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åtsSTRACl

This thesis presents an algorithm for finding

Davenport-Schinzel seguences. Details of its implementation

on a hiqh-speed conputer are given" Àn overview of the

current lj-terature on DavenpoL*t-schinzel sequences is

incJ-urled" The following neH results are obtained:

1) the value of N (5' 6) ø

2) a lower bound f or N (5un) , n ') 4r

3) a correctj"on of. the previously determined val-ue of

N (6,5) ,

4) a lower bound for N(6'n) u n ) 5"



CIIÀPTER I

DA VENPORT-SCHI NZEL SEOUTNCES

1. 1 _P-ç9þ1gnr_Pe€infliql.

In 1965o Davenport and Schinzet t 1 l proposed the

fol-louing ccnbinatorial problem.

Suppose J{n) denotes the set of integers 112î. oo4[." He

uish.to form sequences of integers using the elements of

J {n) sub-ject to the f clloruing tvto con.straints:

1) no two adjacent elements are equal;

2l no seguence contains a subseguence of the fo¡m

abai:. " " of lenqth greatr:r tha¡r d, f o¡ a and b elements of

J {n) and a not egual to b"

N(d"n) denotes the maxinal length of any such seguence

for given d and n. i'.le are interested in finding the vaLue

of N (cì"n) for various d and n" Previous literature has

placetl d as a subscript on N; the current notation is

adopted to facilitate use of the text-editi-ng program vrhich

produced this copy of the thesis.

It is v¡orth¡¡hile at this point to cl-arify uhat is meant

by an abab."" subseguence" Despite the form in which this

is tiritten, the elenents need not;'appear as adjacent entries

intheseguence.lhusthesequence 12 132 3 1 2 1 3

contains a 1212""" subsequence of length 'lo a 1313"."

subsequence of length I{, and a 2323"." subseguence of length

6.



Throughout the discussiono H€ t¡i11 call a sequence

admissible if it satisfies the definition just given" I.le

call a sequence a Daverrport-SchinzeI seguence (DS sequence)

if it is of length N{don).

It. is obvious from the definition that N {d'n) is

finite" A crude upper bound maY be gÍven as foll-ows"

Consider all possíble pairs of the integers 1020"..'n-

Because of the second const.raint in the definition¡ âl

adnissible sequence can contain any given pair of integers

at most d/2 + 1 times. The number of pairs of unequal

integers taken from 1'2t... 'n, is n (n-1). Thusu

N {dun)

=n(n-1){d+31 /2' n> 1.

Before proceed.ing furthero !re define a normal seqìltnce-

A sequence is said to be norual if , bef ore any occurl:ence of

the element k, there occur all elements less than k" In

other worrls, the elements occur in increasinq order, In the

search for N {don) and DS sequences, Hê need consider only

normal sequences, since a suitable pernutation of the

element s of J {n) will give a nortnal sèquence" T}rat

permutation nay be nade as follows" Take the first two

entries to l¡e 1 anrl. 2, the next entry not equal to either of

these to be 3 o and so oDø naming the entries in order of

tireir first appearance in the seguence" ClearIy, the

constraÍnts inposeil in the {efinition ate unaffected by this



permutation; so there is no loss in generality incurred"

1 rZ__Elqm egtary Results "

Several fundanental knoun results are presented in this

section "

NJ-1'!L= 1

There can be no subseguence ab. Thus the seguence can

contain only 1 element.

Nld.1l_= 1

there is only one symbol to be entered"

lüJlonl_1_n

For d = 2, there can be no subsequence of the form aba,

Thus each of the itttegers 1r2s. ".4 na aPp€ars only once" The

only nornal DS seguence is 1 2 3 --" n"

I-fé-ZI-=-4
the only normal DS seçluence is 1212" " " to length d,

since tirere are no other syrnbcls to be entered.

L " J_Qf squssion-gf -N13, nl "

Nl3-nf 
- =-2t---1 

'í

Consider the followíng seguences:

1 2 1 3 1 4 ooo 1 n-1 1 n 1

1 2 3 4 "'. n n-1 n-2 3 2 1"

Both seguences have length 2n 1 and both are clearly



admissj-bleu Thusu N {3"n)

are DS seguences by proving that 2n 1 is also an upper

l¡o un t1"

Tso di.stinct derivatiolis have been given t 1] for

N (3o n) o one basetl on induction" the other on tþe f act that

there is an integer from J (n) shich occurs only once in a DS

sequence of lenqth N (3rn) " The tatter proof is given below.

Suppose S is a DS sequence" I.et a be any integer which

occurs tilice j,r¡ Su so that

i{x} = a and i(Y)

There nust be some integer

=aforx
b l+hich occurs bet ween these

occurrences of aa that isu

L(zl = b , x

b can not occur before the first occurlence or after the

second occurrcnce of a r since th at woul d procluce

su bseq uences baba or aba b , res pectively , each of irhich has

length d + i" If b occurs only oncer H€ have established.

the result. If it occurs more than once¿ w€ can repeat the

argument replacing a by b and takÍng sone new elenent aS b.

EvenLually the set of n integers si]l be exhausted" and we

r+ill have the result.

Suppose then

the DS sequence S. If

then have a seguence

still satisfies the su

i

that the element n occurs only once in

n is deleted from the seEuence, we

made up of entries from J(n-1) which

bsequence criterion" If the elenenls



oD either side of n in S vtere equalo the new seguence nou

has adjacent elements vhich are egual. t{e delete one of

them" and. the sequence again becones admissible. Thus, by

deleting aL most tt¡o ent¡ies from S, He have an adnissible

sequence constructed of entries f roin 1 ,2ø " " " un- 1, this gives

N(3on) 2 S N(3,n-1),

N (3"n)

Noting that N(1¡ = 1, and recalling that the lower bound is

N {3, n)

-1 r t+__Ði sq usSio n_o!_[ld-fL .

Nlé--]I 
=_3t1_=_4-___-_4_eve¡o_d 

)-3

IJd-3 L_:_3 d_-_ 5¿_____Q_og4*_C_ì_3

Cqsg_1"__d even"

Let tire frequencies of the entries 1, 2o and. 3, in a DS

sequence be f{1), f{2), and f(3), respectively" Obviously'

N {d,3} = f{1) + f(2, + f (3), He may assume Hithout loss of

generality that f(1) ¿ f(2) > f(3) "

Lemma

f {1) = d

Consid.er

12

1

the seguences

121213131313232323



12'1 21212131

These sequences shov that

The same holds for 3rs'

If the 21s and. 3es are

sequence, only 1 of each

produce a DS sequenceu since

at opposite ends of the

be added. This does not

of length

2d.- 1

32
3)

3

ì1

131313232

iB"3) z 200 N(10,

adde d

can

it i-s

323.
26 o anclo

in generalu

N {d,3)

Thus f(1) ¿ {3d - 4l/3 = d-4/30 that is' f(1)

Consider the spaces betueen the 1 rs in a D.S sequencs.

If f(1) ¿ d 1, then there are at least- d - 2 spaces to be

fi}led, Each space mu.st contain either a single 2 or a

single 3. The follor'ring arqunent shoçrs that the entries 2

and 3 can appear in at most (d-2\ /2 spaces"

If a 2 appeared. j-n (d'2)/2 + 1 = d/2 spaces" then the¡e

r¡ould be a su bseguence of the f orm 1212. " . 1 uhich r,¡ou1d have

length 2td/2) + 1, and this is inpossible" A similar

argument applies to 3" Tþus tÌrere are at most d - 2 spaces

bet¡¡een the 'los, ç¡ith an equal number of 2ts and. 3ts filling

then" This proves that f(1) = d 1-

Taking the d - 1 occurrences of the element 1 o the

(d-2)/2 interior 2us, and the lð'-2)/2 i¡tterior 3rs, we have

subsequences 12121"-" anil 13131"". of length d 1" Thus

2es may be adrled before the f irst 'l or follovring the last 1"

(d- 1) + (d-2) + 2



Àdding the 2t s and 3 r s at the fìane end allows us to add a

subseguence of the form 2323, " " vith length d - 1 " À

previous or later 2 or 3 will extend this subsequence to

lenqth d" f,lith this constructiono

N{d,3) r d-1 + (d,-2)/2 + (d-2)/2 + (d.-2)/ 2 + N(d-1,2)

' 
,=3d 4-

Thus N(dr3) = 3d 4t d even, d

Case 2"_d odcl"

Lemma

f{11 = d 1

Consider the seguences

1212123232313131

1 2 1 2 1 2 1 2 3 2 3 2 3 2 3 1 3 1 3 1 3 1"

These show that N(7r3) Z 16, N(9,3)

N(d,3) z d 2 + 2(d - 1l/2 + d - 2 - 3d - 5"

t{akin q t he saiûe assuntptions on symbol f requency as i¡i the

case with d even t vê have

f(i)

f (1)

Suppose that f (1)

intericr positions to be fill-ed with single 2¡s or 3rs. 2

and 3 can occur in at most (d 1) /2 of these positions,

since if a 2 ox 3 occurred in (d - 1)/2 t' 1 = (d + 1l/2

positions" then there would be a subsequence havíng lengtir



2(d + 1l/2 + 1 = d + 2"

If f (1) = d a 'lo I'Ie would reguire d interior positions

to be fil1e,1 by d - 1 21s and 3ts; co¡l.sequentlya lle see that

f (1)

Suppose that f(1) = d" The subseguences 12121."" and

13131"". have Iength d; consequently, neither the element 2

nor the efenent 3 can occur before the first i or following

the last 1. Thus the sequelìce has length d+d- 1 = 2d. - 1.

this seguence can not be maximal, since N(dr3) > 3d -5" Thus

f (1)

Þ¡e know t-hen that there are d 2 ínterior positions,

and each of 2 or 3 can appear in at nost (d - 1) /2
positions" Consicler t he f ollowing ti.to cases"

Case_A "

Each of 2 an<l 3 occurs in (d 1\ /2 positions. This

results in a totaÌ of d 1 occurrences" that is, there is

some j-nterior position in which both 2 and 3 occur" In this

overlapping interior position¡ wê can aCd at most a sequence

of length N{d-1r2) to give a sequence of length at aost

{d i) + (d 3) + (d - 1) = 3,1 - 5"

The exampl-es given are of this leriqth; hence, l{ (d,3) = 3d-5,

provided Case B does not yielcl a lonqer seguence"

Case B"

Suppose that 2 occurs in (d,-1) /2 positions and 3 in



ß-3) /2 positions; this fiIls all interior posilions with

single symbols. Then on€ further 3 can be added at the

beginninq and the enrl of the sequence to give a seguence of

leng th

1 + (d 1) + (d 2) + 1 = 2d, 1"

Since this is less than 3d 5 for all d being collsiclered

here (that is, d = 5"7 u9,. " .) r the result in Case À hold.s"

Thus we have that, for d odd" d

N{dr3) = 3d -'5"

Stanton and. Roselle claim L2) that the construction

just given given for N (d.' 3) is unique f or both even and odd

d" It is instructive to clarify their use of the term

ttuniguett. In the case d eveno the constructlon produces

exactly orie DS sequenceo since the sutrsequence of lengt h

N (d- 1 ¿ 2) must i:e added at the end of the sequence" Flovlever '
fo-r-- odd d., the construction actually produces d 2 nornal

ÐS sequences, none of which nay he oh¡tained from another by

a simple perüìutation of the syrnbols"

Consider d - 5" The three normal Ds seqì¡ences are

121"2323.131
12131

1" 232
3 2.3 2 , 1

"131213

9le see that the sequences of length N (d-1"2) nay be inserled

in any of the d - 2 interíor positions, with each insertion

giving a different DS seguence. the construction is



rruniquetr insof ar as it is the c nly lray to construct a Ð.S

seguence for n = 3 and d odd, but it does produce d 2

nornal DS seguences.

'l . 5_ D i scuss io n_o!_ Nl4onl.__n_)_ 4 "

Consíder the follouing seguences:

r)=50.d.=tl 1 2 1 3 1 4 1 " 4 3 2 " 5 2 53 5 Iå 5

D=6" d=4 1 21 3 1 4 1 5 1 " 5 4.3 2 " 6 2 6 3 6 t+6 5 6

T}reconstruct'ionoftheseSequencesshowsthatN(4'5)>

N (4,6)

N(qon) I 2(n - 1) + (n 3) + 2(n 2) + 1 = 5n B"

(lhese examples I,Jere fourrd to be unique DS sequences ín an

exhaustive search using the plcgram vrhich wi-l-I be riescribed

in Cha¡:ter II")

Stanton and Roselle have shown [ 5 ] that

5n B 5 N(4'n) S n N(4'¡.-1)/ (n-1) + 2-

This gives

N {4,7) = 27 0

N(4sB) = 32"

J o ll. Conway has s hown that

N(4,9) = 370

N(4'10) = 42"

H" H" i{ills has shot+n that

N(4'11) = 470

N{4r12) = 53,

10



N (4,13) = 58"

n = 1 1 is the last value for which N (4' n) = 5n B"

Davenport has proved t4l that

N(4,kru+1) ) 6kn n 5k + 2.

