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ABSTRACT

Sequential machÍne synthesl-s is the reaLLzatlon of fínite state
sequenËial- machlne behavíour 1n terlns of hard.ware components. Two

asPects of sequential rnachl-ne synthesís are fnvestigated ín this thesís.
The first aspect treats the decomposítíon of seqrrentíal machines, r¿hi1e

the second explores possible medíum and large scale íntegrated círcuít
reaLízatlons of sequential machínes.

Al-gebraic structure theory, which provides Ëhe theoretical basis for
:i j, the decomposítícn of sequential nachines, ís examined. A method for: .-" :... 

,' '1..::i::": ::1 systematically generatÍng the nonredundant sets of substítution propert,y
pariÍtions (deconposítions) is presented; the method ís suitable for

.. :t- .,. r : 'l
,.: .1 ,.': .:;::::: computer implementation. Two procedures for evaluatíng the decompositíons.t

II generated are presented. AlgebraÍc structure theory is also extended.i

I, to incomplet.ely specified machines, the synthesis of multíple machines,
l

I and a.synchronous machínes.

:i
, fre use of transitíon rnaLrices to synthesize a sequential machíne

as a single inËegrated circuit. is considered. Synthesis algoríthms
) for transition matrices and a ne\,Í transition matrix are presented.'i

:

Sequential machines can be realLzed as a cascade of combinational togic
l

li blocks. The choice of blocks affects the length of the resulting, blocks. The ci
I teaLízations and the complexity of the synLhesis algorithrn. Machine'I

I synthesis using a ne\¡I seË of combinaËional logic blocks is investigated.''.;
.: -'t' 1Ì :-l
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Chapter 1 Introductl-on

1.1 Thesfs Outlíne

This thesls presents varlous methods of sequential machíne synthesis.
In particular, a.n aLgorithmic method of <lerívl-ng all Ehe decompositlons for
a machine ís der¡eloped. (Sequentíal machínes can be reaLízed by a network

of ínterconnected submachínes. A network of submachines which realizes a

machine M, and for which the connections between the submachines do not

form a loop is called a loop-free realízatj-on or decompositíon of M. ) As

the number of decomposítíons for a machíne can be Large, it is necessary Lo

be able to determíne the "best" decomposiËíonr ín some sense. Two

different device índependent methods of evaluating deeomposítions, uD-

econornic pairs and read only memory (ROM) evaluation, are presenËed. The

uneconomíc paírs techníque elíminates decomposítions which are uneconomícal.

r¿iËh relation Èo Ëhe other decomposítions, while ROM evaluation determínes

the size of a ROM real.ization of each decomposition. ROM evaluation is'
preferred because of the greater choice íË provides the logic designer.

Decomposition theory has only been developed fgr completely

specífied machines. As most pracÈical machínes are incompletely specified,
we extend decomposition theory to the íncompletely specifíed case. A

Ëheoretical approach is developed to overcome some of the problems en-

countered and a decomposítion presented by HarËmanis [27] is adapted Ëo

incompletely specified machínes. Application of decomposition theory to
asynchronous machines and multiple machine synthesis is also examined.

TraditionaLly, machíne realízat.ion has been done with discrete
components, logíc gat-es and memory elements. New technology, hotleveï,

requires the use of complex, functional modules for r:ealizations. Thus,

functional modules which can independentJ-y realize machínes, or can be

interconnected to realize machines, must be developed. Two possible-

nodules, derived from the transíËion matrix and generator sequence concept,

are presented and synthesís techniques for each are developed

The flrst module, a cellular array, is based on the transítíon

matrix concepÈ for sequential machlnes. Inle develop a universal cellular
array which is derived from a ne\ìI type of transition matrlx. The new

array can be used as a bullding block Ln real-izing large sequentfal- machfnes.
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A novel concept 1n sequentlal machlne reall.zat|on, ís the use of
a set of elementary generators to construct a teaLi.zatíon of a sequent.ial

machine. A synthesis algorithm for a generator set must be able to derive
for any maehine the most economical sequence of generators. A new

generator ser is proposed and a heuristic algorithn for obtaining generator

sequences is presented. The new generator set, and íts synthesis method,,

províde ínsíght into the use of a Large generator set for machine realization.

1.2 Sequentiql Macl'rines

The effective design and implementation of sequential circuits
(circuíts with "memoryt') has become dependent on sequentíal machine theory.

The advantage provided by sequential uachine theory ís that ít a11ows a

logic desígner Ëo víew a sequent.ial circuit as an abstract mathematical

concept, independent of the physical realizaxion of the circuit. Thís

mathematical model provides the designer with a convenienË means

of specifying the behaviour of the sequential circuit he wishes to build.
AË the sa-ne time, t,'.ê formalízaÊion of Èhe problern as a sequerrLial machíne

lends itself to various synthesis methods.

'i'1ìô "ô6 ,',f sequeniíal nachiae Èheory to facil-iÈaÈc the Cesign oiçr¡evrJ

sequential circuits \{as fírst proposed by Huffrnan t361. Prior Ëo this,
desi¿rr methods for sequenËj-al circuíts we::e applicable only to developing

special purpose circui-ts ruÍ-th specified logic components. These

techni.ques r{eïe not suited for designing the circuitry required by

complex, di-gital systems. Huffrnan used the flow table as a means of stating
, qn¡l crml-lraci ryinc {-ho ranrri rør1 ¡a design problem and synthesizíng the required circuit.

'.::::::::::: At the same time, Moore [56] developed an abstract formulatíon of'l . . ..:: I - . .

: a sequential machine. This r.rork provÍded the basis for the de'velopment

of sequential machine theory. ìIea1y [52] extended the r¿ork of Huffman

' and furËher generalízed the theory of Moore.

,iu..i,,-.j The sequential machine, ìf, formulated by Moore can be characterizedì.r. -.-.. .-'l

by Ëhe f ollor,ring:

" 
(1) a ffnite set of states, S = {c ---- 's }:\¡/ q rr¡¡rLs ouu vr euqreet s (ult... t"rr, t

, (2) a fínite set of lnput, syrnbols, IP = {tr,...,t*};
(3) . a finlte seÈ of oritput s5'rnbo1s, OP = {01,... r0r};

:: i:::,::i (4) a mappfng ô, called the next-state functíon, from SxIp + S;
;!ì,:rrr ri:,:i; : l:::::':::rl (5) a mapping À, call-ed the output functfon, from S + oP.
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This niodel of sequential machine behavíour applies to both

synchronous and asynchronous rnachilres, The operation of a synchronou.s

machine is synchronízeð. by a clock pulse; changes in the ínput values are

rvithheld f rom the machine untíl a clock pulse occurs . Thtis, ít appea'.-rs

Lo the niachine that all inpuis change on the clock pulse. An asynchrcnous

niachine, horoever, is not controlled by a clock pulse.. Any changes ín the

ínput values are ímmediately ::eceived by the machine" The asynchronous

mode of operation is potential-ly faster than the synchronous mode, but

additíonal sophistication is required Ín the realízaLior' to hanclle the

unconËrolled ínput changes. Throrrghout most of thj-s thesj-s rve shail be

ref erring to synchrorì.ous sequ-ential machínes..

Associated rvith the fomalizatíon of the design process was Ëhe

problenr of deriving a near minj-mal realízation of a machine. The

synthesis Ëechnique used, thai- based on state assigmnenË, consisted of

assigníng a set of bina:iy variables to represent Lhe set of states, and

then computíng a set of logic equatíons v¡hich realízed the nexË-state

ancl output functions. (It was assumed, in mosL cases, that the input

and ouËput values r,rere fixed.)

The complexity of the resulÈing equations would vary, depending

on the particular state assignment used. A measure of the complexíty

of a state assígnment T,/as obtaíned by countíng the number of diodes andfox

Iogíc gates required by the state assignmenË" A minímal assignmenË could

be obtained by enumeraLíng all- possible assignments. For any machine

r,¡íËh more than a couple of states, this is not a feasible approach because

of the vast number of possible assígnments.

Some researchers, have subsequently taken advantage of t'intuitivet'

properËies of the state table representati-on of sequenLial machínes, to

obtain ttgood" staËe assignments. Armstrong [3] uses varÍous types of

adjacency relationshíps between staËes Èo develop a sLate assignment

Ëechnique. This method, whíle provÍding reasonably economícal

realizatíons, faits to generate for some machínes a truly simple reaLizatíon,

when such a xeaLízation is possíble. A second, more comprehensive method,

also due to Armstrong [4J, produces betËer results. However, this method

is more tedíous to execute than the former. Dolotta and McCluskey [13J

develop a state assignment technique based on codable columns, a subset

of the possible columns for a machíne. The method is effective for

:'i l:;'rlr':.'
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machines hríth B, or less, staLea. For machlnes with more than 8 sEates,

the number of codable columns is Targe and methods of reducing their

number must be íntroduced. i^Iíth fhe reducËíon, holet'er, the method also

loses a certaín amount of. ef.fícíency.

These rnethods weLe oriented to findíng "goodt' sum of products or

product of sums, equaÈions ¡.ríth de1.ay elements for memory. Conseqrrently,

the meËhods musË be nodified if a dLfferent type of hardware is desired.

Another approach to stare assígnment, which rvill be introduced

Ín Section 7.4, rn'as based on the formal algebraic structure propertíes of

sequential -achines.

i.3 Algebraíc .Structure Theor-Y

The algebraic structure Èheory of sequential machines r¿as

developedbyHartmanisl24f,l25f,126),L27J,1-2Bf,Hartmanisandstearns
l29fr[30],[31], and Stearns and Hartmanis l-631. Certaín aspects of structure

theory, nanellz serial and parallel decompositions 'vere obtaíned índepe-nclent-ly

by Yoeli 172f,1737. (As Èhe research of Hartmanís and Stearns has been con-

solidated in Hartmanis and St.earns [31], a.11 subsequent references will be

t311. )

' JusË as most tasks can be broken down ínto a collection of subtaslcs,

some machínes ean be decomposed into a collection of submachínes. The

order of executíon of the subtasks is Ímportant to the successful execution

of the maín task. Sirnilarly, the order in whích the submachines are

connected is impo::tant to the realizaËíon of the ínítj-al machine.

Algebraic structuïe theory supplies a set of techníques and

results which enable the rlesigner to deter:rnine the submachines of a machíne,

horv they must be connected, and also Èhe trinformation f1ow" beËween the

inte::connected submachines. Essentially, structure theory pro'rides a

means of divíding a large sequential machine synthesis problem ínto a

collection of smaller synthesis problems, which can be solved separately.

Ihe benefits of thÍs approach are:

(1) Machine synt-hesls tecnhiques can be applied with less difficulty
to several, small machines than oire large one. In particular

state assignmenE techniques are more víable and effícfent when

applfea to small- machÍnes.

-,,:'t::i
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(2) If complex functioual modules are to be used to teaT-íze machines,

it is more econonícal to use several small mactrínes, than one l-arger

one.

Telsting several small machirres for correct- opeïaEion is simpler than

testíng one large machine

The designer gains a better understandíng of how a rnachine functíorrs
.ohen ít is realized as a collectíon of separate, func-tional uníts.

(3)

(4)

The benefíts of algebraíc strucLure theory ior inachine realizatíon

aïe comparable Èo the benefits of moclular progranrrnÍ-ng techniques for

computer prograur'r'ring. Structure theor:y has been develope-d independently

of any particular hardrvare implementaËíon. Thus, changes in the Lype

of logic gates and rnemory elenents avaílabie do not affect the

applícation of structilre theory.

The submachínes of a machine correspond Ëo partitíons on Ëhe seË

of states, S, of a machine. (A partít.ion on S is a collectíon of disjoínt

subsets of S rnihose union ís S.) A submachine whích can operate, receiving

staËe inforrnatíon only from itself, corresponds to v¡haL is referred to as

a substiËution property (S.P.) partitioir. Hartmanis and Stearns have

provided an exhaustive algorithm that generaLes all the S.P. partitíons

f.or a machine. Papers by Farr [14J and Yang tTrl propose moïe

systematic methods for generatíng S.?. partitions. Both methods have a

simílar purpose, namely that of eliminating, røhere possíble, the enumeratir¡e

techniques of Hartmanís and Sl-earns and substítutíng simpler and more

efficient techniques. Sacco [60 I presents a techníque whích simplifies the

deËerminatíon of whether or not a partíËion has the substitution property

Usí¡g S.P. partiËions, loop-free realizations or decomposítíons

can be constructed for sequential machínes. The necessary conditions for

a collectíon of S.P. parËíËÍons to form a decomposition of machine M

are defined by sËrucLure theorY.

Two submachines, one of which Ís dependent on state information

from the other, corïespond to what is known as a partitíon pair. A

realizatj,on for a machine M usíng partition pairs must of necessíËy

contain state information locps. In Chapter 2, algebrraíc strucËure

Ëheory and Èhe background for determíning loop-free realizations (de-

composíËíons) and non loop-free reaLLzaLions are presented.

i j-ljìì,Ì:;ilììèÉ:ij{;::lj:::::.j:rrl:n.'l.l
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Although, structure ttreory provides a definition of r,rhat constítutes
a decomposítfon, no rigorous algorithm for deríving the decompositions of
a machine has been developed. Hartmanis and Stearns indicate wlth
examples, hovr decomposltions may be obtalned by "inspectiont'. Thus,

the derivalion of a decomposíÈion is dependent on the designer I s abilíty
to apply structure theory. For sma11 machines, mínimal decomposítions

c'án be found quite readiLy. Tor Large machines, however, derivat.ion of a

mj-nimal decompositíon by ínspectíon ís tedious, tíme consuming. and prone

to error. An attempt at developing an algoríthm for deríving decompositions;'

Curtís [8J, is criEically exainined in Chapter 2. Several inherent liroitations
of.the algoríthm are.investígated. The major problemé associated with the

algorithm are:

(1) iÈ is not universally applícable to all machínes with S.P. partíËions;

(2) decompositíons derived by the algoríthm rnay contain superfluous cornponerits.

Structure theory, as developed by Hartmanis and Stearns ís not
n-enable to the development of a decompositíon algo::ithm. Consequently,

it has been necessary to extend structure theory in Chapter 3 in order to
develop such an algoríthn. The algorithur developed is sirnple to use and

ensures the generatíon of all the decompositions r¿hich do not contain

superfluous components. In addiËion, the algorithm ís applicable to all
sequentía1 machines. Some suggestions for a computer implementation of
the algorithm are provided ín Chapter 4.

A method of evaluating decompositions ís vital as there may be a

great nu¡ober generated for any mnchine. In Chapter 4, two methods of
decomposition evaluat,ion are presented. The first method elímínates pairs
of S.P. partitions which are uneconomical with rel-ation to other pairs
of partitions. Thrrs, the decornpositions generated, after the uneconomic

paírs have been deleted, are the most econoilícal decompositions for Èhe

machine"

The second method is based on the fact that read only memories

(ROIfs) can be used to realize sequential roachines, Kvamme [48] and

Howard t321. A measure of the usefulness of any decomposition can thus

be obtained by calculatlng tb.e size of a ROM realization. Even though

thís method 1s based on determining the size of a ROlf implementation, ít
1s demor:strated that this evalualion technique is derzice independent.
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BoËh methods agree as to whlch are the most economical decomposÍtlcns

of a machine. However, ROM evaluation is preferred, as the loglc desígner

has a Ereater number of decompositions from whích to select a realizatíon.

1.4 SLructure Theory Applicatiorrs

Algebraic sÈructure Ëheory has been applied and extended to the

study of sequential machines Ín many r.rays. An obvíous applicatíon was the

use of S.P. partitions and partition pai-rs for state assígnment,

Hartmanis l25l and SLearns and Hartmanís [63]. Kohavi [41] has introduced

the inplícatíon graph as a means of producíng economical sËate assignments

using S.P. partiËions. ParËition pair theory has been used as .a basis for
sËate assignment by Curtis t8l[9] and Weiner and Smith t701. Karp [3Bl

defínes a critical pair (the partiËíon pair concept extended to in-

completely specified machines) and devel ops algorithurs to derive stat,e

assígnments using eritÍ-cal pairs.

Farr It4] tras investígated varíous properËies of common sequentíal

machines usÍng strucÈure Ëheory. In addiÈion structure theory has been

extended to the decomposition of stochasËic automaËa; Bacon [61, and

used for designing fault-detectioa experiments for sequential n"chj-nes,

Das [11].

Orígina11y formulated for synchronous machines, structure Ëheory

has been applied to the decompositíon of asynchronous machínes, Tan .

et al [65] and Kinney [39], ancl also to the state assignment of

asynchronous machines, Saucie:: t611. In Chapter 5, we develop properties

thaË relate S.P. partitíons on asvtrchronous machines to the state

assignment requíremerits of Tracey 1671. The propertíes developed have

rel-evence to the work of Tan, et .1 ¡65J.

A co1lecÈion of p machines may have common component submachines.

Obvious savings result Íf these machines can be realÍzed as an inter-

connectíon of machines, rvhere the common submachíne is realized once'

rather than p times. This possÍbility has been investígated for the

case where Lhe machir-res have the same Ínputs by Kohavi and Srnith [44]

and Smfth and Kohavi 162l and for different inputs by Gestrl t191. The

worlc of l(ohavl and SmiËh has been formallzed in Chapter 5. The properties

ì:l:ièa'ii;ì

i
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of nultiple sequential machínes developed are used to províde a theoretica.J-

basis for Kohavi and Smith's t"'ork.

H.artnanis and Stearns have forniulated conditions for an aut,onûûious

cloch (íirput independenL machí-ne) to be a submachj-n¿: of a sequential' r'rac.hine.

GryzmaLa-Busse l2?) and Hrvang i37l further examíne this possibil"íty. The

decomposit:'-on of linear sequential circuits has also been exami-ned by Ae

ancl Yoshida [1-l and Marino [5]l
'):: r:t

Althcugh Har¡inar¿is and Stearns [31] have examj-ned the partiÈíon paÍr

concept for íncomptetely specified rnachines, they have noL done so fo:: S.P.

partiticns. in Chapter 5, two methods by vrhich S.P. parËítions can be

extended to incomplerely specified machines are deve'l oped. A new \47ay of

connecËing tvro S.P. partitions, usíng a decomposítíon j-nLroduced by

Hartmanis L27f, is presented. hrhí1e thís connectíon is applÍcable to

compleËely specífied machines, iË ís of more practical value when used

wiÈh incompletely specified machines

1.5 Cellular Synthesis

StaËe assÍgnment techníques for machine synthesis attempt to

minilníze the number of logíc gates and memory elements. However, with

present medíum and large scale inËegrated (MSI and LSI) techniques the

use of discrete components is not economical. The nev¡ technologíes

dictate the fabricatíon of more complex modules, Mínníck t551. The

reasons for Lhis are:

1) Less expensíve; by combíning multíple logic componefits on a single

module the cost per comPonent decreases

2) GreaËer reliabilíty; as Ëhe components in the module are already

ÍnterconnecLed, the aatount of íntermodule wiríng is reduced,

resultíng in fewer wiring elrors. In addiLion, the reduction ín

wiríng permiËs a miniaËurization of círcuits.

The availabÍlit1' of funcÈíonal- modules lírnits the applicaEíon

of mínimal state assígnmenÈ techniques, Lewin 1491,[50]. (C1ear1y, these

techniques are still ímportanL for the deslgn of MSI and LSI modules.)

StrucËure theory, however, renaíns relevent for synthesis roith the

neu, functional modules. In fact, for a large machíne, savings result

if instead of having to reaLíze the machine as one large module, iË can

be realized as an interconnecË:'-on of smaller modules.,..1
::ì.1:]:1



. Sone of the r:esearch into sequential machine synthesis usíng the

new technol.ogl' concerrrs the determinatíon of a module Lhat is capabJ-e of

real-izLn.g any sequential machj-ne. If muitipJ-e copies of the modul-e are

to be tabricated on a single integrated circuit, it ís <iesirable that for

any ruachíne re.al-izatíon the modr-rles al:e connected í.n a regular patf.er:n.

A synthesis method that can be used to realíze a ntachine r-rith a

collection of unifori:r 2-state compr:nenC machines is deve.Loped by Neruborn

i581. A problem with thís meLhod is the irregular connectíon patiern

of the modules . Using the same nioclule-, and iechni-ques developed by

Friedrnarr [16], Arnold, Tan, and Newborn [5J present a synthesis metho<l

which enables a machíne to be reaTized as a regular connection of Ëhe

basic ruodules. A new module is developed in Newborn and Arnold [59],
such thai: Èhe fan out of any signal in the circuit. is bounded. The

syntlr.esís method for this module also produces realízati-ons trith regi-rlar

connection patterns. The nodules in the above i5ll-58-f [59] are íntended

for bínary ínput-bínary output machínes and are f.aLrLy sirnple. Holever,

for machines with multiple inpuËs and/or inultiple feedback realizatíons,

the necessary modules become complex. To counteracË thís, Kukreja and

Chen [46] introduce a new module which can be used to reaLíze any

machíne, without the complexÍty of the module increasing.

Studies on machine reaLlzatíon using a uniform cellular array

have been done by Hu [33] and Ferrarri and Grasselli t151. Hu proposes

a cellular array based on the tr:ansition matríx of a sequential machine.

The array is uniform with regular ínterconnecËions betr¿een the individual

cells. In Chapter 6 r¿e review Huts papeï and develop some techníques whích

can be used to miniuize the number of cellular arr:ays required for machine

realízaËion. A new cellular array is also presented r,¡hich overcomes

some of the problems associated v¡ith Huts array.

Haring [23] ancl Menger [53] have developed a uníque method for

synthesizing sequential machínes. The procedure is based on the fact that

the transformaËion on a set of states requíred by a partícular input

can be ímplemented by a seríes of símple transformations or generators"

Haring uses a set of 3 generators from r'¡hich any ínpuË column in a

seqtrent,ial urachine can be reaLized. Unfortunately, Ëhe method has the

disadvantage thaÈ the number of generatc,rs required increases extremely

rapidly as Ëhe number of sËaÈes increases
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Menger overcomes thís problem by using 2(n-L) generacors, Idlìere

n is the number oi states. The result is that the rrumber of generat.ors

requíred now becomes â líneaÍ f.urLctj.on of n. The algorifhnr for
derivíng generator reaLLzaLíons obtains teaLLzations which are minÍrnal

to within 
.2 

generatois.

In Chapter 7, following Mengerts example, vre expand the generator

sets to n(n-l) generators and examíne the properties of the ne\^7 set.
Expanding the generator set creates problems r{ith delermining absolute

minimal realizations. Hov¡ever, a heuristic algorithrn is developed

whích produces "good" reaLízations.

Huang t34lt35l and Krishnan and Smith [45J present possíble cellular
implementations of Haríngrs and t'fengerts generators, respectively. The

cellular aïTay proposed by Huang has so¡oe desirable characteristícs
(identícal ce1ls and uniform interconnections) lacking in Kríshnan and

Srnithts array. A new array, which ímplements Mengerts generaËors and

has the desirable characterisËics nenËioned,is developeci ín Chapter 7.

1.6 Notation and Definítions '

The folloinring general- notation and definítions will be used

throughout the thesis. More specific notatíon and definítions will be

introduced when necessary

A parÈiËion on a set S r.,i11 be represented using bars and semi-

colons, rather than Èhe usual set notation. For example, for set

S = {1 ,2,3,415,6"7,8,9r10}, the partition r consisting of the subsets

{1,2,3}, {4}, {5,6,7,8}, and {9,10} will be denoted as

, = {T{g; +; SIO,Z¡; gJOl. The partition with only one element ín

each block and Ëhe partition rqith all elements in one block are the

0 and I parÈiÈions, respectively. Collectively they t¡i1l be referred

to as the trívial partitions. Ior S = {1 ,213,,\,5,6,7,8,9,10},
o = {1; z; s; +; l; o;1; s;9;10} an¿ r = {ffi}.

T\¿o elements u, v e S are defined to be equir¡alent under Partition'r,
u = v(r), if and on1-y if u and v are contaíned in the same bloclc of t.

NoÈe that eveïy partltlon defines an equivalence relation on S, and every

eqtilvalence relatlon defines a partitÍon on S.
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Partltlon multi.plicatíon arrd addítion operatlons are deflned as

follons f-or t, and 'c, particion on S:

(i) ,L.rZ is the partítion on S such that u = v(tr.tr) if and only if
u = v(tr) and u = v(rr).

(íi) ,I*r2 is the partitlon on S such that u = v(tr*tr) íf and only if
there exists a sequence in S, ü = t'rtlr...run = v for which

either ri = ri+l(tl) or u. = tinl(t.), for 0 < i < n-1.

'1 '2 can be easily computed by intersecting the blocks of'r, and ,2,
requires an iËerative process of successively combining blocks of t,

example, leÈ 'rr= {IJ; 3,a; S,O,l; A,fO; l} ana

r, = {L;5,7; 2,6,9', 3,4rL}; 8}. Then

,r.rz- = {1; T; l3; s,l; e ; e; l; ro} an¿

-Ln, 2 = {1,2,5,6,7,9; 3,4,8,10}.

A partition 11 ís said to be greater than or equal Ëo partítion

,Zr rL2 12, íf and only íf every block oÍ. r, ís contained in a block of tr.

Thus, ,r a ,2 íf and only if ,r'r2 = 'c, íf and only L.f rr*r, = 'ru

For example. if t, = {t2,2.,4: S,Ol,A} and

r, = {tJ; 3,a; S,O; l,At then t, , ,2. Also, ,L'rz = 'c, and ,L*rz = .1.

A binary relation R on the set S is a parËial ordering of S if and

only if R is:
(i) reflexÍve: that ís, uRu for all u e S;

(ií) antisymmetríc: that is, uRv and vRu ímplies u = v;
(iii) transitive: that is, uRv and vRv¡ itplies uRw.

For a partial orderíng, rve shall use the more appropriate term, "2",
Lo represent. the relation R. À set with a partial ordering, (S,t), ís

referred to as a partially ordered set. The set, U, of all partitions on

S with the relation à is a partíally ordered set.

For a partially ordered set (S,>) and V,a subset of S, v is the

least upper bound (f.u.b) of V if and only lf
(i) vàxforallxeV;
(ii) vt)xforallxeV i.mplies vr > v.

greâtest lor¡er bound (e.l.b.) of V, if and only ffSimÍlarly, v fs the

(i) vsxforallxeV;
(fi) vtSxforallxeV

while r., *ro
-aLan(1 'r2.

For

'itì,
iî:r.

::,rì

.ì

fmplies v¡ < v.
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A lattlce is a paxt-IaLLy ordered set (S,>), whlch has a least upper

bound and a greatest lower bound for every palr of el.ements 1n S. Clearly,
the partially ordered set of aLL subsets of S, (U,z), ís a lattlce v¡here:

lub (rr,rr) = rr*r, and

glb ('rr,rr) = rL.r2.

ltle will denote the number of blocks

the numbe:: of states in the largest block
b(t) = lLoe, //(t)l and e(t) = lLog, e (r)1,
smallest ínteger greater than or equal to
represents the largest number of blocks of
Let e(r. Itj) ltogr.(rrlr.)1. Note that
kr, ¡l'r, and kri,.j to represent. b(t), e(t)

in a partítion "r by ll(r) and

of r by < (t). Let

where [xJ represents the

x. For t. ) r., e(r.lr.)r- J' r'J
r. contained in a block of t. .Jr-
Curtis I B] uses the notatíon

, and .(.il'rr), respectively.
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Chapter 2 Sequentíal Machíne Deccmposítion

2.L Introduction

In thís chapter I¡re present 'the basic structure theory of

sequentíal machines and examine an earLy attempt at state assignment

using sLructure theory. A nathematíeal model of .a sequenti-al machine

is gíven and it ís shor¿n hov¡ a sequential machine can be reaLízed by

a networlc of combínational logíc ancl memory elements.

Tor some sequenËial- machines, a subfunction of the rnachinets

behaviour can be reaLízed by a smaller machíne or submachine. The

submachine is defined by a specíal type of partitíon, known as a

subsÈitution property partit,íon, on the set of states of the machine.

If a machine has one or more subsËítutíon ProperLy (S.P.) partitíons,
iË is possible to synthesíze the machíne as an interconnection of

the submachínes defined by the S.P. partítíons

The tivo basíc coanections of submachines ' serial anC

parallel ,.ãTê used in varíous combinations Lo produce netr¡orks of

submachines. A network of submachines which imitates the behaviour of

a machine M ís saíd Lo be a decompositíon of M. One class of net-

works can be characLerízed as not having any state ínformation 1oops.

In a loop-free neËwork the information flow betv¡een machines is
never circular.

The condítions r¿hich Hartmanís and Stearns have establ-ished

for deËermining a loop-free netllork are presented. The only method

provided by Hartmanis and Stearns t.o derive loop-f ree networks,, is

ËhaË of inspection of the laËtice generated by the S.P. partiËions.

The partÍtion paír concepË Ís introduced. usÍng partition
pairs, net\.Iorks with information loops can be constructecl . The

application of partitíon paírs to íneompl-etely specifiecl machines

is also examined. An incompletel-y specified rnachine ís a sequential-

machine for which some of the next-state and output conditions. are

noÈ specÍfied.

There has been onl-y one attenpt , cuÏtf s I B ], aÈ devel-opfng

a state asslgnment al.gorithm using the S.P. partitfon theory of

-,11-.. .::

i::i;':i:
1,.ìr;,,,1''r,
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Hartmanís and Stea.rns. Cur'¿is r method aiÉenpts to procluce assign-
ments r,¡hich use the minímal numÎ;er of state variables. ?hus, only

S"P" paftiËions whích satisfy cer¡.aín rninimal-it), requiTements are

retained tor a state assignrnent.. As a result, ,t'rhen an assj-gnnent

is derj-ved for a machine, nany of the S.P. partitions are not con-

síderecl . In fact, for many of the uaehines none of the S.P. partitr'-ons

satisfl' Curtist. requirements" Consequently, the algoriihm is not
ur:iversal for all machines with S.P. pa::titions"

Curtis aiso establíshes eon,lítions to tesL whe'lher sets of
S.P. partítions can be used in conjuncËion r.+itir each other to derive
state assignments. These condi-tions ensure that a set of S.P. partit-
íons r¿il1 never require more than the miniural nunrber of state varíables.

Hov¡ever e as r,¡i1l be shorrn laËer, the algoríthm Curtís
derives from these conditíons does not test for redundanË part-ítíons.

Thus, sets of S"P. pârËiËíons containíng superfluous parËiLÍons are

deríved by the algoriËhrn. The state assignments resulËing from these

seËs consequenËly require more than the minirnal number of sËate

variables. These and other probJ.ems associated wíth Curtist meËhod

will be discussed ín SecËion 2.6" In Chapteï 3 an algorithm r+hich

overcomes the problems associated rvith CurLisr meLhod ís presentecl.

SecËions 2.3" 2.4, and 2.5 axe resulËs from Hartmanís and

Stearns [ 31] and as such will simply be staËed r¿íthout proof.

2.2. Machínes and SubsÈiËutíon ProperËy PartíËions

Finite sequentíal- machíne theory provides an absËract

mathematícal model of logical computing círcuits that have memory.

The main characteristics of Ëhese círcui-ts are:

(i) a finite
(ii) a memory

machíne;

(íií) a finiËe

set of inputs;
which is used to conlrol the operation of the

seË of ouËputs.

The machine defíniËion, rn'hich v¡j-11- be used Ëo represent the

círcuíts, uses a finite set of internal states in order to implemenË

the machine memory.
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Def init-þn 2. i-- (liartmanís and Stearns) a Ugg¡-e--l!r'c:--Cggge!!¿gl

machiaes is a quinluPle,

I'f = (s,IP,OP,ó,I), rahere

S j-s a f j-nit--e nonempty set of states e

IP is ¿ finite nonempty set of inpul:-o,

OP i.s a f i,nite nonempty set of o'rtputs '
ô : SxIP+'S i-s cal]ed the next*siace function,

l: S '+ 0? Ís called the output function'

There is anothe.r type of' secluential- machine, Ëhe }fealy

machine. 'Ihe only difference between the tv¡o machines is Ëhe output

funciion. For Lhe l,fealy machíne the output function, À:SxIP+OPr is

a functicn of both stete and inpuf:. The theory presented in this and

folloraing chapters deals rvíËh the nexL-staÈe behar,íour of sequentía1-

machínes and as such applies equally to }fealy as to Moore machines "

Hov¡ever for consistency rve wíll use the Moore model-

Example 2.1 Let M = (S,IP,O?rô,À), where

S = {a,b,crd}, IP = {0r1}, and gp = {0,1}, be a Moore machine'

The funcLions ô and À can be represented using either a flow

table or a staËe díagram

M

flow table sÈaËe daagram

0 and 1 of the flow table represent the nexL-

under inputs 0 and 1, respecËively' The third

the ou'EpuË function values associaÈed trith

Columns

sËate function of M

column, )., fePfesents

each state.

b d 0

d c t

c a I

a b 0

diagram

The state diagram uses arrows, with inpuË -labels 
'
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connectlng the various states to represent the next-slate function.
The output function fs represented by associatLng an outpuË value

r¡lth a sl-ate.

Fron the state diagram and flcw table represenlatíon, \re can

see that 6(cri-) = â, À(c) = 11 6(b,0) = d, À(b) = l, and so forth.

In some cases we will only be concerned witl-r the next-state
function of a machine.

Defínition 2.2 (HarËmanis and Stearns) A State machine ís a .tríplet,

![ = (SrIP,ô), where

S is a finite nonempty set of states,
IP is a fÍnite nonempty set of inputs,
ô: SxIP+S ís called the next-state function.

The flow table representatíon for a staËe machine will be

referred to as a staLe table.

Alge-nïaÍc strucËure theory for sequenËial machines ìrecomes

useful for sequential circuit desígn when the absLract machíne can be

related to a physical circuit. The followíng definitions descríbe how

one machine can be used to ímitate anoÈher machine with only a re-
naming of the inputs and out.puts.

Definition 2.3 (Hartmanís and Stearns) If M and }fr are trvo

machÍnes, then the triple (orÊry) ís saíd to be an assÍgnmenË of M

i.nËo M' íf and only if
0 is a mappíng of S Ínto subsets of S t ,

B is a mapping of IP into IP',
y Ís a mappíng of OPt into 0P, ancl the mappings satisfy

the conditíons:

(i) ô'[a(s), g(i)] c a[ô(s,í)], V s e S and I e IP;
(ii) y[À'(s')] = À(s), v sfe a(s)"

DefÍnltion 2.4 (Hartmanis and Stearns) À rnachlne l"ft is saLd to be
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a rea|ization of machine M 1f and only íf there ís an assignment

(o,ß,y) of M lnto Mr . Tf. 1"1 and Mt are state machines, then

we require mappings a and ß satlsfyíng condition (i).

Let Mr be a reali-zation of- M through the assignment

(orßry). It can be shor^¡n that Mt started in a state of a(s),

behaves like M, under the ínterpretation of 0 and B, started in

staLe s.

A sequential machíne can be defined usíng binary varíab1es.

DefÍniËío n 2.5 (tt"tt*"ois and Stearns) Input binary variables

*i, for 1si<m
state bínary varÍables Yj' for 1- s j < n ,

outpuË bínary variables zU, for 1 < k ( Í,
transitíon functions 

"j, 
{(Vrr...rYrr,xlr...r*r)} + (0,1) ,

and outpui functÍons ,k, {(rr,..',Yrr)} + (0'1) define the

binary sequentj-al rnachine, M = (S,IPrOPrô,À) where

(i) S = {(),r,...yn)}, the set of all n-tuples on (0,1). The present

sËaËe of M is represenËed by the vecËor i = (Vr,...]Yrr) and

the next sËate by O = (Ytr... rYrr)

(íí) IP = {(x1,...,x*)}, the set of all m-Ëuples on (0,1). The

input vector is O = (xlr...,xm).

(ííí)oP = { ("L, ..,rr) l', the set of all r-tuples on (0'1).

(iv) The next-s¡ate functíon ís girren by ô(t,;) = Y(t,i), where

Y (t,;) = (Yr (t,I) , " . . ,Yn (t ,;) ) .

(v) The output funcËion is given by f(i) = Z(y), where

z(l,i) = tzr(i),... ,ru{v)).

For any sequenLlal machine, M, â bfnary sequential machine,
l, If,, can be devised such thaË Mt ls a realization of M. From Mr, Ít
If is easy to consËruci a physJ-cal sequential circuit, of logÍc gates and '

memory el-enenÈs, whÍch imltates the behaviour of M.

.,1,'..1 : j
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L

2

3

D

Machine Dr r¿ith the maPPings (a,ßry) ís a realízatíon

for M.

YtYz

00

10

11

01

Dr

a(1¡ = i00,10] ß(a) = 0

a(2) = 111i ß(b) = I
c(3) = 1s11 y(0) = 0

Y(1) = 1

Machine Dt can be realized by the circuit
I

in Figure 2.1.

J 2 0

1 2 1

J 1 1-

x=0 x=l

01 11 0

01 11 0

00 11 1

01 10 t_

Fígure 2.1
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The Boolean equatíons for the cÍ.rcult are

Yr=*
Yz=ir+-"ir**tr
z =y

ẑ

Of specíal interest for realízíng sequentíal machines

is the state behaviour realization.

