

THE COMPUTATIONAL ALGORITHH

2.1 Introduction,

The Dbasic algorithm used in constructing DS segquences
is outlined in succeeding sections.

We begin with the entries 1 2., Since +the next entry
may be either another 1 or a new symbol 3, these are the
only entries that.may be made, in general. For certain runs
of the program, additional entries were made, in order to
decrease computation time. Having placed these original
entries in the seguence, we mnmust then make subsequent
entries according to the definition‘of a valid DS sequence
in Chapter I.

The discussion in the following sections does not
consider the trivial cases n =2 o¢r 4 = 2. These are

discussed in Chapter I.

2.2 _Criteria_for Valid Eniries

There are three basic considerations involved in making

subsequent entries.

The first is that no adjacen£ entries may be identical.
This «condition is easily handled. Before an entry is placed
in the sequence, a check is done to determine if it is equal
to the last entry. If so, the nev entry is tejected as

L4
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invalid.

The second consideration 1is that of normality (See
Chapter I). Before an entry is made in the seguence, a
check must be done to determine if that entry would
invalidate the ncrmality of +the sequence. This chéck is
accomplished by retaining the 1largest entry made in the
sequence thus far. If the 1largest entry is m, then a
subsequent entry k must be such that k < m + 2, if the
sequence 1is to remain normal. Any new entry which violates
this condition is rejected.

The third and final}consideration is that the sequence
contain no subsequence of the form abab... with length
greater than 4. Clearly, e require some method of
examining a sequence and determining if a particular entry
may be made without creating a subsequence of the above

type. We shall employ a concept defined in the next section.

2.3 _Pair-Receptiveness: _Defipnition and Examples

The tasic concept involved in subsequence checking is
that of "“pair-receptiveness™. An entry a in thé sequence iS'
said to be ‘Ypair-receptive" to b if placing b in the
sequence would increase ‘the length of the abab...
subsequence. TWo gxamples follow to illustrate this
concept.

Suppose n = 6. Consider the. following entries 1in a
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seguence: 12 13 2 3 1.

1 is pair-receptive to all entries 2,...,0.

2 is pair-receptive to 4,5,6 but not 3. Inserting a 3
in the seguence as the next element would not increase the
length of the 2323... subsequence.

In contrast, consider the entries 1 2 3121432, 1In
this case, 2 is pair-receptive to- all entries 3,000;00
Inserting a 3 would increase the 2323... subseguence to
length 6.

The number of ab pairs that must be considered 1is

n{n-1)/2. TFor n = 6, the pairs are:
12 23 34 45 56
13 24 35 46
14 25 36
15 26
16

Since ve are considering only normal sequences, there is no
necessity to count pairs ab where a > b, in virtue of the
following argument.

If S is a normal admissible sequence, that is, one with
no subsequence abab... of length. d +# 1, then S contains no.
subsequence |

S'" = baba beos of length d, where b > a.

Suppose S does contain a subseguence of the form St,
Since S is a normal sequence and a < b, the element a nust

L
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appear at least once before the first occurrence of b. But
this gives a subsequence
S* = a Lk a ba beos of length 4 + 1.

This is a contradiction.

2.4 Subsequence Checking.

The method for subsequence checking differs for odd and

In this <case, 1f we wish to make an entry b in the
sequence, we must determine if there already exists in the
sequence a subsequance of the form abab... 0f length 4 for
any a < b. If there is such a subsaquence, the entry b must
be rejected, since its inclusicn would produce a subsegquence
abab... of length 4 + 1;

The method is as follows. The entry b is placed in
the sequence. If a is pair-receptive to b at this point,
then b will make a pair with a. Tﬁe count for the pair ab

is incremented by 1. If the number of ab pairs 1is still

less than (d+1)/2, b wvas a valid entry in the sequence. If

the number of ab pairs is now equél to {d+1)/2, then there
exists a subsequence abab... of length d + 1, and the entry
b must be rejected. Note that, if b is rejected, the count
of ab pairs nmust be decreased by one, since the.entry b is

@
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not remaining in the sequence.

Case 2. _4 even.

For even d, the subsequence check is as follous. When
an entry is made in the seguence, a count is retained of
how many ab pairs exist in subsequences of the form abab...
At the point at which an entry b brings the count of ab
pairs to d/2, it is then impossible to add the entry a to
the =sequence, since that entry would produce a subsequence
ababa... of length 2{d/2) + 1 =4 + 1. A flag 1is set to
indicate that a may not be entered. All subsequent entries
are checked and redjected if equal to a.