This implies that N(4on) ) 5n - B for od.d ¡ ) 13 and for

even n

that N (4,2m)

that N (4"n)

For values of n such that 14 '< n S 20, the follovring

bounds are listeð accordinq to the naterial outlined above"

64 S N {4d 14) S 64 Kolba

69 S N(4,15) S 70 Davenport

75 < N(4,16) S 77 Kolba

80

86 I N(4,18) S 91 DavenPort

91 S N(4,19) S 98 Davenport

98 S N(4,20) S 105 Davenport

1" 6_D!Egusqion g.!_Nlqr!L "

NJ!-4I-=-Éd-- 1 3.---,C.-egsn'-d-)*! ¡

Nl4. 4I-=--Éë -:--1-1.--- d-o d4."- d- )- 4

f,le beqin by establi.shing a lotrer bound..

Çase 1"___-d evenr_d-) 4"

11



tet f be the maxinun number of occurrences of any

el-ement in the Ds seguence" Fithout lcss of generalityu !¡e

choose the elenent 1" this implies that there are f. 1

j-nterior blocks of elements, each of which contains erements

chosen from 2o3r"""rn, and is bounded on both sides by 1!s.

None of the renaining n 1 elements may appear irr as many

as d/2 interior blocksu since this iroul-d give a subseguence

of the form 1a1a... of lenqth d + 1. Thus, the maximurn

¡lunber of blocks in which an element'other than 1 appears is
d/2 'l = (d - 2) /2" Also, a pair of 1 t s can not appear as

adjacent elenents; thus" the numbe¡: of interior blocks must

be egual to or less than the total nuniber of element.s

appearr-ng i-¡r the blocks. This gives

f - 1 < (n i)(d 2')/2,

(n 1) (d - 2l/2 + 1"

The folroroinq construction shows that this bound can be

attained"

List (n 1) (d 2)/2 + 1 1?s. Insert n between the

first (d 2l /2 1 o s" n- 1 between the ne xt (d Z) /2 1 r s,
etc. u down to the element 2" Finally" to the right of the

last 1o enter a nornal DS sequence of lenqth N(d-1rn-1) made

up of the elements 20... rn. c".t-àinty there are no adjacent

elements equal" 'T¡e can see that there is no abab".,

subsequence of length greater than d by noting that the DS

seguence of length N (d- 1on-1) has no abab" " " sub-seguence

12



{a)b) of Length greater

have just constructed is

devenrd)tr"

N(d"n) ¿ {n 1)

In particularu for n = 4a

N {da 4)

than d - 2"

a d rnissible.

Thus, the seguence we

This proves that.u for

(d-21 + 1+ N(d-1on-1) "

$ = 6d 13.1 + 3(d 1)

Çase_2 " __ d_od{--d-)-4"

Again let f denote the naxinum frequency of any

elemetrto say 'l 
" In this caser none of the remaining

element s may appear in more than (d - 1) /2 of tJre f 1

interior blocks, since more appearances uould result in an

abab" " " subseguence of length greater than d" Thusu

f - 1 < (n 1)/2,

f s (n 1)(d 1)/2 +1"

This bound Ís attainable as follows"

List (n 1) (d 1l /2 n + 3 1r s" fnsert n betv¡een

the first (ð,-3)/2 of the 1us, n 1 between the next

(d-31 /2 ot the 1ts, etc.; between the last tlilo ltsn insert

a lrornal DS segueltce of length N (d-1on-1) . This seguence is

admissib1eoanditsexistenceshowsthat,ford'odd,d>
N (drn)

In particular, for n =

N (d,4) r 3 (d 3)

t¡i1l now shot¡ that'

N (d,4)

tl3t

+ 2 + 3(d - 1) Q = 6d - 14"

for n = 4e the bounds

(d even) r "

13
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N td,4) ¿

are also upper

6d - 140

bounds "

( d odrl) u

.e =_g;_d even._d_> g.

I^le know that

f

and. N (doq) ¿ 6d 13. Since there are 4 synbols, and f

d.enotes the naxinun frequency of the nost conmon one'

4f > N(d,4) > 6d - 13"

This gives

f > (6d .- 13) /4 = 3ð,/2 3u

3d/2-2 >_ f

Suppose that f = 3d/2 - 3" Then there are 3ð,/2 - 4 interior

positions. It there is no overlapping of elements, that is"

each positlon is filled by a single syrnbol" then the nunber

of, blocks filled by the remaining symbols 213u and qt nust

be (d,-2) /2s {ð,-21 /20 and (d'4) /2. If overlapping il.oes occur'

we see, by the following arqunent, that it can happen in

just one interior bl-ock.

f f we have one entry in each j-nterior blocku ttrere are

then 3ð,/2 - 4 appearance.s of elemånts. Àdding an elenent in

one of these interi-or blocks sil1 increase this nunber to

3d/2 3" But 203, anC 4e can occur in at nost {d - 2l/2

blocks; hencen the maximum nunber of block occupancies i-s

3 (d 2) /2, an d k'e see that there can be no fiìore

i4



overla ppinq "

Case A " __No_Qvgglapplttg "

Let u-s take the nu ¡rber of bl-ocks con taÍning 2 o3 u and 4 ø

to be (d-21 /2, (d-2)/2, and ld'-l4)/2' respectively" Since the

seguence al-ready contains subseguences 12121""" and 13131"."

of length 2(d 2)/2 + 1 = d - 1, ve can not add either 2 or

3 at both ends of the sequenc€" HoÞ¡ever' 4 could occur at

both ends. If 2 and 4 appear at one .end, r.rith 3 and 4 at

tt¡e cther end, then t.re irave a seguence whose length is at

most

f + f 1 + 2N(d-1,2)

=3d/2' 3+3A/2 4t'2d 2- 5d 9"

If 2o3, ancl 4e appear at the saflìe end of the .sequence, with

a single 4 at the other end, lle have maxinuu length

1 + f + f - 1 + N(d-i,3)

= 1 + 3d 7 + 3(d-1) $ = 6,1 - 14.

But we know that N(d,4) ) 6d 13 for d

these is a Ds sequence.

ceÞe_ B . __Sttgl9_ov erlaP "

Let us assume 3 and 4 occur in the same interior block.

The sequence already contains subseguences 1a1a""" of length

d - 1 for a = 2o3o and 4; consequentlyu each of these

entries can occur at onJ-y one end of the seguence"

If 4 is at one end and 2 and 3 at the other endu then

15



the seguence can not be longer than

1 + f + f 2 + 2 N(d-1r2) = 5d - 9 < 6d - 13"

If 2 is at one end and 3 and 4 at the other end, then the

sequerrce can not be longer than

1 +.f + f - 2 + 2 + N{d-1,2) = 4d. B

If 2o3o and L+, appear at one en,i, the length is at most

f + f 2 + N(k+2,2) + N(d-kr2) , k

This gives 6d 2k 10 for k even, and 6d - 2k - 1 1 for k

odd" The lover bountl N (d a4)

It has been shown I 3 I that the ÐS seguence of length

N{dr3) for odd d contains a subsequence abab".' of length at

least d - 2 for all a anrl b" The sequertce for iç = 1 above

must then contaín a subsequence u hich ha.s Iength at l-east

1+3+d-1-2 = d+1, and hence is inadmissible" l{e have

exhausted al.L possibilitieso and can conclu<1e that f can not.

be equal to 3ô,/2 - 3"

The construction used in establishing

N (d,4 )

remains onJ-y to examine the possible

the lower bound

f=3d/2-2"It

constructions of

sequences v¡j-th this freguency of 1 rs"

There can l¡e no overlapping" since the nurnber of

entries to be made is at nost f - 'l = 3d/2 3r and the

naximuro number of interior blocks in which 2"3, or 4 0 can

occur is (d - 2l /2. The sequence al"rea,1y contains . 'la1a' 
" '

subsequences of lenqth d:1; thuso additional- entries of 2u3,

16



and 4o rnust app€ar at only o¡e end of the seguence"

If 2 occur.s at one end an,i. 3 and 4 at the other" then

the sequence has maxi¡rum length

1 + f + f - 1 + Ntd-1,2)

3d-4+d i-4d 5"

This ís ¡rot a DS sequence, since 6d 13

If 2r3o and t1s occur at the sane end" we have the

sequence constructed for the lower bounCo which is of Iength

f + f 1 + N(d-1,3)

=3d,,/2-2+3d/2 3+3(d-1) 5=6d 13"

Thus lre have shown that o f or d even, d

N (d,4) = 6d 13 "

n_:_4å_Ê_çdd._d_¿_g

From the development of the 1o'¿er boun,lo tre have

(6d 14)/t4= 3{d-11 /2 2s f s3(d 1)/2 +1"

He gave the consLruction of a sequence of length 6d - 14 for
which f - 3(d 1)/2 1" If f = 3(d - 1)/2 2, then

N(dr4) = 6d - 14; so we need only consider

3(d 1l/2- 1 s f s 3(d 1l/2 + 1.

rff 3(d 1) /2 + 1 " then each interior position is.

occupied by a single element, since each of 2 13 o an.d t+ n can

occur in at most (d 1) /2 blocks" This sequence contains

a1l subseguences 1a1a" " " of length 2{d - 1) /2 + 1 = cl; so tlo

further entries can be nade at either end" The length of

this sequence is

f+f-l=2(3(d-1)/2+1)

17

'f =3d 2



Lf f = 31d- 1)/2, there can be an overlap in at tuost one of

the interior blocks"

If there is no overlap" the seguence has length

f +f-1+1-2f= 3d 3 < 6d 14.

T.f there is an overlap in one interio¡ positiono then the

lenqth is

f + f - 2 + N(d-1,2) = 4d 6 < 6d 14.

The last possibility for f is 3 (d- 11 /2

overlapping to occur in at nost tuo'interior posì-tions" If

there is no overlapPing, the seguence can not l¡e longer than

f + f 1 + N(d.-1s2) + 2 = 4d 3 < 6d - 14"

If there is overlapping in tllo of the interior positions, vre

nay Ìrâve 2 and 3 together in both of theiu ¡ ôT 2 and 3 in one

and 2 and. 4 in the other. I¡r the first caseo the sequence

has ma xiurun length

f + f 3 + N(d-kf 2) + N(k+1,2) "

À.s bef ore, H€ see that k - 1n and the length is 4d, - 7 " the

second case qives a longer sequence, with length

f +f 3+2N(d-1'2)=5d 10

the final possibilitY, that of overlap in one interior

blocku gives the longest seguence, as foJ-lows-

If only tv¡o distinct element= 'o".ut in the overlapu the

sequence has lettqth at most

f +f -2+ N(d.-1,2) +2= 4d 6 < 6d 14-

If 2o3o and 4n all occur in the overlapping positiono the
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sequence can not be longer than

f + f - 2 + N(d-1,3) = 6d - 14"

and we have proved thato.11Ì possibilities

for d oddo d

are exhausted.o

N(d'4) = 6d 14"

1" Z-Besulls !çqlyed f9r-Nl!'.ÉL-
'Tire prime purpose of the comput¿tional algorithm vhich

will be described in Chapter II 'is to find the value of

N (516) " tle shall show that this nunber is:

N(5'6) = 29:

Ihere ale thirty-five DS sequences for n = 6, d = 5; these

are Ìistett below in the crd.er in which they appeared in the

seafch "

12123 2425 254 3 6 364 65 6 1 6 1 5 1 4 1 3 1

1 21 23 2425254 5 35 1 5 656 1 6364 6 4 3 1

121 23 2tt25 25 45 3 5 65 6 3 64 6 1 6 1 q 1 3 1

121 23 24 2526265 646 36 34 5 1 5 1 4 1 3 1

1 21 234 5t{5 35256 56263 646 1 6 1 4 1 3 1

1 213 1 323435354 26264 656 16 1 5 1 4 1

121 3 1 3 234 353 54 525 65 626461 6 1 4 1

121 3 1 3 23t{ 3 5 3 6 3 65 6 r+ 6 26 24 5 1 5 1 4 1

1213 1 3 24545 2535 65 63 6264 6 1 6 1 4 1

x21 3 1 4 1 43 2525 354565 64 63 6 26 1 61
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x213 1 4 1 4 34 2r¡ 545 23 63 6265 616 1 5 1

x21 3 I 4 1 q 3 4 2¿r545 25 35 6563 626I 6 1

121 3 1 4 1 43 42q546 465 62636 325 1 5 1

121 3 1 4 1 5 1 5 4 3 63 64 65 626 25 24 23 21

1213 1 4 15 1 54 535 2523q 64 636 261 61
1 2 1 3 1 4 1 5 1 5 4 5 3 5 2 5 6. 5 6 2 6 ¡.0 4 6 4 3 2 1

x21 3 1 q 15 1 54s 35 656 3 64 626 24 23 21
xzr 3 1 4 1 5'r 61 65 64 63.634 5 252u23 z1
121 3 454 5 3 5 1 5 65 6 16 3 6f{ 6 26 24 23 21
123 23 1 3 43 53 54 1 6 1 6rt 6 56 26 25 24 21
12323 1 343 53 5¡{ 5 1 52 5656 26 1646 4 1

123 23 1 34353 54 5 1 565 6 1 6 4 6 2624 2i
12323 1 3435 3 63 6 5 64 6 1 6 1 4 5 2524 21

123 231 454 5 i 5 3565636 1 6 46 2624 21
123 24243 1 5 1 5354 56 5 6 463 6 1626 21
1232 42rt3 4 1 4 sq 5 1 3 63 6 1 6 5 6 2625 21
12 3 2 q 2 4 3 rt 1 4 5 4 51 5 3 5 6 5 6 3 6 16 2 6 21
1 23 24243 ¡¡ 1 45 4 6 4 65 6 1 6363 1 5 2s 21
12 3 2 14 2 5 2.5 4 3 6 3 6 4 6 5 61615 1 4 1 3 1 21
1 23 24 2525 4 53 5 1 5 1 3 4 6 r+ 6 3 6 1 6 26 21
x23 24 2525q 53 5 1 5 65.61 6 36 4 6 4 3 1 21
1 2 3 2tt2 5 25 r¿ 5 3 5 65 U 

' 
64 6 1 6 1 4 1 3 1 2 1

x 23 24 252626 5 6 q 6 36 3 r¿ 5 1 5 1 r{ 1 3 1 21
123 43 4 2r¡ 1 q54 5 1 525 35 65 63 6261 6 1

1 23 r¡5 r{ 5 3 5 25656 26 3 6q 6:t 6t 4 1 3 1 2I
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1 " 8_À_Lower. BounQ_for_NJS-nlo__n_)_4 "

Observation of the sequences in the previous section

allows u.s to develop a lower boun,l f or N (5" n) o n > 4"

Consider the following sequence for d = 5o n = 6"

1 21 232 4 25 2" 54 3. 6 36 4 656

161514131

Consirler also the foll-or+ing.sequence for d = 5, n = 7"

1212 3 2 4 2 5 2 6 2 " 6 5 4 3 . 7 3 7 4 7 5 7 6 7 .