DefiniEion 2.6 (HarÈmanis and Stearns) Machíne Mr is said to
reaLize the state behavíour of machíne M if and only if Mr realízes
M wíth an assignmenË (e,ß,i), such that o maps each state of M

onto a single sLal-e of Mr and o is one-to-one. The mappings

satisfy Ëhe following relations:

(i) ô'[a(s), ß(x)] = s[ô(s,x)J, v s e s and x e IP;
(ii) Y[À'(c¿(s))J=À(s), Vse S.

State behaviour xealízaxíons ensure that only the

¡-u'.rnínal ni:nber cf staies will- be reEuíred in the realízaÈions.

Subs tituLioÊ_Property Part ítions

For some machines, a partition on the set of states can be

used to defíne a nev¡ machine, which perforrns a subfunction of the

original machine. The following defÍnition provides a means of

characterízíng this type of partítion.

Def i.nití on 2.7 (Hartrnanis and Stearns) A partiLion Ir on the set

of states of the machine U = (S,IP,OP,6,À) ís said to have the

substitul-ion propert,y (S.P.) if and only íf for states s,Ë e S

s = t(n)

implies that

ô(s,f) = ô(t,i)(n), V I e IP .

Obviously, the trivial partitíons 0 and I are

S.P. partitlons.



1-.-,...' : I ]
. -lr,r: ,. 1.: ,i

' :' 20

The submachine defined by an S.P. parË1tíon n , ís
representecl as a state machine.

DefiniLion 2-.8 (Hartmanís and SLearns) Let n be an S.P. partítion
on the set of states of the machine M = (S'IP,OP,ô,À) Then the

n-image of M is the state machine

MrT = ({nn} rIPrôn) , where

Bn are Ëhe blocks of partitíon m and 6 (Bn,i) = Bn' íf and

only if ô(Bn,i) c Brt

Example 2.3

1

2

3

4

5

6

7

B

ÍottÀ
3 7 0

4 B 0

I 6 0

2 5 0

2 4 c

1 3 1

4 4 1

3 3 0

M

r, = {TJ2; 2,4; s,o; z¡l is an s.P. parririon
on machine M. Letting

B, = {1 ,2}, Bz = {3,4}, 83 = {5,6}, and 84 = {7,8},
the state nachíne Mnl is defined as

u1

Bz

u3

B.
4

to tr

Bz B4

u1 u3

Bt Bz

Bz Bz

Mnl
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Ior S.P. partitíons, the operations of parl-ition addftion

and parl..Í-Ëlon multiplicaÈíon are closed.

Theorem 2.1

partítíons
so are ËÏre

(Hartn'anis and Stearrrs) Tf. nl and n Z are S. P.

on the set of states of a sequentíal machine M, then

partitions ltL' Tr2 and nL * nZ.

For ExampLe 2.3, partitions nr = {L,2; 3,415,61 7 rB} and

nr= {Tp,s¡; s'ø,1 ,a} are s.P. parËitions.
nz . n, = {T7; T,4; sS; I,e}

' - nL is also an S.P. partition
Tt, = {1;7; W; +,5;1;E} ís an s.P. partítíon for M.
4

,L * nh = {I,2; 3r4,5,6; 7 ß}
= nZ Ís also an S.P. Partition.

The binary relatior. rrçrr for¡ns a partial ordering of

Lhe seË of all S.P. partitíons for a machine M. Since

nL ' nZ = g.l.b . (r,rr) and ,L*nZ = 1.u.b. (nr,nr) , the

pariiall-y orrierecl seE (Pr<) is ¿ l-atiice.

Example 2.4 The S.P. partitions for machine M of Exarnple 2.3 arez

n, = {LJ; 3,a; s,ø; l,g}
r,= {LJ;3J*,5,6; z¡l
,r= {tJ,s,t; s,o,l,g}
nO = {T; 1; s,ø; +,s;1; e}

r, = {î; z; Z,O: a; 5; 7; e}

n, = {l; Z;3; tr,S; 6:7; A}
b

The lattíce formecl by che S.P. partítions ís

,2

n4

fÌ..:r,r''.;

n5
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The S.P. partifí-ons for a æachíne M can be ca.lcuiated using an

íterai j-ve procedure:

(1) 5o¡ srrer1z pair: of staies, x and y, deri-r'e the sna.llest S.P.

. 
partition n*,y which idenij-f Í,es x an<I y 

"

i..,..- ..':' :'.::.i (2) Obtain all possible pair-wíse sums of the fi__ -- S.P. partiLíons"'.1:::::r-:.:.:.:.:.,.::;.-:,:,.: X rl
(3) If any ner¿ S.P. partitíons are produced, obËain all possible pai-r-

wíse sums of Ëhe augmented set of S.P. partitíons.

(4) Repeat step (3) until no nev¡ S.P. pårtítíons are produced.

The fi partitions are derivecl by identifyíng the sËatesxrY
x and y and Ëhen identifying states línlced by the next-staËe

functíon 6. Thís process is demonst-rated ín Ëhe following example.

Example 2.5

to tl t2

6 2 4

4 3 5

5 1 6

3 5 I
t_ 6 2

2 4 3

M

Cal-culate n 
L 12

ô(1,i0) = $ and 6(2,i0) = 4, implíes states 4 and 6 are

identified under ínput í0. Sinilarly, under ínput il, sËates 2 and 3

are idenLífied; under iZ, 4 and 5 are identified.

The sets - {L,2} and {2,3} are not disjoint. Therefore,

the next-state funciion identj-fies sËates 1,2, and 3.

({t,z} u {2,3} = {L,2,3}), Simílarly, sËates 4,5, and 6 are

i-dentíf íed.

Further staËes are identifÍed by examíning-the states

implíed by the sets {7,2,3} and {4,5,6} . Sínce {1,2,3} implies

1

2

J

4

5

6



{4 ,5 ,6} and U-,2 ,3} and set {4 ,5 ,6} implíes { 1 ,2 ,3 } anC {4 ,5 ,6} ,

no fu-rther states are Ídentific:d.

i-he resulLin.g parcition, 'nT = tW-3; tr,SSl is air S.P.

partition for M.

Identífy'j.ng slates 1 arrC 4 produces tire S.P. partitíon
rr= {7¡; 2,5;:fi. hlo othr:r nonl-rivial S.P' partítions can be

prodtrced by i.d.entif)'íng the stai-es of S.

Aclcling nl ancl n Z pro<iuces f he ti:irzial S . P. pal:títion I .

Thus, ti-re only.nontrivíal S.P. pariít-íons f or l'I are nI and ,2.

2"3._ Abstract Netr'¡orks and Decomposition_

In Èhj-s section we. v¡i1l look aË some of the ways scat.e machínes

can l¡e interconnected to form larger, more complex machines. Condi.Lions

necessary for a large machine to be decomposeci ínto a neËr+ork cf smaller

submachines are also preseuted.

Definíti-on 2.9 (ilartmanís and Stearns) An abstract qetrvo¡þ, N, of

machines consísts of:

(i) {Mi = (sr, te., ôi)}, í=1,...,r1, a set of stal-e machines

referred Èo as component machines t

(ii¡ IP - a non-empty fíníte set of ínpuËs;

(iíí) OP - a non-empty finite set of outputs;

(iv) ôr: (xS.)xtp+IP., i 2 1, j ( n, rnachine connecting rules;
rJ

(v) g = (xSr)+OP, Ëhe output function, rvhere xS, represents a vecÈor_JJ
of states from the state sets of tire il.

There are t\,Ío basic ways of connecËing sËate machínes

in an abstracÈ network, serial and para1le1.

Definitíon 2.10 (Hartmanis and SLearns) For two state nachjnes

M, = (Sr,rP1,61) and MZ = (s2,TP2,62), v-here rPZ = rPlx sl' a

set of outpuË symbols OP with an outpuË functíon À: Slx S'+OP'

th. 
"=_1"1_"ngge"tjog 

of 1"f.,, and If' Mt€1uí?, is the machine
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|{ = (St" SZ,IP1 ,OP,ô,À) where

ô[(s1,sr)i] = [ôr(sr,í), 6zGz'(1,sr))J for

all i e IPr, sl . Sl, and t2, 52,

and À: S, t 52 + OP.

(ôr(sr,i) and 6r(sr, (i,sr)) are Ëhe machine connecting rules.)

Seríal connectíon of state machÍnes M, and M,

Figure 2.2

Definition 2.LL (Hartmanis and Stearns) l'or trr¡o state machines

III = (S1,IP,ô1) and ltI, = (S,IP,ô2), a set of output symbols oP wíth

an output function À:S, x 52 * Op, the parallel connection of M, and

M2, Mtl lMz, ís the machíne

fl = (S1 x 52, Ip,oPrôrÀ), where

6[(s1,s2),iJ = [ôr(sr,i), 6z(sr,i)1, for

all í e IP, s1 u Sl, and "2 , SZ,

and À: Sl * 52 -> OP.

IP

i::.:r:r

i::.. '..: l

IP

Parallel connectfon of state
Figure 2.3 ill ¡ììlil¡r Í

machine M, and M,
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A machíne M has a serial decompositlon of its behaviour

It l].lÐl'12 is a state behavíour realLzation of M. Slmílarly,
íf. urllu, is a srate behavlour reaLlzation of M, ll has a paraLLel

decomposítion of its behaviour, The serial and parallel decompositions

of a ¡¡achíne are related Ëo the S.P, partlt.íons for the machíne.

frteorem 2.2 (Hartmanis and Stearns) A sequential machÍne M has

a nontrivíal serial decomposition of its state behaviour if and only

if there exists a nontrivial S.P. partition ti on the set of sËates

SofM.

Exarnple 2. 6

to tl

4 1

3 4

2 5

1 2

M

n = tt3; Z,+j is an S.P. partitíon on M.

Representing {f,¡} by a and {2'4]. by b, the n-image

ofMis

Mn

In order Ëo realize M as a seríal decomposition usÍng T,

anot-her partltíon t such that n ' 'r = 0 ís require'd.

îr r r = 0 = {f;I;3;4} implies that the partition information

contaÍned Ín n and 'r is sufficienL to identífy each state of

I'l uniquely.

1

2

3

4

io it

To realfze rr since t fs not an S.P. partitLon, state
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i0" tOb i1* ftb

Mr

Machines Mn and Mt connected ín serial reaLLze ll.

Tireorem 2.3 (Hartrnani-s and SËearns) A

ínformation frou r l-s required as input.

Ler r = {T7; 3J+; = {c; ã}

nontrivial paral1e1 decomposition of its
only Íf Èhere exist tl/Ío nonËTivial S.P.

such that nr.n, = 0.

Irre*¿iq 2.7

to it

sequential machine M has a
state behavíour íf and

partition" tl and n2 on M

c

d

I
2

3

4

5

6

nr=
partitions for

LeË

e = {5,6}.

M

+
{l ,3,5 ; 2 ,4 ,6}
state machíne M.

a = {1,315}, b =

and n. = {L,1; g,+; S,A} are S.P.¿'

{2,4,6}, c = {l,z}, d = {3,4} and

tr¿o n-lmage nachines

fo ir
c

cl

e

are

to

d o c d

c c d c

6 4

5 3

2 6

I 5

4 2

3 1

Mn2

The
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Sl-nce rr.n, = 0, Mnl and Mnz connecterl ín parallel
reallze- l{r.

These basíc connections, serl-al- and parallel, can be used

as building blocks to construct combinatlons of machine connectíons.

One class of machine connectíons can be characterízed as being "loop-
free". ThaÈ is, the flow of state ínforuratíon between the machines

never forms a i-oop, either directly or índirectly. The machíne

connecting rules represent the state informat.ion flow betv¡een machines.

direct loop indirect loop

information loopsl{achine connecËions with state
Figure 2.4

Hartmanis and St.earns defíne a class of sets of S.P.

parLitÍ-ons whÍch do not contain superfluous pariíËions.

Defínítion 2.L2 (HarÈmanis and Stearns)

T = {n.}. defined on S isa-
dístinct and for a1l Tr c

n{n. ln. . r' I =J'J

A nonredundanË seË of S.P. partitions can be shor¿n to

correspond toa loop-free connectlon of component machines.

IP

nonredundant if
T and tL.T,

*k ínplies nk

A set of partitíons,
and only if the n i are

> rT. . for some Tr. e Tt .r'a
i '.::

l,ì:,t:iia. 1l: .:.
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Examp]-e 2.8

Ío tt iz tg t4

l_

2

3

4

5

6

7

B

n, = {1 ,2r7 r9i 3r4,5,6} ,

r, = {l- 3.3 3; s ,ø ,l ,a} , and

n, = {t,t'* z-,2; *; o,ll are s.P. partíiions fo:: M'

The set, f - {nr rT2,T3} ís nonredundanË since Definition 2.L2

i a ¡a+i it4 õÅ Fnr a1 'l ar:lrcal- c nf T*-*".*"""

e.E. II{rr,t3} = nz.n3

=n3

n, > Il{nr,nr} and n3 = n3 ,

rr>I{nr,rr} and nzrn3

Since tr, Þ n{nrrn3}, it is not necessary to determine r+hetúer

nr)n, or nl-n3.

The connection of th-e machines is locp-f::ee.

t.,::

li:

2 1 5 B 3

1_ 2 6 7 4

4 3 6 6 1

J 4 5 5 2

5 6 3 4 7

6 5 4 3 Õ

7 I 4 2 5

B 7 3 1 6

M

Since ,L.nznn3 = 0, the connectecl machÍnes realize M-
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2.4. Part:Lf:ion P¿ri-.rs and lrrco¡:pletely Specífíerj l"lacirines

,Anolher possí-ble vay o't ínterconneciing sr-ate ¡¡achínes invol-ves

the trse- of j-n,formation 1ooïr".- Deccmpositiorrs of thís type can b.e founci

using the partítion pair concept.

Definitíon 2"L3 (Hartmanís and. Stearns) A partition pair (n,nt)
(S,IP,OPrôrÀ) ís air ordered pair of partitions on SËire machine lf =

such that

S = C(Tr/ lmptl-es 6(s,i) = ô(t,i) (n') for all i e ïP.

('r rt t ) areThe_o_rern 2.4 (HartmanÍ-s and

partition pairs on l"f , then

(i) (n.'r, rrt.r') ís a

(ii) (n{-'r, r rl-r') ís a

Example 2.9

Stearns) If (nrtt) and

partíËion paj.r

partitíon pair:

on l{

orr Ì4.

io it Lz ig

l_

2

3

4

M

For M, (xyrr) = ({11; tJr}, {lJ; z,at> and

(nr,nr) = ({1,3; z3¡, {tJi s,4ll are

parLitÍon paírs.
Since nL'nZ = {tJ; lA} " {f J; 

-2¡¡= g ,

M can be realized as a non loop-free conneetion of M, ar'd 14r.

'i 1. j '

::;ìlr:.:

1 2 3 4 I
J 4 1 2 1

2 1 4 3 0

4 3 2 1 0



M, producgs

{t,z; *¡ and

state partition

If, produces t1

n2=

from

3D

{t-g: 2,41

n2'

from partiËion

nl =

For a partítíon pair (nrrt)
partítion, M(nr), such ËhaÈ M(n')
paír. Sinilarly, there is a mínimal

that m(n) < n¡ and (n,nr(n)) is a

there is a maximal front
n and (M(n'), fr') ís a partitíon
seccnd parti:, ion m(r) , such

partition pair.

Definítion 2.14 (HarËmanís and SËearns) If n is a

S of M, leË

partítíon on

andm(n) =

M(n) =

on M]

on MÌ

I

T

{nrl (tt,nr) Ís a partitíon pair

{nrl(tt'n) is a partition paír

The minimal partiÊíon, m(n), prorrides a means of justifying

the method of generating S.P. partitions presented in Sectíon 2.2.

Notation: For a partÍtion t let *o1r¡ = . ' and let
*i(r) = *(*i-l(t)), for í > l.

Theorern 2.5 (Hartmanís and Stearns) Given a machine Il vÍth a set of
states S, there exísts an ínteger K such that for all partítions
tonSandk2K,

k
¡nin.{nln = " has S.P.} = t ma(t)

f=0,r.ii :'i::1i.1:: ì':¡I
r, _ír t: 1 -:-t j

'.rl
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For some applications of sequential machines, some of the
next-state and outpul- values nay not have to be specifi.ed. values
v¡hích do not have Lo be specífied are known as dontt-care condíLions.
A machine whích has dontL-care con<litíons is said to be incornpletely
specífied

Hartmanís and Stearns have applíed the partition pair
concept to incompletely specified machines usíng two different
approaches. The fírst approach leaves thedontt-care condítíons blank
while the second arbitraríly gíves each donrL-care condítíon a unique

name.

DefíniLion 2.15 (ItarËmanis and Stearns) If M - (S,IP,0P,6,À) is a

machíne rvith dontt-care eonditions and n and r are partitions on S,

we say that (n,t) ís a weak partition pair Íf and only íf

s=t(n) implies 6(s,i) = 6(t,i)(t) for all i e IP
such that ô(s,i) anci ò(t,i) are specÍfied.

Lleak partition pairs ere closed r:nder parLitíon pair
multiplícaLíon but noË partition pair addítíon.

Exanple 2.10

ioitízz

4 1 3

2 L 0

1 3 4 I
2 3 0

M
' 

!..1,:.:t.::i i:ir

(nr.,'r) = ({I; z¡, 5¡, tr; z-¡; +}) and il*.*
(n'r) = ({r, 2¡; ãi, {f ; Z"gr aÐ are weak partition palrs

Ho\"rever, (nl,r) * (r*r) = ({1; Z.S*t, {1-; 2J; 4}) :

fs not a weak partition pair for M.

1

2

3

4

l:¡::'r'::.¡1r:-::,
i.i,..j-.."

Ì '. ': l

i
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of

The second approach uses nained cion't-care conditions c and

r.¡her:e nexc-.staLe cíont'c.-care condí-tions are labelled ruíth eler¡len{:s

C ancl output d.;nut-cai:e conóif-j'ons with ele-ments of D'

Extendedpartítj-onpairsareclosedunderbothparLitíon
pair urultíplicatíon and addition'

Example 2. 11 Namíng the dontt-care condítions of machine M ín Exampl-e

2.10 with elemenÈs of C and D, where C = {crrcr} and I = {dr}' gives

1

2

3

4

DeÍínitj-on 2.1-6 (ITartmanis and Si:earrls)

![ = (S,IPrOP,ô,].) wiLh named don'L-care

peï[if:j-cn 1T or] S and partití-on r on

called an gëlsgded partitåon pai::- if ancl

ô(s,i)=ô(t,í)(t) foralJ- íe IP"

MI

Give¡i ¿i rnachine

conditiorrs C and D, a

S U C, then (n,'r) is

only'íf s= t(n) imP-Lies

T *zÐ and

+t nl> are extended ParLiËíon

{L 12,3 rcr; ís also an

r:Ì

(nr,tr) =

(r*rr) =

partitíon

(nrrtr) *
exËended

(T; T¡;
(ir; ãl¡
pairs.

(rr,'tr) = ({I; T,s¡¡,
partiËion Pair for Mr.

3Ì, {r; 2,3,c1i

4], {1,cri 2,3i

i,-: ..:

4 1 3 d

"1
2 4 0

1 3 4 I

2 3
"2

0

4 rer\)
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2,5 State Âssígnment Usíng Curtísr AlForithrn

Curtls I I ] develops an algorithm to derlve state assignments

for sequentíal machínes usíng the S.P. par{:itions of the machíne. The

algoríthm atËemr)ts to obtain an assignment that uses the smallest number

of state varíables, wíth the leasË interdependence betv¡een varí.ables.

I'n order to formulate rules for the algoríthm, CurtÍs proves a Èheorem

which relates the ordering propertíes of self-dependent subsets of

sLates and S.P. partiËions. Before statíng tl-re theorem, some notation
is introduced.

NoËati-on: For a machine M = (S,IP'OP,6'À), we r,¡ill use n to indicate
the numbe:: of states ín S. Thus, the míni.nial nu¡iber of binary sËate

variables needed to realize M is s = floqnJ.

Theorem 2.6 (Curtis) LeË M = (S,IP,OP'ô,À) be a finite state sequent-

i-a,I- machi-ne wi-th rÌ internal states" There is an assí.gnme-nt of the

s = llogrnJ binary sLate variables of M wiËh two self-dependent

subsets S, and S' having the coveríng properÈy 52 . 51 if and

only if Ëhere- exists for M, partítion" tl and r, with S.P., saËísfying

the condítíons:

(1) knr*ìrrl=si ì

(2) kn, * un, = "t
(3) 12 > rL;

(4) kt1 = kn 2,, L * knr.

The rules derived from this Ëheorem are essentially a logical
extension of the theorem to seËs containing trüo or nore S.P. partitions.
They are intended Lo ensure thaË only the minimal number of sÈate

variables are used Ín any staLe assignment derived by the al.goríthm.

However, as rvíl.I be demonstrated, this ls noL the case.

To obtaÍn assfgnments wlth the mlnimal number of state

variables, CurtÍsr algorithm first discards all S.P. partitions, ïr'

for which kn -l- pr > s. That is, partitfons r¿hich rvill reqrrf"re more

i a i:'
t:-: ::.

',:,4íìt.;.
i'.tliìi,:.:
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than the miniroal number of state varlables are not used for state
assignment.

Next, the retained parLitions are divided ínto groups de-

pendíng u¡.ron th-eír k-value, The S.P. partitions with the l-owest

k-values are termed the maximal partitíon candidates. ParÈitions r,¡íth

Êhe next lowest k-value are the first level submaxímal partition
candídates, and so forth. The algorithn then selects a state assign-

ment from the various levels of partition candídates.

A brief descrípt.Íon of the algoríthrn is norr presented.

(i) Deríve the set of S.P. partitions for a machine M;

(ii) Discard each partition for which kn * p.n > s;
(iíi) If there are L\,ro or more retained parËítions, order them

' according to the size of their k-values;
(iv) From this ordered set determine the maximal parËition candidates;
(v) Form a set of paírs of maximal partition candidates. Include

each pair (t'irnj) vhose l.u.b. is I, whose 9.1.b. is a member

of the reËained set of partitions, and satisfíes conditíon (4)

of Tireorem 
.2.6

kn,. n. = kr.,ff.'T. * kn, = kr.,T..fr. * kn. (1)a J L'r_ J a J- a J J

(vi) Iorm a set of triples of maximal partition candidates. Include

a triple (nr,nr,nU) ín the set if the pairs (tÍ,nj),(ri,r¡),

and (n, rn, ) have been retained and the g.l.b. of (n-,n,,n,-) is' j'lr' r-- l' K'

a member of the reËained set of partitíons and satisfíes
conditÍon (4) of Theorem 2.6,

..:.::.:.:.:

: 
j':l:'_:;j'

kn..n..rk = kng,ni.nj.nk + krT[, I = i,j,k
= kn..T..1t..1r."1T, * kn..n.r- J'a J K r- J
= kni'tkrtí'tj'nk * kn.'nO

= k*j 'Irkrfi . .T , 'tk * kn. 'nO (2)

Quadrupl-es, quintuples, el-c., if they exíst, are found in a

similar manner.

(vii) trrlhen no more combinatíons of maximal partitions can be found,

the fÍrst level submaxlmal partiÈlons are determfned.
,. ,.
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Each pair of fírst ievel submaximal- partítion candídates
(r* rT=) ts retalned íf lts I.u.b. is a maxímal part.ítion

"ridrioa* ancl satísfies condition (4) of Theorem 2.6,
ktr. = lcr.*n..n. * kn.*n-r- r_ J-r_ r_ j
Unj = kni+nj ,, j * kni+rj )

iËs 9.1.b. belongs to Lhe set of retained partitions and

satisfies (1).

Triples, quadruples, etc. of first level submaximal partitíon
candidates are determíned in a símílar manner.

(viií) Further levels of submaxÍrnal partj-tíon canclidates are found using

rules (v), (vi), and (vii), with obvíous modÍficaËions.

The k-value of a partiËion is a measure of íts intervariable
dependence. Thus, bv selecting the maximum number of maxímal partítions,
the algorithm derives staÈe assignments r¿hich have the least amount of
intervariable dependence. trrlhen no more maxímal partitions can be

j-nciudeC in an assignmcni, S.P. partitior:.s r.¡íLh tire rre.':l, leasi a¡:ouni

of variable dependence aïe considered for assignment, and so on. In
this way, variables with greateï variable dependence are only added íf
rlecessary to obtain a state assignment.

Example 2.12

iottizz

0

1

2

3

4

5

1....1 .1:

/4 2 1 0

5 2 0 I
4 0 0 0

4 5 1 0

4 J 1 0

r+ 3 0 1

A

The S.P. partftions are
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S=
nr=
nz=
n3 =
1T. =

4
n5 =
*6=

'7 =

f=

S.P.

{o; r; T;5; ,o; l}
{oJ; 2t 5, 4,5}

toJJ; t; a;¡
{o,g; T; z;; tr}

tO,i*¡; Z"gÌ

{o ,1 , 3; 2 ,4 ,5'}

{0J; T: t*,sl
{o JJi g,+,sl

to ;t,z.,s ,+ ¡l
partiËions, n2 and n6

ktr, * tn' kn. * un.

are noL retained sínce,

>3=s

kr, = 2, (nOrnr) ís a valid
Similarly, (nO,nr) and

reËained
rtiEions

I
n4

t5
,r7

t1
1I^

J
0

0

1

1

1

2

2

J

The maximal partiÈion ca.ndidates

n4 * n5 = I, T4. 1T, = 1I1 ; and

kn."n, = k*4r*4.n5 ..|. kn. = knr:ri''n, *
pair of ma.xÍmal partítíon candidates"

(n'nr) are valid pairs.

are n4, T5, and n7. Since

The only possible tríple of maxj-mal partitíon candidates is
(n4,*5,n7). However, Curtís sËates that (nO,n'nr) is not a

valÍd triple because

kn'.n'.*7.= knl = Z { t<n0.r5,n4"r5.*7 * kn.'ns = 1

BuË n4.n5 = nL and n4'n5"n7 = nl

iì,,+,:fi
l:t¡ ì- .:,: i .
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Ther:ef ore,

knO.nrrn4.n5,n7 o krO'r, = knl,nl * kn,

0+2
2

Thus, krO.nr.n7 = knO"rrrn4'n5'n7 * krt.'n' contrary to
Curtisr calculatíons.

. It can easily be shown that (nO,n,r,r) satisfies condition
(2) and Ëhe other requiremenËs of rule (vi)

ktrO.rr.nT = kT O,rO"n5.n7 + kTt4 = 1 -l L = 2

= kn5,n4'n5'n7 * kr, = L * I = 2

= kn7rn4"r5'n7 * ktr, = l- + L = 2

= knO"n'r rT4.T5.n7 * knO"r, = O * 2 =
= kn4.'ïr7,Tt4.n'"n7 * knO.r7 = O * 2 =

= kn5.n7,rlr.n5"n7 * knr"n7 = O * 2 =

No further seËs of maximal partition candítates can be fonned.

The on1,- first 1evel sub*axi¡na.l parii{::icr candi,daies ai:e.

tl and T3. The I.u.b. of n, and n, ís n' a retained partition. Since,

ktl = 2 = I * 1= knr*n,rrir*1cnr*n, and

kn3 = 2 = I * 1 = knr*nrrnr*knr*nr,

(n'nr) Ís a valid pair of first level submaximal partitíons.

As there are no more 1 evels of partitions, Ëhe algoríthm ends

producing a state assignment using the partitions {(nO,nr,nr) (n'nr) }.

The lattice diagram characterizing thís assignment ís
I

2

2

2

:'.': )

: .t.:-:.::r

,.,,:rtt ;.iii:i



DIENIS

Due to the lnj-scalculation, Curtís deri-¡es i:r'¡o possíble assign-

{(r4,nr), (nr,nr)} and {(nr,rir), ('ol,nr) }.

ih. 1or-rice c1íagrarì'rs corr:esponciing to tire.se ;issignrilents aïe;

1l,'4

is not as economical

'l

r:.ii:
i¡rj

The assignment {(fra,T5,T7),(n'nr)}
as eíther of the above assÍgnments "

Thus, for this example, Curtíst meÈhod acËualJ-y produces an

assignmenË r¿ith an extra partítion. In the next section v¡e rn'íll prove

thaÈ thís problem is not isolated to the above example.

2.6. A Critigue of Curtis' Algorithm

In SecËíon 2.5 we índicated a problem with Curtis' algorithm.

In this secËíon, thís problem wí1l be examined formally and .linitations
of the algorithm will be presented. The lÍmitatíons.of Ëhe algoríthm

can be itemízed as follows:
(1) The method cannot be applíed to all machines with partíËíons;
(2) The grouping of parËitions ís not sLraighËforward;

(3) Some assignments produced contain superfluous partítions;
(4), All possible assignments for a machíne aïe not produced.

The first problem results from the selectíon-críËeríon,
kT -t gr = s, used to letaín S.P. n"årrron".. For some machínes,

some or all of Ëhe S.P. partiLions vj-olaË.e kn * pn'= 5.

.r ' :*ll
: _ _:rli
''. Ië
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Example 2.L3

ío lt íz t¡
1

2

3

4

M

The S.P. partitions for M aTe

n1

nz

n3

,4
n5

n6

= {r,2r3; 4}

{L,3,4i 2}

{T,z¡i j¡
{W; z: +}

{r,s; 7; +t

{L,4' z: 5}

Since, ktÍ 'tt-Ufri s / - lLogr4), i = 1,...,6' none of the

pariítions L'.an be useci io dei:íve a'r.-r assígñÌìent for luÍ. tio¡n'ever, thc

seË of partitions {n'r2rT3} provides an assignment for M, since

lt-.1I^'n^ = 0.
L¿5

Usíng this assígnment requires three state variables,

rather than the minimal two. However, Ëhe abílity to decompose M

into three separate, smaller machines compensates for the use of an

extra state varíable.

Curtis' algorít-hm depends upon dívíding the S.P. partítíons

Ínto various groups an<l Èhe.n selecting an optimum number of partítions

from each gïoup. The use of the k-value of a partition to deterrníne íts

group causes the second problem with the algorithm.

In formulating Rule 4 of the Algoríthm, Curtis notes

".....thaË no partitíon can conEain a partition whose k
is of the same sfze."

However, a simple counter-example demonstrates tl'rat Èhis is

not always true.

l.:..

i:ì.

t ':",:,r'rì: 
r':

i

2 3 4 l
t J 4 I
2 1 4 1

2 3 1 I
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Exampl-e 2.L4

s = {1 ,2,3,4 ,

r, = {T3 3;

ForamachineM=
5 ,6 ,7, B ,9 Ì , assume

4,5,6; 7 ,B; 9l are S.P.. partitions.

(s,rP,oP,6,À), r¿here

Lhat n, = {1 ,2r3,9;415,6; 7 ,B\ and

knl = ktr, = 2, but nZ is contained ín rr1. As 11 and n2

axe retaíned partitions, Ëhere is a problem as to v¡hich groups

nI and nZ belong.

Since, 11 and nZ have Lhe same k-value,
in the sane group. Ho¡nrever, T1 , nZ, v¡hich irnplies
be in a group, one level higher than n2.

Thus, new crít.ería are requíred to group the

of a nachine.

they should be

that *1 should

retained partitions

In Section 2.5 it was shown that for the example chosen by

Curtis, Ëhe algoríthn produced a decomposiËíon with an exËra S.P.

partitiou. Thus an assignÍrenÈ realízed frorn tiris decompositíon wouid

requÍre more state variables than necessary,

Actuaily-, it caa be proved tnat -*-henever ("i,"j), (ri,?TL), and

(nr,nO) are valid pairs, then (n.,nrrnU) will also be a valíd triple.

Theorem 2.7 For a set of maximal partition candidaËes, Ëhe triple
(n'nr,nU) ís a val-íd trípl.e of maximal partitions if

(*1,trr) , (n'no) , and (n, 'nu) are valid pairs

and

T...Í. = T..'tI. ='fi..1t.r_Jr-KJK =Tf

a valid triple. the following conditionsProof

musË be

For (nirrj
sat,Ísf ied:

k1 ..tT..n. =lJK

=

,*k) to be

kr^.n..n.)L' i- J
kn. .n . .n.a l- L

kn..nO,r,
kn,.TkrTÍ

.nO.* lcn' , I =

.TT. .1T. * lcn. .n.
Jt(r.J

o,tT..1I. * kn..n.
Jrc]-K

.1T..1T. * lcn..n.JIdllc

i ri ,lc

ì

Í

(1)

(2)

ili:'tÌi::,

l1r.!:. : fil
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r - _: 1.

íi) T..1t..T. = T."1T."1r."1t.]-JlcLIJK

= :'"il

. . kn.''fi.'t,= knrJK
Sínce (T. rtÍ=) ís a valíd pai-r* rue haver_J

k-r."r.= lc1r."fi..1. 4ltn. = kT.,Tr."1r. 4 kn. .i- j i'Í j j. j'a j J

Hor.¡'ever, this c¿rn be replace<l by

kn = 1cn.rn * krr, = k1r.rn * k'n. ,

which in turn can be replaced by

kn..n..n, = lctl.q1ï.n'tT..T, + kï, = ktT,e'll.n'tI .otrr * kt,i j k i-'j. j lc r J'a J lc J
Síniiarly,it can l¡e shown that

kn".n..nk = knk,ni"nj.tk * knU.

Therefore. kn..-. i rrj.nL = k'nnrn._'T.'rtk * knn, I = írjok.

(íi) T."Tr. = Tr = 1I .'îr.'T,r-Jr-Jr.
Sínce, knrt = 0

kn..n..T..rT..'rT, = 0.r- J'r_ J K

Thus,

. Oni'njrni'n.'nk * lcn.'TI . = kT.olt. = lcn

and 
.

kn.'n..nk = kn-'n.,TÍ'Tj'nk * kn"n'

Similarly, knitnj'nO = knr'nkrni'nj'nk * kn.'nU

= knj'tk,ní'nj,*k f kr."lTk .

Conditíons (1) and (2) are satisfíed and (n'nr,n¡)

tríple of maximal Partitions.

' Since ni'nj = ni'tk = nj'nk = ni'll. ''rT1. = Tr the Ërip1e

(nr,n,,nU) realízes the same pa.rtítion as the pairs (n'n,),
(nrrnn), and (nr rnO), but at the expense of an extra parLítíon'

Sets of S.P. partitíons that do not contain exlra partitions

can be characterj.zed by the definítion of nonredundanL seÊs'

Definition 2.L2. The follovring theoreru proves that valid triple5
of maxímal partition cândidates of the type described in the

preceding theorem are not nonredundanË"

ís a valíd



Theorem 2. B A valíd triple

f = (n."n.","T,),L' 1' K

of naxímal parLitiorr candidates3

for r^rhir:h

= T, is not a non::edcrndant set of

,TÍ. OT T, > T,
ll-K

Ir . .1f.
JK

and t, are distinct,
K

1I.o'lT, = ?T..',Il, ='lt.o',ll,r_JaKJä
S. P. pariitioirs.

Pr:oof

A-ssume that T is a- nonredundanË set of ma¡imal parCition

candidaËes.

Therefore, for (n'nk)

íf T. > T..rï,, then r.r- J lr- a
Sj-nce, fri''tr,"TO = 1¡, 'lT. 2 1 =

Thus, tri > tj or ti = nk.

However, the partíLíons ï. e'lÍí ,

so nitnj or titnk

I,Iithout loss of generality let
Theref ore . ïT . .1T . = 1T ,.L]J

kt..n.oT[. = ltn..n. > 0r-' r- J L' J
kn..ri..T[. = kr.,n. = 0

J-r- J J' l
kr..rr..n. > kn..T."'tr..L'r- f l' l- J

Sínce kn. = kr. = kn, .]- J K'
kn. -l- kr..n..r. > kn. * kr.,'tT,'fr. ,- i- i-' i j j J' a J

contradíctíng condition (1) in rule (v).

Therefore, (nrrnr) is not a val.id pair of maxirnal partitions,

contradicLing our assumptíon that J = (nr,nr,nr.) ís a nonredundant

set of parLíÈions.

The above two Ëheorems prove that Curtist algoríthrn will
generate assignments rviLh redundant parËitions. In addÍtíon, iL can

he shor,¡n that the algorithm fails, in a trívial way, to determine all
the valíd nonredundant decomposítions for a machinei'

fi.
l-

T."
J

€¡F Mrl.l,flTClSA
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J:

Example 2.I4

1

2

3

.4
5

6

7

I
9

10

11

L2

io it Lz

The nontrj-vial S.P. partitions for
M are:

nl = {L,3,4,8,9,r2; 2,5,6,7r10,11}

r, = {1,4rI2; 3r8,9i 216,7i 5,10,11Ì

n, = {1 ,5,6,8; 2,4,9,IL; 3,7 ,l0,Lzj

n4 = {I,B; 2,LL3 3,12; 4,9; 5,6;7,10i

M

..1,]

2 2 3

3 4 5

6 5 4

7 2 B

4 9 7

9 4 10

B 1 11

2 11 T2

7 11 I
1 I 2

L2 9 6

ta(J 6 9

S.P. latËíce for M
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rtl is the only maxímal partition candidate. The first Ievel
submaximal partitíoçr candidates aïe nZ and t3.