Thus, the algorithm for even d requires a flag for each
of the numbers 1,2,...,n, which indicates whether the entry

¥ill violate the subsequence criterion.

2.5 Obtaining_ Entries_for_ the Segquence.

The algorithm produces numbers for possible entry in

the sequence, as illustrated in Figure 1.
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A - > S " ——— —— o —— V. S~ h= A _ L > Aol b S Dt S . = — G —

1 1 > 1 > 1 1 e 1 —1

— 2 2 2 2 2 ... 2 2

3 33 3 3 3 ... 3 3

4 4 4 4 4 ... U 4

5 5 5 5 5 ... 5 5

6 6 6 6 6 ... 6 6
Figure 1

The following discussion arpplies to the search for
N{5,6). It may be generalized, however, merely by @nsuring
that the dimensions of the table are such that:

1) number of rous = n,
2) number of columns 2 N{(d,n) + 1.

The arrows in the table represent pointers indicating
the next possible number which may be entered in the
sequence at that position. Initially, all pointers are set
to 1. Let us assume that the entries 1 2 have already been
made in the segquence. We then begin by looking at column 3.
The next possible entry is indicated by the column 3
pointer, that 1is, 1. This possible entry 1is <checked
according to the c¢riteria outlined above. Since we are
considering N (5,6), this entry is certainly valid; sd it is

entered in the sequence. The pointer for column 3 is

38



incremented by 1 to indicate that the next possiblé entry
for that position in the sequence is 2. We then go on to
column 4.

Suppose n = 4, d = 3, and that we are about to make an

entry from column 8. The table of pointers followus.

1 2 3 4 5 6 7 8
1 1 1 1 1 1 1 e 1
—n 2 2 3= 2 2 —>=2 2 e 2 2
3 —3>3 3 3 3 3 3 3
4 4 4 —==1 4 4 4 4
R
Figure 2

This would indicate that we have made the following entries
in the sequence: 12 1 3 14 1, We are attempting to add
an eighth entry to the sequence. Horking in column 8, we
reject 1, since it appears as the last entry. He reject 2
because it would create a subsequence 1 2 1 2 {length 4). We
reject 3 and 4 for the same reason as 2. Thus we have
rejected all entries for thi$ column; this rejection
indicates that segquence Jjust ccnstructed terminates at
length 7. This length is recorded for comparison against
the length of the longest seguence found previously.

It now becomes necessary to "hack up" in the search,
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change a previous entry, and prcceed forward againe

2.6 Backing Up in_the Search.

Backing up in the search presents the greatest single
difficulty in the algorithm. When we are progressing
forward and inserting valid entries in the seguence,'it is
easy to retain current pair counts and ©pair-receptiveness
data;- However,’ backing up requires an updating of this
information to raflect the néw pair counts and
pair-receptiveness data resulting from changing a previous
entry in the sequence.

This wculd be quite casy 1if the abab... sSubsequences
were always ccmnposed of adjacent entries. Then, backing up
in the sequence and changing the last b to ¢ would only
require looking at the previous element a in order to change
the pair count for ab and pair-receptiveness for a. But,
since b may have made a pair with several previous entries
at various points in the sequence and have affected their
pair-receptiveness, the problem is much more complicated.

Three nmethods were considered to handle "backing up'" in
the search. After a sequence has.terminated, the pointer in
the column in which no entry could be made is reset to 1.
The entry pointer in the previous column is incremented by 1
and placed in the sequence. Pair counts and

pair-receptiveness must now be updated before proceeding
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further in the search.

Hethod 1

He return to the first elemen£ in the existing seguence
and go through the entire sequence counting pairs, and
recording pair-receptiveness. W®When we reach the last colunmn
in which an entry has been made, the pair counts and
pair-receptiveness data will reflect the current status of
the seguence. This method, though simple, is very
time-~consuning, particularly when one is searching for long

sequences.

Hethod 2

In order to obviate the need to rescan the entire
sequence each time a "back-up" is necessary, the pair counts
and pair-receptiveness daia are stored as each entry is
made. When the rair counts and pair-receptiveness data have
been updated for a particular entry, and we are ready to
move on to the next cclumn, the status of the sequence (that
is, the pair counts and pair-receptiveness data) at that
point is recorded. Thken, if we are required to back up in -
the search and place a new entry in column n, we can r=acall
the informaticn stored for coiumn n-1, and proceed with
testing entries for cclumn n.