171615141.3 1

these seguences are certainly admissibleo and shoi¡ that

N (5, 6)

sequences of the same form for larger n is clearly possibleo

and thus r{e have that, fo¡ n ) 5o

N(5"n) ¿ 2(n-1) + {n-3) + 2{n-3) + 1 + 2(n-2) + 1 = 7n 13.

1 . 9_!f sg ussi gn_o!_ Nlfu 51.

Case 1.__-0_even-_d_) 5.

He recall that in obtaining N (d,4), we proved that

f
where f is the frequency of 'l rs 

1n 
u DS sequence" For D=5"

we have f -< 2d-3" lJe recall also that

N(d"n) ì (n-1) (d-2) + 1 + N(d-1,n-'l), d even, d.

This gives N (dr5)

2d-3ìf>2d.-5"
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stanton and Roselle claim i 5 I that this bound of 10ð,-27

is also an upper bound.s anrJ occurs when f = 2d-3" Their

method j-s sim j-lar to that used in obtaini-ng N (d 
' 
4) , tbat is,

they collsider occurrences of overlap within interior blockso

and then the possible entries exterior to the bl-ocks" They

claim that, for f - 2d,-t4 anrl f = 2d-5, it is not possible

to construct a seguence of length 10d-27. Their resultso

however, rlo not apply to the case d = 6; there does exist a

unique maxinal sequence of length 34 with f = 2d-5¡ âs lre

shaIl show below"

The followitrg lenna is usef ul.

lrem ma

In a DS sequence of length N (d

abab.." occur at least d-1 times if

ð-2 times if d is odd"

,3) '
u -L>

a11 subsequences

even and at least

the result can readily be seen by considering sequences

of the follcwing type"

N(8,3) 12 1 2 12 1 3 1 3 1 3 1 . 3 2 3 2 3 2 3

N(?,3) 1 2 1 2 1 " 2 3 2 3 2 3 " 1 3 1 3 1

Iet us nort consider N(6'5) uppose that f = 2d-5 = 7'

ff there is no overlap in the 6r interior positionsn the

interior blcck occurrences of 2t3qqs and 5u aay be (ð'-2)/2e

tð,-2)/2? td,-21 /2s and (ð'-61 /2a respectivelyo or (d- 2\/20

(d-2) /2, ld-4) /2s anil (ð,-Lt) /2 ' respectively" It is in the

first case that a seguence of lenqth 34 may be found"

22



Suppose that the interior

for 203, and t+î and {d,-6)/2 for

initial entries in the sequence

1212131

block freguencies are (ð,-21 /2
5. This gives the following

3 1 4 1 4 1"

It is particularly inportant to notice that" for fl = 6î the

element 5 does not occur j-n an interior blc¡ck; it is this

zeto freguency¡ for d = 6u vhich was iguored by .stantorr and

Roselle" let us noví add to these elernents a sequence of

length N {d- 2,3) = B made up of the el'eioents 2"3, and 4" By

the Lenna, this part of the sequence will contain al-l

subseguences aba to length at least 3" Not"r consider the

lengths of abab.. " "sub.sequences thus far irr the sequence.

12120 1313, 11r14

2323 î 2424, 3q3l+

already of length d (=6)

now of length d - 1 (2+3=5)

He ma y then arld the f ollowi-ng elenents:

s252535354545"

These will increase the lengtir of the 2323,- 242t+, and 3ri34

subsequences to length d, and will introduce a5a5

subsequences of length d fo¡ a = 2r3, and 4" The last

subsequence 1 5 1 5" " " has length only 2" AII subsequences

except this one then are of length d, and. no further 1 ¡s may

be added because of the fact that f = 2d,'5" Thus no further

element s can be added, and the .seguence is naximal. Since

the DS sequer¡ce for N(4r3) is.unigue, the above consLruction

is unigue aIso, and qives the following corresponding DS
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sequence

121 2 1 3 1 3 1 r{ i 4'1. 43 42423 2

525253535¿{545
Combin ing this new result l¡ith the proof s in [ 5 ], we have:

'N{d'5) = 10d 27, d even, d

and N (6,5) = 34 "

Case_2 "___d_qddr._ d_>_5 "

He know that

li {dun)

This gives

N (d, 5) ¿ 10d-29 u d orill.

åIsoo f S (n-1) (d,-11 /2 ç 1o d odd,

and !¡e see that

2d- 5

Consideration of each of these pos.sible f requencies f or

f follor.ts" The principles are sitlilar to those in previous

proof s; hence, flìany of the deta ils will be ornittecl here"

Suppose that f = 2d-1.

$le knou that the elements other than 1 can not occur in
interior blocks r¿itir freguency. greater than (d-11 /2" But

4 {d- 1) /2 = 2ô,-2 = f- 1 " There is no overlap n and the

seguence has length

f + f 1 - 4d 3 < 10d 29.

Suppose that f = 2d-2 "
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In this case, we nay have no overlap or one overlap.

If there is no overlap, He have interior frequencies

(a-1) /2c lð.-1) /28 ß-1) l?- ' and (d.'3l) /2" this vields a

sequence not longer than

f + f - 1 + 2 - 4d - 3 < 10d - 29"

If there is an overlap, the sequence has maximum lenEth

f + f - 2 + N(d-1,2)

Supposethat f- 2d-3.

In this caser there is a maxintuut' of tllo overlaps"

If there is no overlapo the interior frequencj-es may be

(ð,- 1l /20 ß-11 /?" ld'- 1) ¡2 u and (d'-51 /2 ' which produces a

sequence not lonqer than

f +f.- 'l+2 = 4d 5

Alternatively, the freguencies nay be ld-11 /20 {d-1\ /2,

{d-i) /2s and tð.-3) /2e whicir produces a sequence not lonEer

than

f + f - 1 + 1 + N(d-1,2) = 5d 7 < 10d - 29-

If there is one overlap, the interior frequencies may be

lA-1\ /2, ld,-1) /2, (ð,-11 /2" and ld-3) /2" This will produce a

seguence of Iength not exceeding

f + f - 2 + 2 + N(c1-1"2) = .,.5d 7

Finally" if two overlaps occur, the interior frequencies are

all (ò,- 1) /2" The longest sequence r^¡ill be prod uced when

these overlaps occur in one interior l¡lock. This results in

a seguence of length

. f +f -2 +N(d-103) = 1d 15
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Supposethat f=2d-5.

If there is no overlap, Þ¡e have several possibilities for

interior frequencies. They may all be (d-3\ /2. This çtill

yield a seguence of lenEth not greater than

f + f - 1 + 1 + ¡i1¿-1r4) = 10d 29"

Consideration of the subsequences 5a5a". " in this casè sho''ls

that the seguence is not a DS seguence"

Next ; r{€ may have interior f regu encie s (,ð'- 1) /2 s (ð,' 3l /2 z

(d-31 /2, and ld.-5) /2" This gives a se.quence not longer than

f + f - 1 + 1 + N(d-1d3) = 7d 17

For d

td-1) /2a td.'3) /2, and (d.-71 /2 " This sill produce a sequence

not longer than

f + f. - 1 + 1 + N(d-1r2) = 5d 11

Or, if the interior frequencies are {ð,-1) /2' (d'1) /2'

{A-5) /2, and (d,-5) /2, }re obta j-n a sequence of length

f + f 1 + 1 + Ìr(d-1'2) = 5d 11

Finallyu for d ) 9, the interior fre'quencies nay be (d'1)/2'

ld,-11 /2, (d-11/2, and lð'-91 /2" The sequence has length

f+f-1+2 - 4d 9 < 10d 29"

He noll consider possibÌe distributions j-n cases of a

single overlap.

If He have interior f reguencies (ð.-1) /2 e Gr3) /2 r ß,-3) /2 s

and (ð.-3\ /2I the sequence has length

f + f 2 + 1 + N(d-1,3) + N(11-1,2) = Bd - 19
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or " lre may have interior f requ encies (d,-1) /2 s ld'- 1) /2I

{ð,-3) /2 t and (ð,-5) /2" The sequence then has length

f + f 2 + 1 + 2N(d-1r2) = 6d - 13

Final1y, for d

{d-1)/2, (d-1)/20 G:11 /2' and (ð,-71 /2" The seguence is

then of length

f. + f - 2 + 1 + N(d-1,2) + 1 = 5d 11

' Nol¿ lre look at. the possibility of tu¡o overlaps"

the i¡rterior freguencies nay be {d.-.1)/2s ld-1)/2ø (ð,-3J/2'

and (d-3'l /2; if the overlaps occur in dif f erent blocks, the

sequence has length

f + f 3 + 2N(d-1"2) + 1 + N(d-102) = 7d - 15

In the case where the cverlaps occul- in the same blocko the

seguence has length

f + f 2 + N(d-1,3) + 1 + N(d-1,2) = Bd 19

Finally, se nay have interior frequencies {ð'-1) /2, (C-1) /2,

{d-1) /2, and ld-51 /2" The sequence length r¡ill be either

f + f 2 + 2 + N(d-1,3) = 7C 17

oxo aLternatively,

f + f 3 + 2 + 2N(d.-1r2) = 6d 13

If there are three overlaP?, the j-nterior frequencies

may be (d-1\ /2ø {d-1) /2, (d-1) /2n anô. (J-31 /2. The three

possible lengths are:

f + f 4 + 2 + 3N(d-1r2) = ''1d. - 15

f + f 3 + 2 + N(d-1ø2) + N{d-1,3) = Bd 19

f + f 2 + 2 + l{(d-i'4) = 10d - 29.
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As before, it is possible to elininate the last case by

considering tiLe length of subsequences in the construction"

ft is possible to have four overlapso lrith interior
frequencies al-1 (d'1) /2. This gives rise to the follovrin,l

l en g ths:

î. + f 5 + 4N(d-1,2) = Bd 19

f + f 4 + 2N(d.-1,2) + N(d-113) = 9d - 23

f + f 3 + N(ku3) + N(ma3) o where R-2+n-2

f + f 3 + N(d-1,2) + N(d-1,3) = 11d 33"

The seco¡rd-last length beccmes

4d- 13-3k+3m-B S 4d-21 +3 (d+7) = 7d-9

The last result may be improved by c<¡nsidering subsequences"

Since 45 occurs in inore than one block" vre may reduce the

length to

f + f - 3 + N(d-kr4) + N(k+2,2)

=4d 13+6d 6k 13+k+2 = 10¿-5k 24

(k ocld) u or r

=4d-13+6d-6k 14+k+3 = 10d 5k 24

{k even) "

Because of the lower bound, k must be egual to 1o and. !.¡e

find that the length is less than.or equal to 10d 29"

This may then be ruled out by considering 3434.. "

subseq uences.

Thus, ôf I pos sii.¡ilities f or f = 2d-5 have been exhaust ed o

and none has produced a sequence of lenqth 10d 29"
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The final possibility for f is 2d-4.