HOI^IeVef,: ,Z and t3
paír since the l.u.b. of nz

candídaEe (ru1e (vii) ) .

That, ís,
candídate.

do not form a first level submaximal

and T[^ is not a maximal partition
J

rr*'rr=T and I ís not a maximal partition

Thus, the decouposítíon (nr,nr.,nr) is
it ís a norrl:edundant set of S.P. parti.tions.
the most economical decomposition that can be

2.7 Summary and Remarks

rejected, even though

Actually , (n,rT2 rTa) is
obtaíned for machíne M.

In Ëhís chapter we have formalized the definítion of a sequential

machine and demonstraËed how a machíne may be realized by a sequential.

circuit. The sequential machíne concepË ís useful as it a11ows us to

examÍne the behaviour of a sequential círcuit, independently of the

physicat device.

Hartmanis and Stearnsr algebraic strucLure theory of sequentíal

machines is an exarninatíon of the structural properties of machines.

The properties of interest to this thesis relate Ëo rnachine de-

compositíons, and, Ín partÍcular, to loop-free decomposítíons.

Consequently, ve have presented S.P. partition theory in detaí1.

An S.?. partftÍon on a machine performs a subfunction of the

machÍnets l¡ehavÍour. An S.P. partition can easily be realized as a

ir:i.

retaíned
artít1ons

0

1

2

2

3

4

I
ttl
nz

n3

n4

0



n-ímage, or submachlne, of the machlne. The submachínes,
correspondíng Ëo s.P. partitions, can be interconnected in either
a serial or parallel fashion. using these two basic connections,
a Large sequentíal machíne can l¡e decomposed as a netv¡ork of
interconnecÈed submachines.

The problem of determíníng whích s.p. partitions to use ro
decompose a machine has been examined by Hartrnanís and Stearns. They have
proved thaË decoroposition wíthouË redundant machines can be'obtained hy selectÍng
a nonredundant set of the s.p. partítions. However, the only method
they provide for deriving nonreclundant sets is inspection of the S.p.
lat,tice. For machines wíth a smalr nuuber of s.p, parËitíons, this
ís a saËisfactory method. But, as the number of s.p. partitíons
ir¿crease, Í-nòpecËíon becomes a tedious and error-prone task. A1so,
the inspection method does not lend itself to a computer implementaËíon.

curtis I attempt aË developíng a method for decomposing
sequeni:ial machines has been presenËed. A critical examinatÍon has
revealed that problens r¿íËh the algorithm restrict íts usefulness for
obtainÍng decompositj_ons. The dífficulties ín the a!gorritbm arjse
from the follorvíng sources:

(1) An attempÊ to obtain absolutely minimal decomposiËions.
(2) The imposition of an artificial structure on the

S.P. part,iËion lattice.

In trying Èo derive state assignments with the mínimal number
of variables, S.P. parÈitíons r¿hich violate the conclítion kn * p.n = s
are rejected by curtísr algorithm. As demonstrateci in the previous
section, this severely límits the generality of the algorithm.

The condiËion, knl = kr2rrl * kn, where n2, n _, of
Theorem 2.6 is ínten<led to ensure the minimal number of state variables
when realizíng tr¡o s.P. partitions together. Hov¡ever, this is not a

sufficient condition when expancled to include sets of three or more
partit.lons. consequently, exclusive reliance on this conditíon
results in ínereasíng l-he number of state varíables, rather Èhan

ensuring the mÍnfrnal nunber
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Grouplng S.P. partitíons based on their k-value ís an

arttLf,icLal orderíng of the S.P. partition lattice. As demonstrated

ín Sectiot 2.6, there are partitíons v¡hích cannot be classified
properly usíng thís ordering. Similarly, Êhe rule that pairs of first

leve1 submaximal partitions aïe retaíned only í-f their f.u.¡. is a

naxímal- partition, assumes a syfimetrícal laLtíce. However, the

unsynmetrical- sEructure of most lattíces limj-ts the applicaËíon of

this rule.

It is possible to make ¡nodifications to Curtis I algorithm
:: :.::- : ,ì,-.,.,; - i.:.:':i:l to handle some of the al¡ove problems. However, ít is felt thaË this
..:.::'j...:

ì would further complícaÈe an already unwieldy algorithrn.

In the followíng chapLer, a detailed algorithrn for

decomposing a machine with S.P. partitions í-s developed. The

algoríthin provides a systematic method for generaËing noi'Iredundant

sets of S.P. partitíons. As a result, the algoríthm can be applied

to machínes wiËh a large number of S,P" partitíon-s and is easily

auËomated. In additíon, the problems associaLed with curtisr
^1^^+.i -i-* ,I^ nni n¡¡rrrê!óV ! ! ul¡d gv !^v u

:..ì,1:ì ..r1:: ::,iì r : I:.:r ': i:i.'i-i...: l
': 1.:i -l ._ : ,. i|
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ChapËer_ 3 Nonredundant Setg- of Substit.ution Prcpqi!y--lCÉi!å9!€-

.Ll_rjlt9d""!ice
Hartmanis anci Stearns [3i] have p::oved that a nonredundant

set of subst-il-ution property (S"P") partitions, T = {nr, ",nr} for a

machine If such that II ï. = 0, provicies a decornposition of M that doe-s
r.eT a

l-

not conta11 anli redundant submachines. The only method gilzen by Hartmanis

ancl Stearns for constructing a nonreciun.'iant set of S"P" partilions is

'rínspectj-on" of ttie S"P. lattíce. This is a.n adequate method ior a l-ogíc

designer d.ealing wiLtr a small S.P. lattice. Hor.¡ever' 3-s the nuirrber of S.P.

païtitions in a lattice increases, arr algoriihmic meihoci becomes necessary.

In Lhe fol-1-or,ríng sections we delive var:ious properties of

nonreclundant seËs. These properties are then used to derive an

algoriËhm for ol¡taining the nonreclunciar-rt sets of S.P. partitions of

a machine. The application of the method to sequentíal machine

decomposítion is demonstrated- with examples.

3.2 Prooertíes of Nonredundant Sets of S.P. Parti-tíons

The defínitíon HarËmanis and SLearns give for nonredundanc.rz

(Definítion 2.L2) ís more general than ís required. Testing for non-

redundancy usíng theír definitíon entaíls some unnecessary eompuLations.

Consider the case where ff{n. lrr. e Tr } ( nr- attd T, € Tt. HarËmanis--..j,.j - 'k K

and Stearns I definition requíres that tests be performed to determine

whether n. ) n.. for some T. e Tr. Clearly, this test is not
t( r-' l-

necessary since nO e Tl

The following Ëheorem allows us to restate the definÍtion

of the nonredundant sets more rigorously.

Theorem 3.1 A set of Partitions,

T = {n.} , .

defined on S for machíne ]v[ = (S,IPrOP,ôrÀ) is nonredundant

íf and only if the r. are distinct and for all Tr c Tr nn e T

and r,- 4 Tt, II{n.In. e T'} < nn implies nL t ni, for some
T( J'J

TÍ. E TI
a

i,r'-, :

'iï:-::. :,1:
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Proot (a) Assume f =

Tt : T, nne T and oL

some n, e Tr.

Sínce 'rrk 4 Tt and the {nr} are distinct

' nU * n, for some ¡. e Tr.

Therefore, n{n,ln, e T'} I frk implies nk t tí, for some n. e T'.

{r,} 1s nonredundant. Therefore, for all
1

{ r' II{n, ln. e T' } I nk ímplíes trr. 2 n. , f or
' J'l

Assume n{n, ln, e T'} = rk

n.' II{n.lrr. e T'} = r.'T,a J'J a K

II{n.ln. e Tt} = n.
J'J A

lfk = 1Ti.?Ik

nk = ni, which contradícts nk t ti.

Therefore, for all Tt : T, nn e T and nn 4 tt,
Ii{n.In. e Tr } < nU implíes nk , nj-, for some n. e Tt.

J,J K - K

(b) Assume the {nr} are dístínct and for aîl
T' : T, nk . T, anci nn 4 'i' , Iì{n. inj . T'i < rk inplies '-k.' ní

for some r- e Tr. Trivially, for átt-r'c T, no e Tr and nu 4 t'
l_

n{n. ln. e T'} 3 Tk ímplies nk = ni for some ri. e Tr.
, J'J

I{e must show, Ëhat for al1 Tr c T, nn e T and IIU e Tl

il{n. lri. e T'} ( Tk implies nk t tí, for some n. e Tr.
l'J

ThÍs can be e.asily sho'nm by observing that tk = ti for

some n. e T' (í.e. tt).

Therefore, the set T = {n.} is nonredundant.

Defínition 3.1 A set of partitions T = {nlr...,tr}
nonredundanL is saíd to be redundant.

which is not

Har-tmanisr and Stearnsr definj.tlon oi nonredundancy will

be used to prove the following theorem, whích establishes a

sufficient condition for a set to be ,redundant. In future, however,

the deftnltlon of nonredundancy established fn Theorem 3.1 will be used

in provlng theorems and testing for nonredundancy.



Theorem 3.2

def inerl

Tr s r,

Proof If
for some

Sínce T

nk t nit

oil

'fi,
k

Ä set of parlitíons,

T = {n.}.
I

S for rnachirre- I'l = (SrIPrOPr6rÀ) is reclunci.ant íf for' oiie

€ T, ancl n,- 4 T' ,' l: t:

II{¡,lrr. e T1} = tt'
J,J Ii

the set t = in.] is Lo be nonredirndant, Liren ttL ) ní,
î. e Tr"

a
= {r. } is a sei: of rlistinct partitions, we must have

t-

for sone fI . e Tt.
l_

r. "il{n. lr. € T'} = T. oT,
i- j' j a K

il{ri.ln. e T'} = T.'1T,
JAK

.'. îr" = fi."'rT.t<r-K

Therefore, tí t nL, wl-lich contradícts
T = {n.} is redundant.

l_

nL t ni. Thus, the set

As will be shorr¡n later, nonredundant sets of partitíons can

derived from pairs of nonredundant partiË.íons. Initíaily, however,

need a lemma establishing conditions for a paír of partitÍons to be

nonredundant.

be

vre

Lemna 3.1 A set of two

nonredundant íf and only

Proof

Theorem 3.3

partitions T = {rr* ,T,}, for machine M ísL'J
if the partitíon" ní and nj are distínct. ::

The proof is obvious.

An essenËíal result for our algoríthm ís proven nexË.

For a set of partitions,

T = {n.} ,

which is nonredundant, ãny subset

of partitions.
T" : T is also a nonredundanË set
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Proof Let Tr be a subset of. T" such that,

Tt:T"cT.

Sínce T is nonredundant Lor nn e T and nn 4 t',

n{n,ln, e T'} < n* ímplies.nk t n. for some

n. e Tr. (Theorem 3.1).

Since T" : T , for Tt : T", rU e T" (nn e T) and

'n. å rt then
kl

n{n, ln, e T'} < rrk írnplies nk t ni for some tr'. e T'.

Therefore the set T" is nonredundant.

The following theorem prorrides the basis for an algoríthmic
method to generate. nonredundant. sets. Essentially, the theorem proves

that ít ís possíble to obtain nonredundant sets by combining non-

redundant sets which satisfy certain conditions.

Before the.theorem ís preserrted some notatioa is necessary.

Notation For a set 1 = {r,r...rT_}, we will use T- to denote ar' ' n ' a
subset of T such thaÈ,

Theorem 3.4 A set of distinct partitions,

T = {nr,...,nrr}

is nonredundant if and only if the subsets Ti, for i = 1r...rn, are

nonredundant and for each Ti,

n{n. lr. e T. } < n, irnplies ?ï, ¡' ?T. for some r. € T,jr-l-^rJJa

Proof If T is nonredundant, then obviously each subset Tí, for
:'-t -.

í = 1¡ . . . ¡r1, is nonredundant and l,jil:
II{n.ln. e T-} < n, implies îr, ) 'rï,, for some n. € T,J i- r- ' r- J- J r-

If the Ti, i = 1r...rn are nonredundant, then by

Theorem3.3,.a11thesubsetsoftheTtarenonredundant.Thus,for
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all sut'sets; A : T, rvliich consist oi n - 2 par:tí1-íons or 1ess,

r e T and tt + A, then
da

' n{n.llr. e A} < n- impl-ies TI^ ) II. for some fl. e A"ja'aJJ
Thus, ii we have n rronredundanL sets of n - I partitions

T. ,. .,T " such that for i=l ,... :Ê,Ifr

n{r.lri. e T.} < n-. implies r-. ¡'rT: for r, € T-.,-'' j¡ J L' 1 ' l- J J r-

then the seî: T = Tt u T2 u .." , T' is nonrerlundant.

3.3. A l,{ethod to Generate lrJonr:eclundant Secs

Since, from Lemma 3.1, all .sets of trqo distínct partitions aÏe

nolr:edundanl-, tire nonredundant sets of tl'lree partitíons can be obtained

by applying Theor:em 3./+. Símílarly, from the nouredundant sets of three

partitíons, rre can derive ûhe nonredun.clant sets of four partítions, and-

so on. A basic algorithmic method for generating nonredundant sets is

no\'r presented.

Algorithm

(1) For a set of partitíons P, first obÈain a1-1 Ëhe products of paírs

of partítíons.
(2) Each set of three parLiLions, T, is tesËed for nonredundancy

by testíng whether

n{n.ln. e T.} < n-. irrplies Tr. t'lT: for some n. e T-, for i = 1r2r3'"'"j,'j - -i- i ' i J J a-

There are four possible sil-uatíons that can occur ín performing the

above test:
(i) n{n,lrj € Ti}.= tk for some nk . Ti; obviously,

if n. > II{n.In, e T.i = nkn then ni t tg for some

nu e T. (i.s., rl, = nk)

(ií) If II{n, ln, e T-. } ) îT, , then the above test need not ìjiL'
be performed.

(iíí) ïf iT{n, ln, € T- } = T, s then by Theorem 3.2, the seË T
j i- 1

ís redundant.

(ív) Thus, we need to test whether n, t nj for some tj t ti
only ii II{t, lr,, e T, } ' r;" j'J a r-

(3) The sets of four part-itions, T, are teste<i for nonredundancy by:

(i) Ensuring Èhat all subsets of thre.e partitions are nonredunrlant.
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(if) Determíning whether

n{n, lr, e 1r} < r, i-mplies ni t nj for some nj u Ti,
for í = ir2r3r4.
(The four possible sítuatlons ment-ioned ín Step (.2)

apply equally ín thís case)

(4) The sets of 5,5,. .. ,n partitions aïe tested fo:: nonredundancy

ín a manner similar to Step (3).
(5) I,Ihen no further nonredundanE sets can be generated, the

algoríthm ends.

The algorithin gíven above is applied to the machine used by

Hartmanis and SËearns (ßf I pp. 102-103) to demonstrate nonredundancy.

s"?ntp_1e_l_._1_

1

2

3

4

5

6

7

8

lhe S.P. l-atËíce for A follot+s.

it tz ig í4 ts

2 1 5 B 3

1 2 o a 4

4 3 6 6 I
3 4 5 E 2

5 6 3 4 5

6 5 4 3 B

7 B 4 2 5

B 7 3 1 6

A

The S.P. partítions for state machine A are:

o = nt = {1; 1;5; trl s; o;7; E}

n, = ILJ; z,i; s¡; O,zl

n, = {11 ; 3A 5,6t 7 ß}

ro = {T2,1 3; 3,4J,'6}

n, = {rlIia; 5,'6,7,8}

I=*6={f-izJ,4J,6J.8}
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n6 =f

nL=o

All sets of two partitions are nonredundanË

{nL, ,2, t3} is nonredundant

'Í]. T2 = TrL

By sËep 2(ií), if n3 t nl.nz = n7_, then

*3 t nk for sone :rO e inr rn'j.

Sinílarly, for nl'*3 = nl.

Horvever , f or {n 
Zrn 3} , we have that

,2.n3 = nL

Therefore, by Theorem 3.2, the set {nr,nr,n,} is redundant.

Test whether {n,,n,,n,} is nonredundant

î2.n3 = nl . n5 and n5 t t3 and n5, n2

T1 

z.Tt S = T1 Z and n3'n5 = t3.

Therefore, the set {nrrnrrnr} is nonredundant and is retained in

order to generate the nonredundant sets eontaining four partitions.
The deterntínation of all the nonredundant sets for machíne A is
ill-ustraLed belor¿,

Test whether

::: :

I a::r::.:r;:ìj
!:¡:::':..r:a::;'.-::
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'1,"2 
= nL

n1n3 = nl
nLn4= nI

nLn5 = 'L
,Ln6 = nL

nz'3 = 'r
nzn4 = nL

nzn5 = n2

nzr6 = n2

n3r4 = n3

t3n5 = n3

n3n6 = n3

n4n5 = n3

n4r6 = n4

x nLn2'3

X ,,LnZrr 
h

nLn2n 5 = nL

nLn2'6 = nL

nL'3n q = nL

nrn3n5 = nl
nrn3t6 = nl

nlnhn5 = nL

,Ln4n6 = nL

nTn5n6 = nT

x n2n3n 
4

'2n3n5 = nL

nzn3n6 = 'L

n7.nzn5'6 = nL

x nrn3"4n5

n:_n3n4n6 = "L

nrn3n5t6 = tl

'Ln 4n5n6 = nr

n2n3n5'6 = nL

n214n5n6 -- ,L

t5t6 = t5 n2'4n5 = 'L
nzn4n6 = 'L

n2n5n6 = n2

X TÍ^1r. TT"3"4"5
n3n4t6 = n3

n3n5t6 = t3
n4n5t6 = t3

SeËs of parËitions wíthout an t'X" beside them are nonredundant.

As can be seen there are a great number of nonredundant sets of S.P.

partitions " Thus, to pick an assignment for machine A based ort these

nonredundant sets wc¡uld be difiicult.

Fortunately, many of these sets can be discarded. For example, the

set {nrrrr'n6} does not gfve us nore lnformation than the set {n'nr}. 
:

In fact, all the sets whLch contain either nl = 0 or n6 = I are

superfluous and need not be considered. The theorents given ín the

folloruf.ng section establish thts. [¡ir¡,
i . ':-

::r¡a
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.:.:;.:ì.._,;i
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3.4

In this sectíon some properEies of nonredundant sets are developed

which further sirnplify the generation of nonredundant sets. The theorem

gíven below proves that a partitíon r can be added to a nonredund¿rirt

set, T, ancl'the augmented set T u {n} be nonreclundant , íf n j-s greater
than all the partitions in T.

Theorem 3.5 Let P = {TTlr...,Tn} be a set of distinct S.P. partitions.
If for a nonredundant subset, T0. P, there exísts an S.P. partition
Tu,Ta e P and n^ 4 tO, such that rr t ni, Vri. T0, then the

subset T = t0 u {Trai is also nonredundant.

Proof I^Ie musË show that for any subset T', Tr = T, that if
nu e T and ?ïk + T', then

n{n,ln, 4 rt} . nu implies nk t tí, for some n. e T'.

(1) For Tr c T and ra 4 T' (í.e. Tr ! TO)

(a) For rk * n", then Tr u {nu} ! To. sincè To is
-^--^J,,-J^-+ +l"^ ^^^l-i +.; ^- 1-^'l;-IIV¿l!gUurluêl¡L t LrrU uvrruÁL!vt¡ ¡¡v¡uo

(b) For nk = n", since nk = r" t nj, Yn e TO,

*k = [ {"jlnj e T'} and nt t \ for some tj e T'.

(2) For Tr c J and n, e Tr.

Assume

n{n,ln, e T'} < nk for no e T and nu 4 r'

n{n, ln3 € T'} - II {îijln, . (r'-{n"})} , sínce nr t ní, vri u T0.

Since (T' - {nr}) ! TC and TO is nonredundant, there exists a

ni . (T' - {n"})9 " n,. t *i.
Therefore, there exísts, a n. e Tr J . nk t ní.
Thus, the defínition of nonredundancy holds for all cases,

and the seL tO u {n"} is nonredundant.

Cgrollary 3.5.1- For any rronredundant set of partítions,
t = {Tlr...,Tn}, r.rhere r 4 f, the set TI = T u {r} is

also nonredundant.

.-,-.,:.:-!.i r !r.t .1 r-r.. .-li
:-,:.: :.i:ìi,i::; 

1.:.i:. -il r l:- i

ì

Theorem 3.5 fs used to generate nonredundant sets in tl're next example.



ExampLe 3.2

io it

I
2

3

4

5

6

7

B

S. P.

tl

n2

n3

n4

n5

n6

partitions for m

= tt!; *; sS; t,el

= {1,2,3,4; 5,6,7,8}

= {î; T; i; a;; o;1;

= {IJ.t zl,sS; t ,et

= {f, z, l3; tr; s; 1;

= {T; 1; z,o; +,s; 1;

n4

n6

t5

0

S.P. lattice

The set TO = {n, ,n5,n6L is nonredundant.

Since 14 t tí, Vni e Tg, the set

TO u {nO} = {nr,T4,n5,16} is also nonredundant.

In thÍs case, the standard tests for nonredundancy need not be

performed as Tireoren 3.5 applies.

B}

B}

8]
M

::::l

i. -, .r: . ìfr;:t.::.
lJ¿',i:l::ì i .

i.: ¡!:- -i. .

l: 
" 

,:.: :..:
Ì jl:
.: I . 

.

3 7

l+ B

1 6

2 5

2 4

I tJ

4 4

3 5
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:. , In addÍtíon, the te-sts ior nonredurrCancy need not be perfor"ned

r¿hen the parti-tion to be addecl Ëo a nonïedurrdant set ís less than the

produci af aLL the partitj-ons in the nonredundant set.

'Iheore-n 3.6 Let P = {r., "..,li i be a set of distinc:t S.P. partítions.
* t"-. r "*rredurrdant 

uut'T^. il, there exists an S.P" partítÍ-orr
-:- ...j'..: U

.::,...,.:;.. '¡ï.T eP anci n ü T^ suchthat1 i :::1::r1. a, e 'a r -0

ù
::

n{n.ln. e T^} > n ,J'J U A

then ti-ie subset T = T^ u {n } is also nonredundant.UA

Proof (1) For all subsets oi T, T' 6 T, such that ïr. { T'
d

(i.e. T? . T^)
U

Assume

n{n,ln, e T'} . rk for nu e T and rk + T'.

(Obvíously rt * r" since n{n,ln5 e TO} t nr)

Since TO is nonredundant, tk t ni for sorne n. e Tt.

(2) For Tr c T such Ëhat n^ e Tr
d

Assume

n{r. In. e Tt} < n,J'J K

Since n" e T' and nin,ln, e TO) > n.
n = 11{n.ln. e T'} < n,a J'J Ic

nk t ni, for some r¡. e Tr ' i'e', n"'

Thus, the set T = t0 , *, is nonredundant.

Corollary 3.6.1_ l'or a nonredundânt set

T - {nr,... ,Trr},

such that lt{n.'ln. e r} * 0. the set
J.J

f u {0} is also nonredundant

Theorem 3.6 is applied in the example gÍven beIow.



E¡eluÅe-l=å

to t7.

I
2-

I
J

4

5

6

7

B

JLI

S.P" partíiicns for machiae M

I

T.=
L

'tï ,
t+

JT- =)

"6

l¡"

{t,2' 3,4; 5,6; 7 ,8}

tt;z,z,i; s,o,l ,a;

tï; î; 1; 4,s; o; 7; ej

3 ,4 ,5 ,6; 7 uB\

tS; a;5; 7; eÌ

Tlo: q ,s' 1; e\

{I,z;
¡t " 1.
lL t L 9

tT; z;

M

tr4

n6

n5

0

S.P. lattice

The seË TO = {nOrn.} is nonredundant.

Since n^ < li{n.ln. e T^ }. the setJ J'J U '

TO u {nr} = {n,,14116} is also nonredundant.

Obvíously it is not necessary to consider the nonredundani

paírs containing the Erivial partítions, 0 and I, when deriving the

nonredundanL sets for a machine. Removing the parËitions 0 and I'
ouï ne\¡r derivaLíon of the nonredundant sets for machine A,

Example 3.1, follows
l::ì i

aJ 7

4 oo

1¿ 6

2 5

a Ll

1 3

4 4

3 1J
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I¡esle-L-t-
nzn 3 = ,rL

IT^1T, = tt)¿4 r
T21r5 = ',irz

n3n4 = n3

n3n5 = t3

'lI, IT- = II^
4) 5

X xrrn¡rO= r,
T2n3r5 = 1t'L

1-^ 1T, T- TÍ-'l¿t5= L

X n3rlrn5= n3

i.::

Adding C(nr) to those sets whose producl- is not 0,

we obtain:

{nL,n2,n5}, {nl,n3,n4}, {*1,n3,n5}, {Ir,ta,n5}, {rr,rr},
{nr,nr}, {nr,no}, and {nr,nr}.

Thus, the determírratíon of all the decomposiËiorrs of machine A

has been considerably sírnplífied.

The foll-orn'ing theorem permíLs further sintplífication of

the algoríËhm.

Thçorem 3.7- LeË T = {nl,,..,nrr} be a set of n distinct. partitions
such that the subsets T., i=lr...'n' are nonredundant. If

n{n.ln. e T,} = ri, for í=1,...,rt'
J'J A

then the set T is redundant.

Proof Assune that J = i- T. = {nrr...rrrn} ís nonredundant.
a=l

Since II{r.lm. e T.} = n, for í=lr...rnJ'J ].

then

T. > 'rT Lox i=1 ,, . .. rn
l_

Assume T. = îT
t_

!. : .ì.:r:
l!'",,..

l'.1
i

i:

i

n{t.ln. e T.} = 1r = Tr,.
J'J a l-
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Therefore, by Theorem 3.2, Ehe set t - {ntr... rrn} is redunclant.

ni t n, fot í=1r...rn.

For nl t r = {njln. e Tr}, then rl r rj for some nj u T1.

Renamíng the parËitíons nZ,...,nn buch that nI, n2.

Sínce ,2 , ,, wê must also have nZ, nj for some nj , T2. The

partitíon" n3r... rtn ín TZ can be renamed so .;hat ,rZ , ,3.

This process can be continued for all n.ri=l¡"..¡o. At no

point can there be two partitions, nL and Tm, such that

n.l,tnln, r.¡here l>m

since, for m < 9, it has been establíshed that fr* t r,.,+1 for
T1 .- e T .m+I m

Thus,

n* t tor+l

Therefore, lve have i'hat n* > rrU and ng r **, which is contradictor)¡ to
our assumption that the ní are distínct.

Thus, f cr al-l ní

ti ' ni+r for ni+l t Ti

Ilowever, for í = nr wê cannot have

ï >17n n+I

Thus, at this point nr., t n*, where m < n.

when this occurs, our assumption is contradicted.

Thus, the set of partitions

As shown above,

t = {rTl, " . . ,no} is not nonredundant.

Note that Theorem 3.7 is an exËension of
case where n ) 3 and the assumption of valid
The usefulness of Theorem 3.T is demonstrated

Theorem 2.8 to the
tupl.edn- i.s not made.

in the following example.
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Example 3.5

to tt

1

2

3

4

5

6

7

B

The S.P. partitions are

n1 = { L,2 ,3 ,4; 5 ,6 ,7 ,B}
rZ = {-tJn; z,Z; *: O;l}
n, = lt,+,s,e: 2.3; 6Jj
ro = {t,4123,6J35ß}
n, = {rra,s¡; z;,0,1¡

8 2

6 1

7 4

5 3

1 -1

J 4

2 1

l+ 2

S.P. lattice for C

r':,. t.:: !.
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nrn2 =

n1n3 =

n+no =

nrn5 =

'Ít2'r 
3 =

n2n4 =

n2n5 =

nz

n2

nz

n2

x nL'zn 
3

X. n:-nZr 
4

x n:,nzn 
5

x nLn3n 
4

x nLn3ns

X nLr4n5

nz

n2

n2

n3n4

n3t5

nz

*3

n4

X

v

n2'3n 
4

n2n3n5 = nz

n4n5 = nzn 
4n5

n3n4n5

= n2

- 
T,

For T- {.nrrn'riO} sínce

II{n.In, e T.} = r, for i = 1 ,3r4, the set .. T is redundant.

Similarly, rnre can show that {r1 ,n2,r3}, {nL,r.,r4}, {nLrn2,nr}, and

{r *r ,r O} are redundant.

3.5 Discussion and Further Examples

In this section Ëhe universaliÈy of the algorithm developed in
Section 3.3 is examined. Curtisr algorithrn r¡¡as severely restrícted,
as partitions for which kn * pn > s \,rere not. considered. Our algoríthm,
however, includes all S.P. partitions r+hen deriving loop-free decompos-

itions and does not make this resËríctíon.

Retaining all the partitions produces a greater number of non-

redundanÈ sets. I{or¿ever, as demonstrated in the example below, it ís
sometimes necessary to retain all the partitíons in order to produce

a decomposition
1 _:'', ,']¡.:,.-rl

i.::.;.; :,:-;l

t:;:



Example 3.6

The S.P.

bJ

1

2

3

4

M

The generation of

nonredundant sets wíll be

f or I'l are:

the nonredundant sets follows (only

lisred) :

partítions and

n, = {t23;
,r, = {t3,43

,, = {TP 3;
,O = {t,2.; Z;

'r, ,, = {t 3; 1;

ru = {t,4;1;

lat.t íce

4j

T}

5]

4j

4)

3]

0 1 2

2 a
J l+ 1

1
I

)) 4 1

2 1 I+ 1

2 7 I I



"Lnz
nLn3

n'Ln 
4

n1n5

nLn6

nzn 
3

nz.n4

nzn5

nzn6

'3n 4
t3t5
n3n6

'4n s
nhn6

n 5'6

n5

n4

n4

t5
0

Tl-
b

0

t5
1Í-

6

nrnrn, = 0

nrnz'4 = o

nLnzn6 = o

n1t3n5 = o

t1n3n6 = o

'Ln4n5 = o

r¡r¡rO = 0

nrnrn, = 0

trrnrru = o

n3n4n6 = o

= n4

=Q

= n6

=Q

=0

=0

For machíne M there are no decompositions whích can be realízed
r,rith the minimal number of sËate varíables. For example, the decomposi-

tions {rr,r*r,} and {nO,n,} requíre 3 and 4 state variables, respect-
Ívely. However, if the partitions for whích kn * pr > s \^¡ere not

retained, no decompositíons could be found.

Next the algorithm is applied to the example used by

Curtis IB ] and presented in Example. 2;L2.

l,:;;:

Frì:-,lì:r::::,:i



I¿cuP-ls-1-.2-

The S.P.

nl =

nz =

t3=

'4 =

n5.=

n6 =

n7 =

nLnz =

t1t3 =

TT"1 '4 
=

n1n5 =

nrt6 =

nLnT =

nzn3 =

'znh =

'2'5 =

nz'6 =

nz'7 =

n3n4 =

n3n5 =

n3n6 =

n3n7 =

nl
0

ni
nl
n1

n1

0

t1
tl
nl
,2

0

n3

0

0

partitíons for the

{0J; 7; z; t,,s}

{0JJ;1; q¡l
{O,g; Z,S;7; tn}

{o,r¡¡; zSl

{0,1,3;2,4,5}

{o;; Zt 3,.4,5J

to ;t.2.;.s l, ;t

nLnznT = nr

nrnrn, = 0

nLn6'7 = nr

n2n3n5 = o

11 
2T611 7 -- ïrI

n3n4n5 = o

n3n5n6 =

n3n5n7 =

i.: -a ...._ ...,i.:-:.L.., .,4..:::-: .,:: t: ,:: i.,.:.,.....

machlne are as follows:

S.P. lattíce

0

0

it:+
r:- :'



,J
'I '. 

.f

(-, (..

n¿rn5 -- nL

TT.]T- = TT-4b I
T4117 = 1tL

'fi -1'l - = 'Íl -)b l_

1T_1I_ = 1T_5/ l-

'lf .'lT _ = Tl .oto

Nonredunrlant sets whose product is not 0 ca¡r be- augtnented

wich 0 to produce a decomposition for i'f.

The two solul-ions Curtis lísts have been found by our algoríthm.

T'lrese sets are {nr,nO,nr} ancl {n3,n5 ,n7}. The partÍl-ion tl ís

not íncluded in these sets âs its ínclusion r^rould make the sets

redundant . BuL t4't_5 = tl and n 
5"n 7 = n1. Thus , nl is

ef fectively included in {n'nO,nr} and {n3,n5,t7}.

In Examples 3.6 and 3.7 there r.{ere manv possi-ble decompositions

for each machine. The choice of the best decomposition requíres aD ex-

haustíve examination of all decompositíons" In the following chapËer

Ëwo possible algorithnic urethods of evaluating decompositions are

examined.

In deríving a decomposiÊíon for a sequential machíne' Ëh7o addítional

problems should be considered. These are the derívaËion of output functíons

and the enhancemenË of the S.?. structure of sequential- machines' These

probl-ems and their rel-at,ion to the decomposítíon algorithn of this chapter

are discussed bríeflY be1-ow.

Algebraíc structure theory provides techniques whereby Ëhe staËe

variabl-e dependency of the outpuL funcËÍons can be reducedo Hartmanis

and stearns [31], Kohavi 1421. To do this ít Ís necessary to fínd

parËitions on the seÈ of staËes, such Ëhat Ëhe ouËputs for all states

ín a block are the same. ParËiËions of this Ëype are referred Èo

as output-consistent Partitions.

l':ri; 1 ::r'-:

ì ,.,:ì:.:^,
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Exanrn1e 3 " B

I
2.

J

4

M

For lf , ¡ = {Lr4; Z,S} is an

outputs f.ox 2 anci 3 are the same.

S . P, pari j-Êion. Sínce rt.'r = 0 , I'i

Thus, a decomposiiion rn'hich reduces

dependen.ee can be obtaí.ned.

oütput-ccnsístent partition sínce

The partiiion r = tL,T; 3,4\ ís
can be reaT"Lzed usirrg n and r.
boËh state and output variabl-e

the

Afr

Çnfortunately for many machínes there ís either a conflict between

the redur:tion of sl-ate variable cJ.ependence and the red.uction of ouÈput

variable dependence, or no ouËput varíable dependence redttctíon j-s possíble.

Because of Lhis conflict, the decomposítion method has concentrated ori

obËainíng sLate variable dependence reduction and ignored the output

functions. However, once. Ëhe decompositions have been deríved, output

variable dependence recluctíon rnáy be obtaíned using l-he techniques of

Kohavi.

For some sequentÍal rnachínes S.P. parËiti.ons do not exísË, or íf
they do their structure does not permiË economíeal decomposil-ions"

One reason for Ëhis ís Ëhat sLructure can be lost as the rnachine ís reduced.

That ís, as redundanË sËates are deleted, the struc'cure of the machíne ís

destroyed. Examples. íllusËraËing this can be found ín Hartmanís and

SËearns [31] and Kohaví 1431.

Subsequently, to adá strucËure to a machine iË may be necessary

to splÍt some of the exíst,íng sËates. The set systens of Hartmanis and

Stearns enable us to r,rork with nultiple copies of a state.

i,:._...-ti

irli"!:rl

r:t .1 : rl
i..:,,.r:::.r:,

i i.: r..ì .

I

Defínítion 3.2 A collection of subse.ts A = {8.} of S is called a
l-
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set systenì on S if an'J cnJ-y i f

(i) uB.=S;

(rí) B- .:
I_ .I implies -L = J.

For a machj-ne u:-th no S"P. partitíoi-rs, set sysl-ens r.'hích have S.P.

can be cle::j-vecl . Thus, ihe macirilie can be gíven a str-'ucture and subsequentJ-.v

decomposed" Essentí-a'l ly, set s)¡stens r,¡iLh S.P, j-ndicate the states of Ël're

machj-ne that have to be splít in orcie.r t.o induce str-ucture. Once the S.P.

set systems alre found, the states rt¡hÍcìr appeâl: more t-iran orrce in Ëhe ser
sYstem can be splít to give a machíl.re i,rith un-Lque states. The decomposíl-ion

method Lrresent:ed. in thís chapter can then be applied to the nev- machine.

B""rp_l-.- 3.9

01
I
2

3

For machine M,

splittíng state 3, an

can be defined

M

a = {rJ; zJ} ís
equivalent machine,

a set system wíth S.P. By

Ifr n wíËh 4 unique sËaËes

1

2

3r
ô It
J

M'

For M', n = {1,3'; T,Y} is an

1 2 1

3r 2 0

1 3' 1

1 3' 1

S.P. partiËíon.
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Chapter 4 Programmlng and [valuatíon Jechniquee

4 .L. Inl-roductíon

Thís chapter ís concerned v¡ith Ëvio aspects of the rnethod for

generating nonredundant sets, presented ín the last chapter;

implementat--íon of Ëhe method and evaluation of the- nonredundant sets

produced.

one of the problems of implementation involves determíning

an effícient method for representing the relationships between S 'P'
partitions. This ís because the S.P. lattice representation becomes

complícated when a Latge number of S.P. partitions aTe considered'

A tabular repïesenËation j-s íntroduced and demonstrated to be a

convenient means of representing the ">'r relationships between

partiËions. In addition, other useful properties of the table are

derived.