Certainly, this method requires overhead, since every

advancement in the sequence requires a storing of data, and
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every back up requires a retrieval for the previous column
{for odd 4, this amounts to 86 bytes of memory per colunn;
for even 4, 104 bytes). For long sequences, however, there
is a considerable gain 1in the speed of execution of the
program. In the search for N (5,6), the increase 1in speed

was roughly by a factor of three.

The third method is an extension of Method 2. Since the
addition of an. element will increment the pair counts only
for certain pairs and change the pair-receptiveness only for
certain elements, only such changes are recorded. When the
search backs up to a particular coluan and changes an entry,
one retrieves the changes which that entry made in the
status of the sequence, and "undoes" the changes, thus
restoring the status to its fcrmer state. This avoids the
necessity of storing all the status data for each column.
The implementation of this method is scomewhat more difficult
than that ¢of method 2. In addition, it was tested on part
of the search for N (5,6), and did not produce a significant
improvement in perfcrmance. Thus, the second method is the

one used for the majority of prodﬁction runse.

2.7 Restarting Pacility

Despite the fact that the coding used in the search for

42



N{(5,6) 1is reasonably efficient, the magnitude of the search
is so great that it is not possible to complete it in one
computer Tune. This necessitates incorporating sonme
mechanisn fcr restarting the search at the point at which it
left off at the end of a previous run. It was decided at
t+he outset that the restarting should be done by hand,
rather than by the <computer systenm. This facilitates
checking c¢n the progress of the searcha.It also allows one
to wmake spot searches for nraximal sequences, when an
exhaustive search is unreasonable, simply by "restarting”
yith certain promising entries at the beginning of the
sequence.

In order to restart, one needs essentially three pieces
of information: 1) the last valid sequence found, 2) the
palr counts and pair-receptiveness data at each entry in
that sequence, and 3) the status of the ©pointer array
immediately following generation of the last sequencs.

With the current program, only the first of these three
nust be supplied. The program inputs this sequence, and
calls an initializing routine which prepares for continuing
the search.

The initializing routinex mékes one pass at the
sequence, storing pair counts and pair-receptiveness data
for each entry. At the end of the pass, it returns the

current status of the sequence so that the search may
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continue. The third requirement, that of reproducing the
pointer array, is easily handled by setting the pointer for
each column at a value one greater than the corresponding
entry in the sequence. The initializing routine then passes
control back toc the main program, and the search continues,

beginning at the sequence which was read in.

2.8 _Notes on_the Programs.

The programs used to implement the algorithm just
described are listed in Appendix C. There are separate
programs for even and odd d, since the subsequence checking
is different for each. Both prdgrams are written in the
FORTRAN H programning language, and ¥were run at the Computer
Centre of the University of Manitoba. Once the programs had
been debugged, a lcad module was created and stored on disk
for use in production Truns. The load module requires
approximately 32K of memory in which to execute.

Some ccmnents on the code itself are in order.

Subroutine P*INIT' <contains much code which is
duplicated in. the main program. It would have been
possible, from a programming poinf of view, to eliminate the
subroutine entirely and to set switches in the main progran
to indicate whether or not dinitialization was being
performed. However, this would require checking the éwitches

millions of times during execution, resulting in a reduction
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in program efficiency.

In order to reduce time spent doing I/0, the test value
for sequence length (PRTLEN) was kept as large as possible.
For values of n and d which are small enough to allog
completion of the search in just one rumn, this length was
set at N{d,n), resulting in the printimg only of DS
sequences. If it were not for the necessity of seeing the
last seguence in order to restart, and if ve were interested
only in the value of N{d,n) and not the corresponding DS
sequences, this I/0 statement could be eliminated entirely,
thus reducing output to the final result for N (d,n).

The resetting of +the current maximum (MAXLEN) vwas
omitted from the production runs on N(5,6). One can easily
find the longest sequences and their lengths from-the output
listing, and thus save executing several instructions each
time there is a backing ﬁp in the search.

Pair counting, as <can be seen from the listing, is
effected by means of an array of counters. Each ©possible
{(normal) pair is assigned a unique position in that array,
using the two integers mraking up the pair. In order to run
the program for a different value of n, this section of code’
(and the corresponding section{ in the subroutine 'INIT!)
must be revised. The program could have been mwmade more
general by including pair-counting code for several possible

values of n. This generalization, however, would require a
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test on n followed by a branch to the appropriate section of
pair-counting code for every potential entry in the
sequence.