If there are no overlapso the interior frequencies nay be

td-l)/2, ld-3)/20 ß,-3)/2s and {d,-3)/2" This gives a

seguence t+ith lenqth at most

f + f - 1 + 1 + N{d-1,3) = 7d 15

ff the interior frequencies are (ð'-1\/2, (ð'-11 /2s (d-3't/2e

antl. (d-5)/2, the sequence has length
.f +f -1+-l+N(d-1r2) = 5d.-9

For d

(ô,-1) /2" and (ð,'7) /2, the seguence can not be longer thalt

f + f. - 1 + ) = 4d 7 < 10d - 29"

If there is one overlap, He may have (d-1) /2 s (ð,-1) /2 e

lð,-31 /2s and (ù-31 /2' vrith length

f +f 2+ 1+2N(d-1r2) = 6d 11

or¿ h¡e may have itrterior frequencies (d-1)/2' (d-1)/2e

(d-1) /2, and (d-51 /2, The seguence then has length

f + f - 2 + N(d.-1,2) + 2 = 5d 9 < 10d - 29'

lwo overlaps might result frcm frequencies (ô'-1) /21

{d-11 /2, (ô,-1) /2, and (Ô,-3) /2" there ace two possibilities

for tt¡e length of this sequ€nce, namely,

f + f - 2 + 2 + N(d-1?3) = .7ð, 15

f+f-3+2+ 2N(d-1'2) ='6d 11

If three overlaps occur, with alJ- f requencies ld.-1) /2î

the possibilities ior Iength are:

f + f - 4 + 3N(d-1r2) = 7ð' 15

f + f - 3 + N(d-1,2) + N(d-1,3) = Bd 19.

f + f 2 t N(d-1r4) = 10d 29"
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The sequence corresponding to the last possibilit.y is t.he

one constructed. for the 1oçer bound"

À11 possibilities have been exhausted, and we have

shor¡n that" for d ) 5o d odd,

N(d,5) - 10d 29"

1 . 1 0 _À_to'¡er_Bsgnd._for_Nl6onl.__n_)_5,

I,te are able to extend the construction given in the

determination of N(6û5) to produce a lower bound for larger

n. FJe recall that the seguence of length 34 f or N (6, 5) llas

constructed as f ollovls:

1 2 1 2 1 3 1 3 1 4 1 4 1u

plus

a sequence of length N (4r3) on the el-ements 2n3, and 41

plus

5 2 5 2 5 3 5 3 5 4 5 4 5"

Because of the properties cf DS sequences for n = 3, l¡e saw

that the sequence was naximal for this particular frequency

of 'l es"

Let us consider a qeneralization of this construction.

Take a sequence

1 2 1 2 1 3 1 3 1 ""o n-1 1 n-1 1u

plus

a seguence of -l.ength N (4, n-2) on the elements 203 o., " ,n-'l o

plus

n 2 n 2 n 3 n 3 .." n n-l n n-1 n.
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[e nust now deternine whethero for n

alr+ays find a DS sequence whichu when inserted between the

initial and terninal elementso will leave the sequence

admissible. ble shorq that thj-s is possible by considering

the sequence construction used earlier in obtaining the

lower bound for N (4rn) " Trso exainples t,lere given (n=5 and

n=6) " lùith a suitable renaming of the eleu¡ents¡ w€ can

always insert this sequence i¡ito the structure above and

niaintain an admissible sequence " By

these seguences He fj-nd that o fot n ) t+r

N(6on)

usinq the lengths of

(n-2) + 1

¿ Bn 14 + 5(n-2) B

= i3n 32"

1"11__f¡e Dlagorje-L*Ellfies:_ Nld*nl_f or_d_= &"

For d = n, the Davenport-Schinzel- problem seens not to

share the characteristics cf either the case d

fiost of the literature involves one or other of these cases,

and analysis of the dÍagonal entries usi-ng non-computational

ruethods has not proved to be very successful"

The first unknown diagonal entry is, of course" N (6 n6) .

Sone spot searches were done for i.iris case using the proqEam

in Chapter IIo but no sequences of length greater than 46

(the length given by the bound in tÌ¡e secticn above) l+ere

found. Houever, since this is considerably longer than any
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previously known seguence

1212131

5453

626263

Forn=d=3uthereare

For r¡ = d = 4, ttrere are

For n = il = 50 there are

The sequences for these

reference in Appendix A"

:-tt-Lt

i415

24232

u6465656

note it here

1"
for
314

534

636

5, rle

15

d5

2 DS seguences (lenqth

5 DS sequences (lendth

63 DS sequences (length

diagonal entries are

5) .

12) "

22) "

Iisted for

lde conclude thj-s chapter by

which contains the knoun values

giving the following tab1e,

of N(d,n) for Dud S 10.

10

1

2

3

4

5

6

7

B

I

10

1

¿

3

4

5

6

7

I

Y

10

1

5

10

16

22

29

1

6

14

23

34

I

7

16

28

41

1

B

20

35

53

1

1

1

1

1

1

1

1

1

1

11
34

5B

1 12

917

11 22

13 27

15 32

17 37

19 42

11
9 10

22 26

4C 47

61 'I 3
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CHAPTER IÏ
THN COHPUTÀTIOI{ÀL ÀIGORITHH

2 " _l __-I n tr o 4gç t ion .-

The basic algori-thrn used in constructing DS sequences

is outlined in succeeding sections

$le begin i¿ith the entries 1 2, Since the next entry

may be either another 1 or a new symbol 3o these are the

only entries that may be nad,e" in qeneral" For certain runs

of the program, atlditional entries vere made, in order to

decrease conputation time" Having placed these original

entrj-es in the seguence¿ H€ rûust then nake subsequent

entries according to the definition of a valid DS seguence

in Chapter I.

The discussion in the

consider the trivial cases n =

discussed in Chapter I"

follouing sections does not

2 cr d = 2o These are

ent¡ies nay be identical.

Before an entry is placed.

determine if it i.s egual

new entry is rejected. as

2"2 Criteria for VaIid Entries"

There are three basic considerati-ons involved in naking

subsequent entries.

The fj-rst is that no adjacenf

This condition is easily handled."

in the seguence, a check is done to

to the last entry. If soe the
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invalid "

The second consideration is that of nornality (See

Chapter I) " Before an entry is made in the sequence, a

check nust i¡e done to determine if that entry v¡ou1C

invalidate the ncrmality of the sequence. This check is

accomplished by retaining the la.rgest entry made in the

seguence thus far. If the largest entry is uì, then a

subseguent entry k nust be such that k

sequence is to renain norrral. Any net¡ entry uhich violates

this condi-tion is rejected"

The third anrl f inaÌ co nsicleration is that the sesuence

contain no subsequence of the forn abab" " " with length

greater than ri 
" ClearIy, Bre require some nethod of

exanining a sequence and determining if a particular entry

may be nade v¡ithout creat.ing a subsequence of the airove

type. He shall enploy a concept defined in the next section"

2. 3__Pair-Regeptivelesgi__Dg!¿nltion anQ_E¡amgles"

The basic concept involved in subseguence checking is

that of ttpair-receptivenessrf " An entry a in the seguence is

said to be rrpair-receptive'r to b if placing b in the

sequence would increase the length of the abab. " "

illustrate thissubsequence "

concept"

Two examples follow to

Consider the .. follouinq entries

34
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sequence: 1 2 1 3 2 3 1"

1 is pair-receptive to all entries 2r.."c6"

2 Ls pair-receptive to 405s6 but not 3" InsertinE a .3

in the seguence as the next elenent woulrl not increase the

length c¡f t.he 2323. " " subsequence"

In contrasto consider the entries 1 2 j t 2 4 3 2" In

this case, 2 i s pair-receptive to all entries 3, . . . ,6,

Inserting a 3 would increase the 2323... subsequence to

length 6"

The nuinber of ab pairs that must l¡e considered is

n {n-1) /2" For n -- 60 the pairs are:

12 23 34 45 56

13 24 35 46

14 25 36

15 26

16

Since lle are considerì-ng only normal seguences, there is no

necessity to count pairs ab where a ) b, in virtue of the

f o1lor¡ing argument "

I.f S ís a nornal adnissible seguence, that is, one with

no subsequence abab" .. of length. d + 1 o then S contains no

subseguence

Sr = b a b a b"," of length d, where b > ô.

Suppose S does contaj-n a subseguence of the form Sî"

Since S is a nornal sequence and a
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appear at least once before the first occurrence of b"

this gives a subsequence

Srr = a 'c a b a b""" of length d + 1.

This is a contradiction"

But

2.i_ Su bsegUen cg_Cþgçking.

The nethod for sub.seguence checking dif fers f or odd and

even d"

Case 1 " d odd"

In this case" if we t¡ish to make an entry b in the

seguences He must determine if there alread.y exists in the

sequence a subsequence of the fo¡m abab, " " of length d for

any a

be rejectedo since its inclusicn would prod.uce a subsequence

abab."" of length + 1"

as follows" The entry b is placed. inThe nethoC

the sequence. If

then b r¿i 11 make

À

is

a

is
pa

I

pair-receptive to b at this pointu

ir '¡ith a" The count for the pair ab

f the number of ab pairs is stillis incremented by 1.

less than (A+ï /2, b was a valid entry in the seguence" If

the number of ab pairs is now egual to {d+'l),/2, then there

exists a subsequence abab""" of length d ¡ 1o ancl the entry

ir urust be rejected" Note thato if b is rejected, the courìt

of ab pairs nust be decreased by orìe, since t,he entry b is
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not Eemairring in the seguence.

Case 2" d èven"

For even du the subseguence check is as foll-ot¿s. !lhen

an entry is made j-n the sequence¿ â count is retainerl of

hor,r many ab pai-rs exíst in subsequelìces of th.e f orm abab" " "

At the point at which an entry b brings the count of ab

pairs to d/2, it is then impossible to adrl the entry a to

the seguence, since that entry woulcl produce a subseguence

ababa""" of lenqth 2{d/2\ + i = fl + 1" À flag j-s set to

indicate that a nay not be entered" All subseguent entries

are checked and. rejected if equal to a'

Thus, the algorithm for even d requires a flag for each

of the nunbers 102 o ,. . , no which indicates v¡hether the entry

r¡il1 violate the subseguence criterion"

2 " 5__o bt aln 1¡-q_-Efr t¡igs- f o!-t h €-! Èg u e n c e .

the algorithur produces nrlmbers for possible entry in

the seguence, as illustrated in Figure 1"
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F j-gure 1

The followinq discussion applies to the search for

N i5,6) " ft nay be generalizedu hod¡ever, merely by Ènsuring

that tlie dimensions of the table are such that:

1) number of roHS = n,

2l number of colunns 2 Il (d rn) + 1"

the arrows in the table represent pointers indicating
the next possible nunber -,rhich may be entered in the

seguence at thai position, InitiaLLy, aII pointers are'set

to 1 . tet us assune t hat the ent rj-es 1 2 have alread.y been

made in the sequence. lJe then begin by lookinq at coluuin 3"

The next possible entry is indicated by the column 3

pointer" that iso 1 " This possible entry is checked

accord.ing to the criteria outlj-ned above" Since Þr€ are

considerinq N (5o6), this entry is certainly valid; so it is

entered in the seguence. the pointer for colunn 3 is
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incremented by 1 to

f or tirat positio n

column 4.

Supposen=ttred

entry fron colunn 8.

icate that the

the seguence is

next possible entry

2" We then go on to

ind

in

= 3, and that

the table of

l¡e are about to make

pointers foIlo'.¡s"

al¡

1

->* 
2

3

4

1

2

-Þ3

1

_-->^ 2

3

4

1

2

3

---> 4

1

---"\ 2

3

4

11

2 -_*7*2

33
44

:*-Þ 1

2

3

4

Figure 2

This v;ould indicate that tte have nade the following entries

in the sequelìce: 1 2 1 3 1 4 1" Vtre are attenpting to ad'l

an eighth entry to the sequence " I.torking in column Br He

reject 1t since it appears as the last entry" He reject 2

because it r¡ould create a subsequence 1 2 1 2 (lenEth 4). lle

reject 3 and 4 for the san€ reason as 2" Thus we have

rejected aI1 entries for thiS column; t.his rejection

indicates that Seguence just ccnstrr:cted terurinates at

lengt h 7. This length is recorded for comparison against

the 1-ength of the longest sequerÌce fountl previously"

It now become.s necessary to t¡Jrack uptt in the searchu
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change a previous entry, and plcceed forward. again "

2"6 þackigg_ U-p_in !h e_ SeaEc h.