The ustral neihod of evaluating a staËe assignment consists of:

(i) finding a minímal teaLizaxíon in terms of AND, 9R' and.NOT gates;

(íí) countíng the number of diodes flecessary and using thís as a measure

of the assignment.

There are several problems assocíated with this evaluatj-on

technique.
(r) It is devíce dependent. An assígnment that is mínimal wíth respect

to AND, OR, and NoT gates, may not be a mínimal assignment when

using NAND gates.

(2) The Boolean minímizatíon technique will not necessarily guarantee

the mínimal expressíon. Thus, the díode count ís not just a

measure of the assignment, but also a measuÏe of Èhe minimization

technique.

(3) Evaluatíng more than a couple of assignments is a long process.

Because of this, not all possíble assigntnents would be explored'

I{e presenÈ alternate nethods for obtainíng Lhe "best"

decornposftion for a machine. The first meLhod elíminates pairs of

S.P. partitÍons which arerruneconomicalttwith regard to other pairs of

partitlons. Itlhile elirninating nany of the possible decomposiÈ1ons,

.:i:li

ts":.i,t.Ìr,r.:ìì.. j

:::- .': . i..': .'.' '''|.".:.: j

.:: : _ 
l
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thís te-chnique ís not able to evaluate the dec:oniposítions not eliminaied"

The second soluti-on ís the develolrrn(:lnt of a fast evaluation metllod?

v¡hich j.s.also device independent. Tire method presented, ROM (ReaC*'Cnly-

Memorl') evaluaLícn clelermines the nr¡mber of bíts necessar)¡ for a R0i'1

real.'Lzatj-on of a <iec.orilposj,fion. 'Ihe e\¡aluaiiolr j-nvolves símpJ,e ariih-

metic calculation.s r,¡hích are perfor:med as the nonreciundant sets are

derived.

The numl¡er of bits necessary for a ROI'I í-rrrplementation provide-s

an effícient neasure of. the variable dependence of a óecomposítion.

Since ROM evaluation measut:es variable dependeirce, ít is a devíce

índependent evaluatíou te..chrrique.

ROM evaluation ís also abl-e. io detect i:hà "uireconomic" pairs

of partít:l-ons menti.onecl in our first evaluation technique. Consequently,

iË rvill only be necessary to use one evaluation method rather than two.

In addition, decompcsiiíons r¿hich involve subtle "redundancy", as

described by llarÈmanis and Stearns [31], have t]ris "redundancyt'

reflected in their ROM sizes

Representation for the S.P. Lattice

In the previous chapters -w:e have been using the latLice structure

to ïepïesent the greater than-less than relatíonships between S.P.

partitions. For a small latËice it is relatively easy Ëo "read" the

relaËíonships directly from the lattíce. However, f.ot a larger 1-attíce,

obtaining the relationships requires a great deal of tedious searching.

For this reason a tabular representation of Ëhe S.P. lattíce has been

developed.

Another motívatíon for using a Ëabular representation becomes

apparent when iL is desirecl to automaLe the algoríthm presented in the

prevíous chapter. A cgmpuLer representatj-on of the S.P. lattíce takes

the form of a list structure, while a table is represented as arl artay.

Searchirrg an array is much faster and rnore efficient Lhan searching a

list of comParable sÍze

The Ëabular ïepresentaÈj-on of an S.P. lattice Ëhat r¿e wÍl1

use shows the greater than or equal reiationships between the non-

trívial S.P. parËitions. For a machine with n S.P. partítions' an
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n x n table ís used. A t1r at the intersection of row i and column i,
indlcates that partitíon nL ís greater than or equal Èo partition n..
A tOt índicates that ,I ís not greater than or equal to nj. Cl,early,
the main diagonal of the table ís al1 lrs. This table wíll be referred
to as the greater than or equai (G.8.) table.

Notatíon The value at the intersection of ror^I i and column j wíll be

represented as G.E (n-.rr,). The vector of values for row i v¡ill beL' J
denoted

c.E. (n.) = (G.u.(ri,T1),...,G.9. (ri,nrr)).

In adclition, t,o índicating greater than or equal relationships,
the G.E. table can also be used to determíne the product of two partítíons.

Theorem 4.1 For the G.B. tab1e, G.E. (ri).e .8. (nr) = G.E. (n..n,).

Proof We musË prove that

G.E. (n.,nU).G.E. (rj 
"ng.) = G.E. (r..n.,nu) , L,- 1,...,n

(i) If G.E. (n.,nf,).G.8. (ri.,n.r) = l, then

. G.E.(n'nu) = I and G.E.(n.,nu) = I
ThaË is, ti ) ng and nj - nU

n..n. 2 nU and G.E.(n..n'n') = I
Similarly, if G.E. (r.'n.,nU) = 1, then G.E. (n.,*ø)'G.E(n.,nu)

(ii) If G.E. (n.,nt).G.E. (ri.,nu) = 0 then

G. E. (n. ,nU) = 0 or G.E. (r, ,nU) = 0

That is, ni * ng or nj * nU .

ní'nj { nu and G. E. (t. 'n. ,nn) = O

SÍmiJ-arly, íf G.B. (Iti.llj,nn) = 0 then

G.E. (n.,ng).G.8.(n.,rru) = 0.

Thus, G.E. (n. "n.,nu) = G.E. (nr,nu)'G.8. (nr,nu) ,L=I,... 'n.

=1

þr:qltarY 4. 1.1

Coroll-ary 4.1r 2.

c.E. (nr).c.E. (nr)

c.E. (nr).c.E. (nr)

and only if n. a nj .

and only 1f nr'nj = 0.

G.E. (rr)

(0,. . . ,0)

it

l: :.r,'" :.: - 1.

i:,
ii.:.r1 _:-
....ì.-....:

l

l

if



By indexing the tabl-e ínversely
product of the partitlon" ní and 'tr

Example 4.1

io it

1

2

3

4

5

6

7

B

with G.n. (nr).c.E. (nj) rhe

. catì be easily obtaíned.

nr

,2

n3

,4

'fi-)

The S.P. partitions for M are

= {|J-3J;5,6,7ß}

= {r,4; z.z; *; o,ll
= {1, 4,5,8i 2 13; 6 17}

= 11¡; 2.3,6J;5ßj

= {1,4,5,8.,2,3,6,7}

:::;:i::{-};-ir)"'i.T.:!:r:a?::i::':' : -:' -'
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M

S.P. lattice

The greater
can easily be found

For example, n5 
=

ror+ 5 and colunn 4.

nr n2 t3 n4 ..n5

ni
n2

?ïô
J

n4

1T-)
G.E. table

than or equal relationship between any partitions
by finding their row and column intersections.

n4 sÍnce there is a 11' at the intersection of

B 2

6 1

7 4

5 3

1 3

3 4

2 1

4 2
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' ,L

From the S.P. lattice the product of .rÍi and ,4 ís n2.
Using the G.E. table

c.E.(nr).c.E. (nì (1,1,0,0,0).(0,1,0,1,0)

= il;l,T"i "
L

Thus fron ttre G.E. table vre also obtain nL.r^ = ,2.

The G.E. table can also be used as a less than o¡: ec¡ua1 (L.E.)
table. Because of the constructíon of tire G.E. table, the intersection
of cdlumn i and row j índícates rvhether a less than or equal
relationshíp holds between n-L and nj. If the íntersectíon is
equal to 1, then n, = rj , 7f the intersection ís 0, then n, * nj .

In order to facilítate the <iescríption of the properties of the
G.E. table r¿hen used to represent the less than or equal relatíonships,
the following notation is íntroduced.

Notatíon L.E.(n.) = (G.8.(r'r,nr),.....,G.E.(nrr,nr))
r,.E.(nr).L.E.(nj) (c.E.(n'rr).c.8.(nl,nj),...,c.E. (nrr,nr).c.E.(nrr,nr)).

I^lhile the G.E. table can be used t,o fíncl the product of tr,¡o

partitions, the L.E. t.able can be used to fínd the suu of two partítíons.
The following theorem can beprovedin a similar manner to Theorem 4.1.

Theorem 4.2 For Ëhe L.E. table. L.E. (n.).i-.E. (îj) = L.E. (rj) = L.n. (n.*nr).

Corollary 4.2.1 1,.E. (nr).L.E. (n.) = L.n. (nr) if and only íf n, = rj.

Corollary 4.2.2 t.E. (nr).L.E. (r.) = (0,...,0) if and only if n. * r. = I.

The use of Theorem 4.2 ís demonstrated ín the follorvÍng example.

| :.,.;: ,

f ..,r"l::.:'.:
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Examp1-e 4.2

1o it
I
2

3

4

5

6

7

ö

n1

nz

'iT ô
J

n4

n5

,6

The S.P. partitions f or l'1 are

tL J; Z ,+; l,ø ; I ,e¡

tLJ.3 J-; 5 ,6 J ß\
{1; Z; 5; tr,S; O; 1: e}

{t,z; g ,a ,5 ,6 : 7 ßl
tT;1; z,ø; tr;5; 7; e]

tl; T; I S: a,s; 7; B\

t1 nz t3 nh n5 n6

M

n4

n6

n5

n1

n2

n3

n4

n5

n6

L.E. (G.8.) table

The less than or equal relationshíps can be determined from the

L.E. table. For example., C.n. (nO,nU) = | indicates that ,6 * ,4.

From the S.P. lattice, Lhe sum of n3 and t5 is ,6. From

the L.E. table

L.E.(nr).L.n. (rir) =

=

(c.8. (r,'r,nr) "G.E. (n'nr),. ..,G.8. (rr',t3)'G.E. (nU,nr))

(0,0,1,1,0,1) . (0,0,0,1,1, l)
(o,o,0,1r0,1)
L.E. (nu).

table also gl-ve" n3*n5 = n6.

ì t. :.,

3 7

4 B

1 6

2 5

2 4

1 3

4 4

J 3

I 0 0 0 0 0

1 I 0 0 0 0

0 0 1 0 0 0

1 0 1 1. 1 1

0 0 0 0 1 0

0 0 1 0 1 I

Thus, the L.E.



In an attempt to reduce the number of S.P. partitions ínvolvecl
r'¡hen derl-vlng a rlecompositíon for a sequential rnachine, \{e introduce the
concept of uneconomíc pairs. Essentially, uneconomíc pairs identífy
paírs of partÍtíons wliich are costly in comparison r¿ith other pairs.

For some pairs of partitions (ni,nj) rvhere_ n, , nj, the
ínformat.ion transfer from ni to n j is noË as effícient as is
possible. That ís, in reaLizing nj from ri, not all t.he information
available ín ni is used. (To reaLize nj from n-, a partitíon .j
such that ri'tj = nj is requíred.) Hor¿ever, there may be another
partiËion tk such. that n, t nj r nk, and. the partítion .k whích
reaLízes rk from ni has as many blocks as partitíon ,j.

Thus, Èhe serial connection of (nrrno) "costs" as much to con-
struct as the serial connection of (nr,rrr). However, (nlnu) provides
more ínformation than (n'nr), since ,k . nj. A paÍr of partítions
which is uneconomical in comparison with another paír, is demonstrated next

Example 4.3 Consider the pairs of parËÍtions (nrrn,)
frou Exauple 4.1, where r, = íi,+; Z,S; Str; o,Zi,

and (n ,,r r)

rr, = {TI;2 ,3,6,7;5,8\, and n, = {ll4,SJt 2-3,6
,4 from n5, r partitíon .r4 such that n'.r4 ís

4.3 Uneconomíc Pairs

Let

Let t2 =

n5''2 =

tO = {1 ,2 13,4,6,7; 5,8}

n5''4 = {t,4Ji.
fi.

4

{T:4,6 J .

{t¡¡,t.
n2

2,3,6,7 . {1,2,3,4,6 17 i 5,8]

2 ,3 ,5 ,8 Ì Thus

2,3,6,7I {L,4,6,7;2,3,5,8}

same number of blocks and the
is Ídentical to the cost of

more information than r 4. To

n2 requires a two-block pa::tition,
four-b1ock partitíon. Consequently,

(n'rrr) ín a decomposÍtion. than

,7 j. To real-l-.ze

required.

i'. i,i; 1._ 
.1.:.': ;'.1;. :_.1,.; i--:r'".'ì

. : a.:'
1.)
IJ

!.r.:.::

Since ,2 and ,4 have the
same ínputs, the cost of realizing ,2
realizÍ¡rg r 4. However , TZ contains
realíze the trirrial partitÍon 0 from
rshile realizing 0 from n 4 requires a

it 1s more economical to use the pafr
the palr (n,,nO).
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The number of nonredundant. sets for a nrachlne can be reduced by

deleting all the uneconomic paixs befr¡re gerrerating the nonredundanL

sets. To facíliÈate Ëhis, we present a definitíon of uneconomic paírs
and a method for determining uneconomic pairs.

Definítion 4.1 An uneconomic paír (U.p.) of S.P. partitions is a paír
lhere exists anothero.f partití.ons (r r,-" ,) where ní t n j such that

pair of partition" (frk,T g), rk t ng and either

(i) ri=nk, nj , nL and "(nrlnj) = e,(n.InU);

oï
(ii) r.

e(n.ln.)r_' J
Lf e (ri

= nL, ni. nk and "(nrlnj) = e(nulnr).

Trívially, the pair (ní,nj) is uneconomic íf
= e(n.l0), since nj > 0. Sirnilarly, (rr,n,) 15 UneCOnOm]-C

l"j) = e(Iln.), sínce I t ni.

Applyíng Definition 4.1- to the paírs of partitions ín Example 4.3:
(ni,rjj = (n,,no) and (n*,nn) = (rs,,z). As *i = tk,

condition (i) is applícable.

u(nilnj) = "(nrln4) = 1 and e(n, lnr)

Therefore, by condiLion (í), the pair (rr,rO)

In deterrnÍning the uneconomíc paírs, separate procedures are

required for condítions (i) and (ií).

A Method for Determíning Uneconomic Pairs

Uneconomic Pairs of type (í)

(1) Consíder each S.P. partítíon :i in turn and make a list of the

S.P. partitions that it is greater than.

(2) Separate the lisi into blocks of partitíons thab have the same

e(n l t) value.
(3) If partitions ni and nj are in the same e(nlt) block of

a list and nj t ni, the¡ Èhe pair (t,n.) is a U.P.

- õ r- l- r - 1'- e\rl"lttq) - L"
)L

is a U.P.

t:._

:-



Uneconomic Pairs of type (fí)

(1) Consider each S.P. partition n in turn and make a list of the

S.P. partiËions thaE are greater than n.

(2) Separate each list ínto blocks of partítions that have the same

u (. I l) va1ue.

(3) If partitions
list and ni t

The algorithm

Example 4.4

is used belor¡ to determíne U.P. rs.

io it íz

M:1

2

3

t+

5

'r . and Tr . are in the same e (t ln) block of aaJ
n j, then the pair (n. ,rr) is a U.P.

The S.P. partítíons for

n, = {rl; 5; +; 5i

n, = {L,3;1; +;5}

r, = {1,ait T:t}

tt^ = {l; Z,Z; tr; T}

n, = {T; 1; g; -qSl

ru = {LJ,s; 4,5}

n7 =

tB=

n9=

t1o= {L,2,3; 4,5}

M

I,2i 3; 4,5\

t,S; 2; 4 ,51

T; z3; +;\

{

i
{

1 4 2

I 4 2

1 4 2

5 1 J

5 I 3

S.P. latLice
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In order to derÍve the U.P.'s we will make use of the G.E. table.

nL

n2

n3

n4

*5

'6.
n7

nB

ng

nlo

nr 'z n3 nh '5 n6 n7 tt8 'trg nto

1 0 0 0 0 0 0 0 olo
0 1 0 0 0 '0 0 0 0 0

0 0 I 7 1 0 0 0 1 0

0 0 0 I 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0

I I U 1 0 1 0 0 0 0

I 0 0 0 I 0 I 0 0 0

0 1 0 o 1 0 0 1 0 0

0 0 0 I 1 0 0 0 1 0

1 I 0 1 1 I I 1 I 1

G.E. Table

A detaíled description of the derivation of U.P. rs of type (í),
for n10. Ís gíven. For parËíËion n10 derive the list of partitíons
nii such that n10 t ti. The líst ís then dir¡ided into blocks rvith the

same e(nr.lnr) value

Lto = ({n'nBrn7rn6,n4,rr2,Tr,} t {nr,o})

Sínce ng and ,4 are in the same block of L1g and nr, n4 from the

G.E. table, the paÍr (nr',nn) ís a U.P. Símílarly, since 15 and 0

are ín Ëhe same block and n5 t 0, the paír (tl0,n5) ís a U.P. Á.11

the type (i) U.P.rs can be found ín a similar fashion.

(i) Lto = ({nr, n.8,n7,r.6,n.l ,r2,Ty}, {nr,0})
u.Prst (nt',19) , (nro,n*) , (n10 ,r7) , (nro,nu) , (nro,nr)

"g 
= ({n'rr,,o})

u.p. f s: (nn,nr) , (nn,n*)
LB = ({n' n,o) }

u,prs. (rg,tr5),(n*nr)
Ll = ({n'nr,0})
U.p. rs: (nr,nr), (rtr,nr)
Lo = ({no,nrnl}, {0}), L5 = ({o}) , L4 = ({0})

no U.P. f s.
. L3 = ({n'r,n5}, {n0,0})

U.P, rs: (nr,nn), (nr,n4)

Lz = ({o}), Lt = ({o})
no U.P. rs.
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Some of the uneconomic pairs of type (ií), involvíng
partltlon nr. r,¡111 be derj-ved ín detaí1 to il.lustrate the process.
For nl derive the list of partitions nL, such that ni t n1 and

divide the l-ist inËo block depending on rhe e (rrltrr) values.

Gl = ({rr.,n, n1o}, {r})

Sinee n6 and nr' are Ín the same block of Gt and

n10 t.6, the pair (nr,n.) ís an uneconomic pair

All the uneconomic paírs of type (íi) are gíven below.

(ii) G, = ({nU ,r7,ryg} " {I})
U.P. rs: (nrrnU),(.r1,r7)

Gz= ({nu,rg,1T1g}, {r})
U.p. rs: (n,n U),krr"rr)
G3 = ({I})

no U.P. rs.

Go = ({ru,n9,116}, {n'r})
U.p. !s: (rO,.rU), (n4,.n9), (rr'ri.4)

G, = ({rir,ng,19,13}, {nr',I})
U.p. rs: (n'rin) , (n'nr')

G6 = ({nro},{r}) , Gj = ({*ro},{r}), GB = ({"ro},{r}),

G, = ({ryn1o},{r}), Gto =.({r}).
no U.P, ts.

Consolidatíng the type (i) and type (Íi) uneconomic pairs,
we obtain' (Tt,T6), (n.,,nr) , (',r2,il6), (nr,.nr), (r3,T4) , (n'nr), (tr^,tt.),
(no,nn), (r5,r7), (n'nu), (n5,19), (n'nro), (n6,rl0),(n7,nl'),(n'nro),
(n, , nr')

Normally, for machine l"I, +9 = 45 pairs of S.P. partiLions
would be used to generate the nonredundant sets. By removíng the 16

uneconomlc pairs, this nurnber ís reduced considerably. The generation

of nonredundanÈ sets using only the economic palrs follorvs.

il
l¡

ì

;
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n'n2 - 0

nln3 = Q

,Lrr4 = 0

nLns = 0

nln' = 0

n'ng = 0

trnlo = n1

n.n3 = 0

'zn4 = o

n.ns = Q

n2n7 = 0

nz'g = o

nznLo = n2

n3n5 = n5

n3n(, = n 
4

n3n7 = n5

'fi^'t- = T[-3E 5
t3*10 = n9

nhns = Q

n4n7 = 0

n4n' = 0

n4t1o = n4

Tt-'It- - 0)b
n6n7 = *1
n6n8 = ,r 

2

*6*9 = n4

nTnB = n5

'7ng = t5

n8ng = n5

ni.nzn3 = o

nrn3nlo = o

nLn|nLo = o

'2n 3n\o = o

n2n 
4nLo = a

n3n5n6 = 0

T^'Ir-T- = Qjtu^I

;- .,!:_.:rj.;-:r.
: .,:.r. ::

n6n7n8 = Q

n6n7'g = o

n6t8t9 = Q
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ROM Size and Decomposition

The number of bits in a ROM used to

|.1[ = (S,I,ô), can be easíly calculated fron

variables and the number of input varíables

R=s*2P*s
r¡here S = number

P = number

,... .:.: :: ::.:.:

-7c)
T)

realíze a state machíne

the number of state
1327.

(1) 
'

of state variables
of Ínput variables.

Deleting uneconomic pairs noticeably reduces the number

of decompositions deríved. HcNtever, Lhere still remains the problem

of selecttng the "besEt' decomposítion fron those remaini-ng. In the

follor+ing sectj-on an evaluation procedure is presented v¡hích prorricles

a measure of Lhe vari-ab1e dependence of any decomposition.

4.4 Read-Onb¡-Memory (ROM) Evaluation

Tntroduction

I^Jith medium scale integrated cÍrcuits (l't.S.I.), Read-only-

memoríes (ROMs) have become available for use ín combinationa'l logic

t48l. Using ROMs consíderably simplifies the realizatlon of

combinational 1ogic. The truth Ëable for the desired functions

simply has to be entered into the ROM. Thus, the Boolean function

does noÈ have to be simplified, saving considerable time and effort
for the logíc designer.

ROMs can also be used ín consËructing sequentíal- machínes,

by inserting a ROM for the combinatíonal logic 1321." Consequently,

the ccmplexiÈy of t.he corabinational logic is nô lcnger a prcirlem ir-r

state assígnment for sequential machines. However, as the size of a

machíne íncreases, the size of the ROM necessary to realíze the

machíne becomes very large.

Thus, the decomposit.ion of a machine into a series-parallel
arïangement of submachines becomes important' not only for sËate

assignment, but also for eonstrucLíng a large machine from small to

medíum-sized ROMs.



One of the objectives of the str:ucture theory of llartmanis

and Stearns ls to reduce the ínterdependence between the state

variables used to rea1J-ze a state machine. By examíning (1), rve

see that the term zP+S is a measure of the <lependence of the state

variables 'upon themselves and upon the P external ínput variables.

Thus, the ROM evaluation formula provides us wÍth a símple,

numerical procedule to evaluate the size, in terms of bits, of any

decomposÍtíon. By evaluating all Ëhe nonredundant decompositions

for a machine, the most economical <lecomposítion can be determined.

InÈuitively, thé ROM sÍze of a decomposítion should provide an

accurate evaluation of the decomposition, regardless of the

techrrology used for implementation.

To demonstrate Èhe effectiveness of ROM size ín evaluating

decomposítions, we rvill compare ROM size wíth the diode counting techni-

que useC by Hartmanis and Stearns. The example below is taken from

p.33 of HarÈmanís anC Stearns [31].

T,1-.^ 
-* 

1 ^ I" q
ÞÀêuPlç I.Y

to t1

o = {r; T;5; +: s; ø}

nr= { 1 ,2 ,3; 4 ,5 ,6}

nr= {L,6.; z,s; z,+l

r = {1 ,2,3,4 ,5 16}

S.P. partitions for machine E
E

For machine E, Hartmanis an<l stearns give two assígnments.

The first assignment, d, is random, while the second assígnment, ß, is

based on the S.P. partítions nl and T1Z.

I
2

3

4

5

6

r' :.:l

i,',': :.
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v1

L->0
2->0
3 + 0.

4 +.0
J+1
6->1

tt. tz
1+11
2->10
J+10
4+ 0 0

l+00
6 -> 0 1

Assígnment ß

2
0

0

1

1

0

0

v3

0

1

0

0

1

0

v3

0

1

0

1

0

1

Assígnment a

: :.i

The next-state equatíÒns deríved from assignment o requíre

38 diodes, while those derived from assignment ß requíre only 10 diodes.

For machinÇ E, S = 3 and P = 1. To realize E as a

single ROM, would require a ROM r¡ith

R=sx2P*s
=3*24
= 48 bits

l'ïacirine E couid be realized by "uwo RCüS r"-hich re?Ltze

parËitíon" tl and n2.

For nrrSr=1 and Pl=1
P- +S.

' R-=s- x2L r
I.L

=1*21*1
=4

For r, Sr= 2 and PZ= L

P?+s?
R2=52+2"

=2*2L*2
=16.

The combined size of the two ROMs is

Rnrn2=Rt*R,
= 20 bits.
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The percentage savíng indícated by the diode countíng

techique Is 747., whíle ROM size shows a saving of 587". The difference
occurs because the equations produced by Hartmanis and Stearns take

ínto consideratíon the reduced dependence resultíng fron usirrg the

partition pair ({f,9,4,6j 2,5}, {L,6; 2,3,4,5}) ín the assígnment.

Since we have not consídered thís partition pair in evaluating

ROM size, our results are not as accurate.

However, ROlf size evaluation can be applíed faster and

easíer than can diode counting, whích requires a Boolean simplificatíon
sËep. Except, in the case of parËition pairs, ROM evaluaËion provides

a good general measure of the varíable dependence of a decomposítion.

As exact mínímization is no longer as important as prevíously,

ROM evaluation ís a useful evaluation techníque.

Example 4.6 illustrates ROM evaluation for serial
decomposiËions. Before presentíng the example, some notatíon and

explanatíon ís given.

Notation: Let n(IP) denote the number of inputs in IP. Then

N(IP) = [1og^ n(]P) 1 gives the minimal number of ínput variables
¿

necessary to represenL the inpuËs.

For a single.partition n, the number of state variables ís
given by e(n) and the number of input variables is given by N(IP).

SubstiÈuËing into (1), the ROM size for a single partition is given by

Rn = 
"(n).zN(rp)+e(n)

Lfhen two S.P. partítions, ni and nj, are realized

together, the ROM size may be less than the ROM síze Í.or a separate

reaLízaïíon of the two partitíons. A reduction will generally occur

if either of Ëhe partitions is greater than the other. If n, t tj'

then nj may be realized from ni by a partition tj, where

II..T. = lT..]-JJ
The value c(nrlnr) is Èhe minimu.m number of blocks requi.red

ln the parËLtion rJ. The number of state varlables requÍred Èo

realfze .J, by a staËe machÍne 1"f., ís e(nrlnr).

(2)
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The. machine M. a1-so requires lnput information fron, ni. The

number of input variables required from ni is u (ri). Thus, the total
number of input variables required for M. is e(nr) + N(IP). SubstiLut--J
lng inËo (1) , the ROÞf síze to realíze r . from n. is

e (n. )*N(IP)+e r-r .lr .)
R- =e(n*ln=).z L r-'-t (:)tj 'J

Equation (3) is used to evaluate serial clecompositions

in the following example.

Example 4.6

it iz t3 ,4ío

1

2

J

4

5

6

7

B

Îf. =
l_

n2 
.=

n3=

n4 =

{1,4; 2,3; 5,8; 6,7}

{W; lJ; s,A; lß}

M

{L,2,7,8i 3,4,5,6}

{L,2,3,4; 5 ,6 ,7 ,B}

S.P. partitíons for M

TT^
J

,).r,_.;:

n1

2 I 5 B J

1 2 6 7 4

4 3 6 6 1

3 4 5 5 2

5 6 3 4 7

6 5 4 3 ð

7 B 4 2 5

I 7 3 1 6

S.P. l-aÈtfce
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. For.M,S=3 and P=3. ToreaLlze Mr¿íthasingleROM
requíres a ROM with

R=s x2P*S

3 . 23+3

= L92 bits.

One possíble serial decornposition for M is
where r, > ?T- > 04L

{no,nr,o},

e(r')=L and N(IP)=3.

SubstiËuting into (2)

order to
Let tl

N(Ip)+e (nO)
e(r 1.2

2-L1
7.2"'-
16 bits

can use state information from , h, In
t., such thai ,4.rL = nl, is requireci.

= {r,4,5,8i 2,3,6,7\,

e('rr) = 1. an<1 .(nalnr) - i.

Substituting ínto (3)
e(nO)+N(rr)+e(nO I nr)

R
n4

To reaJ-ize r- r^IeI
<io rhís a partítion

*., = u(na I nr) .2

^1+3+1= L.¿

= 32 bits.
:r.1 :r:

!,f
, Sirnilarly, Èhe

at a cost of

R

trivial partition 0 can be realized from nl

e(nr)+N(rp)+e(.rr lo)
- = e(n., lo> .ztof,

. ^2+3+1= L"¿

= 64 bits.

The total cosL for the decomposition {nO,nr,0} is
16+32+64 = 112 bits. This decornposítion gfves a saving of B0 bits
compared with the ROI'Í size required when realízing M as a single ROI"I.
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The ROl'l síze of a decomposition consísting of 3,...,n
partlLions could be calculated ín a manner sirnilar to that used above

f.or paíts. Thi.s would involve considering the information transfers

between partitions for each set examíned. Obviously, a detailed

evaluation of thís type is time consuming. To overcome this problem,

we present a heuristic method for evaluating the size of a nonredundant

seË as it ís being constructed. The algoríthm presenÈed calculates the

RgM síze of a nonredundant. rlulþ from the ROM sizes of íËs constítuent,

norrred.rrrd"na ,r-ftPl=g. Before Ëhe al-gorithrn is stated, t todification

is necessary Eo the rnethod by r.rhích the ROM size of a paír of partitions

í.s calculated.

It was stated that, generally, there was e decrease in the

ROM size reguired for a partitíon r,, if TÍ . was realízed rvith T: rj' j r--

where r. > 1r.. There ís a minor exception to this rule which occursaJ
when (fi,,1t,) j-s an uneconomíc pair.rJ

For exampT.e 4.4, the S.P. partitions
and n- = {tJlt 4J} are an uneconomíc pair.t-
by itself, is

n, .= {T;
The ROM

(ns)

2; 33 4,51

cost of T-.5'

N(IP)+e
R = s (n_).2

T-)5 ^ ^z+z= zo ¿

= 32 bits.

To reaLize n5 from n7 a Partition ,5,
n7..r5 = n5, j-s requíred. The ROM cost of t5 is

such thaË

It
T-

5

=

(n,)+ll(rP)+c (", In,)
.(nzlr5)'2 t

t.rr+2+2

64 bits.
i.ar.:.'r

Thus, for the pair {n5,n7} it is more economical to realize
î[r by itself , '.,¡ithout any Ínf ormation f rom nr.5"

Two possible wa¡'st of overcorning this problem are:

(1) delete the uneconomic pairs;
(ii) compat:e the slze of ni when realized by itself and the sl-ze when

realfzed wfth another partftion, and choose the smaller. -.: -:
r':r'rl:'
I
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The method presented below uses the latter solutíon.

Notation: The following symbols are used to state the algorithnr.

R. - ROM slze of Tr. reaLized by itself;
ir_

R. - ROM size of Tr. reaLizeð' in conjunction with T, 
--i'i i - J;

R- 1 _- ROll síze of T. xealízed in conjurrctíon with Tr. '... ,Tn.Írl...rn a - r

Method for CalculaËing *ROM Sizes

(i) Calculate the ROM síze of. each S.P. partiÈion when realized

by itself using (2).

(ii) Calculate tlie ROM síze fo-r each partition in conjunction wíth

each of Èhe remaining partitions,
(a) íf the relation r'<" does not hold betrveen ni and nj or

1T. and 1T. r Ëhen the ROM sizes of T1 . and T. havej i' a J

already been calculated ín (i);
(b) if ní t tj, then. Lhe ROM síze of nj ís calculated by

(3) and the ROM síze of ni has been calculated in (i);

(c) if for any pair {nr,nr}, *r,j > R. or *jr, t *j' then

replace *r,j o, *, oi."pt"åå *r,, ot i:.
(iii) (a) If 'for any nonredundanË triple, {i'T¡,n¡} , , j'ttO * t, oï

nj.rk = nL, n = j or k, then R.,j,k = mín(R.rg), I = j,k,

(b) Lf. "j'Tt = ?To. ) Irir then

R. R.
1rJ ¡K = arfr

(ív) Step (iíi) ís extended to handle nonredundant sets of

4r...rB partitíons;
(v) \Then no further nonredundant sets can be deríved, sum the

ROM sizes of the parËitions in each set to obtain a measure of

the variable dependence of each set.

The algorithm is used in the following example to evaluate

possible decompositions .
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ExampLe 4.7

to Ít ,2

1

2

3

4

5

6

87

S"P. partítíons for

= {rJi 5; +; sS}

= tt,z ,z; lr; s ,øj

= {L,4;1; zS; s}

= {1,2,5,6;3,4}

= {tJ,4:3J,,6}
= {LJr 5i 4,s,6}

= {1,2,3', 41516}

M

M

n1

n2

n3

n4

n5

n6

n7

I :-.

i i.:,.

l
I

I

I

I

I
I

I

1

l
l

i

I

I

I
L

I iì
I

ì

i':.'..::

j: :l

r, .:.1_'

\;.: a.:

. S.P. -lattice

The ROM sizes for the indívidual partiÈions are

Rl= 321 RZ= 32, R3 =32, R4 = B, *5 = 8, R6 =32, and RZ = B.

Calculation of ROlf size for a nonredundant triple ís given in

deËail for {tl,t2,n7}. For the pairs {ttr,trr}, {n'nr}, and {r,r;.r}

the ROM sízes are

(ur,r, R2,l) = (32,32)

(Rl,7, R7,l) = (16'B)

(*z 
,7 

, R7 ,2) = (16 , B)

CalculaEe the ROIÍ size of each partítion in the triple.
since nl"r7 = nl { n¡ 

1r,1,7 
= rnin (Rr,u), 9,' = L,7

or,rr7 = 16.

l.'it,.'!'l1..'

5 3 2

6 3 1

5 1 I
5 6 2

5 4 2

5 4 I
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Símllarly , R7 
,LrZ 

= B

Tr2'r7=Tz and *r,r,7=RL,7' Thatis' R1 ,2,7=L6'
The size of the tríp1e is

(*, 
,, ,7' R2 

,L r7' 
*7 ,L,2) = (16 

' 
16 

' 
B)

Apptying the evaluation technique to all the nonredundant

sets in M gives:

(32,32) TrLrïz = TîL

(32,32) t"n, = 0

(f6,8) nLn' = nI
(16,8) t1n5 = nl
(32,32) n1n6 = nl
(16,8) nJ_r, = ,L

(32,32) trrn.. = 0

(32,8) n.rh J nL

(32,8) n.rs = ,L
('),) 1?\ T r

(16,8) ..n.n. = n2

(32,8) nrn' = 0

(16,8) t3t5 = n3

(32,32) nrn. = 0

(32,8) nrn, = 0

(B,B) n4n5 = tl
(8,32) n4n6= rI
(B,B) n4n7 = nL

(8,32) n5n6 = nI
(B,B) t5n7 = nl

(16,8) n6n7 = n6

(16,16,8) n.,nZr,T = nL

(16,16,8) n1t3t5 = 0

(16,16,8) nLn617 = nl

(32 ,L6 ,B) r ¡t ¡r, = O

(16,16.8) TZTI 6rtJ = r1

(16 , B, B) t3n4t5 = 0

(16,8,32) irrnrn. = 0

(16,B,B) nrnrn, = 0

As can be readiLy seen from inspection of the ROl'f sizes, the

sets {nrrnO,nr} ancl {n'nrrnr} are the smallest decomposítions at

32 bfts each.



The necessiiy for step ij-i(b) is íl-l-usLrateol in rhe folJ-or,ríng

exanple,.