Storing and restoring the pair counts and
pair-receptiveness data was made more efficient by
equivalencing the arrays in wvhich this data was stored to a
single one-~dirensional array (R). For example, this allowus
restoring the séquence status for célumn 'COLNY with the
following two statements:

DO 10 J = 1,LENGR
10 R{J) = STORE (COLN,J)
This is much wore efficient than restoring into the
two-dimensicnal array *RECEPT' and the one-dimensional array
'PAIR' separately. For even 4, the vector (VIO) indicating
which elements can not'be entered in the sequence is also
equivalenced to part of the large array R.

Finally, the program listing indicates that there is
actually no two—dimensiénal array of possible entries for
sequences, as is suggested by Figures 1 and 2. Since the
sequence entries are simply the integers from 1 to n, the
values of the Ypointers' themselves may be placed in the
_sequence, thus avoiding a loo%—up in a two-dimensional
table. Two'éubscript table 1lcck-ups are very costly in
computer time, despite' their relatively simple form in a

high-level programming language such as FORTRAN H. The
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two-dimensicnal form in Figures 1 and 2 was used nerely to
aid in comprehension of +the way in which elements are

selected for entry in the sequence.
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APPENDIX 2
For reference, the following is a listing of

Davenport—-Schinzel sequences for certain values of 4 and n.
n=3, d=3, length=5
12131

12321

n=3, d=4, length=8

n=3, d=5, length=10

n=3, d=6, length=14

121213 13132323
n=3, d=7, length=16

1212123232313 131

121213 1313232321
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n=3,

n=3,

d=8, length=20
12121

d=9, length=22
1212 i 2
121212
121212
121213
1212 32
121313
12 32 32
d=10, length=26

121212121
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n=4, d=3, length=7

n=4, d=4, length=12
1
1

n=4, d4=5, length=16
121

121
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n=4, 4=6,
1

1

2

2

length=23

1

1

2

2

1
i

3

3

length=28

12323

1

1

3

3

1

1

3

3

1

1

(inccnplete

4 2 4

z

1

3

2

2 43

3

4
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search)

4 3 4 1

I

3

3

4

4

2
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n=4,

d=8, length=35

1.2 1212

2

121212

1

4

3

2

2 4 204

34 204

3434

34 34

{inconplete search)

1 3

4 2

W
N

1

3

[39]

31414141
23234343

L 2 4 24 3 4 3

131314 14
2 4 3434 34
2 4 24 3434
242424 34

3424 2424
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n=5, d=4, length=17

121314 1432525135435
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n=5,

length=22
21232
21232
21232
212 32
21232
21232
21232
21232
21234
212 34
21313
21313
21313
21313
21313
21313
21313
21313
21314
21314
213114
21314
21314
21314
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n=5, d=6, length=304
1212131314141+

4 3 4 24 2325252535354 5145
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n

6, 4d=3, length=11
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n=6, 4d=4, length=22

11213 1415154326226 38%6%465F6
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d=5, length=29

n=6,
12123
12123
12123
12123
12123
12 131
12131
12 131
121 31
121 31
12131
12131
12131
12131
12131
12131
12131
12131
12134
12323
12323
12323
123 23
12323

2

i

4

2

2
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General Fleowchart of Algorithm

( START }

Initialization

o/

v/

Get notentinl entrv; i.e.,
entrv pointer in current
column

Is this elerent
ecual to last
entry in secuence ?

Does this elament
violate normalitv 2
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Place entrv in secuenca

Can pairs he
made with ane
previous elements
in the seaquence ?

\4

Count nrairs

v

Has lenagth 4
been exceeded
for sorme abab..,
subsequence ?

62

Yes

Y

Regstore status
of secuence

at previous
column




Turn off pair-reacentiveness
for pairs just counted

>

W

Turn on pair-recentiveness
for element just entered

/

Reset last entrv to this new entrv

/

Increnent entrv vnointer for
this oosition in secuence

\%

reget maxirmum element
if necessarv

y

Store status of se~uence
at this column

\

Increment colunn rointer
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Increment colurmn pointe

Is entry vpointer

for this column Yes
less than or l
equal ton ?
: A 1
No_ é“___{Bacd up

)

|in search

/

outnut valid sscuence
if lona enoudh

/

S

¥

Pegset entrv nointer
in this colurn to 1

¥

Reduce column nointer bv 1
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Is entrv nointer
for this column
less than or
equal ton ?

Have we bhacked un
to the
original entries ?

/

nutrut maxirun
lenoth

Mo

RPestore secuence status
for this column

\

Peset laraest elemant
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