Backing up in the search presents the greatest single

dif f iculty in the algorithm " llhen He are progressiitg

forward and insertinq valid entries in the sequenceo it is

easy to retain current pair counts and pair-receptiveness

data" However" backing up requires an updating of this

information to reflect the nell pair counts and

pair-receptiveness data resulting from changing a previous

entry in the sequence"

This sculd be guite easy if the abab... subsequences

l.lere always ccnposed of adjacent entries" Then, backing up

in the sequence and changing the last b to c would only

require looking at t-he previous element a in ord.er to cltange

the pair count for ab a¡ld pair-receptiveness for a" But"

since b may have nade a pair with several previotts entries

at various points in the sequence ancl have affected their

pair-r€ceptiveness, the problem is much more conplicated"

Tirree methods r+ere consid.ered to handlettbacking upttin

the search, Àfter a sequence has'.terminated, the pointer in

the column in uhich no entry could be nade is reset to 1 "

The entry pointer in the previous colunn is increnented by 1

and. pl-aced in the sequence" Pair counts and

pair-receptiveness must now be updated hefore proceeding
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further in the search"

Ee!hq4--L

l{e returu to the first element in the existing sequence

and go through the entire seguence counting pairs, and

recording pair-receptiveness" h]hen we reach the last colunn

j-n which an entry has been mad e " the pair counts an.f

pair-receptiveness dat.a will reflect the current status of

tire seguence"

t j-me-consuning 
o

segue nces "

testing entries for cclumn n

Certairrlyo this rnethod

advancement in the sequence

This nethod.o thou.gh sintple, is very

particularly ç¡hen one is searching for long

uelIqd-2
In order to obviate the need to rescan the entire

seguence each time a rtback-uprr is necessary o the pair counts

and pair-receptiveness data are stored as each entry is

made" Ftrhen the pair counts and pair-receptiveness data have

been updated f or a particular entry, anrf He are ready to

nove on to the next cclunn, the status of the seguence (that

is, the pair counts and pair-receptiveness data) at that

point is recorded" thenu if t;e are rsquired to back up in

the search and place a nell entry i.n column nr t;te can recalJ-

the information sto¡ed for colunn n-1" and proceed with

reguires overheadu since every

requires a storing of datao and
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every back up req uires a retrieval for the previous colunn

{for odd dr this ainounts to 96 bytes of Inemory per colunn;

for even d,, 104 bytes)" For long sequenceso hoHeveru there

is a consicle¡able ga in in the speed of executiou of thc

progran. In the search for N(506) u the increase in speed

Has roughly by â factor of three.

Se!Lsê-l
The third method is an extension of Plethod.2" Since the

addition of an elenent will increnent the pair counts only

for certain pairs and chanqe the pair-recepti-vêDess only for

certaj-n elenents, only such changes are recorded.. !lhen the

search backs up to a particular colunn and changes an entry,

one retrieves the changes ',+hich that entry matìe i¡r the

status of the sequenceo and Itundoesrr tlic changes" thus

re.stori-ng the status to its fcrmer state" Thj-s avoids the

necessity of storing a11 the status Cata for each colunin"

îhe iuplementation of this method is somev¡hat nore difficult

than that of method 2. In addition, it sas tested on part

of the search for N (5,6) , and did not produce a significant

improvenent in perfcraance" Iirus, the second method is the

one used for the majority of prodúction runs.

2 . 7_ Restarling_¡eç¡-Iily

Despite the fact that the coding used in the search fo¡
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N(5ø6) is reasonably efficiento the magnitud.e of the search

is so great tiraL it is not possible to complete it in one

computer run, This necessitates inco¡porating sone

mechanism fcr restarting the search at the point at çhich it

left off at the entl of a previous run. It Has decided at

the outset that the restarting should be d.one by hando

rattrer than by the computer system. This facilitates

checkinq cn the progr€ss of the search. It al-so allov¡s one

to make spot searches for naximal seguences' when an

exhaustive search is unreasonableu sinply by rrrestartingtt

?rith certain promising entries at the beginning of tire

seguence"

In order to restart, one needs essentially three pieces

of information: 1) the last valid seguence foundu 2l the

pair counts and pair-receptiveness data at each entry in

that sequenceo and 3) the status of the pointer array

lnroediately following qene¡ation of the last seguence"

Flith the current program, only the f irst of these three

nust be supplied. The program inputs this seguence, and

calls an initializing routine r,¡hich pre pares f or continuing

the search 
,

The initializing routine inakes one pass at the

seguenced storing pair counts and pair-receptj-veness data

for each entry. Àt the end of the passn it reLurns the

current status of the sequence so that the search may
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continue" The third reguiremento that of reproducing the

pointer arrayu is easily handled by setting the pointer for

each column at a value one greater than the corresponding

entry in tiie sequence. the initiaiizing routine then passes

control back to tl-¡e main proqram, and the search continues,

beginning at the sequence which sas read. in"

2.8_ Ngles qn tþe_!rograms"

The proqrams used to inplenent the algorithm just

descri-bed are listed i¡i Appendix C. There are separate

programs for even and odd d.u since the subsequence checkinE

j-s different for each" Both prcgrarts ère uritten in the

FORTRÀN H progranninq languaqe, and tlere run at the Computer

Centre of ti¡e University of ilanitoba" Once the programs had

been debugged o a load module \'Jas created and stored on disk

for use in productiorl runs" The load module requires

approximately 32K of ¡nenory in r¡hich to execute"

Some ccmments on the code itself are in order"

Subroutine I INIT I contains nuch code which is

dupJ-icated in. the main program. Tt would have been

possible, fron a programmj-ng point of vier¡, tc eliminate the

subroutine entirely and to set switches in the urain progran

to indicate whether or not inj-tÍalization $as being

perfor¡red" Howeve::o this woul-d require checking the s'¿j-tches

millions of tiures duri-ng executiono resultlng in a teduction
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in progran efficiency"

In order to reduce time spent doin g \/oo the test value

for segu€nce length (PRTLEN) was kept as large as possible"

For values of n and d v¡hich are small enough to allovr

completion of the search in just one runr this lenEth klas

set at N {dun) u resulting in the printin'g only of DS

sequences" If it llere not for the necessity of seeing the

last seguence in orcler to resLart, and. if we ttere interested

only in the value of N(dun) and not the corresponding DS

seguences, thj-s I/O statenent could be eliminated entirelyn

thus reducing output to the f inal r:esult f or N (don)"

The reset+-ing of the current maximum (l'lAXtEN) t'las

ornit ted f lon the production runs on N (5,6) . One can easily

find the longest sequences and their lengths from the output

listing, and thus save executing several instructions each

tinre there is a backinq up in the search.

Pair courrting, as can be seen iron the listinq' j-s

effected by means of an array of counters" Each possible

(nornral) pair is assigned a unigue position in that array'

using the t'r¡o integers nakíng up the pair. fn ord.er to run

the progran for a diffe¡ent value.of n, this section of code'

(and the corresponding section' in the subroutine TINITt)

must be revised. The progEam could have been ¡nade more

generat by including pair-counting cod¿ for several possible

values of n. this generalizationo hoh'ever, r¡ouId rt:quire a
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test on n fc¡l-lowed.

pai-r-counting cod e

seque nce"

Storing and restor

pair-receptiveness data þtas

eguivalencinq the arrays in

single one-dinensio¡ra1 array

restôrinq the sequence sta

following two statements:

by a branch to the appropriate sect.ion of

for every potential entry in the

inq the pair counts and

made nore efficient by

which this data was stored to a

(R). For example, this allot¡s

tus f or cclumn ¡ COLN I vri-th the

Do 10 J=ldLENGR

10 R (J) = SToRE (Cgl,N'J)

This is much inore efficient than restoring into the

two-dimensicnal array ERECEPTT and. the one-dímonsional array

rPAIR! separately. For even d, the vector (VIO) indicating

r¡hich elements caû rrot be entered in the seguence is alsc

equivalenced to part of the large array R"

Fj-na.1.1y, the proqram listing indicates that there is

actually no two-dimensional array of possible entries for

sequences, as is sugqested by Figures l anrl 2. Si¡rce the

seguence entries are simply the integers from 1 to na the

values of the rr pointersrt themselves nay be placed in the

sequence, thus avoidíng a look-up in a two-dimensional

tab1e. Two-subscript tabl-e lcck-ups are very costly in

conputer tinie, despite their relatively simple forn in a

hiqh-leve1 programming languaqe such as FORTRAN H" The
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tç¡o-dinren.sicnal form in Figures l and 2 uas used merely to

aid in comprehension of tl¡e etay in trhich elements are

selected for entry in the sequence.
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APPENDÏX A

For referenceu the fo1lo'¿ing is a listing of

Davenport-SchinzeI seguences for certain values of d and n"

r=3" d=3, length=5

12131

12321

Il=3 o d=4, length=B

f!=3, d=5o length=10

n=3, d=6 o length= 1 4

rì=3r d='l ,length=16

12131323

1212323131

1213132321

1232313121

12121313132323

1 2 1 2 1 2 3 2 3 2.3 1 3 1 3 1

1212131313232321

1212323231313121

1213131323232121

1232323131312121
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D=3, d=Bo length=20

12121213 131313232323

n=3u d=9, lengt-h=22

12 12 121 23232323 1 3 1 3 1 3 1

1 21 2 12 1 3 1 3',¡ 3 1 3 232 3232 1

12 121 23232323 1 3 1 3 1 3 1 2 1

121 21 3 i 3',t 3 i 3 232323 212 1

12 1 2 32323 23 1 3 1 3. 1 3 1 21 2 i

1 21 3 1 31 3 1 3 23232321 21 2 1

123232323 1 3 1 3 1 3 12 1212 1

rÌ=3, d=10o lenqth=26

1 21 2121 213 1 3 1 3 1 3 1 3 2323 2323
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D=4, d=3" length=7

D=4"'d=4, length=12

B=4" d=5u length=16

1213141

1213431

12321r+1

1232421

1234321

121313242434

121314142434
121314143234

1213141¿+3424

123214142tj.34

1212324243414131

1213132343424141

12131414342r+2321

1232313434142421

1232U24341413121
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I)=4u d=6, length=23

121 21 3 1 3 1 4 1 4 1 r+ 24 2323r+3 4

121 21 3 1 3 1 4 1 4 14 323242434

12 1 213 13 1 4 1 4 1 4 34 2t+ 2323 4

121213 1 3 1 4 1 t¿ 1 4 3 4 3 2 3 2 4 2 4

121 2323 1 3 1 4 1 4 1 424 24343 tt

121 2323 1 3 1 4 1 4 1 434 242434

1 2123 23 1 3 1 4 1 4 1 4343 42424

1213 13 121 4 1 4 1 4 242323434

121 3 1 3 23 214 1 4 1 424243434

12323 1 3 1 2 1 4 1 r'f 1 42424 343 4

n=4, d.=7 o l-ength=28 (inccurplete search)

1212123232424243q3 4 1 4 1 4 1 3 1 3 1

't 2121 3 1 3 1 3 23234 3 43 42424 1 4 1 4 1

121 21 3 1 3 1 4 1 41 43434 24 24 232321

121232323 13 1 343434 1 4 1 424 2421

1 2 1 23 232tt 242 ¿{ 3 43 4 1 4 1 4 1 3 1 3 1 21

1 21 3 1 3 1 3 23 23 It 3 43 42t+ 2t+ 1 4 1 4 1 2 1

121 3 1 3 1 4 1 4 1 4 3434 242423232121
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rr=4o d=8, lenqth=35 (inconplete s€arch)

1 212121 3 1 3 13 1 4 i 4 1 4 14+

242423232343434

323232424243434

34242423232i434
34323232424243r+

343424242323234

343432323242424

121212323 23 1 3 13 14 14 1 4 1 4+

24242q343434

342424243434

343424242434

3434342t+2t+24
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D=5¡ d=3n length=9

D=5u d=4n length=17

121314151

121314541

121343151
'1 21343531

121345431

123214151

12321I1 541

123242151

123243521
123245421

12343215',1

123¡.r32521

123435321

123454321

12131414325253545
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n=5r d--5" l-enqth=22

1 2 1 2 3 2 1424 3 4 1 4 5 ¿+ 5 1 53 5 3 1

1 21 232 4 2435 3 545 1 5 1t+ 1 3 1

1 21 2 3 24 25253 5¿i 5 1 5 1 4 1 3 1

1 21 232t1 25 25 43 4 5 1 5 1 4 1 3 1

1 21 2324 25254 535 1 5 1 3 1 4 1

121 232425 254535 1 s 1 343 1

1212 3 2 4 2 5 2 5 4 5 3 5 15 1 4 1 3 1

1 21 2324 252545 353 4 14 13 1

121 23 4 325253545 15 1 4 1 3 1

1 21 234 34 2454 52535 1 5 13 1

121 3 1 32 34 3 r+ 2525 45 1 5 1 4 1

121 3 1 3 234 353 52545 15 1 4 1

121 3 1 323435354245 1 5 14 1

1213 1 3 234 3 53 545 251s 1 4 1

1 21 3 1 3 234 3 5354 5 2524 1 4 1

121 3 1 3 24 2353 52545 1 5 14 1

121 3 1 324 243 4 54 53525 15 1

121 3 1343 2353 52545 15 1 4 1

121 3 1 4 1 4 243 454535 251 s 1

x 2 1 3 1 r{ 1 4 3234 5..4 5 3 5 25 1 5 1

121 3 1 4 1 434 24 2353525 15 1

1 21 3 1 4 1 r+ 3 4 245 45 23 25 1 5 1

121 3 1 4 1 43 4 24545 2535 15 1

12131 4 1 4 3 4 2 4 5 4 5 2 5 3 5 3 21
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121 3 1 41 4 3 42454 53525 1 5 1