E¡ggp]g_ ¿,9 Fo:r a rnachine Þ1 v¡íÈh tlie S.P. parîfj-rions

, 11 = lI12'3141516"7 rBi, 9rl-0rLLrl_2rL3,Llt,15"16],

", = {t,{5 .;/ ,e;{l J: ;t; i",+ l, ,a Jo ;,2 J4 "-L6¡ ,

T^, = 11,3,5,7 ; 2,416,8; 9,fl,13,15i 10,L2.,L4,L,o'!, andJ

'u4 = il-5; 2,6; Z¡; +d;9-r3; LO,L4; rr,rS; -{Z,tø}

calculate the Rû1.1 size of- the tríple {r, ,T2,r 4}.
The ROÞt si-zes for the paírs making up the triple are

(o1,2, R2"l) = (16,16)

(*r,0, R4,1) = (L6,L2B)

(*r, 
O 
, R4 

"z) 
= (16, -1-28)

ïf the ROM size *0,r,2 rdas chosen by selectíng the
smallesL ROM size *4,, "rd *4,r, then *4rr, Z = L2B. Ho-uret'err

I - 
'r- 't- ¡t¡'k

i nL"rZ = n3, nh. In this case infornuatíon from n3 can be used Èo

. realíze r,.. Thus, using step iii(b),4',,
Þ -R. ^=64 bits.. r "4"Lrz- 4¡J

In the previous section it was shown that some pairs of
: S.P.. partitions rnay be uneconomícal ín comparison with oËher pairs. A

'-' method was preserrted to determi-ne Ëhe uneconomic pairs, which could. then
be deleted príor to deríving the nonredundanË sets. As demonstraËed

, l' below, ROM evaluation is also able to detecÈ uneconomic paírs.
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Example 4.9

to tl

1

2

J

4

5

6

7

B

nr

,2

n3

n4

n5

{r,2,3,4; 5,6,7,8;

tL,+' z,l; *; o;l¡

il,4J ,B' Z¡; O,l ,el

tL,4' Z,S,O;l; S,gl

{1,4J,8.2-3,6J}
S.P. partitions

M

S.P. lattice

The u¡economic pairs f or M are {ri. ,n, }, {r,r 
^} 

, {n, ,n. } , and

{riOrnr}. Deleting the uneconomic paÍrs and deriving the nonredundant

sets gÍves:

(4,8) n'n. = nz

(4,16) nln3 = n2

(4,16) n1n4 = n2

(4,4) nln5 = nz

(B;4) n2n5 = n2

(l-6,16) n3n4 = n2

8 2

6 I
1 4

5 3

1 J

J 4

2 1

4 2
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No nonre-dundanË tríples can be derlved using the above pairs.

From the ROM size, the best decomposÍtÍ-ons are {n'nr}, {r,rr} , and

{n rrr ,} .

Allernatívely, let us derlve the nonredundant seEs vli-thout

firsC deleting the .rneconomic paírs.

(4,8) nLnz

(4,L6) tt*3
(4 ,16) n 

Ln h
(4,4) n1n5

(16,16) n'n3 (16,8,4) n'n3n5 = nz

(16,16) n.n4 (16,8,4) n2n4n5 = nz

(8,4) n2n5

(L6,L6) rrn, (8,8,4) n3r4r5 = nz

(8,4) t3t5

(B,4) , 
hr 5

In thís cese norrredundar't trÍpleg can be deríved. I{owever,

the producË of eaeh triple is only T12. Since, the product of the

pair {n1,r5} ís also nZ and the ROM size of {nl,n5} is smaller

than any other nonredundant set, {n'nr} is again the best

decomposítion.

The uneconomic pairs are not specificaliy indícated by the

ROM evaluat.ion techníque. Their detrimenLal effect, however' appears

in subsequent decompositions. Further applí.catíon of ROM evaluation

are consÍdered in the next section.

4.5 Subtle Redundangl

Hartmanis and stearns [31] have províded examples of non-

redundant dec.ompositions rvhich contaln what Lhey call subtle forms of
ttredundancy". Bven though superfluous components have been eliminated

from a nonredundant set, it is still posslble that a partition coul-d

be replaced or supplernented to produce a more eeonomical decomposÍtion.
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The more subtle forms of redundancy that Hartmanis and Stearns describe

can be characterized as havíng an excessive nurnber of state variables.
Thís in turn indicates an excessíve amount of variabJ.e dependence.

In thís section v/e name the different types of subtle
redundancy and prove that R0ì4 evaluaËion is able to detect thern. In

thÍ-s regard our discussion ís 1ímíted to partítion" ní, where

r.>r. implies e(n.)=e(r.) ¿a1- l-r"í "j *t"j' -t''i' I e\¡ril"j''

It is possible to characterize other types of subtle redundaney.

As ROM evaluation neasures variable dependence, however, it is able to
detect the new Ëypes of subLle redundancy.

Factor Redundancy

The first form of subtle redundancy considered by Hartmanís

and Stearns, concerns a decomposition where Lhe computations of tr¿o

machines overlap. In this case, part of the computations of both

machines can be factoreci out and compuËed in a separate nrachine. A

machine whích exhibits factor redundancy is gíven in.l-he following
example.

Example 4.9

to tl íz i
Ĵ

í4

I
2

J

4

5

6

7

B

S.P. partitions for J

n, = {1y'; Z3; S,S; 6Jl

r, = {W; 3,a; f¡; z,el

n, = {1 ,2,3,4; 5,6,J ,B}

nO= {t¡.,1 3;23,5U,

2 1 5 8 J

I 2 6 7 4

4 3 6 6 1

3 4 5 5 )

5 6 J 4 7

6 5 4 3 8

7 8 ¿+ 2 5

B 7 3 t 6
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S.P. lattice

Tr¡o nonredundant decompositíons for machíne J are

{n Lrn z} and {n L,n 2, 
t3 } .

Sínce, t3 = nL * n2, *3 performs a subfunction of both

ri and ItZ. Factoring out n3 and computing it separaLely produces

a reducËion in varíab1e dependency.

The following lernrna

detected by ROM evaluation.

Lemma 4.1 Let X = {n-,n.}r_' J
sets of S.P. partitions, such

ni.nj =

R tR where R and Rx y' x y
using the nonredundant sets X

Proof

N(IP)+e(î[)

\= e(ng)'2
[=i,i

^N 
(rP)

= e(nk).

proves that factor redundancy can be

and Y = {n, rT, rfrr_} Ue nonredundantL. 7. K

that *k = ní * nj. Then

fi..r-..Tr, = T[ and
lJK

are the ROM sizes requíred to realize
and Y, respectively.

^_F - ["(nnl+uC.,,nl 
-ull'z'(nk)*u("ul "u)

g=1,i 
L

,u(rr)+e(nn) I r.('rulnu)*rN(rP)+e(nr.)
l.=i , J

Ð u(nu I

1,=l , i
. ^e 

(nr.lttu)
'nil.¿



i 
^t.o/,JA

R=
v

N (IP) + e(n,.)
e(nu) "2 ^ +

N(IP)+e(n. ) N(IP)+e(r. )
e(no) -2 * +2 K

NçIp)+e(rn)
e(nO).2

, ftuln) 
;, 1,

j

N (Ip) +c (nO) +e (nr. 
I rr)

f "(n,,l 
r )'2

,AkL=LtJ

.('r I nu) .zt(tJ tø)

L=I ,i

,e(n'olr IR-R =xy 9"=i, j

>R
v

I

Rx

']

sl_nce. Ð
=i!,

Therefore,the reduction in variable dependence thaË resulLs
from factoring out a conmon machine is índicated by the ROM size
calculaËíons.

For machíne

requíres a ROM size

for the decomposition

Rx-

Calculatíng
Tr- = fr", gives

t!J

= e(nr.).

= 1.23*l

= l-6[2 +

= 48 bit

Jof
of

Example 4.9, the decomposition X = {n'n2}

2,23+2 + 2.23+2
128 bí ts

Y - {rr rT2,Tr3},

= r.23*1 + 1.23+1+1 o t.23+1+t
= B0 bits

= 48 bíts.

- Ry using the result of Lemma 4.L, with

N(IP)+e (r

']

R=x

R
v

R
v

R

2

Þ
2

S.

R -Rxy

.(", I nr) 
*

-11

I r ,e(nolnu)
Lt=i , i

,ek tlr) ,]

k)

ii,',
i": l; r



Submachíne Redundancy

Another form of sr¡bt1e redendancy is submachine redundancy.

This redundancy is typífied by the use of a machine in decomposition,

when a submachine is cheaper and just as effective. Submachine

redundancy ís demonstrated by the fo11owíng example.

Example 4.10

io t1 iz i
Ĵ

95

1

2

3

4

5

6

7

B

n1

,2

*3

= {1,8; 2163 3,7;4,5}

= {T2; g,+-; sS; l,s}

= {1r213,4i 5,6,7,8}

S.P. partitions for K

ll^
J

n2

S.P. lattice

1\¿o nonredundant deconpositions for machine K are

X = {n'nr} and Y = {Irl,t3}.

Since nl'n2 = n1'n3 = 0, efther X or Y r:ealizes machine

K. However, T3 ls a submachine of nr. Consequently, ft fs more

economical- to realize machine K usfng Y. Lemma 4.2 proves that

r.

,:r,:l'.r:i:',1

1 5 7 4

2 6 B
ôJ

1 7 5 2

2 B 6 1

2 1 2 B

2 2 t 7

I J 4 6

1 4 3 5
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|. :...

I^le vril-1. use the notaÈíon n. I 1". to indicate that 'ît . * ".'i" j r- J

and 'r. * "..J'1-

Lema 4.2 Tf. X = {n.,n. } and Y = {nrrnO} are nonredundant sets

of S.P. partitions such that nk t tj, nillnj, nrll"t, and

nr.nj = ll..lTk = IT, then ** t Or.

Proof' N(rp)+e(n-.) N(rP)+e(Tr.)
R* = e(rir) .2 + e(r. ) '2 J

1
I

_11'J

subnrachlne redundanc.y ís detected by the ROM síze formula.

Since nk-

Therefore,

ta:

N(IP)+e(n- ) N(rP)-l-e(nr.)
r.).2 '+e('no).2

,tt, 
[","r).r*(nj) - "çnu).r"nu']

(t')(r.,nr.) -r- e(nuln.) I.2"(nk)*"(nklnj) - "(no).r"t"u')

(rp) 
[e(nkl 

T1 .).2e(iru)*e(nki'j) + e(nn) .r*('u) (r"("ui',))

, nj, .{nolnr) > 1 and z"Gkl"j) t ].

R >R.xy

e(

2N

2N

2N

v

R-R =xy

Fcr machine K in
t+)R = ?-.2-'- +

x

Example 4.L0,

2.22+2

a.¡i:

= 64 bits

R =2.22*2+L.22+L
v

= 40 bíts

R -R = 24 bits.xy

Calculating ***, using Ëhe formula derived ln Lemma

=n 2 and lTk=li3. \t'€ obtain

2N(rp) 
[",r,Inr) 

.2 
(nr)+e("' l'r')r* 

(nE) z'(n3) (r" 
t"', ln"

4.2,

,)l

rvíth î.
J

R-R =xy
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z2rt-zr*r+L.2.(2-r)l
4l_4 + 2l
24 bLEs.

Alterna-te Machine Redunda,,cy

The third type of subtle redundancy, alternate machine

redundancy, occurs when an S.P. partítíon, .j, in a nonredundant

decompositíon can be replaced by anoËher S.P. partition, nk, which

requires fewer sËat,e variables. This redundancy ís sÍmilar to sub-
machine redundancy. However, f.or alternate machine redundancy,

ttT* I lfrt- 'JA

Exanple 4.11

1

2

J

4

5

6

n1

nz

n3

n4

io ít

5 2

6 1

a
I

¿

2 5

J 4

4 .)

{W; 3Jrt sß}

{f.4' Z,S; Z,Ol

{1,.6; Z,S; +,5¡

= {1, 3 ,5: 2 ,4 ,6}

S.P. lattice

Let X = {n'nr} and Y

The nonredundant

to reallzu 14 requires I
variables.

S.P. partitions for L

= {n'n.}

sets X and Y bot-h realize
state varfable, whlle n,

machine L. However

requÍres 2 state

L

r;,ì:

|'-

il,¡;.::;ì::ir.:i
,:,::,.r::.:..1

,-:. :'
:.i. .

n2 n3
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Lenma 4.3 If X = {n.,n.} and Y = {n.,nU} are nonredundant sets of

S.P. partf-tions, such thal ujllno, e(rrn) < e(îIj), níl lnj, "rlluu, and

ni.tj = ní"nk = t, then O* t *r.

Proof
l!(IP)+e(r,) N(IP)+e(n.)

R*=.(ti) 2 t +e(,t.).2

R =e(
v

R-R =2Nxy

Since .(nj) t o(nk) ,

e(trr) e(nu)
eQr.).2 J>e(Trk).2 " and **t*n.

For machine L

R =2.21*2+2.2L+2
= 32 bíts

1 J-1 -r ..!-'1R =2.2-''+L.2"'-
Y = 20 bits

R -R = 12 bits.xy

Using the formula from Lemma 4.3, wíth n.^= n4 and

I[. = T^r
J¿

R-R =2Nxy

- of_¿L

=12

HarÈmanis and Stearns have only identified the three types

: of redundancy just described. IÈ is possible to defíne other types.

:, ,Ì For example, uneconomfc paírs could be classlfied as a form of
r: subtle redundancy.

Èiiitji:; In the foll-owlng example rve define a ner.'r type of redundancy

N(IP)+e(n- ) ll(rP)+e (nU)
r.)-2 '+eGrU).2

ttt'[",n, ) ".2"0 i) - e(nr).r"t'n']

(rP) 
[. Gz) r"t'r']- e(no). 2"þ'4)

z.z2-t-z)
bits.

.'-:rt.:- ;i
i..:..i:::: ir.: i
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and demonstrate that ROM evaluatíon ís able to detect lt.

ExamoTe 4.L2

In Exampl-e 4.9, one possible decomposition ís X = {nr,r2,r3},
where nL'r.,'n3 = 0. There is another decomposítion, Y = {t, n, nO}

for which nl.n3"nh = O. The partítion n4 ís a submachine of rtz.

Subsequently, the set Y should províde a more economical decomposition

than the set X. Actually, this redundaney is submachine redundancy

apprÍed ro rripre" 

;.:";r.ïrr:ï;
= L.Z34L*1 * 

'.Z3+L+L 
+ L.23+L

B0 bíts.

*r=*r+R3+R4
= 1.23*1*1 * t .23+I + I.23+l
= 64 bíts.

Thus,ROM evaluaËion is able to indícate Ëhe "utìf.
redundancy in decomposition X.

4.6 Discussion

In this chapter two evaluaËioh methods for machíne de-

composítion have been presented. The first method, uneconomic pairs,

has noi been developed as fully as possible. It ís possible to extend

the uneconomic pair concept to ínc'lude subtle redundancy. This is

demonstrat.ed for submachine redundancy where ti"tj = ti'nk and

T. > îT.. Clearly, the pair {n,rIf.} is an uneconomic pair wíth"k j ' a' l
respect to the pair {r'nU}. Siruilarly, the other types of subtle

redundancy define uneconomíc pairs, rvhich can then be deleted prior

Èo generating the nonredundant sets. Talcing tiris approach ensures that

only the most economical nonredundant sets will be derived by the

algorithm of ChapLer 3.

. Ilowever, reducing the number of possible decompositions is

not always desirable. Tor example, a logic deslgner may have available

l,', : . :.

!': -::1

i;.;::::'lìr:



a conponent he wishes to use in buildírrg â Bachine, By r:educing the

I nuniber of decomposíËions , the possib:l1 ity of usíng ttrat comp'oneni. ís

a1.so reduced" Generating all the cleccnpositions gi.ves the de-sígner

great:er freedorn as to how he ,will build. the niachin'e'

ROlf er¡aluation permits ail possiirle decoin¡;osirions to be
::'i

,,,,,., generate<l whil-e provicling a measuïe of the v¿Lriable dependence of each

decoruposiLion. To ftrrther denonstïâte the effectiveness of ROìf evalualion,

a prograïurable logíc arrey (PLA.) implementation [75],1761'1777, of nachine

E in ExauPLe 4.5 is cons:Ldered

pLAs operate in a manner símilar to ROMs r.¡Íth Ehe dj.ffe::ence being

that tb.e Ëruth Èable is not specífied in its enÈírity. Rather, the product

t.erms from the sum of products equations are entered into the PLA along vríth

their cÐrresponding ouLpuL funcfions. Since the number of product terms for

a set of equaËions is consíderal¡Iy snaller than the number of truËh table

entri-es, a pLA requires ferver memory elements Ehan an equivalent ROM.

' Example 4.13 The nexL-state equatíons for the randoüt staÈe assígnment in

tr-*t" -It.q.rite 10 Product terms
I

Yl_ = Ytyzy3* * yzl3* * yzY3*

. Y2 = iz* + irizi¡ * Y1Y3

Y3 = .y1* * Yziz* + YzYStr o vtizi

Thus, a PLA inplementation would require a PLA with at l-easL 4

.. inpuËs and l-0 words (for Lhe product Eerms). Eaqh word requíres 3 outpuË

bíts. The next-sËaËe equations derived from the decomposÍtíon

assignment has only 4 product terms.

- Yl=Yl*+Y1x

v, = vri
t3 = Yzl3

A pLA wiËh 4 inpuËs and 4 r.uords with 3 outpuËs each rnrould suf f ice

Eo reaLize Ëhe above set of equatÍons. t

a



Erzali¡aiíng cl.ecomposíLioir.s in te:rns of PLA sÍ.ze requires the

derivation of che nr¿xt-stê.te equatíons. Tirus, as for díode cot-nir'-rig: ¿l

Boo'T ean sinplif ica.t j-on s'cep is n,ecessel:y iteiore an ei¡aluatioii carr be

perforned.

From tl"le above rlj.scussícrri aird tf-re ê-{êmples prese-iri.ecl th:':oughout

this chapLe::, it -Ls appaïent-,lhat ROll .:va-,1.uatíon is ¿:. practical- anci

usefui evaluation tecirníc1ue for mach-Lne riecompos:Lt.i.oa.

.r_I.l-:.:rjr' .'.;.\:-:,. -.:::".: :: :: l:).:1----' ----l-íìi ì7r-"- -' -- i'i :r'

ilr::ì:lj
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Charrter 5 Extended Substitutíon Property Theory

5.1 Introduction

As indicated in Chapl-er 1, S.P. partition theory has been extended

.to other areas of sequent.ial machíne theory. In this chapter we exami-ne

'dome of these extensions, multiple machine synthesis and asynchronous

machine decomposition, and, further extend these areas of research. In
addition, the decomposition of incompletely. specified machÍnes ís
investigated. This laËËer Èopic ís of gïeat importance to sequential
machíne decomposition, as Èhe raajoríty of practical machines are in-
completely specifíed. A1so, because of the "dontt-care" conditions,
ít would appear that there is a greater possibility of S.P. partítions
existing for incompletely specífíed machines than for completely specífied
rnachines. Thus, in order to facilitate the use of decomposítion theory,
ít is important Èhat techniques of handling íncompletely specified machines

be developed.

Hartmanis and Stearns [3]-l have extended Ëhe partition pair
coneept tc incclnpletely specified machines. Hc'.¿everr they harre not
examíned the problem of defining S.P. partitions for incompletely

specified machines. Some of Ëhe theory they develop for weak and ext,ended

partition pairs can be adapted Ëo derive a definition of an S.P. partition
for an incompletely specified machíne, ft^ro types of S.P. partítíons are

considered for incompletely specifíed machines, weak substítution property
and exÈended substitut.ion property partitions.

Substitution property partitíon theory, hov¡errer, cloes not readily
apply to the resulting definitions. In particular, Hartmanis and

Stearnsr method for deriving S.P. partitions and S.P. lattíces is not

applÍcable. In the next section, theory is developed rvhich enables the

derivation of S.P. partit,ions and lattíces for incompletely specified
machines. (The r:esults are also applicable to completely specífied
machínes. )

The tr.so basic machine connectf ons, seríal and parallel, can be used

for constructing netr+orlcs of incompletely speclfied machines. However,

the derivation of decompositions for incompletely specÍfled machínes



fs not as stralghtforrvard as for completely speciffed machÍ-nes. The

problem arj-ses because the sum of tv¡o wealc (extended) substituÈion
property parÈitíons is not necessarily a weak (extended) substitution
partition. Consequently, for two weak (extended) substitution pïoperty
partÍtions ¡,¡hose sum is not I, Lt is not ah,rays possíble to factor out
a conmon submachine.

Hartmanis lZ7) Uas ínËroduced a decomposition r¿hich can be

used to reduce the state variable dependence for a serial compositíon.
In Section 5.4, we show that this decomposítíon can be adapted to
economicalJ-y realize iwo weak substÍtution property partitíons whose

sum Ís not a v¡eak .substítutíon property part.ítíon. The adapted

decomposition combines features of both parallel and serial decompositíons

and in terms of ROM evaluation is midway between the two.

The problem of reaLizí-rrg sequential machines ís often not confined
to simply the problem of real-ízi-ng one machíne. In many cases, the logic
designer wí1l have a collection of machínes thaË are to be realízed
together. Kohavi and Srnith 1441, L62l and Kohaví L43l have examined

the problem of 'realízíng È\,üo or more machines i.n combínation. For some

machines, the joint synthesis is more economical than t\,üo separate syntheses.

The approach developed involves finding conmon c.omponent machines for the

two machines, thrrs reducing duplication.

Kohavi and Smith have presented an intuitive approach to this
problem. In Section 5.5, we revÍerv the work of Kohavi and Snith and

present a theoretical basis for their work. The theory developed also
provídes the base for an alternate method

composítÍon, which utilizes the structure
multíple machíne de-

the component machínes.

of
of

Tan, Menon, and Friedman [65] have investígated the problem of
extending decomposition and. reduced dependence theory to asynchrorrous

machines. In their work on the decomposít.ion of asynchronous machínes

rviÈh S.P. partítions, they have concentrated on finding single transitíon
tíne assignments, as defÍned by Tracey 1671. In determining whether

Traceyrs condiLions can be met by an S.P. partitfon, Tan et al use

the usual inspectfon meÈhod. Properties relatlnS S.P. parl-itions to
Traceyts conditÍons are presented in Sectlon 5.6. Use of Ehe properties
developed simplifles the determination of whether or not Traceyrs

conditlons are satisfíed
i:r¡.:
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5.2 Weak Substltution Property

In this section, substitutlon property theory ís applied to
íncompleÈely specifíed machines usíng weak substitution property
partitíons. The definitíon of vreak. substitution property partítions
presented parallels that of Hartmanís and Stearns for weaic partítíon
pairs (oefinttion 2.3) .

Definition 5.1 If M = (S,IP,OP,6,À) is a machine with don't-care
conditions, a partition n on the set of states S is said to have the
weak substítgtion property, if and only if s = t(n) implíes that
6(s,i) = ô(t,i)(n) for all í e IP, whenever ô(s,i) and ô(t,i) are

boËh specified.

Example 5.1 Consíder the íncompletely specified machíne A,

desígnated by the table

io it iz

l-

2

3

4

5

A

tt = {lJ; Z,g; A} is a r¿eak substitutíon property partítion
for the íncompletely specífíed machine À.

Unfortunately, the rveak substítution property partiËions for an

incompletely specified machine cannot be deríved by the same nethod

used for deríving S.P. partitions. This ís because the corollary,
which Hartmanis and Stearns use as a basis for generating S.P.

partítions, does not apply to íncompletely specifíed machines. The

corollary (presented as Theorem 2"5) states that for any partítion x,

there exists an integer K such that. the smallest S.P. partition Y, Y-l x'
k

can be found by calculating y = yk = Ð*t(x), where lc à K.
N l=o

1 3

5 2 J

1

3 5 4

1 2
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Applying this corollary to the lncomnletely specifíed machlne A

of Example 5.1, ú/e are unal¡Ie to derive the r¿eak substltutíon property
partitions. This Ís illustrated by the following example.

Example 5.2 Let
1_

Then rn'-(x) = {L,2;
)t

m-(x) = m(m+(x))

= {r,2.; 5; tr;

v2= {Tii; +;

Since yL = y2, yL = {7J.3: ¿r: l} should have

property. Hor¡ever, ¡n(yt) = {T J ,5; Z; +}. Thus y,
not a weak substituËion propeïty partition on A.

x = {1 ,3; 2; 4;

5; +; Tl and y,

5]
5Ì

r\
5] = m"(x).

= r1(*) +- *o (*)

,i

ì

¡l
:l

= {tJ3; ã; 51.

the r¿eak substitut.ion
= {tJ,s; ¿; 5} is

Actually, {tJ,S,S; tr} ís the smallest païtition greater than
* = {I3;7; +;5}, rhi"h has the r,¿eak substitution properry.

Thus, Hartmanis and Stearnsr method is not capable of deriving
the weak substitution property partítions for an incompletely specified
machine. A new method, which can derive boÈh S.P. and r¿eak substítution
property partítions, is presenËed. The basis for the method is províded
by Theorem 5.1. To prove the theoreü \rre use the following notation.

Not.ation For a completely or ineourpletely speeified machine M rvith

=xanda set of states S and a partition x on S, we r*'ríte yO

y. = y, " * *(y. ,), for all j > 1.
J J-T J_A

1ì::::::r Theorem 5 .1 For an incompletely specified machine M, ¡,rith a set of
exists an integer K such that for all k > I( and for a1l

on S, min{yly = " and y has the r¡eak substítution property}=yU.

state S there
partitions x

Proof

states

since tj*r m(vr) * oj, Y5+r > Y3.

S is finite, there exists some lc such

Therefore, m(Vr.) < yk+l = yk and yk

property partÍtion. To show that yO is the
substitutlon property parLltion such that yr

Thus, we must show yr = tJ for any value of

Howerter, as the set of
ah"t yk*l = yt.

is a weak súbsLitr.rtion
minlmum, let yt be a r¿ealr

à x and y' > m(y' ).
j.
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The proof is by mathematical lnductlon on j. By definition
y' 2 * = y0, which establíshes t.he basis for the lnductlon.

Assume for some posítlve integral value n thaË yr = y' and

y' > m(y') > m(yn) .

Therefore, yr > m(yn) * y' and y' > yrr+1 . Thus, y' - tj for
any value of j arrd yr = yk. It can be shown that there exísts a K

such that y* ís the rninimum weak substitutíon property partitÍon
greater than or equal to x, for al1 x.

The fo11owíng corollary proves that Theorem 5.1 applíes to
completely specíffed machínes as expected.

Corotlary 5.1.1 For a completely specífíed machinê y, = irtf*>.-r 
F_o

Proof. The proof is by mathemaËical índuction. The basis is
.'l :

establishe<l by shoruing Ëhat y. = .Ð,*'(x), 
for j=.i.

r-=u

Yj =r(y*_r) +Yi_t

vr=m(YO)+ Y0

= rn(x) * x

1

= Ðrt (")
j-=0

Assume true for j = n. That ís
n

Y- : Ð*t(*).
i=0

It must be proven that for j = n+l
rr*1

Yn+l = Ð*t(").a=u

Yn+l =m(yrr)*yn

ln \ n
= *[f u,'(x) ) + I*'(")

\i=0 / t=O

= Ë"(x) + È*'c*,f=l f=0

i::, -r.,.'ii ,: r-. !:.; r:::.1,
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n+1
Yn+t = Ð *t{*)

]-=u

J,y. = J. m-(x)Jfü

::.1.':t-::.1.,:;::-:,..r
. t -:: :.:: :: i

j
The foll-owing corollary establishes that Ð*t(") cannot be used

i=0
to derive the weak substitution property partitíons for an incompletely

specified machine.

Corollary 5;1..2 For an

Thus

necessaríly equal to
J

Ð1=u

As y0

is notincompletely specifíed machine y.
J

i.m (x).

tj-, o m(Yj-1)

and rn(y') = {72; g; +; 5} tt..t

Índuction in Corollary 5.1.1, does noË apply to incompletely spe

machines. In the proof of the conclusion of Corollary 5.1.1, th
ii, = \ n*i

rule ís used; *( f *tf"l) = E ma(x). This is true, since for
\i=0 / í=L

cornplete1y specifÍed machine m(rr*x-) = m(x-) + m(xr). fie¡nrsr.rs¡,

Íncornpletely specified machine, m(x--lx^) > rn(xr) + m(xr).
n+l , i t, ¿ :

Thus, yn+1 2 Ð *t(") and y. = Ðrt(").i-=0 J i=0

Proof This corollary is proved by observing that the proof by mathematícal

cified
e fo11owíng

a

for an

Example 5.3 Theorem 5.1 wj-ll be used to find the weak substitution
property partitions of a machine. Consider x = {1J; T; +; l} of
machíne A, in Example -5.1.

:.: irl
t.. I

::l

tj=

=x={tJ;T;+;s}
yl = {1,2J; a;5}

m(vr) = {fJJ; 5; +} and y, = ttJ},s; tr}

rn(vz) = {rJ,gJ; a} and Y, = {rJJJ; +}

Slnce yZ = y3, yZ = {f ,Z;¡; +} i" the smallesÈ weak substitutlon
property partítion greater than x.

I
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Note that ln Exarnple 5.1

L2
I*t(") = Ð*t(x) = {r,z3; tt;l}.
i=0 l=0

2

Thus, y, 2 Ð*t(*), âs predicted by Coroll ary 5;I.2.
'Fo

In order Éo derive the weak subsËitution property lattice the
least upper bounds and the greatest lower bounds for the partítions must

be obËained. Lemma 5.1 follows from Ëhe r¿ork of Hartmanis a.nd Stearns.

Lemma 5.1 If r- and n, are r¿eak substitution property partitíons onr_J
the set of states of an incompletely specified machine M, then the

partítion r".T, is also a weak substitution property partítion.-r-J
It can be shown by a counter-exanple, that for n- and n. weakrJ

substiËution property partitions, T. * n. is not necessarily a weak-r_J
subsLitution properËy partítion.

n-----r ^ ç l.

1

2

J

4

5

6

io it az tg

2 3 4

3 5

4 6 J

5 3 I
6

4 2

B

nl = {1; 2,4' 3,5' 6} an¿ n, = {Ï; z,ø;5; ã; 5}
l . r,.:are rveak.substítution property partitions on B. 
i,:jt::

Hor,rever, nI * n, = {t; 2,416'¡J} i" not a weak substítution
property partitlon. Thus, all the weak substítutíon property parLítions

l,cannoÈ be found by slmple partition addition 
i

l,l,: 
i. 

- ,

lr.,r:.:;

l.
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llarlmanj-s and Ste¿rrns shor¿ that tlie løealc partition paírs fo:: a

machine fo::m a. latt:i-ce \.riLh f:he iror-incis gíven by

gfb ((r,n'),('¡,r')) = (r"t,itr'rr) and

1ub ((n;n'), (r,r')) = (r-{-r,n*t*in(n*t)) 
"

For paír algebras ttre S.P. parlíÈions, rvhích are a subse{- oÍ the

partitiorr pairs, form a sublattíce of the lattice of partitíon pairs.

Our definition of rveak subsî:itution property partítions ensures that

they zrre a subset of the r"realt partitíon pair:s. Thus, it rnight b"'.

expected tlìat the rvealr subslítution pr:operty partitions form a sublatLíce

of the vreak partition paírs" UnforLr-rnatel1', this ís noÈ the case" A

counLer-exanple is given using the partitiorrs n, and t, of Example 5.1+.

Example 5.5 (Trrfr") and (rr.rrn.r) are r,¡ealc partition pairs.
.t_LLL

lub ( (n, , n1) , Or r"'r'r)) = (n1+t2 , nr*nr*m (nr+nr) )

= (T; Z"+lt; 3J],{TJ:4,6; 3J})

is a weak partítion paÍr. Hornrever, neíther {1 , 2,4"6; 3J}) nor

tl,.Z. r+.0: S,S¡ is a rveak subsl-itutíon property partítion.

Consequently, in order to form a lattíce for the weak subsl-iËutíon

properËy partitions a new least upper bound must be deríved

NoË-aËion Fcr any partítion 'r, let
Y(t) = y¡r such that yU = yk+l, where Yg = T and

Y, = Y3-1 + t(Yj-r) for j > 0.

Lémrna 5.2 follows directly from Theorem 5.1.

Lemma 5.2 If r. and n. are weak substitution property partíLíons on the

set of states of an íncompletely specified machine M, then Èhe partition
Y(n-*n.) ís also a weak substitution property partítion.

rJ

Thus the weak substitution property parËiËions for an íncompletely

specified machlne form a lattice with the bounds given by

glb(n' n2) = nr'n, and

lub(n'n2) = Y(nr+nr).

'.::.. ;::i:.,.,r. ..ì

ir¡r: :.:,.!,
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The use of Leinma 5.2 to derirze weak substituti-on properLy

partit.í-or-..s j-s denonstrateð beloiu"

Examlle 5 " 6

I
2

3

4

5

6

to tl '2
1

4 tr

a) 5 6

2 5 tJ

1 6 2

6

C

nl = {tJ;5; q;5; o} and r, = {1J; 1; +;5; o} are v¡eak

subsLitution property partitíons. Derí.vin.g lhe least upper bouncl of
n, anci rir, 1ub (n,rr) = Y(nr*rir).

y0 = lTl-l-r, and m(yO) = m(fr)
= m({1,2 J; + ; 5; o })

= {L12,3i 4,5,6}

Y1 =Y0+ru(YO)

= {tJ,t;4J,6i and m(yr) = {rJJ; +"s,al
- Thus, yZ = yt + r(yt) = {t,2,3i 4,5,6}

Since yZ = lL, lub (r,nr) = Y(nrfnr) = tLJ.,3; +,5,0¡

The remaÍníng weak substítution property partitions can be found

using Theorem 5.1 and Lemma 5.2..

Once the r^'eak substitutíon property partitions have been generaLed,

economícal decompositions can be derived using the methods of Chapters

3 and 4.

5.3 Extended*substitution Property

Follorving Hartmanis' and Stearnt s defínition of extended partition
pairs for incompletely specified machines, we gíve a definition for an

extended substitution property partítion. First an extended sequentíal

machine ís defíned.
i',,:'t:i'
'. :..

:
.:
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Defínítlon 5.2 For an incompi-etely specifíed machine

{¡ - (S,IP,OP,6,À), art extended machine is the machine

¡1t = (SuC,lPrOPuDrô,À), with each don't c4re state condítíon desígnated
by a distinct element from the set. C and each dontt-care output
condít.ion desi-gnated by a distinct element from the set D.

".',.-:,i
i.l.Jt-t-:r

i:-jl: :: .:i

:-:l:: . l.: :i

Defínition 5.3 For an extended machine Mr, a partition ?r on SUC is an

extended substitution property partition if and only íf for all s,t € S,

s = t(n) ímplies 6(s,i) = ô(t,í)(n) for all i e IP.

Exanple 5.6 An extended machíne Et ís derived for the incompletely

specified machine E

íoítízísz
1

2

J

4

E

Let Et (suc,lP,oPuÐrð,À), where c = i "r,.2,,3,,4,cri and Ð = {<ir}

ío ít iz ig. z

1.

2

3

4

1 t1 J 2 1

3 3 4
"2

0

2
"3

cL
q

2 dt

"5
4 1 3 0

EI

An extended substitution property partition for Er is

nl_ = {1; z,z*r,cr; 4,"ht tt "rt

The weak substitutíon pronerty partitions can be derived

from the extended substitutlon proPerty partitíons'

DefinLtl_on 5_.4 e t.ag"ug_pettiË-g!-, rt , is an exteuded substitution

pïopeïty partlËion r, from which al1 elements of c have been deleted.

I J 2 1

3 3 4 0

2 2

4 1 3 0
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Lemma 5.3 A reduced partitíon rr on the exf-ended machíne IÍr, ís a

wealc substíËutíon property partition on the frrcompletely specified
machíne.

Proof The proof ís obvj.ous from the definition of weak substítution
property partitions and reduced partítions.

Thus, by fíndirrg al-L the extended substitutíon property
part:l-tions, Lre can also find all of the v¡eak substitution property
partitions.

It can be pïo\¡en that the gïeatest lower bound of two extended

substíÈution property partíËions is obtained by partition multiplícation.
The least upper bound, however, cannot be found by partition addition,
as demonstrated below.

Exanple 5.7

1

2

3

4

5

6

7

io it iz t:

t1 3 5 2

q

2
t3 c.

4

6 6 t5 7

"6 "7
2 tB

t9 6 l_ 4

J i "ro 2 3

7 4
"11

7

l.1 
t

n, = {r,zR; s*r; 5,"1,"3; +; o; î; i; Zt it Çr "nt ;;; .tt}
and '

'..-.: ,.. .

n, = {ry',"r,1.; 2Jfg,"9; s,"r; o*r; 1; "r4; Ç; Ç; Çt i1,,.,.

are extended substitution property partitions for ìIt.
llor,rever, nl * ", = {flr+,S,"r,"r,"Ofnr"r5l T;1,.2*;1; i; "rt Çl
1s not an extended substit.ution property partitíon, since

i^
{3,6} -'1. {¡,2}
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In order to find the least uppel: bound of tt+o ezterrdecl. substiiutíorr

property partitions, r.¡e r,¡ould irave to derive Y(rr, + rr). Thuc; the use

of extenCed subsEítution pi:operty par:titions does not p::ovíde any acir¡a.nte-ge

over tdeak substitution pïopertlz partitj-ons, The a<idítional ef fori requi-red

to manípulate the elements <;f C inake it easier to use r^¡eak sultst:;-tut:i-o1'r

property partítions.

5 .4 Partial Serial Dec.ornposit:ri-ons

A machine decomposítion develcped by Hartmanis lZ7 I as a special

form of the serial decomilsítionis examined iri this secÈion. l{artma-nj-s

used the decomposition to reduce the state varial,.le dependence for

certain types of se::ial decompositions" That is, for- some serial de-

composítions not all the information avaílairle in the fronL machine is

needed to reaLíze the te"i-l machine. For cases ruhere this ís possible,

the tail machíne ís simpler to construct because of the reduced state

varíable dependence. Hartmanist Corollary L 127 I r'ihich establishes

necessary and sufficient condítions for this decomposition ís stated as

Theorem 5.2.