1 21 3 1 q 1 4 3 53 5r+ 5 25 24 23 2 1

121 3 1 4 1 5 1 53545 25242321

1 21 3 1 q 1 5 1 5434s25 2423 21

1 21 3 1 4 1 5 1 5 4 53 525 232q 2',|

'l 21 3 1 4 1 5 1 54535 25234 321

1 21 3 1 r+ 1 5 1 5 4 53 5 25 2Ir 232 1

1 21 3 1r4 1 5 1 54 53 53 4 24232 1

1 21 34 3 1 5 1 5354 5 25242321

121 3 4 3 4 1 t+ 2454 5 251 5353 1

12 1 3 43 f{ 1 4 54 5 1 53 525 232 1

1 23 2 1 t4 1 t+ 2 43 4 5 4 5 3 5 25 1 5 1

12 3 2 3 1 3 4 3 t+ 1 U 2 4 5 4 5 2 515 1

12323 1 3 4 3 ¡t 1 5 1 54 5 2524 2 1

1 2323 1 343 53 5 1 54 5252421

12 3 2 3 1 3 {¡ 3 5 3 5 4 1 4 5 2 5 2 4 21

12323 1 3 q3 53 54 5 1 51 424 2i

1 2323 1 34 3 53 54 5 1 525 214 1

1 2323 1 343 53 54 5 1 5252421

1 2323 1 4 1 3 53 5 1 545252421

1 2 3 2 3 1 4 1 4 3 4 5 4.5 3 5 1 5 2 5 2 1

123234 3 1 3 53 5 1 545252421

1 23 24 2¿{ 1 4 3 4 54 53 5 1 5252 1

1 23 2r) 24 3 1 3 454 53 5 1 5 252 1
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1 23 2424 3 4 14 1 3535 1 525 2 1

123 24243 4 1 454 5 1 3 1 5 2521

1 2324243 4 1 454 5 1 53 5 252 1

1232424 3 4 1 454 5 1 5353 1 2 1

1 23 2 t+ 2q 3 4 1 4 5 4 53 5 1 5 25 2 1

12324 24 3 53s45 1 5 14 1 3 121

1 23 24 2525 _3 5 45 1 5 1 r+ 1 3 1 2 1

1 23 24 25 25 r¡3 4 5 1 5 14 1 3 1 21

1 2i2425254535 1 5 1 3 1 4 121

1 23 242525 4535 1 5 13 43 121

1 23 2 t+ 2 5 25 It 53 5 1 5 1 4 1 3 1 2 1

1 2 3 2 4 2 5 2 5 4 5 3 5 3 ¿$ 1 4 1,3 1 2 1

1 23 43 25253545 1 5 14 13 121

123 43 4 241 454 5 1 5 2535 32 1

123434 2U54 52535 1 5 13 121

n=5n ð.=6, length=34

12'1 21313141q1

43 4 24 23 25 25 25 3 5 3 5 4 5 45
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$=6" d=3" length=11

12131415161

12131415651

1213145¿+161

1 21 3.1 4 5 4 6 4 1

12131456541

12134315161

121343i5651

121 3 4 3 5 3 1.6 1

12134353631

1213ir356531
121345¿r3161

1213r.t543631
12134546431

12134565r{31

12321415161

123214156s1

12321454161

12321454641

12321456541
12324215161
123242156s1

12324252161

12324252621

12324256521
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12324542161

1232¿{542621
12324546421

12324565421

12343215161

12343215651
123tL 3252161

12343252621

12:43245t+21

12343532161

12 3 4 3 5 3 2 6 21

123q3536321

12343565321

12345432161
12345436321

12345464321

12345654321

n=6, d=4o lengtir=22

12131415 15432626364656
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tr=6 u d=5 u 1en gth= 2 9

1 21 232425254 36364 656 1 6 1 5 1q 131

1 21 232U 25 254 53 5 1 5 65 6 1636 4 6 4 3 1

1 21 23242525 q53565 63 646 1 6 1 4 1 3 1

121 23 2425 26 265 64 6 36 34 5 1 5 1 131

1 21 2i454 5 3525656263 646 1 6 1 4 1 3 1

121 3 1 3 234 35354 262 64 6s6 161 5 1 4 1

1213 1 3234 353 54 5 25 65 62 646 1 614 1

1213 1 3 234 35 36 3 656 4'6 26245 1 5 1 4 1

1 21 3 1 3 2t45 4 52535 65 63 6264 6 1 6 1 q 1

1 21 3 1 4 1 43 25253545 656 4636 261 6 1

1213 1 ¿{ 1 434 21¡ 54 5 236 3 62656 1 6 1 5 1

1213 14 1 434 2q54 52535 6563 626 1 6 1

121 3 1 r{ 1 4 3 42454646 56 263 6 325 1 5 1

121 3 1 4 15 1 54 3636 4656 2625 242321

121 3 1 4 1 51 54 5 35 252 34 646 3 6261 61

12 1 3 1 4 1 5 1 5 453 5 256 5 62636 ¡+6 4 I 21

121 3 1 r.t i 5 1 5 4 5 3 5 6 56 3 6 46 26242 321

1 213 1 r¡ 1 5 1 6 1 6564 63 63 4525 24 2321

1 21 3454 53 5 1 s656 1 63 64 6 26 242321

1 23 231 3 43 53 5 4',! 6 1 6 46 56 26 25 2t4 21

12323 1 343 5354 51 52565 626 1 646 4 1

12 323 1 34353 54 5 1 565 6 1 6 4 626 2421

1 2323 1 3 4 35 36 3 6 5 64 6 1 6 14 5 25 24 21

1 23 23 1 4 54 5 i 5 35 6563 6 1 6 Il 6 26 24 21
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123 24 243 1 5',l 5 3 5 ¡{ 5 6 5 64 63 6 1 6 26 21

12324 2434 1 4 54 5 1 363 6 1 65 62625 2X

n23 24 24 34 1 4 54 5 1 53 565 63 6 1 6.26 21

123 24243 4 1 45 4 64 65 6 1 63 63 1 525 21

12 3 2t4252 5 4 3 6 3 64 65 6161514I3121

7 2 3 2 4 2 5 2 5 4 5 3 5 1 5 1 3 q 6 4 6 3'6 1 6 2 6 2 1

123 24 25 254535 1 5 65 6 1 63 6t¡ 64 3 1 21

1 2.3 2 tt 2 5 2 5 fr 5 3 5 6 5 6 3 6 4 6 1 6 1 4 1.3 1 2 1

123 242526 26 5646 3634 51 5 1 4 1 3 1 21

12 3 r{3 4 24 't 4 5 4 s 1 5 2 5 3 5 65 6 3 6 2 6 1 6 1

1 23 4 5 t{ 5 3 5 25 65 6 2 63 6 t¡ 6'1 6 1 4 1 3 1 2X
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General Floç¡chart of ZtIcrorithT.t

STAF.T

Ini.tia1i. zati.on

Get notenti¡1 entrv; i.e.,
entrr¡ pointer in current

colurnn

Is thi s e'ler'.ent
eoual to last

entry in seouence ?

Does this elcm.ent
violal:e nor::alitri ?

ves

Yes
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Place ent::v in se<;uenca

Isentrval?

Can pa-i::s l:e
nade t"i.th An'

previorts e'l er.ents
Ín the sec:uence ?

Count nai.rs

IIas lencrth d
been excee<1ed

fo:: sone abab" "subserruence ?

Reqtore status
of ser:ue¡.ce
at previ"ous
colur,rn

Yes

Yes

I{o



Turn off pair-recenti'¡eness
for pairs just counted

Turn on rraí::-recenti'¡eness
for eLement iust entereC

Reset. last entrrr to this nel.¡ entrr¡

Increnent entrr¡ pointer !.or
this oositicn in secYuence

Þeset naxinun ele-en1:
if necessarv

Store status of seãuence
at Lhis colu¡n

Incrernent colurr:r nointer
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Incre¡nent colur"n r:oínter

Is ent::y pointer
for this colurnn

less than or
ecfual to n ?

ôutnut valicr. secruence
Íf loncr enouqh

F.eset ent,r'¡ nointer
in this col-u:'^¡ to 1

P.eCuce colunn nointer b.,' I

Yes

*+
I
¡ Fack t1n--l i" scarch
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Is entr_r¡ nointe::
for this colunn

less than oî
eoual to n ?

Ilavc r.¡e backed un
to the

oricrinal ent::i.es ?

OUtnUt nax-i-r'u;r
Ienoth

Pestore ser:uence status
fo:: this colunn

P.eset laroest elen''cnt

Yes
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-isrrv-oF-ì.r¿rrrcan 
'ccypursr-ï¡l'lrËr l'*ï rnr'J= ttzilti ril're = ,iõr pr---- n^5; f,io.

l-i:+4t+{ ++?+.'+++r
-Lr-.L+r-J.-L+L7+ìt++;:+:¡+ t+++ ++1 à. t++ã + i r+ i:.

C tr = ó r D EVE\.
Lrl'¡i-;i:+v-

IYOLICIT i\TTCEK I[_ZI
It.,¡TEGER Sarì(5,1 ),ÞTa(iC),ptlr(t5)ri(2ir)rSTJìF(5Ct26l,CtJeR'tT{251
LCGICÂL*l lIC¡PT(5'6]'aICrVIù(r)
E Q t, I V .1 L E 1 C E ( F E C E i) T ( I I t ) ' 

ì { I ) } r ( P Â I ). ( I ) r R ( I C } 1 r ( V I ll ( I ) 
' 

F' ( 2 i ) )

C A T A PTR, r i1,\Xt- F\ t ;'l ÄX f L T r L I'l I I / 5n'' l t 3'r 2 /
c

+ J. r- * J: J: ¿. + + +* * !v * + * + y

C RiAD Jìt ThE SeOU:\CÊ AT l:t1 IC'l il{! Sl:Ai)Crl IS Tl 3i3lii
Lõi++++'.';¡1-+'?

CEADT )20'C'lL r (SE'ì{ J I r J=l,CCL }

c
&+ i + * ¿ + J- J- Jr.! r. r¿ ++.LL+i ¿:/-{ -'+++ç+ ¡ +. +;, +.,i

c REAC I\ \Jr.Jt43[R UF 5y'.13OLS, :4ÄXIi-lrJ.1 L[),ldIfr 1É AùAP... SUSSHTJIJËl'.tC.F,

C n\1 UI \ IVt.¡;i ¡:\GrH ':F SECLE\C; Tll Àô i)il I¡ITEI).
C CUIÍ'UT rHES; .1r'¡f) 

^NY 
i\l'll:'iL ¡\IrlÉS I'ì TH; 5¿'ìU¡\Ct

LY:: ã D ++ ¡ri 7{*4 -¡ +Ã: =â.

c
RE Àt I{: CC, ¡iCSy v, ; , aa T [ Êi,l
PF I;.IT ICC 5 , TiSSYIJ I D r ?R TL E\

:**--
c lr,t ITllt_l¿Àltc.'r
L-+1r ''

LE¡lG?.=26
CtllLF=iil2
LI'¡ITI=LITtIT+I
\¡SYTl=lilSY:¿- [
CCLI=CCL-i

I

ð lxrr'.lrr{LIz[ Ë,]î ?EST;rir
L+tfr

c
C A L L I I.I I T ( S E .I , C 3 L , S T {I íì ! I i.I C S Y V I ] i JI- F , D T R r L I \ I T i , C U ? F, N T , L Ê \ G R )

c
¡i.r¡JJ

L-4+ 1a

C RESTCIi CIJF?.8ì.lr STôf'r;S {lF SFi.''J5\lCF
L..;rff

r.
C0 110 J=lrLE:iGR

llc R(Jl=curì.3\¡T(J)
c
L.. ! ¡+

C FECCRD LÀST Éì.iTIY I\ SEEIJENCE
Llrlr

I

20 LASTEL=SEç{CCLll
c
I
c
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'ERSITY OF lIAi¡iTCBA CCi'1PUTÉR CENTËA *** D/tTE= 5/21 /11 TIr''lE= /i:Cr5 PY PAGE NO.

L
L1'?-'+

C CF f É'.ITPY FPi'I'4 ARF,ÂY 
'F 

SYYB.]LS
L....+++

25 ELT=PTP. ( COL l

Lì.1-+.'