Theorem 5.2 (Hartrnanís) If n is a parËition rvith S.P. for the sequential

machine M, then r,ie can use ri to reali.ze YI from two concurrently operatíng

sequential machines connected in seríes, M, and Mr, such Lhat (1) Ml

computes the block of n which conËains the state of M, and (2) M, has

q states and receíves at most d different outputs from Mr, íf and only

íf there exist two partitions 'r, and 12 on the set of states of M

such thaÉ

t1 t t'
't'"'tt = 0

e(tr) I d,

e(rr) I q,

and (tr.r2,TZ) is a partition paír for M.

In order Ëo facilitaËe díscussion of this decompositíon, we refer

to it as a parLíal seríal decomposition. À parËial- seríal decomposition

for a machíne M is ÍllusËrated in Fígure 5.1.
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Partía1 serial decomposition

Fígure 5.1

Our interest in the partial seríal decomposition is not in
reducing variable dependence for a serial decomposition, but ín using

the decomposítion for realizing íncompletely specifíed machines. It
hras proven, in the previous two sections, that the sum of weak (extended)

substitution properËy partítions is not necessarily a weak (extended)

substiLutíon property partítion. Thus, a factor:ed real|zatíon of two

weak (extended) substítuËion property partitions is not always possible
and the partitions may have to be realízed as sepaïate machines. The

partial seríal decomposítion, however, enables a more economical

realization of two weak (extended) substítution propert), partitions.
Using Èhe parËial serial decomposition, a coilrnon partitíon, 11, for the

weak (extencieC) substituÊion property partitions can be reaLLzed in just
one of the nachines, M' and thís sÈate ínformaËion made avaílable to the

other machine r t2l Essentía11y, a cofimon machine is factored from just
one of the machines corresponding Ëo the weak (extended) substitution
property partitions, J-nstead of from both.

The follolíng lermna proves that two S.P. partitions, whose sum is
not I, can be realized as a partÍal serial decomposition. The theory and

examples presented, which are for completely specified machines, apply

equally to incompletely specífíed machines.

Lemma 5.4 For a machine M

of M if there are tr^¡o S.P.

n*nr=rr2+I, n.nr=0,

Proof The lenma is proved

there exísËs a

partítions n and

n2'n' and n, >

by showíng that
witl-r n, satf sfy

partíal serial decomposition

T1 on l{ such that
tr'

it is possible t.o construct
the sufficiency conditionspartiËions r,

of The.orern 5.

and 'r' whích

. - r:: .r:_jr ': :":.-:;t¡
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T'I¿+

Let Tl = ,rZ. Therefore, 11 t n.

Slnce ,L = nZ t nl, there exlsts a partitíon '82 such that
,I.t 2 = nl.

n.n, = 0

n.tl.r2 = o

As t, > n, n"al"r.= n " T2

r'r, = o

(nr,nr) is a partitíon paír since n, is an S.P. partitíon
. fè(n'rr) is also a parLítion pair (t, > nr). 

., r
Thus, (rr.r,rr) Ís a partitíon pair. 

,.,,,¡,

The conditions e(tr) < d and e(tr) < q can be satísfied by i..,
defínítion. ,::,.:

In the followíng example, a partial seríal decompositíon is 
l

obËained for machine M. I

;

Example 5.8

1

2

3

4

5

6

7

B

io it íz íz t4

2 1 3 l+ 5

1 2 6 7 B

3 6 5 B 7

4 7 5 1 6

B 5 6 6 1

6 J B 5 4

7 4 B 2 3

5 oo J J 2

M

n = {1,2; Z,O: +,1; 5,8} and n, = {f,S; 2,5t 3r4;6,7} are S.p.

partÍtions on M. Sínce n f n, { f ana n.rl= O, Lemma 5.4 can be used

to construct a parÈial seríal deeomposition for M.

The head machiner If, of FÍgure 5.1, is constructed using S.P.

partltLon îï. Define rl = n * nl = {f ¿¡¡; S,+S;ll = {{;Ç}
and'ro = {fJJ.6;4J,7,8} = {\; bl} suctr that tr.rb = 1ï.
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i "ro, ,, "tbz i uro,
,I---]------_l--:
"zbti *zbt I u:rbz

1l-5

(L,.2) tr-bl

(5 ,8) u'b 
2

(3,6) o?-b 
L

(4 "7) o2b 
2

to i..
J

I

.I

-4

I
I

-_ T--trbr ì u2bt"rbl u'zb 
2

uzb j

zlIrl
b

L
U

u:_b 
2

MachÍne Flr,

where ,L"tz = nl"
As proven ín Lemrna

to1

of Figure 5 " 1, is
Lel-'r. = {1J/Ñ'z
5.4, (rr"r,rr,) ís

.utot

realízed using the partÍ-tion 12,

1,s"6Jj = t1; Ç1.
a partition pair:.

(1 ,3 ,4 ,8)
(2,5 

"6,7)
"l
"2

t).:,t..l-

I : r. ir:ì
i::iJrrÏ11¡

Connecting Mf t"1 *, .1
to tl

rrz
in Figrrre 5 .1 produces

tz í: ta
the machine l',lr .

"lbr"l
^rbL"2

^2bL" L

u2b2"L

arb'rc,

^2bL"z

^2b2"2

"rb2"L

^LbL"z
*rb1t 

1
uzbL"L

^2bz"r ^Lb2t2

"rbr"1 ^LbL"z
u2bL"2

^2b2"2 ^rbzt:-
u2br"r

^zbL"z ^rb2t2 ^Lb2"L
u2b 

2" 2

'2b2"L
uzlz"z

^Lb2"z "1b 1"1 ^2brt2

'!bz"L 'Tb2"2 ^2bL"z ^2bL"2
tlb1"1

,2bL"2
^2bL"I ^Lbz"L ^Lb2tz ^2bz"r

'2b2"2 ^2b2"r ^Lb2"L ^LbL"z ^2bL"I

'Lb2"2 "1b2"1 ^zbL"L "2b1"1 'LbL"2

Mt

Renaming the states of Mt such Ëhat 
"1b1"1

uzbL"L = 3, ,^L!2"L= 8, gíves M.

t1i0 "lil "Li2 ^rL3 uLí4 
^2ir) ^ziL ^ziz uzL3 "zih

"2 "1
t1

"1 "z
t1

"2
t2 c1

"z

"1 "2 "2 "2 "1 "z
t1 "l "z

c,1

1, arbrc, = 2,
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Parl-ial Se-ríaI Decomposition Evaluation

For a state rnachine with three noritrivial S.B. partitions,
llírTlj, and nU, such that ti.nj = 0 and nr*tj = nk, there are four
possÍble ways to decompose the mac.hine. This is demonstrated in
Figure 5.2.

(i) (ii)

IP

IPIP

(iii)

Possíble decompositions for rr- and

(iv)

fi,
J

Figure 5.2

For decompositions (ií) and (iii), the coûüron submachine has been

facËored out of one of the partitions and computed by the other. This

reduction ín variable dependency for one of the partitj-ons should make

decompositions (ii) and (iii) moïe economical than decornposition (iv).

Horveve::, since the common submachine has not been factored out of both

parËítíons, decomposition (Í) should be more economical than both

(1i) ancl (íii) .

Evaluatlon of the above decomposÍtions using the ROM size

formula, presented in Section 4.4, verifies t.he above asstrmpLions. First'

some noÈatlon is necessary.
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Notatlon
(1) The ROM size of the parallel clecomposil-ion. {n, ,n ' } v¡i-l1 be7-' J

(2)

denoted bv R-."-L
R- denotes the ROl'fI.

1_

with n. as the head
1

wiËh n. as the head
J

The ROI'Í size of Ëhe(3)

LEMMA 5.5

n.*n. = T[,.a I K-

Proof From

and

size of i:he partial serial decomposition

machine, whíle Rr. denotes the ROIí size

machíne. l

decomposition {ri,rj,nu} ís denoted Rr.

j , "td nr. where

R2.

Iror Ëhe S.P. partitíons fi.,IT

Rl t R1. t R2 and R' t R1.
r_J

Lemma.4.1 we know that

R, = e(nU).2

The ROl"f size of Rr.
l-

R2.

R2.

*r_ = ,*(tP)+e(rio) þr"r.l 
.ru('ol"r)* 

"{nu)
u(rP)+e(n,)'r .(t¡ltrr 

r_+ 2 " 
L.,nolnr).2

. r"(nr.lnr)l-J

. (n¡ I , ,, 
.jc"ul.: I

N(rp)+e(ni¿) 
+ 2N(rp)+e,'u, [.(nuInr),2
e(r,.ln.)l L

*e(rul"j) 2 "' j

ís calculated as follows

e (no l nr)

e(nnln,)N (rP)+e (r. )
. *t.=e(n.).2 '+.(

l_

N (rP)+e (
=[e(nU)+e(nolrr) 1.2

N(IP)+e(nu)+e(nUl"
Thus , Rl .:u 

(nr.) " 2 t!

ta
* e(nnlr',)'z

N(IP) +e (rr

Rl -
and

Rr-. = e(nr.)'2
a

Rf -- RZ = e(riU)*t

Therefore, Rl , Or, t

Siml-larly, Rl t *r,

) . zN 

(rP)*e(no)re (no I r, )

N(IP)+e(nU) +

"ulnr)'2

ltr)*"(r. ln.- k' l

IP)+e(nu) [ ,le(
L

;,
J

nuln.)'2

no)+e (nu

.) N(
' +z
(nr.ln, )l

l
o)+e 

(nn 
I

tl

e (,ru I nr)

.rN(IP)+e,"n, 
[,

e(nkl'. r_ 
,]
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Corol.l-ary 5 .5 . I lror the two partlal serial decomposltÍons f or ttre

set {îr. ,nr}, where nr*rj = nn * I, th"r R1_. = *r. tf and only if
e(n,.lnr);e(nklni). - L 'l

Example 5.9 Calculate the ROM costs for the four decompositions of
n, and r, of machine M, in Example 5.8.

Let nU=n' ni=rl, and ,j=n..

*, 
= 

?)'u'i1": ''23+2
-, : å;r;11". 

t.23+1+1 + r.23+1+1

Rl . = 2'23*2 + 1'23+1+1
a 

= 96 bíts
Thus, Rl t Rl. t R2

l_

*t - Ot. = 32 bíËs
l_

CalculaLing Rl - *r' usíng Lemma 5.5 gíves

N(rp)*e (nr)+e (n, I nr)
*r - Rr ?rr).2

a ?+r +1
= L'2- '-'-

' = 32 bits
Since.(n¡lni) = "(t¡ltj), *r, = *1, and neither partial seríal

decornposiËion ís more economicãl tha* the Jtn"r.

Application to Incompletely Specified Machines

Partial serial decompositíons aïe not as economical as type (i)
decompositions rn'hen applied to completely speeified machines or íncompletely

specified machines, where nirnj, and n.*n, = rrO are rvealc substítution
property partitÍ-ons. However, for incompletely specífíed machines where

IT,_ = T- * T. Ís not a weak substitution property partition, it is noËl(r-J
possible to compute fik separately. Consequently, the partial serial
decompositíon is Ëhe most, economical decompositÍon that can be used Ín
this case.

The partial serial decomposití.on for incompletely specifíed machines

Ís 'calculated Ehe same \¡ray as for completely speciffed machines. However,

the machlne realfzed is greatly influenced by which 1s chosen to be

the head machÍne. Thls is dernonstrated by the followfng exampl-e.
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Example 5. l0

(1) 
"1b1

(4) 
^rb z

(2) ,zb 
L

(3 ,5) arb,

io t, íz 1g

2 3 4

J 5 4 2

û 2 3

5 J I
2

1

2

3

4

5

.M

For M, n = {1; 1; g,5; 4} an¿ n, = {t¡; Z;; S} are v¡eak

subst.ítutíon property partitions on M. However )

r, = îr*T,, = {LJr' 2.3,5} is not a weak substitutíon property partitíon.l_t
Sínce, T"frl = O, machine M can be -reaLízeð. as a partíal sería1
decomposition using n and nr. A decomposition ís constructed using
n as the head machine, Mr.

, Let r, = {r,4;2,3,5} = i1;Çi anci to-= {i,z: S¡¡l = {t1;Ç}.

to t' iz t¡

^2bI ^2b2 ^Lb2

^2b z ^2b z "1b1

'2b 2 ^2b2 ^Lb2 ^2br

^Lb 2 "2b:' ^zbz
Mt

The tail machine M, is reaLízed using the partition
"c, = {t3A3 2,5} = iÇr Ç}, rrr.r. .1.12 = nI

(1 ,3 ,4) "1
(2,5) 

"z

i-0t1 iltl i2"1 i3"1 i0^2 iLuz i2"2 i3^2

"z "l "1 "1 "2 "1

"1 "2 "1
t2

Mz
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Conneciing l,i, and YL, as a partial ser::l-ai de-conpositíon produces

the incompletely specí-fÍ-ec1- na-ch-;-ne I'lt

a-b, c,1l, l
u2b 

1."2

u?-b2tr

tlb2"r

^2b2"2

iíii
-^ -r -a '-1

UIL.)

zbfz a^o^ c-/- /_ .t. ^rb 2tr

^2b 2"L ^zb z" z
uLb2"L u2br"2

tLb 2"r uzb 
r"?- uzb 

?,"L

^2b 2"2 uzb 
2"7 ulb1t1

'r1'z"I ^2bLt2 u2bztL -* c2

'Mt

to tl- '2 t3

2 J t+

J 5 4 2

4 2 J

5 3 1

4 2 J {2 "s)

Renaming the states of Mf such that 
"1b1.1 = L, arbr"2 = 2, and

so forth, gives the machine I{"

I
2

3

4

5

M
a

An obvious dífference beLween M and $" ís that next-states
6(5,i0), ô(5,í2), and ô(5,í3) for M" are not unspecifíed. ô(5,i0)
and ô(5,i2) are specifíed by a single staËe, whi-le 6(5,í3) is
specifíed by a subset of states. Another difference is that
n, = {1r4; Z,S;5} is not a weak substiËution property partítion
forM.

a

These differences are related as will be demonstrated.

Tn reaLizíng n, implicit assumptions are made about the unspecified
next-states of M. For n to be a weak substitutíon property
partiLion on M, 6(5,i0) must be 4 as 3 = 5(n) and ô(3,i0) = 4.

Simílarly, the next-states for (5,i2) and (5,ír) are deÈermined by n"

Thus, a weak subsEítution property partil-ion on an incompletely
specified machine implicitly specifies the unspecified nexË states.

a.-_

i,r,',r,,.'-,+
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Ilorvever, specifytng ô(5,íO) = 4, prevents rl frorn being a weak

substitutlon property partition on M", sínce 2 = s(nr) and

ô(2,i0) = 3 + 4 = ô(5,i0)(rr).

Thís conflict beti¿een the inplícÍt next-state assumprions

requÍred by n and n, also explaíns why n*n, is not a weak substitution
property partition" For n to be a treak substitution property partition,

rT1 cannot be a weak substítutíon property partition' Similarly, the

converse ho1ds. Since n and n, cannot be r¿eak substitution property

partítíons at the same time, ít follovrs that their sum cannot be a

weak substitutíon property parËition'

I^le may regard the "dontt-care" condÍtions of M as specífying Ëhat

M may enter any of Ëhe states of S = {1 ,2r3r4r5-}.

to t1 Lz t3

I
2

3

4

5

2 3 {1.2"3.4.s} 4

3 5 2

4 2 3 {L.2 .3 ,4 ,5 }

J
Fì

L.LlJ
1

{r.2 "3.4 .s } 2 {r.2,3,4,5} {L.2.3.4.si

M

Thus machine M- realizes a subset of the possible realizations
a

for If. The realízation of a. subset instead of the complete seË is not

unique to partíal serial decompositions. Choosíng aly rveak'substitution
property partitíon on M implícitly specífies the I'don'È-care". Thís in
turn only permits a subset of machines to be realized.

Thus far in Èhís chapÈer r,re have been examiníng the applícation
of S.P. theory to íncompletely specified machines. fn the following
section S.P. theory Ís extended to asynchronous machínes and the

economical decornpositíon of multiple nachines "

:-i:ìl
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5.5 SynEhesís of Multlple Sequential M¿rchínes

Background

Kohavi. and Smith 144f,[62] and Kohavi [43] introduce the concept

of composlte machínes ín order to synthesize multíple machines. fileír
def initÍon of comnosite machínes is only f or tr¡o machines, altllough
íp ís easí1y extend',d for n machines

Definítíon 5.5 For two machínes M, and M, with initial states 
"1 "rO rl,

respeictively, the composite machine, MrM, is that machíne having initial
sËates'r'.*a.tt"ryareímp1iedinachainíasiríon11
bt 

"1t1 and the. inputs.

Notation A stat.e, ï*s=, on the composiËe machine is called a- r- J-
coutposíte st_ate. The partition 'rri, on the composíte machine, fornred by

placing composite states in the same block of n. , íf and only if theÍr
substates belonging to M. are equa1, ís called the stals:Segxiglgn!
partition wíth respect to M.. Note that the state-consistent partition
with respect to M. is equivalent to M..

Example 5.11

We deríve the composite machine for machines M, and M' vrith initial
states r, and s1, respectively.

io íi oPt

t1 t2 0

t?- Tn
J

I
râ

J
t4 I

t4 t1 0

t1
t2
r4

J

,4

"1
t2

"3

"4

io it oPz

s
Ĵ "2

0

s.
4

s
Ĵ

0

"1 "4
0

"2 "l
1

oft Mz

The inÍtíal states r, and sl are combined. Under input iO,

rrs, ímplíes that rrs, should also be combined. Conti-rruing in thís
manner Lhe composíte machíne is produced.

l:i:i'::::.:
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IH:tir_ s-
I .1.

I. S't
.LJ

t 2"z

r^s.'¿4

f.S.
JJ

r^ s.
JI

ll ,s,44

, 
rr?z

i ",,.=,. i 'r",, it;-l-;i
-,.:. l
.ì::

T,¡s t,

t2=z
.lI

JL
r. s,

¿,,. 4

r^s^
JJ

re

r,s^ tr" 
1

t4"4 t1" 
3

M-M^LZ

For the composite machine Il,11,, l:he state-consist-en-L partiLions
I¿

r+ith. respect to M, and M, are

,tZt4i t3u1't3"3i lr'rs Tr os ol

-t rt o,t ou o] "
and n, = {rrsllr3rl3 t2t2"t4tzi r1o3,r3u3i

respectively.

For a

na t rlrn?.,
of macïLine M

refe::red to
M reaLizes

c

composite mactrine MlÌ12 íf a partítion Tc exists such tbat

then M, and M, can be realízed b)' a cascade decomposítíon

" 
and successor machines Mi ancl I1i. Ì4achine M" Ís

as a conmon factor machine for M, and Mr. In Fígu::e 5.3,
parËicÍon n. and Ml realizes ?rq, k = L,2.

ott

IP
,!):::l

Tr,ro machínes with a cofltmon factor machine

FÍ.gure 5. 3
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Definíl-ion 5.6 A coinnron facLor machíne r,-'i,¡-l- be saíd to be a

maximuq_qgmmo:L¡¿c.þjåg iuher: j-t, togettre:: r,¿ith the ti¿o sllccessor:

machjl-ries, is the 1-arge.st inachine capablle of generating the requíred

nunl¡e:: of states in l{-l.fr, sucir that Lhe ntrmber of íni.ernai state

varj-aì;les u¡-rcn r,rhrlch the outl;uts, OPL and OP' depend is a.oi inc,.:¿ased.

Kohar¡i and Sm:lth siror¡ that the inaxímrin nunbez of staie
variables, i'c rnax, in a ¡na>rinum common machiire is gi.ren by-c

lc rnax = lc- * ic^ - 1,"1 *2 'l11ll2'

r,rher:e k" and k^ are tl"re number of sta'Les ín M, and i4.r_, respectir.rsiyt
t¿

and lq,,,. ís the number of states i.n the coiüposj-te ärachíne.
J)l111_2

For: some machínes, the maxiurum comlnorì machine can be obtaíned

by summing Lhe stale-consistent partitioirs.

Sumruirrg the state-consistent partítions of Exarnple 5.J,2

r"=nInrz
: f.- o= tr1slrtl"3rt3 "3,t3"1-i

Èhe couposíte ruachine l{rMr, \1
+kr-lhrlr

- 12
andk =kmax.cc
define the successor machines

n"_ = {t1*1,r1"3,r2s2,T2s4i t3"1,t3"3 r,4tZ,th=4} and
"1

T = tt-"-.
"2 r rr3s1'tzt2"'4"2i t1"3'r3s3'tzs|'roso\' sínce t""n", = tl

and n "n = r^, the oul-puts 0P, end OP, can be xeaLízed from n"rt"-, 
"tdc t2 z' ^ I ¿ . = "l

fi wíthout increasíng the number of internal varíables that they are
"2 

oa an" seme rime- the use of M ctor machinedependent upon. At the same tj-me, Ëhe use of M. ul a common far

does not ent,aíl more state variables than requíred for Ëhe composite

machine M'MZ.

Example 5 " 12

produces

For

lc max = k-cI
_1 I

I^Ie

t Z" Zrt Z" 4r" 4" 2rt t " h]

lt = 3. Thus,
L2
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I{ovever, fot mosL machines, the maxlmum coûrmon machjne cannot
always be obtalned by sirnply sunmíng the sf-ate*consistent partitions.
It may be necessary to sp1ít states of the composite machine in order
Lo obtaín the maxímum common machine. This is clemonsËrated in the
f ollowirig example.

Example 5.13

I
2

3

4

to tr

2 4

I J

I 4

2 J

Mt

b

c

The composíte machine i-s

to tl

1a

2a

,"
2b

1b

3b

4b

Mt"2

State-consistent partitions are rT1

and n, = {f a, Z"; lb Jb Jb /b t :c,+c I

T^ = Trl-T, = {1arlb,2ar2br3b,3cr4br4c}CI¿
=T

Obviously M" is noÈ a maxlmum common machÍne for: MrMr. Holever

a maximum coilrmon machine can be obtaÍnecl by splitting states of MrMr.

This ís accomplished by constructing an irnplication graph [41],
fdenÈifying composite states 1a and 2a.

: {la,1b; 2a,2b; 3b,3c; 4b rz¡"1

,-:1., l;:ì

to tI

2a 4c

Ia 3c

JC

1b 4c

1a 3b

2a 4b

1a 4b

2a 3b
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, lrr. r'. f:

'r?_6

._1 .-:¡-:, : r- . i

The new pârtitíon îr
irnplicitly splits state b on

lmplication graph for MrM,

Figure 5.4

= {ia,2a; Lb "2b; 3b ,4b ; 3c,4c }
Mr, Bivíng the equivalent machine 14;

a

b

bl

c

to ít
a c

a br

a br

b c

The new

partitions n,

Ml"2

contrnon machíne factor ís obtained by summing the
and nt'

ï = tt-*Trt : {larlb "2ar2b; 3c r 3b ,4b ,4c} .c-L
It can easily be seen that n" ís the maximum common machÍne

for M, and Mi. Thus with srate-splittíng ir is possÍble ro
economícally synthesize multíple machines.

Submachine Equivalence

I{e norv present a rnore formal treatmenl_ of the synthesís of
multÍple machlnes. The theory presented examÍnes tire structure of
composite machines as deËermined by Ëhe structure of the component

maehÍnes. The results obtained provÍde a theoreÈical justifÍcation of
the methods of I(ol-raví and SmÍth and permit a more general examinat,lon

of rnultípl-e machine synthesis.

3c rl¡ç

The generati-on of a conposite machlne, f::om macl'ri.nes M.,,
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and M2, associal-es states of Ml r¡lith states of Þ1r, and vice versa.

DefíniÈíon 5.7 For tv¡o machínes Mt = (Sl,IPl,OP1,ô1,ì1) and

M2 = (S2,fP2rOP2,62,^2) !üith start states a, and a2' ì:espectively,

the states xl € S, and *Z u SZ are saí.d to be

Mrlt, eCuivalent, *1 = xr(ttrttr) , íf and only if

(i) *l = "l 
and x, = a2, or

(íí) tL = "2 
(Ir1M2), ôr(tri) = xt, and

ô2(t2ri) = *2, for some i e IP.

(For convenience we r¿i1l noË defin. MzMl equivalence but ínstead

will use 
"tMZ 

equivalence to represent both. )

States from S, and S, rnaY be MrM, equivalent with more ttran just

one sLate of S, and S' resPectívelY.

Definítion 5.8 The equivalence set for sËate a onMr, ^M' 
a e S,

ís the set

uMZ = {blb e S, and a = b(}{1M2)i

The equivalence sets for Ëwo machines, M, and Mr' are related'

For simplicíty the following results will be developed for state machínes.

Theorem 5.3 For state machines M, = (S',IP,ô')

and M, = (S2,IP,ô2), if b e S, then

bMt={alae S, and be aMr}.

Proof DencLe {tl" e S, and b e aMr} Uy v.

(i) Letxe bI{,
Therefore, x € S, and x = b(l-î1M2).

Slnce b e S, ancl x = b(MrMr), b e xMr.

By defínitíon of Y" x e Y and bMrc Y.

(ii) Letxe Y.

Therefore, X € S, and b e xllr.

::1

Slnce b e xlf' then x = b(MfM2) and x e bMr.

Thus, y: bMl aud bM, = Y = {ala e S, and b e aMr}.
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In the followíng exanrple r¿e demonstrate 1-he cal-culation of

equivalence sets for two machinesr M, and Mr.

Example 5.14

t1

t2

t3

,4

io il

tl t2

,2 t3

t3 t4

T,
4

t1

Ío ir.

s^
J

t2

t4 SÔ
J

"1
t4

"z "1

"l

"2

"3

t4

Mt Mz

Since r, and s1 are the start states of M, and M' respectively,
rt = "l{Urltr). Also since 11 = "l{t'trt"tr), 

ô(r'i') = r, and ôr(sr,i') = s'
then r, = sr(MrMr). The MrM, equívalent states for M, and M, are (r'sr),
(rr,sr) , (t2,s2), Gr,so), (t3,s3), (r'sr) , (t4,so), and (to,"r)

The MrM, equivalent staÈes can also be deternined from the

composiËe machine.

t1"1

tl"3

'2= 2

tzt 
4

t3"3

t3"1

t4t4

'huz

io it

t1"3 t2" 
z

t1*1 t2" 
h

t2"A I. S.
J-)

t2"2 t3"l

t3"l '4"4
t3"3 t 4t2

t4t2 tr"r

'ht A
tr-"3

"t"z
Since states r, and t4 aye assocl-aLed with each other drrring the

formatlon of MrM, , tZ = ,4 (M1M2). Ttre other equívalent states can be

found Ín a siml-lar manner.
, t "...,

For state tl,rl = st (M1M2) and rL = "3(MlM2).
Thus,
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' : t..Úz = {sr,sr}. Símilarly, ,ZM2 = {s2r"4Ì, ,3MZ = {sr,sr}, and' :.:
t 

4M2 
= {sr,s O} 

.

Using Theorem 5.3, the equivalence sets on M. can be determined
1

frcm the equivalence sets on M.. That is, sínce s^ e r^M^ and2 Z 22

"z 
, t4M2, tzML = {t2,th}.

.:.:;;:.-1t, similarly' 
"rMr = {tt't3}' =3M1 = {rr'rr}' and soM, = {tz'th}'

,..:-l-:ì::':I

Blocks of states on M, are associated r,¡íth blocks of states on M,

by the equivalence sets for the machínes.

Definitíon 5.9 For state machínes M, = (S1rIP,61) and M, = (S2,IP,ô2),

a block of states, B, on S, induces an equivalence block, C, on S^

where C = u a M^.
aeB z

A partítion on Sr Broups the states of S, into equivalence blocks.
The set of equivalence blocks produced are not necessarily dísjoint.
I,Ie define a way of grouping the equivalence blocks, whích ís a

genexaLLzation of a parÈítion.

Defínitíon 5.10 A set of subsets of S, B. ís called a collectíon on S,

íf and only if uB . = S.

Defínition 5.11. The collectíon formed on S,, by partition '¡ on S",¿ - ^ r-
consísting of the equivalence blocks induced by 'r, is called the

equivalence collectíon, aa".

I^Ie must now est.ablish a basis for CetermÍ-ning the common component

machines of a composite machine.

Theorem 5.4 For the state machines M. = (S,,IP,ô") and M^ = (S.,IP,ô^),
-LI.I.Z¿'Z'

-::- .:-l rl.ji'.i'r if n ís an S.P. partiÈion on S", then the equivalence collect.ion rT^^ on S.: i:il:'!:r:i:ì,1':r:,1 gc ¿

also has S.P..

Progf. If for *1,*2. 52, *l = *2 (n""), then *l and x, are in Ehe same

bloclc of n as the result of one of the conditlons below:
ec

1_29



';:'.;..-)':l

'i.]:f: l

: i:i.rl

Ío

t1

tz

t3

t4

t1 t2

T.) r
Ĵ

t3 t4

,4 T'-1

"3
tz

"4
s1

J

"1
S,

4

"2 "1

"1
tz

"3
t4

Mt Mz

n = {tl ,t3 i t2,r.} is an S"P. partition on }lr. The equivalence

collection, frec, ínclu,.:ed by n on S, is nu" = {s-1; \n}, sínce

rlM2 = {"1,"3}, r3M2 = {"1,"3}, rrrí, = {sr,sO}, and rO}1, = {"2,"4}.

By inspection of Il2 it can easily be seen that n"" has S.P.

(1) *L,*2 e rl4r, where r e Sr(1.e., r = x1 (Mll'{2)

and r = xr(Mrlar).
(fi¡ *L u t3*, and x, , ,tMZ and r. = rU(n).

Assume condition (i).
Therefore, 6r(r,i) = ôr(x" ,í) (MlM2) and

ðr(r,i) = 6r(xr,i)(M1M2.), i e IP.

Thus, ôr(xr,i) and ô, (xr,í) e 6r(r ,í)Mz and 6r(xr,i) = 6r(x, i) (n""r.
Assume condition (ii)

6r(rj,í) = 6z(*t,i)(M1M2) and

ôr(rO,i) = 6r(x, i) (M1M2), í e Ip.
Therefore, ôr(xr,i) e ôr(rr,í) and 6, (xr,í) e 6r(rU,i).
Sínce ôr(r.,i) = ô, (ro,i) (n), ô1(rj ,í)M2 and ôr(rU,í) tf, c Cu,

where Cn is a bloek of r"".
Thus, 6r(x'i) = ôr(xr,í)(r.") and nu" has S.P.

Theorem 5.4 ís used to construct the conrnon component machines for the

composite ma-chj"ne of

Er-e¡¡¡p_l""_ s .!l
io it it

130
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It can al.so be shown that there exfsts a state isomoi:phísln from
an s.P. partítl-on on I'1., to the equívalence collectíon on l"fr. The

isomorphÍsm is defÍned by the equivalence sets.

Theorem 5.5 For state machines M, = (S1,IP,ð1) and M, = (SZ,Ip,ô2),
M, and the equivalence partitíon n"" or lf2

are equivalent. That ís, there exj-sts a state isomorphism from state
machine Tr to state machine n"..

Proof Define functíon f:B+C, where B is a block of n and C is a

block of n to be.the mapping formed by the equivalence blocksec

of n on Sr. (f ís a 1-l napping by definiËion.)
It must be shovm that

62(f(Bí),x) = f(61(Bi,x)), x e IP.
ôr(f(Br),x) = ôr(C.,x)

the S.P. partition n on

= ô, ({c lc e S'be B.-

= {d ldes'be ts . and

t(ôr (8.,x)) = f ({61(b,x) luee. })
' î ti' ^= tolÕ.€>2s D€rJ. ano

Thus the equivalence blocks for an

an equivalent machine on Mr.

Example 5. 16

to t1

and b = c(If.,.l'fr)Ì,x)
ô, (b,x) = d (l'Irì'fr) ).

ô tr \ -01(t)rx., = o

S.P. part

\r'.r11'r2,, J

ition on M, índuce

io tt

d

b

c

d

e

*2

and M, ís

1

2

3

4

a b

c d

a b

e d

å d

The composite machine for M,



io 1t

La 2b

3c 4d

La 2b

3e 4d

1a 2d

3e 4d

.i).¡,., i'1.i..': il

'i: -.l i :

.r:. :a I 11ì:l

L37-

1a

2b

3c

4d

3e

2ð

Mt'z

Equívalence sets for the states of I'f, on M, are

Ll[, = {a}, 2142 = {b,d}, 3Mz = {c,e}, and 4yI, = {d},
n, = {f ,3; TJ+"} ís an S.P. parririon on Mr.

The equivalence sets defíne function f to be

f :{1,3} -+ {a,c,ei
fz{2,4} -+- {¡,¿i.

Thus, r., = {a,",e; U ¡1. The state machines for n, ancl r- canre. t lu"

be seen to be equívalent.

{arcre}

{b,d}
nl tt1

eC

The equivalent partition on the cornposíte machíne is
n = {fa,:c,¡et 2bJdJ*d}.c'

Since k"max = kf*LZ-k01",

=2+3-3
= 2 and k" = 1r'n" is rrot the maximunr common

nachine. I-lorveve::, the state to split in orcìer to find the maximunr

comnìon machine can be determined by examÍning equivalence coll.ecti<¡ns.

The equivalerrce collectíon on II, for the íclentìty partitíon
11 = {T; z;5; 4} i" r., = {ã; ¡¡; ",ä; ã}.t"c

State d. occurs lwice, in separate blocks, in I, Thus by
ec

{1,3}
{z,q}

io ít

{1,3} I {2,4)
tr.3] I {2.4}

to tr

{arcre} {b,d}
Ia,c,e] {b,d}
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splltting state d to produce }fl, there will exist a parLitlon on ll|
equivalent to the identíty partítíon of M.,.

....,..t

a

b

c

d

"dt
e

nernt COmPosite

to

La

2b

3c

4ð'
?a

2d

io it

a b

c dt

a b

e dt

e 1lo

a d

The

MI
z

machine

it

l-s

The equivalence

rr =- {r; 7; 5; ã} ís r,
equivalent partition on

nt = {la; Zb,ntc'
k"*ax=kr+k!

=2*3-
=2andkt

Mrl'{i

collection on

= {ã; u,a;
ec
ì.frl'rå is

s",s.;4ã'Ì.
- Ìf" I'f:

L¿

3

-1

Mj for the identiry parriríon
c,e; ã¡i and the

Thus. nr is a maximun common machine for if-lfl.' c I¿

' 'In this case we did not have to construct an implication graph

for the composíte machine MrM, ín order to determine which states to spliL.
Insìead an examÍnation of tire structure of the composite machlne, as

deËermined by the component machines, indicated rvhich sLate to spl1t.

1a 2b

3c 4d'

1a 2b

3e l+dt

1-, 2ð

3e 4dl
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5.6 S.P. Partítion Propertles on Asynchronous Machines

Tracey [67] has establíshed conditions, which, if met, ensure a

critical-race free assígnment f.or asynchronous machínes. In this
sectÍon l{e present lheory relaLíng S.P. partition properties to Traceyrs

conditions. FirsL, however, asynchronous sequential machine theory ís
introduced and Traceyrs condítions surmnaxized.

Background
\

The state transitíons whích occur ín an asynchronous machine

are noË controlleC by a clock pulse, as ín a synchronous machine.

Instead, transitio4s occur whenever one of the input variables changes.

For an as¡mchronous machine to detect a change, the input variables
must be continually present. Consequently, an asynchronous machine will
continue to change states until it reaches a stable state.

Definition 5.12 A state s" ís a stable state, under input ír.,
if ô(s",iO) = "".

In the Ëabular representaÈion of an asynchronous machine, stable
states wíll be círcIed.

Example 5.17

tl 'z t3 t4

o 2 3 o
1 2 J (z)

(s) 5 (:) 4

1 2 (+) 4)
3 (t (') tl

M

' Arr asynchronous maehine for which no input change leads to
a sequence of state transitions ís lcnor"tn as a norrnal mode machine.

Thus, for this example, M ís a nor-mal mode machíne.

1

2

3

4

5
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lgli!-il¿g!_frf¡. If during t,he transítl-on f rom stal-e s, to s", the

state variables may assume the binary val-ues assocfated with state s.¡,r

s. is saíd t.o be an lnËermediate state between states s and s .D-ac

If Ëwo-transitíons share a common íntermediate state, erroneous

results may occur during elther transitíon.

q"lr"åË¿g"åf4. For transitions ô(s. ,i,-) = s, and 6(s*,i,_) = s^, "r*"^,tì K O D- l( e' q' e
a critical race exísts if the tv/o LransíËions share a common state.

State assígnrnents for which all the state varíables that
are'requíred to change can do so simultaneously, wíËhout critical races,

are called síng1e transition time (S.T.T.) assignments. Single

transition time assígnments which have a unique coding for each state
are ôalled unicode single transitíon time (U.S.T.T.) assignments.

The following definition establíshes terminology necessary to
sËaLe Ëhe conditions for a unicode single transition Éime assignment, on

a normal mode table.

Ðe.fj-njttj-cn 5.15 Let X anC Y be disjoínt subset,s of the states of a

machine. The pair (X,Y) ís called a partial state díchotomy (or partj-al
gigbelgpy) of the machine

A state varíable y-. coveïs a partial díchotomy (U,V), if
I-

y. = 0 Vs, e U and y. = 1 Vs. e V. For the transítíons 6(s,i.) = q-r- K -r- J a J D

and ô("",ij) = sU, íf ("""0,"."d) is a partial dichotomy, Ëhen the

partíal dichotomy ("."0,d."d) is said to be associated i^ríth the

transitions. (Irrhen the sets U and V contain only one or tvro states Èhe

notatíon (u.u.,v,v,), without the set parenthesis, will be used to- r- J' L 3"
indícate a partíal dichotomy.)

The necessary and sufficíent conditions for a unicode single
transition time assignment for a normal mode table, establisheci by Tracey,

are:
(1) The partj-al dichotomy associated with every paír of transitions

occurríng in any column of the table should be covered by some

- state varl-able
(2) There must be a unfque coding for every state-.

:{.
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Properties relatínS S.P. partitlons to parËial dichotomíes are

presented ín the following sectÍon.

Properties
I

The properties of S.P. parËítions established provide means of
determÍning the partial dichotomies Èhat can or cannot be covered by an

S.p. partition. Theorem 5.6 can be used to determine some of the part.ial
díchotorníes that cannot be covered by a partícular S.P. partition.

Theorem 5"6 For an S.P. parrírion n = {1 ;...tÇi, íf s. = sU(n) and

6(s.,t*) = s, and ô(sn,i.) = ",o'i 
then there is no tvro-block partition p,

0 ) n, which will cover the partial díchotornies associated with Èhe

transiËíons ó(si,i.) = s. and ð(sn,i.) = sr.

Proof. Since s- = s,-(n) and n is an S.P. partition, s. = s-(n).r-KJm
For a two-block partition p , p ) tr, to cover the partial dichotomy

(sisj, 
",'"r), r.rê must, have 

", = "j * i. = s_(o)

Hor,¡ever, since s. = sU(n) and p ) TI , s. = sr.(O).

Ther'efore, there is r:o 'r-rvo-i:icck partition P,P z n, r.lhiclr. cevers the

partial díchotomies associated with the transitíons ô(s*,i^) = s. andr-' e J
6(sU,i.) = "*, when s. = sO(n).

. In the following example Theorem 5.6 is used to determíne the

partial dichotomies r,¡hich cannot be covered by a particular S.P. partition.

Example 5.18

1

2

3

4

5

6

The S.P. partítions for I'î are

n, = {r,z-:; 4,5,6}
n, = {rJ;2; +,0;5}
n, = {f ta ; Z,S; S,Ol

no = {tJy',6; 2J}
n, = {T; Z;; t',; 5,6}
nU = {1-4 i 2,3,5,6,}

tl '2 t3 '4 t5

O 4 o 2 o
(Ð 5 3 CÐ 1

o 6 o 2 1

I (4) (4 5 4)

2 o 6 c 4

3 o c 5 4

.M
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The partlal díchotomy (L4,36) is assocÍated r+ith the transitlons
ô(1,í2) = 4 and ô(3,i2) - 6. LIe nor^r try to find a two-block parrÍtion
Q, p 2 n, which covers (L4,36). In order for p to cover (14,36) bloclcs
(1,3) and (416) of x, must be joíned. Ilowever, tirís also unítes states
3 ancl 6, which must be kept separate if p ís to cover (L4,36). Thus,

there is no two-block partition 0, Q 2 nrrwhictr covers (14,36).

Since 1 = 3 þrr), Theorem 5.6 indicates ímmediately thaL there is
no two-bloclc partition, greater Lhan r, which covers the partial
dichotomy (14,36)

I^Ihen realLzing an S.P. partítíon on an asynchronous machine, not all
of Êhe partial <lichoËornies need be examined to determine whether they could
be covered by the S.P. partition. Instead, it is only necessary that
representative states from the blocks of the partition be examined.

Theorem 5.7 For an S.P. partition r, T = {Br;...;t

.i.:.: l

:t, l

'':_t

s ,s eB and
11 ' t2 r s ,s e B ,p1p2p

n ï, T = {81 ;...iBn},
v¡here s* * s*. Theî p

1eË

partial dichotomy

= s.
Jr

l-

2 Tr, íf and

(s s. ,s s ) associated with the transítions ô(s .i )
.tt Jt Pl_*l 11 -e

and ô(s_ ,i^) = s is covered by a two-block parLitíon p,Q
P1t*1

only if the partial dichotorny (s - s. , s s ) , associated wíth the
'2 Jz P2 ^2

transitions ô(sr,i ) = s. and ô(s .i ): s , ís covered by p.
2 e J2 p2'e' 

^2

Proof Assume the

where p > T.

partiar díchotomy ,=rr"r1, =p1"*1) is covered by p,

i'e" "rr= "jr= =nr= "rr(o)'
Since n ís an S"P. partition and s- = s (n), then s, = s. (r).tr t2 Jt Jz

Síini1arly, s_ = s_ (t) and s_- = s. (r). Since 0 ) ï,Pl P2 t1 t2
s = s = s. = s. (o) and s = s = s = s (n).,2 r1 Jl J2 p2 P1 *1 m2'

Thus, "rr= "jr+ "n2= "nr(o) and the partial- dichotomy

(s_ s, , s_ s_ ) is covered by p.tz J2 Pz ^z
Sirnilarly, lf (s-^ s. , s_ s_- ) Ís covered by p, ft can be shornm,2 J2- P2 or2

thaL (s_- s, , s_ s_ ) is also covered by p .tl Jr-' Pl tl
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Theorem 5.7 reduces the amount of worlc that musË

determfne whether a partLal díchotomy can be covered by

be

an

done to
S. P. partití-<ln.

B.B )KM
_D

m

the same

two-block
) ïTr > fi.

1.3 8

Bxample 5.19 .For partltíon r, in Example 5"L9, the partial dichotomy
(12,45) associ-ated with the transítíons, ô(1 ,t4) = 2 and 6(4,ÍO) = 5,
can l¡e covered by a two-block partition p, p > r' where p = {LJ,3; 4,5,6j.

Another partial díchoËorny (32,65) associated with the transitions
ô(3,i4) = 2 and ô(6,i4) = 5, occurs uncler input iO.

since 1 = 3îrr) and.4 = 6(rr), we have by Theorem 5.7 that the
partial dichotony (32,65) is also covered by p.

The next theorem makes use of the n-image concept for a machine

introduced in SecËíon 2.2, The n-image of a machine is the submachíne

defined by an S.P. partiÈion n on the machíne" Examínation of the
partial dichoËomies formed by the n-image of a machíne permits the
deÈermination. of the- partíal dichotomies that coul d be covered by the
S.P. partition n.

FL^ -'-^_ tr O All partial

"r t Bt' "p t up' bk t Bk'

partition 0, Q ) n, if and

blocks of n, (BrBp,B¡B*),

andô(8,,i)=B
1TKEM

Proof (i) Assume

associated with the

!'orm a parËition n'

block ßr and B- andk
partition p of nt,

dícheEeaíes (s s ,s,s ) un/¡e:: inpu'¿ i , r'¡liererp- km' ' e'
and s_ € B_, are covered by a two-blockmm

only if there is a partíal dichotomy on the

associated wíth the transitions ô (B .i ) = BT'r- e' p

that there is a partial dichotomy (BrBp,

transítíons ô (B .i ) = B and ô (B- -i )?T'r'e' p r'k'e'
of the blocks of n puttin8 B, and BO in
B in an opposíng block B'r. Next form a

m

keeping B I and B" in tlif f erent blocks. p

!: , '. ::.. .:: . ..j

For a part-ial dichotomy

e Br, 
"O 

u UO, sk € BO, and

s e Bt and s, ,s € Btt.
PI(m

-I"r = "o f "r. = srn(o)'

(s s ,s,s ) under input' r p' k m'
seB.r^rehavemm-

i . where
e-

sr
s.r-
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Therefore, ("r"p,"k"r) is covered by p . ruhere p > 'r.

(if) Assume ("r"pr"k"*) is covered by a two blocli partition P, where

p > T.

Assume also that (BrBp,BLB*) ls not a partlal dic'lrotomy.

That is (i) B, = Bn, or
(ii) B, = B*, or
(iií) UO = Un, or
(iv) On = U*.

For (i) B, = BO, r¿e have 
", = "k(n).

Therefore, there does not exisË a Ëv¡o-block partition p t e 2r ,

which covers Èhe partial dichotomy ("r"p,"k"r). Similar c-r:nl-radicËions

occur for (ií), (íii), anC (iv).

Therefore, the partial dichotomy ("r"pr"k"*), associated r,rith the

input í", is covered by 0, p > Tr, if and only if (UOUr,BkBr) ís a

partíal dichotomy associaËed with Èhe input í" for machine Mrr.

Example 5.20 Consider the n_r-image for machíne M in Example 5.18.
n, = {T; T,z; + s,ol.

Ír í2 í: i+ is

@ c @ b @
@ d @ @ a

a o o d o
b @ (Ð @

M
,'5

The partial dichotomy (ac,bd) ís assocÍated with the transitions
ôn-(t,tr) = c anci ôn_(b,ir) = d. By Theorem 5.8, the partial dichotonies
(1e,25) anC (14,36),)associated with input i' are covered by a two-

block partítion p, 0 à T5.

Choosing o = {a,c; lr*¿} = {1,4' z-g,516¡, rve obtaín a trvo-block

partition v¡hích covers Lhe parËial- dlchotomj-es (74,25) and (14,36).

For machine ì{, the partial dlchotomy (L2r45) assocj.ated r¿ith
¡: !:::::rr:-a I

::. :r.::rl-.:ij.,

;;:;.,',: r the transÍtions ô(l-rf^) = 2 and ô(4,14) = 5 fs covered by a two=block
' ': r partitlon p, p à frs, rvhere p = {1 ,2r3; 4r5,6} = {a,b; crcl}.

{1} a

{2,3} b

{4} c

{5,6} d
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By Theorem 5

par*-Lal díchotomy,

6_ (crir.) = d, for
"5 

ct

Any parítal dichotomies covered

covered by a partitíon r, where r, <

. 8 , sl-nce le a, 2eb , 4e c, and 5ed , (ab , cd) Ís a

assocíated r¿lth the Ëransitions ô.- (arí,.) = b andn54
machine M . Examination of M confirms this.

n5 t5

by a partítion n, will also be

TL.

Lemna 5.6 For tvro S.P. partíÈions
partial dichotonies satisfied by n,
dichotomíes covered by n^.

(*r*r, y1y2) is a partial diehotomy covered by n' then

there is a two-block partition p, p 2 nrr such that
_J-*L = *2 T t, = vr(s)

Sínce p > Tl, n2, n, also covers the partial dichotomy

(*r*, , y 
ry z) .

The converse, that every partial dichotomy covered by 'fr2 ís covered

by 11, ís obviously not true. Thus,the set of partíal díchotomies

covered by 11 is a proper subset of the partial díchotornies covered by nr.

5.7 Discussion

Two possible methods of extending S.P. partition theory Ëo

íncompletely specifíed rnachines, r^¡eak and extended substitution property

partítions, have been presenËed in thís chapter. (I.le sha1l refer to weak

and extended substíLution property partitions collectively as S.P.

partitions for incompletely specified machines. ) In both cases, the

definition of S.P. partitions para11els Hartmanis and Stearns' [31]
definítions of partition pairs for incompletely specified machines.

Unfortunatel.y, S.P. theory does noL adapt as easily to íncompletely

specified machines as partltion pair theory. The problems encountered

have been illustrated by a detaíled examínatíon of weak substítution
property partitlons. Because of these difficulties, it has been

necessary to define a new operator for derl-ving S.P. partitÍons.

Iortunatel5r, the new operator can also be used to fínd the greatest lower

bound of truo S.P. partltions.

ofn1

is
and r, where n.,, ,2, the set

a proper subset of the partial

Proof If

1:-.::'.,]:ì

r _ -._,i

"i

' ,-' '.i'l

ii.:_,'i::¡::: ì
1..':i"'j.:.
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A major problem associated wi-tli weak part.itfcln pafrs ls that theír
sum 1s not necessarily a. weak par8ition pai-r. This problem was solved

by the extended partition pair:. However, the extended substitutíon
property partítíon ís not able to overcome thís problern for S.P.

partÍ-tions on incompletely specÍfíed machines. Thus, because of the

extta set of labels required for extended subslitutíon property partitions,
weak substitutíon property partitions are sÍmpler to use.

The problem assocíated with obtaíníng the least upper bound of

S.P. partítíons for Í-neornpletely specified rnachines, also makes the

economic decomposition of the machine diffícult. The dífficulty
arises because ít is not always possÍ-ble-to factor out a conmon submachíne

for two S.P. partitions whose sum is not I. To bridge the gap between a

strictly parallel and a "cascaded series-parallel" decomposition, a

decornposition used by Hartmanis has be,en adapted to thís special case.

Thís decomposition, combíning features of paral-lel and serial decomposítíons,

has been shown to be a useful tool for the economical decomposition of in-
completely speeif ie'i nachír'es .

The synÈhesis of mulËiple sequential machines has also been

iri.,.es'iigated. As niighi be e.';pecie<l , ihe strucËure of a composite r+achine

has been shor,rn to be dependent upon the structure of the component machines.

Thus, the determination of common machine factors can be accomplished

by an examinaËion of the structure of the component machines, without

the necessity of constructing an implícatíon graph for the composite

machine.

A brief examination of the decompositíon of asynchrollous machÍnes

has been presented. The resulË of which is a set of properties that
sirnplify the determinatíon of síngle tr:ansitíon tírne assignments. These

properties have immediate application to the work of Tan, Menon, and

Friedman [65] on the decomposition of asynchïonous sequential machínes.
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çþg¿ter 6 S"qr.ntfal Mr _Synthesis with_9,¿[gþféffgp

6.L Introduction

The Þrevious chapters have been concerned with various aspects of
the decomposition of sequenti.al machínes. It was observed that
decomposition ís a tool that can be use<i to simpl-fy sequential machine

teaLízaLiorr. Hovrever, for decomposed and undecomposed nachines, the

problem of finding a hardvrare i-mplementation sti1l remains.

Present integrated circuít technology permíts the fabrícation of
Iarge complex circuits on single chips. Obviously, for the manufacturing

process, ìt is more economical to produce one staádard chip, ¡¡hích can

later be modifí-ed, Èhan to produce an assortment of chips, e.ach for díffer-
ent applicaÉions. One possible standard chíp would consist of simple

cells connecied ín an array confíguratíon.

This approach has been ínvestígated extensívely for combínational
logic. (Minníck [55-ì provides a compreirensive review of this research.)
Only two pápers, Ferrari and Grassellí [15 ] and Hu [33 ] have investigaËed

the use cf cel-lular arraJTs for sequerlial :rachíne renlizaticn.

In this chapter the celluLax array and synthesís techni-que

developed by Hu is examíned. A ner.r synthesis technique for Hu's array

is then presented. fn addition, a new cellular array rvhich overcoilìes

some of the limitations of Hu's array is introduced.

The nrain charact.eristics of a cellu1àr array arel

(i) celis must be identical;
(ii) cells must be simple; that is, each cell must contain only a

fer,¡ bits of meurory and a small êmount of combínational logic;
(iíí) intercell connections must be regular excepL for fínal synthesís

connectíons.

These characteristics requíre that
sequential machine operation be used for
The state diagram and state table nodels

implemented directly by cellular arrays.

:ra.

a simple, regular model of
cellular array synthesis.
are Loo conplex to be
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The model Hu bases

A transíËion matrix¡ T,

presents the transitÍve

Example 6.1

his cel-lular array on, fs
f.or a machine M ls an n x

relationshíp between each

the Lransítíc¡n matríx.
n matrix which re-
paír of sLates.

l

iO it ,O

I
2

J

4

5

6

M

For the transition matríx, T, the

rovr r and column c is ík if. 6(sr,tn) =

entry at the

s ; otherwise
c

Íntersection of

, the entry ís 0.

0 it 0 0 to 0

0 0 0 0 0 io*il

to 0 0 0 tr 0

0 to 0 tt 0 0

ío 0 ít 0 0 0

0 0 tl io 0 0

T

In some cases, a transition matrix is sLill too complex to be

realized directly by arr array of sirnple ce11s. To overcome this
problem, Hu uses in-transition matrices, which show Lhe transítive
relationships bet-r.reen staÈes, f or input i¡. In the f ol1.owing sectíon

we rvill examine ín-transiti.on matrices and Hurs synthesís

technique.

5 2 0

6 6 0

1 5 1

2 4 0

3 1 1

4 3 0
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6.2 Hufs Cellular Synthesis Method

The cellu1ar artay developed by Hu for sequentlal machlne

reaLization 1s based on the transition matrix concept. fn order to
keep the cells simple, ín-transiËion-matríces are used. An íh-
transition matríx, T, , f.or a sequential machine, specifies theth
next-state relations for Ëhe ínpuË ih.

Example 6.2

I
2

3

4

5

M

ín-transítion maËrÍx,
jr, at TinU 

'e) 
ífby

The

inser^ting

t

2

3

4

5

h = 1,.
6(s. "i, )Jn

. . ,4 for Il is constructeci

*k-

1

2

3

4

5

1

2

J

1

2

J

T.-r

23

.l'
,2

3

0 0 t1 0 0

t1 0 0 0 0

0 0 it 0 0

0 0 0 tl 0

0 0 0 0 tl

t2 0 0 0 n

0 0 0 0 ,2

0 íz 0 0 0

,2 0 0 0 0

0 0 ,2 0 0

0 0 0 ig 0

0 0 0 i
Ĵ

0

0 {-3 0 0 0

0 0 0 1
Ĵ

0

0 0 i
Ĵ

0 0

TL
J

0 ia 0 0 0

0 í,
4

0 0 0

0 0 0 0 ,4

0 i,
Ll

0 0 0

0 0 0 0 7_,
4

ttro
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the cel1, FÍgure 6.1-, developed by l{u i.s capable of realJ.zing

the state transitions representetl at the row and col-umn intersectíons
of the in-transitíon matrices. 'Ihus, r,rith the proper inter-cel-lular
connections, an n x D. alray of cells can realize t}:re behavíour of an

in-ËransíËion matrix.

Hurs cell
Figure 6.1

Hurs synthesis procedure consísts of determíning the connections

that musË be made between cells in order that an array tealíze an irr-

transitíon matríx. Rather than present the synthesis procedure, we rn'i11

describe Ëhe operation of an array which realizes a símple machíne. From

thís descripËion, arrd accompanying diagram, the necessary steps in the

synthesis procedure will be clear.

Example 6.3

to tr 'l

M

The in-transition matríces are

1

2

T¡.to

The cellular array

T.tr-

in Figure 6.2 realízes I.l.
.::rLi.::.L
)Y,Ì::; :i

2 1 0

1 2 1
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U

tt

tt

tz

,r

-.-_*1

tt, 
I

L-"+-'J

I

Figure 6.2

In addition to realizing next-state behavi-our, the cellular array

also realizes the output funcËions

The St and t2 lines carry presenË-state ínformatíon to the

ce11s;1ines 0 and 1 are used in determiníng the output functíon, whích

is Ëransmitted by line Zl Only one cell v¡ill have its delay t'ont' at

any Ëime. The "on" delay will enable one of the tj iines, providing

the present-state information.

The array operation is demonstrated by sarnple Àr"a. transítions.
(i) Assume the delay in cell C, is "on" (sÈate 2). If ínput íO

is applied, the AND gate in C^ is enabled, which will set the

delay ín C* to "on" (sËate 1). The AND gate in Cr, ís not

enabled, so Lhe output Z, is 0. (If the a terminal of C'
has been connected Èo the 1 line, ZL would have had a 1 output.)
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(rí)

The

a simílar

Assume the delay tn Cr, ls "on" (state 1). Applying input
lt r¿i1l- enable the AND gare ín C* and set Ehe del-;ry

ir C13 to "on" (state 1). OutpuL Z, remains at 0.

remaining tr./o stat.e Ëransítions for M can be inferred ín
fashion.

In the above example, one cellular atrray was used for each in-
transition matrix. This one-to-one relationship does not hold true
for .a11 sequential machines. A reduction ín the number of celluiar
artays needed can be effected by making use of compatíble ínputs.

Defínítion 6.1 For a machine M, two inputs í. and iU are said to be

iL) if and oniy ifcompatible (i. --t

6(sn,ij) + ô(sn,io) for h=l,... ,n and j + k.

Example 6.4

to tl 'L
I
z

3

4

5

M

iO - ít since ô (x, iO) { .O {x, ir)

Combining the iO aird ir-Lransition
seen lhat there is at most one input, iU

intersection.

, for x=1r...

matrices for
or i,, at any

,5

M, ít can be

row and col-umn

1

2

3

4

5

io 0 0 it 0

0 0 to t1 0

0 it 0 0 to

0 0 to tt 0

1o il 0 0 0

T. +T.to tl
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Thus the next state behaviour of M f or the com¡:atible l-nputs,

iO and il, could be reaLized with just one cellular array.

Defínítíon 6.2 A set of ínputs, X = {x.li = t, ..., p} is arr

input compatíble set íf L - "j, for all x,,xn e X.

Definition 6.3 An input. compatible set, X, ís a maximal input
compatible set íf there ís no other input comiratible set, Y, such

Ëhat X c Y.

A sequential machine can be reaLízed from a collection of

maximal ínput- compatible sets whi.ch covet: all the m inputs of M.

Hurs algoríthm for dete::miníng a mínimal cover of input compatÍble

sets follows.

Step 1: Derive the inpuË cornpatible paírs using an input

coinpatibility table.
Step 2: ObËain the maximal input compatible sets from the

ínput compatible pai::s.

Step 3: Derive a minimal covel: from the maximal input
compatible sets.

The algoríthrn ís illustrated using machine M of ExampTe 6.2,

Example 6.5 The input compaLibílity table has an entry for each

pair of inputs; an X entry indícates incompatibility, while a ,/

entry indicates compatibilítY.

, i Íhe input cornpatible pairs are (i1,i2) , (i.,i4), and (i3'i4).
l

i, No further inpui compatfble sets can be derfvecl. Thus, a rninimal
..1

I must be determined from the pairs

:.i_":,r¿Ìì The only mínirnal cover possible is { (i1,12), (i.3'í4) }. Usíng
fl. 1:r -,.;',,.,:,'l,i Èhe cover de::ived, M can be realized using 2 cellu-l-ar arrays instead

of 4.

. ::,::¡ì-:ì: i

E--

H#
it iz i¡

iz

íg

í,
+
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In the following sectfon, a nevT synthesís procedure for }Iurs

array is presented. As will be shov¡n, the number of arrays required
using the nev¡ procedure is less than or equal to the number requíred

usíng Hurs synthesís procedure.

6.3 Cellular Synthesis

The synthesis method for Hu's cellular array developed in this
section ís based on Íncompatíble inputs, rather than compatible

inpuËs.

Definition 6.4 For a machíne M = (S,IP,0P,6,À), two input" 'tj and

i, in IP are said to be incompatíble with respect to state s i, f ^ i,_,t< ' -'i s k'
r,r

ô(s,i.) = ô(s,í, ).JK

Lemma 6.1 The relatíonf" ís an equivalence relation on the set of
inputs cf a machine If.

Proof (i) f'_ ts refl-cx,*-vc , L, * ^ i., since ô(s,ir) = ô(s,i,).s J s J .r J
(ii) Ir' tj /" tU then 6(s,ij) = 6(s,iU), which implies

í, f^i,. Thus, y'_ is symmetric.t( sJ S

(iii) IÍ. tj /" tO and ii. y'" íu, then ô(s,ij) = 6(s,íO) = ô(s,iu)
Therefore " í. * i" and f is transitíve., J'S J¿ S

Incompatible inputs with respect to a state s can be grouped to

form seLs of incompatíble inputs.

Definition 6.5 A seÈ of inputs X. - {xr,...,*1,}, X": IP, is said to

be an incompatj.ble set with respect to s íf
*k /= *k+1., k = le ... , L-\.

Since f ^ ís an equivalence relaËion the above definition
S

ensures that x, * x. for any X.rx. e X^. Subsequently, all pairsj s l- - J'a s
do not have to be examined for incompatibility when determiníng

lnconpatible sets.

t-ì.



Def ii-ri.iion 6.6 A rna:xina]- incomoatíble set o f.__1¡r-¡¡¡!_q_rj' f -iþ_ åqq_Ëgg!

to s is ari íncompatj-ble set rn'ith respeci to s, r¡irich is not a

irrcoupatible seL with r:especi to s,proper: subset of ar:;' oLher

Fo-r an¡¡ state there may be nore ihen one rna>;imal incompaij-ble se'c.

ExamF,le 6 " 6

i*1 iz- í.
J

L- l_- 1-
h¡-I
J \) I

i.
4

t
2

J

4

5

6

7

B

Both { í2,Í-3"L4} and

with respect to state 2.

Notatíon: Let G. , j=1,.
JS

sets of ínputs with resPect

{i.,i--} are rnaxímal incompaiible setsot

.. ,T ) represent all Èhe maximal íncourpatible

to s.

largest maximal incompatible set of inputs

the number of ínpuËs in G" by Us. Thus,

6"6, e, = {Í r,i3,i4} and t2 = 3.

Lernma 6.2 for t *¿

Proof Assume Gt n Gs + 0.
SS

Since f s ís an equívalence relation, Gk_ , G.C,_ ís a
SS

maximal- íncompatíble set of inputs wíth respect to s. This contradicts
our assunpt.íon thaË the G. , j=lr...rr are maximal incompatíble sets.

Js

Thus, Gt nGg =0, for t*l

tt nG.c =0
SS

.t,,rt.l

: :: ':.¡
: _ :.r'-rÈ-. ì, : ,-;)5 

1

i.rle will denote the

for staLe s by G" and

for machine M of Example

1 5 a(, 7 4 6 4

'i
l. 4 4 4 J c) 5

2 6 6 2 5 4 6

6 5 o 2 1 J 7

J 7 5 4 2 2 C}

5 2 J 1 6 1 I
l¡ It J 5 7 B 2

J 2 1 1 I 7 J

M
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¡L new type of transition matrix, which can be implemented usíng

Hurs cellular array, is nov¡ presented. A single trarrsition m¿_t_rix is a

transítion matríx for which there is, at most, one input entry at the

intersectíon of each row and column. The input entries in a si.ngle

transitiorr matríx do not all have t.o be the same, rror represent all the

sËate transitions for a partícular input.

For machíne M of Example 6.6, a possÍble single transítion matríx
follows.

L234567B
t1 0 0 i_

5
0 0 í¿ 0

ít 0 i-) t4 t7 0 0 0

0 t1 0 0 1_
5

0 0 0

i_
5

t4 0 0 0 it í_ 0

0 0 0 0 1.
.)

0 t2 tl

Lr
o

íz a^
3

0 0 0 0 i.
o

0 t7 i
Ĵ

0 0 0 i_) Lz

l_ô
J

,2 t7 0 0 0 t6 0

!gUgg_É-¿ A machine If = (S,IP,OP,ô,À) is realized by a set of single
transition matrices if and only if for every next-state transitÍon
ô(s,i)=t, there ís an í entry at (srt) of one of the síng1e transítion
maLrices.

qlrgl The proof is obvious.

For the minimal synthesis of a machÍne If, using single transition
matríces, rnre must determine the minirnal number requíred to realize l.f .

¡gç.glign: LeÈ u = max {u^ls e S}.s'

Theorern 6"1 The rninimal number of single transition matrices required to

reallze a machine l"f ís given by U.

Proof (Proof by constructfon)
Assume that Ë" = Urs € S.
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For the set G" = {g1,...,t.,.,.}, If. ô(s,gU) = r:, then insert
input Bk at ro\¡7 and colunn intersðctíon (s,r) of single transition
matrÍx k, fot k=ln... rps.

For the remaíning state table entries, ínsert. ír. aL (*,y)
of one of the single tr:ansítion matrices if 6(x,i')=1. lf state
transition 6(*,i,r) = y has not been entered into one of the state
transítion matrices and (x,y) of all the state transítion matrices

"ta ,roo-"uto, then

6(xrxr) = ð(xrxr) ã ...... 3 6(xrx', ) = ô(xri-)rz¡tsp
That is, G* = {*í,.....,xu ,io} ís an incompatible set of

inputs with resp."a ,o x and U* = i"+t. This contradicts the
assumptionthat U=Ë".

Thus, all the remaining staËe table entrÍes can be inserted ínto
at least one of the single transition matrices and M can be reaLized
by p single transítion matrices.

Ce11ular reaLízatíons of M ín Example 6 "6 are noru given usíng

Hurs minimal synthesis rnethod and synthesís using incompatible inputs.

E>lample 6.7 First, using Hurs method, an input compatíbílity table is
constructed.

X

X X X

v v

,/ X X

X X v X x

tt tz t¡ t4 ís t6

tz

tg

i,r

ts

iø

il
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The maxfrnal- lnput compatÍble classes are

{ir,tr,"5},{i1,i3,t5}.' and { ír'í3't6}.
{r7} '{trytrl, ,

A mini.mal cover can be formed using the input compati.bl-e sets
{iL,í2,i5} ,{ít ,í3,i6}, {to,Lr} and {j,7}. Thus, f our B x B cellular
arrays r¿ill be required Lo reaLt-ze l{. A símpler cover {tr,t3,i6}, {ir},
{iO,tr}, and {7}, not using the maximal ínput cornpatí-bIe classes, stil1
requires 4 artays.

Now determine the maxímal ínput incompatíble sets.

maximal
state

1

2

3

4

5

6

7

I

{ir,ir}
{ir,ir,t4} ,{iu,ir}
{i],t r} , {ir,í3,i7}

{i5,i6}
{í4,L6,i7}
fr i 'I
tL2r-6)

{il,i7},{i3,í4i

Thus U =

cellular arrays.
=il3=3
possible

812

v2

A

and Ìf can be realLzed usi-ng three B x B

STM realizatíon is i-llustratecl be-low.

I

2

3

4

5

6

7

8

1234
t1 Lz iq

Lt íz

t1 ,2

j,
4

Lz it

i4 ,2

"4 ,2 t5

tt
4

I.

Lz it

t5 a

t5 t3 r.
b

í_
5

i:

l_r t3

t5 t1 t3

L,
t-

i.
J

-3 a-) t6

l-ô ie 1q

Sfngle transftion mat::ix realfzatíon of M

The cell connectÍons necessary

usfng Hurs cellular array are si-rniLar

and as such will not be lllustraËed.

realize a sÍngle translt.l-on mat.rJ-x

those for an lnput-transític¡n, matrfx,
to

to
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t't r.

The final transítion matríces used by lturs syntiresi-s technique

are referred to as C matrices. In the prevÍous e-xample, it was

possíble to reaT.Lze a machíne using fewer single transiEion matr:j-ces

than C matrices. Tt can be shor¡n that the number of C matrices f-or a

reaLízatíon is an upper bound on the number of single transitíon
matrices necessary

Notation: Let c be the number of input compatíble classes in the

mínimal cover for machíne M.

Theorem 6.2 For a sequential machj-ne M, ¡r S c.

Proof Assume U > c. That is, the number of inputs in the largest
maxímal input conpatible set ís greater than c.

Let B, ,j=l ,. . . ,c represent the maxímal input compatible
J

classes in the mínimal cover.

Sínce c < U, there must be at least two inputr íkrí',. B,

such that tU *rín for some s e S. Thus, 6(s,iU) = ô(s,Lg'), i¡hich

contradicts the assrrmption. that B is a maxímal compatible set.
Thereforer il l c.

Thus, input incompatibilíty synthesís will never require more

cellular arrays than input compatíbílity synthesis. Afso, sínce input

íncompatibility synthesis <ioes not require the derívatíon of a

minímal cover, it is símpler than input compatibilíty synthesis.

InpuÈ incompatibility synthesis can easily be applied to

cellular arrays having more than one input terminal per cel-l. I^ie v¡ill
use the term incompatibility level-rIL, to refer to the number of in-
compatible inputs that can be applied to a cel1.

Tn general, the number of arrays requir-ed for input in-
compatibílíty synthesis ís girren by. tp/ILJ.

For machine M of Example 6.7, íf. a cell \n'ith IL = 2 is used,

the number of cellular arrays required is

t.u/TLl = 13/2)

-o
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6.4 State SplírtinB

Another technÍ-que for reducíng the number of ce1-l_ul_ar arrays
necessary Lo realize a machíne, ínvolves state splítting. In Chapter 5,

state splittíng \^Ias seen to be a valuable tool in the economical de-

composítion of machines. Scate splítting can also be used to reduce the
number of incompatible inputs for a machíne. This ín turn can reduce the
number of single transition matrices requíred in a realization.

Exarnple 6 . B

ít ,2 t3 
'4

1

2

3

4

5

6

7

a

M

Constructing the maximal input compatible sets
gr-ves:

rvith respect to

state
1

2

3

4

5

6

7

B

Consequently, 3

realize I{. Examiníng

input fncompatlbllfty

si.ngle transÍtion
the set {12,i3,f4}
1s caused by state

1

2

2

3

2

I
2

2

matrices are reqtrírecl to
ít can be seen that the

5. By splltting sLate 5

{ir, i, }

{i'io}
{t,tr,to}

"t,:o'
{ir, ir }
{ir,ir}

J 7 2 5

I B 1 6

1 6 5 1

2 5 5 5

2 4 8 4

1 3 7 6

4 4 7 2

J 3 B I

maximal
incornoatible set

p=u4=3
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to produce 5 and 5r, the value of V4 can be lowered to 2.

il Lz ig ta

1

2

3

4

5

5

6

7

B

Mr

The maximal ínput incompatible set r+ith respect Ëo 4 ís now

{i",i.}. No nertr input incompatibilíties have been íntroducede so MîZJ
can be realízed us;ng 2 single transii:ion matrices.

Splitting states necessiiatec usíng l-arger aïrays to acccinmodaue

the extra states. For the above example, t\^7o 9 x 9 cel1u1ar aîrays
rqould be required. The number of cells Ís 2 x 9 x 9 = 162. wíthout
staËe splittíng, three B x B al:rays are needed for a total of
3xBxB=i92cells"

EvaluatÍng a realízation by countíng the number of cells used

does noË give an effective measure of the real-izal-íon. For example one

realization may use fewer cel1s than another realízation, but require
larger ârralrs than the logic desígner has avaílable.

Consequently, state splittíng should be used to accommodate

the realization to the cellular arrays available, rather than to
minimize the rrumber of cel1s.

Note Lh¿rt state splitting can also be applíecl to I{uts mj_nimal

synthesis method.

2 5

1 B 1 6

I 6 5 1

2 5 5 5t

2 4 I 4

2 4 I 4

1 3 7 6

4 4 7 2

.) J oo 1
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Example 6.9

1l iz

1

2

3

4

5

6

It

The naxímal input compatible classes are {ir} and {ir}, requiring
two arrays f:o realize I'1. Hor,¡ever, by splitting siate 6 to gíve 6 and 6',
Í, and i, can be nrade cornpatible. Thus, the number of arrays needed.

ís reduced to 1.

6.5 Problems r¿ith Hurs Cellular Array

Hu has proposed hís cellular array as a general device for the
synthesis of sequential machines. Horvever, in order Lo use the arrays
econornically, they musË be tailored to the sequential nachíne. That is,
the number of state and output rows in a cellular array should not
greatly exceed the number of states and outputs, respectively, in the
rnachíne. This requirement. entails maintaining an inventory of varíous sized
arrays.

The possíbilíty of interconnecting arrays to form a larger array is
ruled out, because the connections betrveen all ro\{s are not s.tandard; the
connection between t\,¡o state rows díffers from the connection between a

state and output rotv. Thus, the largest machine that can be realized
is determined by the size of the largest cellular array that ís
available.

This problem can be solved by removirrg al-l output ror+s from the
array. Because all inter-rors connections al:e noiu regular, any large
machine can be synthesízed from an inventory of small arrays. Iìoivever,

the output functions will now have to be realized external to the ar:ray.

'::,:: :.

3
,)

5 1

6 6

2 5

1 4

3
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Examining iìuis cellular array 1t is apparent that eacir output cell
ls utilízed essentially as a t\^ro-input AND gaLe. 'Ihus, eacl.r output
function can be reaLLzed by connectíng a rorv of tu¡o-ínput AND gates to
the array.

There ís another reason for not using the basic cel-1 to realize the

output functions; the ínter-row connections permit only one output function
to be rea1-ized for a sequential machine.

Example 6. l0
io t1 "o 'r

i
2

iotr
st

M

A realLzation using Huts cellular array as gaven.

sz

,o

0
1

zt

Figure 6 " 3

Frorn Iig. 6.3 ft can be seen Ëhat state informatlon is not

mitËed beyond the f irst output rorv (row 3). Thus rov¡ 4 does not-

eny stal,e lnf ormation ¿rnd cannot be used to realf ze output 21,

trans-
receive

ir::'':;t:.ìji.,l
:: :i:.. :::..:j

I 2 1 1

2 1 0 1



: h reduced artay, wfthoul- any output cel-ls, can be used more

ef fectively in real.izirng Targe sequentíal machines. lluÌs mjn:imaJ-

synthesis procedure ancl the procedures developed in Sections 6.3 arrd 6.4

are appJ-icable to the reduced artay. However, the realizations produced

by all procedures, cannot effect.ively use a standard cel-1u1ar array.