C CI.'FCK IF EI.ITRY IS F.)U1L Tí.ì L\ST ¡\ÏRY \IADË

L...+1\f+â

L

If ( ÉLT.E,:.1j\STÊL lctl TC 30

c c.t-.IcK Tt-ÀT E\InY ¡tì!s rit]T v IlLAT¡ \t lrvtLITY
Lî. I ? t

L

IF(FLr.6T.il;1 XiLTTI)G0 TO 2Cì0

Lf .. +r

C PL46: !f¡lQY Jr{ TFf SF,.tt-¡;traO
¿¡'i -

L

S5)(Cr.:Ll=ELT
1-

t.-. . ? +-,

C CFfCí, Il-.\I E'iT:lY Díj¡S;iO1 ËXIi:ri: l:,j.'.t.\3... Sil'lSLr.)ì.,r\Ca I.| LÍlJGTt Oll
Lll;iÀ'

C

I4i I F( V Iil( 5LT ) ) GO r.J 3l
I

C IF Tli: Êr¡T;iY IS À L TìiÊlF IS :il ¡F:-; r-l Crlu:,li oAIiS
L-'+ ì r'r

IFIELÏ.8ç.I)GO T.I 1"

L++r-+r-f

C CatJ:,ir ?AI.ìS F'ì¡: Ai:Y ILi4Ë¡iTS.iillC'{ {i: PAll-'ìl-CFPri\iÉ i] rr:Lf'

(-

ELTI=FLT-1
Dt 17, (=lrftLTl
REC=RICEPT(K'ELT)
IF(.ri.rr.rEclGc Tû l7c

I
Lfr--.t

C K IS P,ôlil ?,LC-pTIVE. DÀIP IS {r'ELTI
C PÄlR ÞLLîCATiC¡\¡ FtiR \=ó. l, PAIR.S
c 12=2 23=7 3+=It 45=14 5é=I
c I3= 3 24= t 3)= t2 4t.= L5
c t4=4 25=s 36= I 3
r_ L5= 2 2ê= LO
C ló=6
u+ -.. f r f
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'ERSITY 1F:''l^NITCßA CCt/PUTER CËr¡fER *** CATE= 5/?3/13 TII-it-= 4:'15 P'1 PÅì- f]].

r
DC 281 J=l'LENiìF' 23C STORE(CCLTJ)=rì(J)

L+T.. r+

c I \cÊË'4É\r cnLíl'.1\ ccuNTçR 
^\D 

c0 c{ ri 'l;xT c0l-rJr.lil
J.Á4J+.\+49,+*

.c
.CCL=CiL+l
cD ro 25

.!¿+++
L+:.¿;i+;,'¡1r+.,-

C F\Tc.Y hAS I:'lVll-lt; ¡¡¿nirfF\f Pll:lT¡::ì Ji.: THIS CCL'.rlirl 
^r,li) 

TíiY I'ltXT ELË"lEi.¡T'
r r'\rt =Cî Trtf( aìt lrl,i\l l< trYL^l çTÊl-

L+ i:¡ çt ?i. + i:+i. i: à: t;¡!4.;,..ò.'- . -t '. I +i..a

c
30' PT¡,(CrlL)=llLT+1

IF(PTì(COL).1Ê.\CSYI'1 )Gt] IO 25

ð p¡cn ir.o i-\f: cfLUvii:
C F?l\T SEiritr,,iCI IF LahCTi- IS Eçl,|i'L T'] ¡R, i;RE.\I!ì irl'1li TiJr fllYI\lrj'i;
c ?ÊsET LEii;Tll írÊ Lt ¡.C¿ST SF ìrJl:'.lCÊ IF ':rCiSSAP.Y
r,;;.\-i++;.+?,,¡

c
2( ) LÉ\=CÎL-I

' Ii(Lt'r.,1 E.iirTLfj¡.)i)íìI'.1 T2):,,)¡L:rtr (S j,"r(J) rJ=Irl-r"i )

I F ( L E)i. 3T.'1¡. X LÉ ¡' } V^.X L F\--L Ê\
c
|.4:¿ + +

c âES¡T:f.iT?Y 2rìlr,.l rIc Ffl: t'¿c( ùP c'ìL.J,'r;
C lF p".:VI.ìtJS C^a,.,,',., EXrj;\LSltC, F\C< LJO \'3AI:,,1

:
15 PTq(CCLt=l

CCL=C-:L-l
I l-'(PI:ì (CriLl .GT.¡iCSY"'!)G0 Tr,' I5

L

\.+': 4. )'. 1 + + + + + + ¡¿ ¡i

C tF i.;Ê HÂVE PlCiID (JP TC Tl:Ê '-,ììl3l'ì:L :'lTiIEsr 'lË AÌt l:[.llSFltr)
r ai+{+

c
IF(CCL.Eî.LIt\iT )CC rC 2¿o

I

L+ r -i +

C iiÊST]ÎS 5TÀTUS 3F.SE.IUt¡iCE FCì Pì-VIi]JS C']LIJVI.¡
L+i-7+-+t++

CCLl=CCL-I
Dû 2€5 J=lrLEllGl

235 R(J)-STCRE(CCLl'Jl

L+'-¡+

C RÊSET LARGEST TLE'4ENT FCF \CS!1ÂLITY
Lrrâ.r¡+rfr+

c
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VErìSIIY ilF ,vÂ¡¡irCBA CCt{pUTER CÊñrSa ;iì CATE= 5/23/73 TI14E= /t:05

T.tAXELT=2 
-

D0 ZC5 I=I,CCLl
ZXj lF ( SÊi{ I l.GT. it.i\XtLT ),.,t^XFLT=SEQ( i I

GÛ TI] 20
c
c:ir::: * ** + *t: * { J¡ ):* rr +--**:: rt::r:i *. v; + *.* i:r¡ + i.i: j.* ***::* + * f:*j: * *:ii ,3:r * * * r.;j,r *+ i(+ * *++ *C SINCÊ I.JI HAVE 8ACI.Êf] UP TO THÊ O]IGIilAL E\TiìIE5r iii ARE L)t]iit;C CIJTp,JI Nr Dr À\L. N(¡1 ,Àt)
cr: * 1:):ì: * ir*^! ri + r'+ * v¡:t*:? i Í, + * + * j; + * +:: + i i. +i: +* * *:¡Ì: *:ì:** *. * ***i: *+ i:ì::: i.:¡ å:.:+ ++ ** lrc
22') Pt I \T 2CC 5 r i,,¡OS.r(t , C, ir,1 XL EÌ\

STlP
r
C* r¡ *** + +*ìr +* ++ +y: ild- + t +.+ ++,t:;,* +d3*X,r;ì.t-+j/**
10no Ffìt,lAr(3t,ì)
I0C5 FflR(tAll' 1'/// /t \lJ4BEP ûF sYï,1;iLS'r i5rTx, r;.r^xl:,JrJ".! LE)lGr¡ i,-F aij,1 ij..X. StJil.S[,]U¡\CE ISt,15/t SFitjÊ¡JCES ílF LErtGftìr, ¡5, r Cì LCT.JGÉtì ,iLE pìX'l',1 IFC. ////, LEilGTtl t,25Xt,SFJTJÊNCE; 

Il02C FfjRr: AT l4oI2I
2C¿0 Fc3j.t,1T(r I rLoXr [5,1c-lxr5û12)
?o1' 

,i:jo-not(/////' 
r'l\xl;¿uv LfiCrH ÊL-l? ¡t=rrl5r3x,r.l=,,l5r5XrrtSrrtå)

c

3 

+ + + + + + + + + + + t '* + + * * * {. r.( + :! * + I j.: ;! + i: * + * * ì! ; + * + + + i t + * r;}.¿ * -: + + + + * + + * + * 1: + + + * + * + {r * ::1: .+ .. * + .; \.: ì: :: i;

St-flRCLll\F tÀlT(S:Ç,CCLTST{-',?}:,'JilSy:/rÌ5ALF,l)TR,LItilll,CUÍì;\f ,L::;:l:ì)Ivll ICIT I\fcr:::;r ( 1-7 )
I ¡. T È C : i S i ,. ( 1. a ) r il T ! ( i i ) , S T 

.l Ì Í ( ) ¡ r .Ì i; ) , p ù t iì ( I 5 ) r Ê ( Z i ) , C i j.ì ,i ;.{ I ( j j-, 
)Lr'lî I l,\L* I 'ìS.C;i)T (,-,, t. t ,ît C, V I[.](.5 )

. 'Ë ri'J I v ó r- i r\ c s ( :ì r c : Í) í { I r r } r .r ( ì ) ) , ( i) ¡ì I .r ( i ) , \ ( I J r , , ( v t r ( l r r :r ( 2 5 ) !
C+'\ ti + + + { j¡ + :} 1 + 1 * ** +.r
a l\,TTl^r rr{Tr-¡,¡ ¡,¡L ¡ :,i: lv \

c+ +*+ i *.4 {: +,+ * +* *++++
C

CC l! I= I r LîtrCt
I J R ( I ) =J
a
a+ +* + + + + * + * + + * + + * + + d.t: + + +;:: +: **+ +--i++i. *.:+ +i :1-:*+ ++::i:** + +;<+y; i: + *,:*++ + ++ +++ Ê *c sFT P¡1 ¡:¡Trç5- !'\cl- F(lrrrii¡. js Lj\a c,ì[^TEr( riìa),r rnJTäy Ij{ stî,J:rrcEc I Iì Cíjl ¡ c s¡aNî I ^,rl r¡ :; I I It t\C*++++*"*++'+I'lti *++'lr.+ìr+tr¡+++{ ++r;i.É:.¡t¿r:+{:++*ã:}+i,++ì:+*i(i!*4i:È.{Ê++î::*-*++*

CrlLt=CCL-l
DC 2t) J= Z, C'lL i

ZJ PIìtJ)=Sil(J)+t
t_

C +++ + + +{. {, + + i- + + * * + + + i + + + + + ì, *:, + + * *+* *:,,j,¡r* +:t**+x:+* +.}*,!+ +C ¡rAKE I Prliì-pFCipT IVE Tt ,tLL SUiSr¡i.,rtJT E,,tI.tlESC+ +++++ *+ + ++ + +* + *r¡ + i +:â + + + + + *y.:+ + yr* +;: x:++ + + +.¡*+* + i:++* *,;c
flO 30 L=2,:.ttlSyii
RECEPT( I rL )=.TCL,E.

Prl 2ÂGE i,r'ì

30
I

T
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/EÍrsrry oF lA',trrcsÀ C-cror-ieI CE-ÑïÈ'¡ 
-+{;

DÂTF= 5/23/7J TIr.1Ê= 4:05 Pl'{

---i** \¡¿!*4
L4î+++4!:.11 +T.{r+ +r'++-;Àir¡+++ii'¡++-'

c sc^'.1 sEil,Jrí'lc.F- T,:l ìFCl e,ir P¡\i?. c:.-ltJ\TS ¡\ll:') PAIR-aEC;PTl\/;)::SS DArA
L+;î.f.;l.?T"{i::;:¡;F+1ii'+lJ..++{id++r{++i.

c
DO ¿rC CCLI'.=2rCCL1
ELT=SEC(CCLN)
iF(ELT.EQ.l)GÛ T0 15C
ELTI=ILT-I \

,CO 17C ¡q=] , FL.t I -

RtC=RECEPT ( K 
' ELT I

lF(.\CT.R'Ft:. lCC TC I70
Gî TC (5C',;C'7ai'¡c)'K
Pùl9l.iC=l'c3 TC lC'3

ic PAlo\jc=FLr
G3 TC ICO

6ar PAIiNC=FLT+4
G;l rn 100

7C PAI?Îr1=F-LT+7
G0 'tfj lû0

90 ?A [1\r-.=ELT+q
1O.3 P{i!;(pÀlr'.::')=PAIi (F^l3f'J:l)+1

i F ( P r\ I R ( ir^ I I \i, ) . c I. C i1 
^LË 

) V f I ( ( ! = . T;'ì'JE .
rìECEoI ( r., Et-'¡ )=. F¡LSE 

"r ta aa \ _f t t ' trLt!

I''J !LTi)1:ÉLÍ+ I
I F ( ¿L I . E i: . r'lJ SY:'1 ) É t- I p l=\JS'1 4

U'l lá-l L=rjLTDl r\ISYI'
1í,C íìi:Ef I t:LT 

' L ) =. r?U5.
c
C+ **++ *t,i +l.' *r:t1 t, i' * { + * * + + + r'+* + ' +* + i::: +ii{:dt:: : +i:::Y¡+ *+* + *JÉ:l *++

. c siilìE sT,'.rLjj ,\. I T'ifls ccl-tl'/'i 
^i'li.) 

;l c:,¡ Ir)'1 :\T l-OL¡,"r1
."_:*++++-¡e;

tfr'-+ 4'+i ; t lÈ+: :: ì ¡ ? + i i;; - i

L

D:l lÉ5 J=l,t-:\'3F
l6; STJÌf ( CtlL¡¡'J l=: (J )

4) ccliT I\uE

J.t¡:rL + J J 4+a1 J Y:*l f:*++_!+
Lt;"?" ¡++? { i ;¿ :.' a i +. + ir' +

c pÁss il^c:: crJlì,)[ì'rT sl¡TUS iìF r-l [ !:11rJ[]lil
C*+rt + +++* + ii. + * *i *+::' ì + * + * * + +* 1'"+ + ¿ *¿ + +:::: +++-+*+*

'c
Cù 130 J=l 'LEN3nI83 CUnRNT(Jl=r{J)
RETIJR\
EI.IJ

:- --*- -- -. a:4 + + +:: + 4 + + + ^- + +.f ^. 
+.. a

L... â_ +.'+ -^ ¡-..'r ''r+';õ;¡õ i' +;¡' i' '-¡'-'t

PA Gi hlí1 .
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veRSIry or rrnllTcóÄ-ìcr,"uie-c- clñre e "i* tôTÈ= 5/23/71 TIríE= 4: C5 P:1

7C

a^

PÂIP.ñC=ELT+7
GO TO 101
PAIANI=F.LT+C

C + + + * + * * * * * + i -* + + + :: + + + + + + * * + r; * + * \r * + + ++ t ìr +
C II\iCÊFTÉ\1 PÂtR. CCU\T ÊC;ì VÅLI1 2AIR,
C+::i.* * * +* i + * ì, + *:! áy¡ * { * )0 { +:i I .* * ri + * + + +y.! +*Í(**
L
lC3 P^I1( P,l i lrlil ) =pA I:ì ( Ð¡ iR¡t,j I f Ip¡¡:¡¡=Þ11 IC(PÀIRN0Ic.
C + + + + {, +,t + + + + + * * i: .¡ * :} + ;: + >r :} Ì: + {. * r. + )t * * * + * * r ìì + + + d: * :¡ * +,r * iC Cl-FCK IF SrJSSË¡ìLjEl.C: LS¡jGId IS G:ì[/rIã,). iHA\ r)
C + + :l + t¡ * t¡ {. * + * t- * /¡ + + * * * + + * + :i + + t * * + + + + /¡ + f. + + * :¡ * + * * * * + + +

tF{PS¡iO. Et.Dl-ÀLFl )CJ To q5
c
C*+**+**+i'+*++x+t+1'l+41*:l *4t¿r"++++*t¡¡:r¡-tjt*++***:i.***Ê'j:iJ*+i!++*+*+4.+++++.*=r¡+:!+**
C ÏL'R.iI IFç ?AIR_ÞiCIPf iV:'JESS:0,Þ .)If C JIJST CtIUiJiF,):\:JI] GÉT,JiXT L'Lf::.1 E\IC* * +* i + * + +,å * å +; ,l * * t { * f * t + å * Ì * $ * * *J,.; +.X+ +,; ++ + ++ + y; +*j;i:ì1+:.i:ei*ij +*++:: Í:.F+ *:: ìrii:i3*:.*+ *
c

RECÊFI{ K r EL-i )=. FALS[.
t7) cc;{II\:Ja
C

C i¡f.ì¡++ 'Ì ú{.-a$ Í-+ + +:l!-,..++t,.: +*:i +-Ì ì. *::,Ì::i +* {:+*** {:i\:::! *y;-!.,-. +*i:¡: +ì:i: *í:* ! âc TÌ-F Cui:oE'tT a:.¡ÌiY IS v¡,Llll;
C Þ¡rii,F II')Âl'l-ì-alFTI.Jr: Tt .1LL -:L;:.tF\IS,j.i¿.\iq-ì Tl-,,, ¡ iîCr:+;:**+i ++*.1 I *{,+* /,-*:t. ¡+j¡ };: +i:r;¡ )¡+}**Í,:::d { :: l.::. {¡:::*:j::: +.+*+++ÈÉ:j;:***

i;r ELT,)I=.LTr¡
I F ( iL f , Ê c. :.trì sy:i ) ir-T p I = \ijS./.1
JC ló1 L=r:LTptr\ilSyr

l5C P.:CEDT(ûLI,L)=.Tqr.JF.
I
C+:: * + + +t'i, + +::* ? 1, :l + +* f r¡ i + ++ + * /j*,' * +i.,+:,*-1. +* *Ì.ü,1+ *:Ìr. +++*.î-r**
C ?=S3T L,1 5r- Êi!IìY, Il,:îF_:.,r\I Frji.tllì I,t TillS C;LiJ:.i,.¡c+***+*{+å*)+++*+++r****$-i+å:r**t++:ir:-;+.*f,-};.+**+ìr_t++{:*,:*r{.
c
Lê5 1,1 iTÊL=i:LI

P1".(C[Ll=L-Lr+t
(.

c*+*+****++**.+f'+*'++-'++++*++J,+*++i.+::**+:: ):+{:{.::{:+++{r+*+i..:Ìr++r+
c PEsÉr !i¡\(I,Yt.Jt¡ IF E¡,Try rs GR.c,rrÍì rFii,,J ctJk*.IrJT Lr;ìXI,.r,Ji4
c{: + * + + + *+:: +i,'t * * *:: + + * + + + + + + + * + + * +¡, +:¡ + + * + +:}:} j: + >: **;1 i: + + Àr * + +ì<***.
c

1F( ELT.cT.'iaXEL-t l r¡xELT=ELT
c
C{i* + * + r: + + * + +:: d + * + + + +'} + + *r¡ + + f *+ * +* *:, àri: *y¡+ +C STOT,E CU?AT¡iT STÁTLS CF rIE SÊiUE'JCË
C+ + l; * * ++* * j + + + å + + * + * t + + t + + * r¡¿,+ + +* + + ++*ì¡r. *

DO I?5 J=I, LE\GR
175 . STlrìt-(CCL,J)=lì(J)

c
c

P/r(lI Nl
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l:f Yn¡¡lc¡l f cf,rr-F-i¡ *{+

CC I.1PUT F.R t:,i¡iT ER II*';
^^T--- 

-< ¿ãa '7 
¡

CAI-E= -¡/2J/73 i t ttc- 4:,J,5 P;q PA,.lÈ ¡r.j
:,t :_ì ;

v ¡ i+.itna ,r-
,IAN T TC3A

C+ **,* + +4 * * + +): +:: ++ * + i + i t + + t + * * * * å + + * * +*:::i'+* * **+ *+*++***

C I\CRËr'1ti\T CÎLU"1:l CCU\TtP' t'l'ìD 1;'l Ci''l T¡'IEXT CCL!¡'{:l

C* t +*+* * * * + * + + + i + * + * * + * + +*:+ * * * * ++ '1 + *ì\il *+* + +lá::++ *r-i:+ ***

c
COL =Cill+ I
GO TC 25

!*r,'r**{+i:+***+$r;ï+{++++>}++':ir;Ì1*':ïï1.:::,:ìï::t'+*+*ìt*++-*i;r:::ì::!1:i:È+:¡ì:+jÍ*t+*
ð exr,,":-r^s I'lv.\Llc 3:cÀusE 0F o^fì c;tJi'iis;
c cEciìtvÉNf ccuNiri rc¡ paIR JLsT c¡u\fl-rl; REsro'ni sFlu:NcÉ Sr¡\ttjsi
C Jr\CR:14ENT PCi'lTSì tf'l TfrlS CCLtJ'4\¡ j\"lD TììY i'lEXT FLrIlirìTr

ð t,]'algss rhis cal-iJ¡'\ ls EXI-4usTFc ++*+:!**i.*****+*+i:+*+Ì*--!
c*++++*s'+*r++*i.+**+i'++*ì\:}ji)}*il*****+.:{:+ìt*******.**++::*:+à+**,t+*+i:+*+Ì.'.'.+
I

45 PÂ I c ( P '1 l;ìNC ) = F FNC-l
C.]L I =CtlL- I
Ô'-l 35 J=lrLEliCR

3; R.( J I =sTt)?e ([.cLl 'J I

10 PTì(CCL)=El-T+l'
IFf )T?(r.cL) .LE.i\icsYrúlGc T0 25

C . r¿..e¿-!+++Ê+

C/¡.+ + * + + ** ++ +*+ i ìi + + * I + å 4 +* + {'** t + Ìì: *+i:+++ *J *i::F+':* +++ * t + r:t;JÉ+r¡i'+*++-!* +**--:<+

c a¡cK ',;) c:{E ccLU.v\
C prl\T SEClJitlc: lF LF\GTl-' Is [':tJ"iL Tìi ì:r rJ?'t-1T€il T]i;\i'¡ TllF -1I¡¡i:'1U:;

g fì,:s5T LÉ'l ;r-i rlr'r-cl'cÉST SÈrìrJl: icÊ I t r'ì:L[5sÅ'ìY

C+ .t + 7,+ + ti Ji * e¡ * ìr t: t + + i + t + + { * * * * * :' * + + + * ì\ t ¡: i :} v' t: t; *' + * * * * {: *: * * +' i: 
'- 

ìr + ù+ * : * {: + + *:'¡ + t =

?,- -ì

c ,r-!.r¡J+*11+

CÀ! + + * )ê á + f: + + * + + + :i + + * t + t { I È'} + f' * * * *': +'+ i' + + + + :: + + 1r* * :: *

I ilEsÉT iNr'ìY Pnl\f F? F¡i¿ FÅcK JP CCLU{ ri
ð lr pi:vttus calLurìì EXr{lLsfLtl' t,.c( uP {3AIN

C* + * * * d +:! +* + å+ + +':'l + f + i * + + * + +:l:f * -t+ +* f:: ¡::! *: **** * **

C

15 FìTl(Ct:L)=l
C(L=CCL-l
ir tnrn(ccLl -GT.l{:sY1ì}G' -rrl I5

l*trrr+**+*++*å+*+';i++***t¡* tt'.-*r****++*+*r':+*+*+*++++::r*;r:+**+:!+***++
cIF|.JEitA\,EaAC(eDUPTqTHÊ..]ìIGtlùLÉ'|Tkl=S,ltI\:ìi:FlxlSlli.)
ct+*+*+**++++**++*+++**++++*1.+**++++:li*+1.+.rl:ä*+*--+*+i.+ijl¡*+';i<*Èy¡**++
c

iF(CCL.ES.Lt¡i IT)GC rA ?20

l- ** o * * * * * +* + * + t* + i' * I * * + + + * * + i: + {':: *+ l' *::* i: È'i: ** **'* ** ** *

ð Lesrnts srÂTUs trF sÉcuENcF- Fc? P:'EVItrrs ç'¡¡l)1N

C++ + + + + + ++ *d + * +å ++'l' * + + * + + - * * ir;)¡ +1 * + *+ **i:::*t+'Í +È':*+*

CCLI=CCL-I r" '

D9 ?-81 J=ITLENGR
3l R(Jl=STCP'É(CCLt'Jl

I
I

c
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VEIìSITY OF '''!ANITCßA C.]i/PIJTER C[íiTÊE ':*+ CATÊ= 5/23/73 Tir.lE= 4:Ù5 P)4 PAG= lio,
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VERSI'IY OF JIâ''¡ITCBA CCYPUTER CEi\ITER **+ CAIE= 5/23/73 TIf'18= 4:06 Pr'l P/.qE NO

DC 3C L=2, \1SY¡1
3C F.ECEPT(1,L)=.T?UE.
I

'tùrrùr+¿_!*f
Ltì"¡'Eã l 4 +++ r'n.+41++ çÇ? ? \'- i rrr '"1i'a'
C SCAN SEi]U¡¡IC-I TJ T,¡C¡RD PA, IFi COU,\TS AlJJ PA IR-'IFC'PTIV::ICSS DAf ¡'

rr+{¿J.
Lîî;¡+t+l++'¡+ara :¡+4iii:+ìri:''i/i+Y

r
. C0 /rO CCLN=2 tCCt I

ELT=S:a( CCLN)
IÉ(ELT.FQ.T}GE TC 15C
ELTI=ELT-1
C'l l7l K=trELTl '

FEC=R:CÍPT(KrELT,
IF(.N¡T.RFC)Gî f3 I70
GO TC (5Cr6Ct70'3C)'(
PÀlR\C=l
GC TC LCC

5D PA IRIrC=ELT
Gr).TO 100

óC PÂlRi\C=ELT+4
GC TO lOO-lO PåfR\C=iLIr?
GO rO lC0

80 PÀ I ì\l:FLT È')

10l PÅl ì(')/\[erll)=o^Iì(i:,11i\ll)+L
FtCÉPT( K rËt-1 )=.1'1LSË

l7t) cc\T I \,luÊ

li.l Fl tPl=FlT+l
I F ( EL I. I C .'11 S Y'r ) EL T F 1 =¡.15v'1
Dt Iél L=ELTPI'\lSYY

îc:; eÊCEPi( aLT, ¡ i =. Ílrr'F.
a -'^++"+*à++'t+I- { ? tr + si v + ì'¡ -- - Y'¡i t.4'

C STOP.! ST'\TUi .\r TrliS CCLUvli ;f ii) :1 .) C'i IC ''l EXT CÌLlJsN
J4¡¿É¡'q¡¿+¡r¡+'!J l++*+;+(t'k_ 

L+?+++i i'¿+++a_r J: ra +

L6t DJ li;; J=lrLfÌ\Gr
1? 5 STi?Ê ( CCLi'l ' J ) =ì { J }

4) cc\TI'i'J:
4{+JJ+*

L+4?+ã+5 ??7+ ++ ++i(+ ;r. 4i

C PASS FIC( C'JR;ìÊ\T -ST iTirS nF T;1i Scil',l iCe
4 \+ (J4¿+ tJ r J

L;1+?+ ç n 4 + 4 1'. ¿ 4 +'¿ 1' 4

v
f:o l8,l ¡=l,t_E\GR

l8C CLFINT(Jl=R(Jl
RÉTUR\
E ¡,IO

4J_s+4¿
Lrr+rr. a - li:+j¡+ + i: + r + y ++ + V+å:-. ¡+îr'¡r'¡.'râ r.:+i:;rt iri+++r'+?r'.rt

+ r..r+ { a { ++*+**+*+ + 4 * + )+ * t):: + + * +Í¡ + *j;â-* +* *.*i:** {. **** *+ *+ +i:*:k+Ì * õ':* *å+***++* *+****
\¿a.t++4.' 

I
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