,....,:, .1 In ExampJ-e 6.7, Hu's procedure produces the cover {íI ,i2ri5}
tt ,t, ,t:,,r',al {í1,i3,í6}, {í-4,i5}, and {í7}. If a standard B x I cellular artay is to

, be used, the array will require 3 input lines, even Ëirough only two

' arrays will fully utíLize all the ínput lines. SÍmi1ar1y, the method of

Section 6.3 vill not necessarily produce síng1e t.ransítíon matrices whích'.''.' '.:
:..t :. ::.ìr:-:.)j use an equal number of inputs. It is difficult to predíct ín advance Ëhe
;-.:,:;.¡:.i:,

: ' maximum number of input lines required for an array. Consequently, any
:- ,_,:_: 

:..t; 
,; - - rt:::::'.:.:i;l inventory would have to conËain ttworst-casett cellular arrays.

.ai - ' i
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6.6 A Ner¡ Cellular Array

A ne'¡ type of cellular array" r,¡hích has been standardízed to

realíze any sequential machine, is introduced. The evolution of the array

from an early versiorr ís presented to illustrate the design and operation

of the array

The basís for the array is the xx- transition matríx. For a

binary input variable x, Ëhe xI transition matrix is a transitioir

matrix ¡,¡hich represents the state transítíons that occur for input values

x and;.

Example 6.11

*1*2

: : : lii:i11

1

2

J

4

5

00 01 11 10

-l I 4 2

I 5 4 2

3 2 1 5

5 1 4 2

5 4 J 5

M

For l{, the xx transition matrices are
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.: t

: 1'_:.r.al

160

matTix

;1 ,'1 ,'1 ,'1

ir. ,,I *1 i,.

,.1 ;--1 ;"1 V'-1

*1 *1 v
I ,'1

*1 ;"1 *t*it

*trt

A cell which can be used to
is íllustrated ín Fíg. 6.4.

implement

c

*ziz

the above xi

d

transition

Fígure 6.4

The method to realíze an xI Èransition matrix usíng an array of
ce1ls of the type depícted in Fig. 6.4 ís similar to Hu's synthesis
method for a transition matrix. The rnain difference being that the
method has been adapted to handle cells with trvo inputs. The c,e11ular

arïay Ín Fígure 6.5 realizes the xri, transition matrix of Example 6.11.
The cellular i-nterconnecÈions are obvious from the transiti-on matrix
díagram.

:r; j
i._.1

.l

"2 i2 *2 ''?

*z *2 "2 *2

*2 "2 "2 ;2

*z "t *2 .'?

',2 *2 Y'-2
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1r
*1

st

sz

t3

S,,

S.)

"z

Fígure 6.5

"3

Duríng the operatíon of thís ce1lu1ar array, more than one of Lhe

e.,í=1,..û,5r 1ínes wíll be enabled for either input x, or ir. Essenti-
ally, the array indícates, for an. ínput "r(ir) the possible next-sLaLes.

That ís, if in state 3 with input x, , the next-state is eíther
1 or 5. Símilarly, the cellular array for the xri-, transition matrix
indicaEes possÍble next-states for ínputs x, ancl xr. For staLe 3 and

input i' the possible next-sl-ates are 3 and 5. Tn conjunction with the
'*ri, cellular ar::.ay, the nexÈ-state for M in state 3 with input x-,x, ís 5.

Thus, the next state can be found by ANÐing the possible next-states.
Tire next-state is then passed through a delay to give the present staËe,

as illustrated in Figure 6.6.

j.;'.i:.ì,

;,iÌi, r , :',]
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r1*l

ln Figure 6.6

Irigure 6 .6

The cell of Figure 6.4 ís not capable of realizing all sequentíal

machines. A problem occurs when there are íncompatible inputs that are

the complement of each other. I^Ihen thís happens a cellular realization
r,rí11 select multíple next-sLates.

Example 6.12

*r*2

1

2

J

4

5

'l

i

.1

rl

Tz
*2

ää

3i

10110100

J 1 4 2

1 E 4 2

4 5 J 5

5 l 4 2

5 4 -) 5



- ¡.:-:.:-.1:rl
' a'....'.. -' I

163

The xl transition uratrices are:

*1*1 *2t2

Exaniníng the xx transitíon matrices ít can be seen that if M is
ín st.at.e 3 and received ínput 00, columns 4 and 5 of both transition
maËrices are enabled. Using the cellular arrays of I'igure 6.6, machine M

would enter two rrext-states ínstead of jusË one. Sírui1ar1y, when the

input is 11 for state 3, columns 3 and 5 of boËh transition matrices

are enabled.

The above problerns occur as a result of the binary compJ-emented

inputs, 0l and 10, incompatibilíty with respect to state 3. That is,
ô(3,01) = ô(3,10) = 5. These state transitíons require that state 5 be

the next-state in the xL transítíon matrices for all possíb1e values of

the inputs x, and xr.

Sirnilar problems i¿ould have occurred if the binary complemented

ínputs 00 and ll had bee-n incornpatible wíth respect to any state s.

The problem

inputs is overcome

of
by

multÍple next-states for binary complemented

state-sp1íttíng.

Example 6.13. The binary complemented incompatible inputs of machine l'l

in Ëhe previous example can be nade compaÉible by splitting state 5.
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Tt is only necessary to split a state once in order to remove all

bínary complement.ed'input incompatibilites causeci by that state. The

next-state behavíour of the oríginal- state and the split-state can be

made ídentíca1. This possibility wí1l be used later when realrzí-ng l4' .

The new xi transítion matrices are:

L 2 3 4 5 5r

1

2

3

4

5

5t

I 2 3 4 5 5'
;"1 *1 "1

*1

;1 *r Y"l ;,'1

*1 ;1 x-
'L

V"1

*1 *1 *1 Y'^1

*1 ;1 "1,i]
V'^1 ,.1

"1 '*l

t2 *2 "z
*2

*2 ;2 Y"2 *z

*2 '¿ *2 Y'-2

*2 t2 tz ^2

*2 *2 "2

Y"2 *2 xz

1

2

aJ

4

5

5f
:.: .:. I 

i
'.:..-.t:
._:.):i

The xrx, an.d xrx, transition matríces realize M' rvíthout producÍng

multíple next-states.

A modified ce1l which will allo\^r any n sLate machíne to be realízecl

using n x n cellular arrays ís presenËed.

) 1
I 4 2

1 5 4 2

4 5 J 5r

5 1 4 2

5 4 J 5

5 4 3 5
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Figure 6.7

Essentially, the cell contains Èu,o círcuíts of the type founrl in
the o::Ígínal ceJ-I. The top círcuít can be used to produce the next.-

state s,; whíle the bottom círcuít can be used to produce the sp1ítJ'
next-state sÎ. .

J

In a cellular realization of a machine M, the next-state is found

by ANDing all the er(er) outputs for staËe 
"j("j'). Sínce, the next-

state behaviour for states s, and s.t are identical, the'i¡resent state
JJ

S, ís cletermined by S, = s,*s, t. Thus, it is not necessary'.to introduceJJJJ,
another state when realízing machines wíth sp1ít,sfatòs, as an D state
machine can be realrirzed. f-rom an n x/n cettular arìay. Th.e synthesis
method presenËed demànstrates how tt is .ån be done 

:

Svnthes.is Method for Modífíed Cell

(1) For machíne M, split all binary complêment¿d incompatible ínputs.
(2) i <-. 1.-

(3) Find the x.i. Ëransition matrix.
l_j-

(4) For the cellular array C.:

(a) j *- l;
(b) terminal c of each cell of row j is connected to the state líne

tjt
(c) teruinal dt (d2) of each cell

er(er) Ëerminal of the ce1l
(d) connect xr(ir) to terminal

(j,k) in the x.i'. transitíon

¡iì,ì:. i

in row j ís connected to the

above;

ar(b.) in cell C.(j,k) íf entry
matrix is x- (I, ) ;l--a
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(e) connect x. (xr) to terminaL ar(br) in ce11

(j,k') ín the x-i, ttansíËÍon marrix is x-
(f) j .- j{-1

íf j < n, where n 1s the number of staLes,
otherwise go to 5;

(5) i <- i*l
íf i < m, where m ís the number of ínput variables, go to 3;

otherwise go to 6¡

(6) The corresponding er,r=1,2 termínals of al1 arrays are ANDed to
'produce lhe next-state values s. and s I ,j=1, . . . ,Dj

(7) The s. and sl are then ORed and passed through a delay to give S,.JJJ

Example 6.14 The x"I., transítion matrix for Example 6.13 is
II

realized usíng the new ceIlular array.

tr-u2

Ff gur:e 6. B

C. (j,k) Íf entry

lir) ;

go to 4(c);

st

sz

t:

t4

ss

,'1

;'-1

c^, I X
/L I 1IL

*I
X

*1

t1u2
"rt2 tL"2

"ru2
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The x.i. cellular ayray can be ímplcmcnted ín a sinilar rììanner.¿¿
Connecting the xri, and xri., celLular arrays togehter, follorving
rules (6) arrd (7), a cellular real.ization for M j_s obtained.

Il
"1

31

s"

:i

l2
*2

3*
s.

J
s4
ts

Figure 6.9

An important feature of the cellular array presented is that any

machine can be realized from arrays havÍng only two Ínput l-ines. Thís

permits the uniform interconnection of arrays to realize any size
sequential machine.

The number of arrays to teaLÍ-ze any machine is indepenclent of
inpuË compatibil-Lty and can be deterrnined príor to the realization.
The number, N, required is given by the formula

N = [logrkJ, rvhere lc is number of inputs.

For a machine rvith 15 ínputs, Lhe number of cellul-ar arrays would

only be [1oSr15] = 4. Thus, the number of arrays required gro\,rs at a

relatfvel,y sl.ovr rate as the rnachlne sÍze increases.
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ø Conclusion

The use of ce-Ll.ul ar eÍ:Ta.ys f:or sequentíal nachi-ne reaLizatícin has

been investígated in this chapler. The var:lous arrî.Lys cliscussed al-l

incoi'porate the transitl:-on natrix concept j-n thelr clesign. Dífferences

ín tire arr¿lys ¿lre drie io t-iie vari-ant fo::tis of transítíon matríces used;

that j-s, i-npirf- or írrptit rrarj.al¡le t'rat:isÍ.tion rnatrices.

The ee-'l-luLat ai:r:ay presented by iìu is; designed to í,np1e-rne,-nl the

state tran.sitions from a siirgle input. Thus an m j-nput sequential machirre

r'rould require nr celluiar arråys" Hor^¡ever, nrin.inial covers of compatible

Í-nputs are abl-e-, in mosL cases, to rerJuce the nurnber of arrays required.

An alternaiive method oi usío.g Huis array \,ras also d'evelopad.

Tl-ris approach, ínstead of ::equiring all state transitions for a parËicular
input to be represeni-ed in a single array, allowed the transítions for
an input to be dístríbuted among several aïrays. It \^7as Þroved tllat this
method used fev¿er, at nol- more e arrays than Iluf s nethod. f.n addítion,
this synthesís method ensured that the míníma1 cellular realízatíon of a

machine could be found in a sËraighËforward manner., whereas Huts method

involved obtainíng a minimal covel: of cornpatible inputs. For a machíne

\^lith a large nurnber of inputs, the derivation of a ninimal cover ís an

ínvolved process

There are several problems attend.ant.u?on the use of Huts array

Jlor machíne realization. First, the array'cannot reai irze more th-an one

output functíon; io realíze even one/ output functíon requires írregular
inter-cell connections. This problem can only be overcome b), irnpl-ementíng

the outpuË functions external to Ëhe array and ìsing the array only to

reaLLze state trailsítion behaviour..

The second, more serious, problem concerns the standardization
of cellular arrays. As the number of inputs for a machine increases,

the number of ínput lines required for the cellular arrays also increases.

Consequently, it is not possibl-e to manufacture a standard array r"'ith a

fíxed number of lírres" The ability to corinect arrays together to form a
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Larger array ís reduced, as Ehe resulting array will probably not have

enough input 1ínes Lo real-ize a Large machine.

A solution to this problem uses the xi transj-tion matrices

developed ín this chapter. The array presented to realiz" un *I
transition matrix requíres only two input lines, fcr any size tr-ansition
matríx. Thus, a slarrdard size array can be prclduced, wi-rich can easily
be interconnected to reaLLze any sequential machíne.
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7 .1, Inl:r:ociur:tir.>n

A novel- approach co t-he Þr:oblem of sc:queni:ial machíne reaLizaii-ç'rt
I 's presentecl in the noi:lc of Iìa::ing [23] ancl of I'fenge,: t5l.i. The uncier--

lying preni se in boi:h work.s is that a colu¡r:nl in t-he si:...te tabL-e
. , ,.., t,,ìl..,..:: r:epresentatic¡n of a sequential- nìactrine can be reaJ.Lzed by a cascaded

conirectíc¡n clf logie boxes c,allecl generaiûrs. 'Ihe essential- <i:í-ffet:ence

i betrveen Ha.ring ancl luienger 1j-es in the set of generators used b1.z ea',ch.

Haring uses l-l-re three generator: set {arbrc}, r.'here the functíon
perforined by each generator ís represented in Fig " 7.L.

:::til::l
:.t : 1

1

2

J

i

abc
2 2 1

1 3 I
J 4 -)

L í+1 l_

-1 n n-1

n I rt

n-l
n

':.:jt: : l: ì

Haríngrs Generators

Fígure 7.1

Notation: For an n stat,e machine, the nn possible state columns are

referred to as maps. A rnap for whích all possible n states occur is
a permutation map, o:: simply a permutation; while a.map for r^¡hich some

of the n states a-re míssing is a non-permutation rnâp.

An algoríthm to obtain a €lenerator realLzation for any map

-..'irri is developed by Haring usíng the operatoï set {orß,y}. The opet:atorsii':.'"' l 
orß and y corresponding to arb, and c, respectively, manipulate states in
specified positions, For example, a wí1l inËerchange Ëhe states in
positíons 1 and 2 of the column, regardless of which stat-es are ín
Èhese posítions. A graphícal representation of crß, and ^¡ follows.
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Fígure 7.2

Haring proves that an operator reaLízation for a map defines a

generator reaLízatkon for that same map. The generatoï sequence can

be obtaíned by sirnply reversing the operator seguence and substituting
a for a, b for p, and c for y, in the reversed sequence.

Since operators are easíer Ëo deal r¿íth than generators, a

generator reaLLzaXion is derived by first fínding an operato'r realízatíon,
and then reversing the operator sequence r.¡iËh appropriate substitutíons.

The main obstacle to using Èhe set {a,b,c} to reaLLze a map., is
that the upper bound on the length of the generator sequence increases

rapidly as the number of states increases. This has an obvious detrimental
effect on the cost and delay time of a r:ea!ízation,

To circumvent this problem, Menger [53 ] has proposed an enlarged

set of generators. The number of generators, in this case, is not fixed,
but lncreases as the number of states increases. This has the effect of

allowing the length of generaLor realizations to grow línearly with any

lncreases in the number of states. Since Mengerts work is relevent to the

ner{ generator set we propose in Section 7.4, a detailed description l-s

provided in the fol-lowing section. (In addÍtlon, a minor correction to

Menger [53] ts given f.n Section 7.3.)

The new generator set proposed is simlla:: in concept to thal- of
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Menger and Haring; r^ziLh the dífference agaln belng the síze of the

generator se!. Increasing the generaËor set creaËes problems \{íth
obtaining a mínimal reaLiza9íon of a map, ín terms of the ne\"r generators.

A heuristic algorithm for derívíng reaLizati.üìs ís presented.

As Menger's generator set is a subset of our proposed set, âny

r.eaLizatLon using .':ur generators should be no worae than a reaLLzatlon

usíng Mengerts generators. In fact f.or aIL the sample maps reaLízeð,,

reallzatíons using the expanded generator set have been shorter than

Menger t s reaLi.zations.

One method of lmplemenËing the generators ís by using cellular
arrays, as demonstrated by ÏIuang [35 ] and KrÍshnan and Smith t45 l.
Huang ímplemenLs the three uníversal genera.tors of Haring usíng identical
cellular arrays. (Boundary conditions are used to set the functíon of the

arrays.) A cellular realízatíon of a generator sequence has the benefit
of uniform connections between Èhe array. As already noted, the length

of a generator sequence grovrs rapidly as the number of states íncreases.

Krishhan and Smíth aÈtempL to correct the above problem by deríving

cellular implementatíons for Mengerts expanded generator set. However,

the cellular irnplementation Ëhey use has certain dísadvantages:

(1)

(2)

the cells ín the array are not identical;
the ínter-array connections are not uniform.

Problem (1) prevenËs rohrs of array from beíng joined together to
form a larger rorv and thus prevents the array being used as a modular

buílding block. Problem (2) prevents Ëhe fabrication of ror,rs of arrays

on a single chíp. This ís because the connections betrueen arrays

cannot be specifíed until after the generator sequence for a column iras

been determined. A cellular array which elíminates the above problens

is 'presented in Se-ction 7.5.

Some common noÈatíon, used throughout the followíng sect.ions,

is presented next

A cycle fs a closed loop of states. Cycl-es will usually be

represented as a llst of states enclosed in parenthesls.

For example, (3r715r2) where the state J-n posltíon i-l maps

fnto the staËe in position 1. That ts' state 3 maps into state 7,
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7 irrto 5, et-c. The state in tlie iast posiiion r./fâPs aroulld anci É?aP.s intc)

the sia'¿:e in tire fírst position. Clearl-y, a permutation ís a collectic-n
of disjoint cyc-Les,

I
2

3

4

6

1

Õ

The permutatj-on P can be rápresented by the cycles

P = (1,6) , (2,3,7 "5), (to), (B).

OfËen unit cycles are deleted t+hen descrr'-bíng a permucation.

ê.g., P = (1,6) , (2"3,7,5). The permutatíon column P can also be re-
presented as P = <61317 1412, 115rB>, which contains the ínformation, state

1 maps into state 6, 2 into 3, 3 into 7, and so forth.

The identity permutatíon, E, is the permutation consísting of only

uniË cycles.

B = (1),(2),...,(n) or E = <1 ,2,... ,D).

A new permutation Q obtained from permuLaËion P by interchanging

states r and s is denoËed by, Q = P'(r,s).
For example r. let P = <5 ,2 16 ,3 14 ' 

1>.

Q = P'(5,3)
- <3r216,5,4,7r.

7.2 Me-ngerf s Algorithm

Generators and 0perators

Menger [53] uses a generator seL consísting.of. 2(n-f) generators'

where n is the number of staËes in a machíne. The generaËors are

illuslratecl ín Figure 7.3.

6

3

7

4

2

I
5

B
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Mengerts GeneraLor Set

Figure 7.3

a mA¿:gg¿i¿elign of map t"f is any sequence d1.""d* of gener'atoïs,
di e {Ar,. ".,brt,c2,,. ","r} such that dlr.. "d* = M; t-irat ís

d1...d-(s) = d*(....d"(s)) = M(s) for each state s = 1r....,n.t m m l'
Menger defínes a set of operators rvhich corl:espond to the

generators. Rather than exchangíng prescríbed states like the generators,
the operators exchange states in prescríbed positions. The operators,
v¡hich are easíer to manipulate than generators, are íllustrated in Fíg. 7"4.

ß2 ßs \2 YĴ Yrt

"2

"l
Sô

J

s.
l_

3
n

"3

"2

"1

S.

S
n

S
n

t2

"3

S,

"r

"1

"1

"1

s.
l_

S
n

"l
,2

"l

S.
a

S
n

"1

c"2

"3

S.
l_

"1

Opera'cors (s. represents the siate in positíon

s1
I

t2

Sô
J

S.
l-

S
n

l;i::i

:.{,.

Fígure 7.4

í)
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An operator reallzatlon of map M 1s any sequeltce ð1....6*
of operators, ôi e {ßrr.... rßn^{2r....ryr.r}, whích operating upon

the fdentity map E yíe1-ds M. That l-s,

ô1....ôm(E) = 6*(....61(E)) = M

Operators and generator reaLlzations are related by Lemma 7.1.
For the operaLor :nd generator sequences ô1. . . .6, ancl dm. . . . dt,
6i is the ímage of d. under the rtnatural" correspondence BO<-> bU,

tO.l "O, f or each k=2,.. . . ,n .

Lemma 7.1 (Menger t53l). if ôr....ô*(E) = M, rhen d*....dr = If ,r lll lu _L

and vice versa.

Realízatíon of Permutation Maps

Before consídering non-permut.aËion maps, Menger first develops

an algoríthm for obtaíníng an operatox reaLízation of a permutation map P.

The algorithm developed is easy to apply and guarantees Ëhe minimal oper-

aÈor realizatíon of P.

Notation: Let D0 = E and Dt be the n-tuple resulting from the kth
íterat.ion of the algorithm

k<-1

k<-.k*1

tu <- r-1(t)k_l(1) )

DL * ßsu(ou-r)

ot

?

1
no

concaLenate ß o operator se uenc

ye

-k

S

D
no

select a

which P(s) +

state' s for
D. . (s)

and set &k="

yes

Stop
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Example 7.1 An operal-or seguence for
using Mengerrs algoríthm

Since

P = <2,Lr4,3> is obtalned

operator sequence, BZBI

operator sequencez Brßr9O

ur*
ot=

Do = '1 '2 '3 '4>

lc=1 [t = P-l{no (r) )

-l

1, B, ís added to the operator sequence

ß2 (D0) operator sequence: ß,
<2 rL 13 r4>

2

-1r-'(D1(1))=1 and Dl+P
= 3 + 4 = P(s), set s=3 and 9,r=3

g3 (Dl)

<3 rL 12 14>

J

-1, -(Dz(l)) = 4

ß4(.D2)

<4 ,7 12 ,3>

4

-1u -(D3(1)) = 3

Ê3 (D3)

<2 ,L 14 ,3>

1-. -Ã-
Lz=

Sínce Dl(3)
D2=

k=
[3=
or]

k=
L4=
oo=

operator sequence : BrßrBOß:,

l- 
- 

t11--J
_1[5=P-(D+(1))=1

Since D4 = P, the algorithm stops and a minimal opeïator rea-ízat.ion of

P is gzß384ß3

Notation: A permutation P with !, cycles rvill have its cycle structure
denoted by r,I . w. ....\{. ; !ü. is the cycle conLaining state 1 and j,- JtiZ l0' J1 -a

denotes t,he nunber of states ín cycle w.
.li

The term $ (P) will be used to refer to the number of operaÈors

requlred to reallze pernutaüfon P
ìt
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..: Theorem 7.1 (Theorem 3.2 t53l) For all n and any n-state pernutation

$(P) = (jr-f¡ + I(ji+I), where the * índícates thaL rhe surnnarLon is
taken over just those j, where 2 < L < 9" and j. >- 2."i- "i-

Realizatíon of Non-Perrnutatíon Maps

-1
:,...,i For a gíven map M and any state s, let lt'(s) denote the set of
: : : states t-. (possíbly empty) satisfyíng M(t-)=s. The term 0(¡f) denotesr"

the set of states s- for which lt ^(sr) is the null set.
a

Eefinition 7.1.i [53] _A perm¡¡_tatio_n Pjs compatible with if and

only íf f.or each s.rate " 4 0(u), p-l(s) e tt-l(s) holds.

Definition 7.1.ii [53] A permutation P is comPatíble with map M íf and
. -1only if {slu1e-'(")) * s } = QC¡t>.

Let O = ô1....ôm be an arbitrary sequence of operators in

{82r,...,Êrr,!2,....,yrr}, rvith the elements in o not necessarily distínct.
DenoLe the length of o by $(o) = m.

The number of operators in o belongíng to {t2'....,Trr} ís denoted

by $y(o); let to denote the sequence of ß operators (possibly empty)

which remain after all y operaËors in o have been deleted.

The follor,ring lemmas and theorem provide a cost function for a

minimal realízation of map M.

Lemma 7.2 (Lermna 3.1 t53 l) If sequence o is a reaLization of map M and

$y(o) = lQfU> ¡, rhen no is the reaLízatíon of a permutation that is
compatible with map M.

Lemrna 7.3 (Lernma 3.2 t53 l) For every map M there exists at least one

minimun realization o for whích $y(o) = l0ful l.

Definition 7.2 [53] The state seL A(M,P) is the set containing'those

states *, " { 1, for which l*-1(") I , z and P(s) = s.

Lemma 7.4 (Lemma 9.4 t5¡l) Given map M, for every permutation P that

1s compatlble r¿íth map M, one can co¡strucf a realLzaLlon o of M
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sarísfying borh no(E) = P and $(o) = lQCul I * ç(P) + z.laçu,p) l.

Theorem 7.2 (Theorem 3.3 t53-l For any map M there exísts at least one

permuÈation P that is conpatible wiËh map M, for whích the sequence

construcLed as Ín the proof of Lenuna 7.4 is a minímun reaLízatíon for M

of lengrh $(o) = l0Cul I * ç(P) + z.lalr"r,r¡ l.

Example 7.2 For map M = <4 r2r2r4> permutation P = <4r2r3,I> is compatíble

rvith naP l"f' 
o(¡,r) = {r,3}

A(M,P) = {2}

$(P) = (jt-l) + l(j.+1)
= (2_1) + 0

=f

Thus, a minímum realízatíon for M would require

$(o) = $(P) + l0Cu> I * z. lt¡u,r¡ |

=1+2+2"L
= 5 operaËors

1

2

J

4

Bh "(4 gz Y3 ß2

4

2

J

l_

4

2

3

4

2

4

3

4

2

4

2

4

4

2

2

4

o = 1O,t4rß2,"(3,82 ís a 5 operator xealízatíon of M using the

permutation P; ,o = 84,ß2,82 is a realizatíon of P (Lemma 7.2).

As a result of Theore m 7.2 it is possíble to obtaín a minímum

realízation of a map M by evaluatíng $(P) + Z.lA(¡,r,p) | for every

permutaticrn P compatÍb1e with map I"l, and choosíng the permrrtation which

mínimizes this function. However, because of the great many permutations

compatible with map M, for any map ÞI, thís is not a practical approach.



To overcome Ëhís problem, Menger defines a ner¡t pseudo cost

funcËlon $t(MrP), based orr the redefined cost functfon $r(P) and the

nevr set Ar (M,P).

9"

$'(P) = Ð (ir+r¡, where 3, = 2
í=1

A' (M,P) = i"lP(s) - s and lu-l{") i t z}

Ler $'{u,r¡ = l0cu> I * ç'(p) + 2.lA' (M,P) l.

Theorem 7.3 (Theorem 3.4 L53 For a gíven map M and any permutation P,

compatible with map M, $'(M,P) - $(o) = 0 ot 2.

Thus, obtainíng a permutation P compatible with map M, whích

minimizes $t (MrP) will lead to a realízation of M, at most tr^lo operators

costlier than the true minimum cost realizat|on of M.

Definitíon 7.3 tS¡l A permutatíorr Q compaËible with map M, which

ninimizes $t (M,P) is said to be minímally compat:',i¡le wíth rnap M.

The following algebraic rules are used by Menger to enable

$' (M,P) to be minímized.

ARl If P is compatible r¡iËh map M, then P.(,r,v) is also compatible

with map M for any Ëwo states u'v € oCUi.

AR2 If P is compatible with map M, then ?. (u,p) is also compatible

with map M for any state u é ()(Il), where p = M(P-l(,r)).

For a permutation P, a cycle in P ís special if and only if it

contains two or more states, at least one of which is in (r<Ul.

The following necessary condítíons must be satísfied by any

, permutation P that ís minímally compatible with map M. (These

condítions are proved using the algebraíc rules, ARl and AR2.)

,fial Nl P can have at most one special cycle'

lqC2 If " e $(u¡ and P(,t) * t, then

(") P(u) 4 0<u>
. _1, (u) p(u) t ìf(p '(u))

I

. (c) t-t(p-l(u)) appears fn the special cycle.

179

.:...,.t.ri
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The condítíons NCl and NC2 are used, in turn to prove lemmas

r,¡hlch deËermíne a permutaËíon P, such that P 1s mlnlmal ly cornpaEible

wíth map M. The general form of each lemma is to state specifíc
conditíons, which must, be met, for a state p to be assigned to a posí-

tion in P. Rather Ëhan state the lenrnas explicítly, they are presented

lmplicitly røhen Menger's algoríthm for norr-permutation map realizaxíons
is gíven. A brief descríption of the use of the lemmas ín Phase I of
the algorithm follows. (Readers interested in the statemerit and proof

of t,he lemmas are referred to Lemmas 3.5-3.9 of Menger t531.)

For $'(M,P) = l0(r"rll * Sr(P)+2.1a'1u,r¡l it can be seen that

only the second and third terms in Èhe function are dependent on the

permutation P. Thus, in order to mínímíze çt (M,P),$'(P) and la'1U,f¡ |

must be minímízed. One of the lemmas perroits the set Ar (M,P) to be

determíned directly from the map M. Now only the term $ 
t (P) remains

undetermined ín $t(M,P). The remainíng lemmas indícate how the

states, s + At (M,P) , can be assigned to positions in P (consistent

with compatibilíty) so as to mínimize $'(p).

Menger's Algorithm

Phase I A. Identífy the states which do noË appear as ímages under

M; i.e. 0Cul.
B. Each remaining state P appears one or more times as an

image under M.

(i) ff U-f(p) contains one or more states that are

neither in 0(Ir) nor p itself , take o-t(o) to be

one of these stat.es.

(ii) ff U-l(p) contains states p and possibly other

states which are exclusively in Q(u), take
p-l(p) = p. (Note that thís step determines A'(M,P).)

(rií) rf u-l1p¡ contains only states that are in Q(lt), an¿

this must apPly to atl image sËates Èhat did not qualify

for (í) and (ií), then p-l(p) can be taken to be

any srate i., lt 1(p).
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D.

C. For each state s € 0(M) not assl-gned an image 1n

B (iff), take r-lçs¡ = s.

Any states whích remaín unassigned as ímages at this point
musL be members of $fUl. These may be assigned to the

remaining vacancies in an arbitrary manner.

Denote the current permutatíon by R. If R has tr¿o dístínct
non-unit cycles each of whích contains at least one state
in 0(¡f), Ëhen a ne\{ permutation Rr is formed by exchanging

these two images (ARl) . Repeat Step A as long as iL applies.
If the current permuËation, R, has a non-uniL cycle which

contains a state s € O(M), such that M(R t(")) is not also

in this cycle, then these two images must be exchanged Ëo

obËain a nernr permutation. Step B is repeated as long as

applicable.

An operator teaLization for the permuËation Q¡ resultíng
from Phase II, ís deríved.

For each state L, where ¡u-11t) I - Z, there either is or is
not an index i such that t = D. (1).

If such an i exísts, then certain Y-operators must be

ínserted in the operator realízatLon of Q at this point.
Speeifícally, for each sËate s{t satisfying M(Q-1(s)) = t,
an operator_îr must be Ínserted after the ith $ operator,

where r = D.-(s).
For each state t where there is no i such that D.(1) = t,
the operator sequence obtained in A is augmented with 8r.
Immediately folloru'ing B, further y operators are attached.

Specifically for each siat" "{t, 
such that M(Q 1(")) = t,

attach the operator yr, where r = Q-1("). Finally a

seconcl ß, is attached.
Reverse the operator realization and replace each 8U bl' bn

and each yt by c.rk=2¡... ¡n, to .obtain the desíred ntj.nimum

map-generator realization of M.

PHASE II A.

PHASE III

PHASE IV

B.

'.::-:)::r

A.

B.

C"
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Example 7.3

PHASE I A.

The following example demonstrates

algortËhm to a map 1"1.

ttre appLicatíon of Mengerts

M = <1 ,L12 12 15 15 rB 17 ,7 ,9>

0 iul = {3, L,6,ro}
u-l(r) = {1,2}, tut-r(B) = {z}, }r-1(g) = {10},
and M-l (7) = {8,9}

-1 _1 _1
P '(1) = 2, P -(B) = 7, and P -(9) = 10 are

forced; choose Y-L7l¡ = 9.

u 1(s) = {5,6} and o e Q(u). Theref,ore,
p-l(s) = 5 and A' (M,P) = {s}
r"l-1(z) = {3,4} 5 Qtu); choose r-112¡ = 3.

States 4 16 e 0 (t"t) tt".r" not been assigned an

ímage; set P-1(¿) = 4 and P-l(O) = O.

The remaining unassigned states are 1 and B.

Assigning the rernaining images, 3 and 10,

arbitrarily, set P-1(3) = I .,-nd p-l(ro) = g.

B. (i)

(il)

(iíi)
c.

D.

The

PHASE II

PHÄSE III

PHASE IV

resulting permutatíon R is
R = <3,L12 r4 15 16 r8r1C,7r9>

The cyclic representation of R is

A.

B.

n = (1 ,3 ,2) (4) (5) (6) (7 , B ,10 ,9)
Since 3 Ís in cycle (I,3,2) and 10 is ín cycle
(7,8,10,9), apply (3,f0)

Rr = R. (3 ,10)

= (1,10 ,9 , 7 ,B ,3 ,2) (4) (5) (6)

Step A no longer applies.
Step B does not apply.

Q = <10 ,I ,2 14 ,5 ,6 ,B ,3 ,7 ,9>

A minimal operator reaLLzat-ion of Q ís

92,93' ßB 
' 
ß7'ßg'ß10

An operator realization of M is presented, from

whích the application of Steps A and B can be

deduced

l¡
t: :.
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Yro gz ^'( 4 g3 ßB ß7 YB ßs ßro ß5 \ 6 g5

1

2

3

4

5

6

7

8

9

10

I

2

3

4

5

6

7

8

9

I

2

1

3

4

5

6

7

B

9

1

2

1

3

2

5

6

7

B

9

I

3

1

2

2

5

6

7

B

9

I

B

1

2

2

5

6

7

3

9

1

7

1

2

2

5

6

B

3

9

I

7

1

2

2

5

6

B

7

9

1

9

1

2

2

5

6

B

7

7

1

1

I
2

2

5

6

I
7

7

9

5

1

2

2

1

6

B

7

7

9

5

1

2

2

1

5

B

7

7

9

1

1

2

2

5

5

B

7

1

9

$' (M,p) = l0 fu> I * S' (p) + z.lt'(M,p) 
I

4+6+2-L
=L2

fn províng a theorem, essentíal to hís algorithm, Menger assumes

an irredundancy conditíon to hold. However, this irredundancy condítion

is ínadequaLe. In the fo11owíng section rre show that an extra

irredundancy condition is necessary .Ëo prove the theorem.

7.3 Irredundancy Conditions

To establish the pseudo-cost function,

$'(M,P) = l(t(ull * S'(P) + z.la'(M,P)1, for a nonpermutation map M,

Menger utilizes Len¡ma 7.3. The lemma is a consequence of the much

stronger theorem.

Theorem 7.4 ([f¡] p.3-35) If sequence o = 61....ô- is a realizatio¡
of nrap M for which $v(o) tlQçlil l, one can "or,"irtr"t ä "."nnd 

realízatíon
o'of M satísfying both $y(or) < $y(o) and $(o') < $(o) = n.

In order to prove the theorem, Menger assumes a redundancy

condition whlch r¡re state formally belort.

Ðefinition 7.4 t53 I If o = ô1....6m is a realizatíon of map M and

there exlsts an índex k and state t such that \(1) = \(t) and

ô- -=y. thenreal-izatÍon o fsredundant.k+I 'Ë'
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6t*t
Obvlously, lf a reaLlzation o 1s redundant, then Èhe operator

whfch causes the redundancy condition can be deleted to gfve

I
z

3

4

of = ô1...,6k,6k+2,...,6*, whích ís stil1 a realtzal-ion of M.

The theoren is proved assuming that the operaLor sequence is
írredundant in the sense of Definitíon 7.4. That ís, íf an operator

sequence ís not redundant and $v(o) t lQ(u) l, then

'i...there must exist an index k and state p such that both \il) 4 $ful
ttd ôk+l = yp, for otherwíse it would follow wíth the irredundancy

of o. rhar $v(o) = l$ {r"r) I ." . (p.3-35 t53l)

Thís is not strícËly true and a counter example ís gÍven below.
:". ,. .,)

:.:',,':. ::lil
:..ì: .:.'.:ì Later, we state another redundancy condition which makes Mengerrs
:.--.-..r _.Ii stat.emenË applícable.
:.::-:.,
: :: :.:

I Exaurple7.4 M-<1,2,2,L> 0(¡'r)={3,4}
r o= ô1,62,63,64,ô5,66,ô7 =84,"t3rßr'"tr,ßu,ßO,TO

g4 Y3 92 12 93 g4 \4
4

2

3

1

4

4

1

2

l¡

4

1

2

2

4

1

4

2

2

1

1

2

2

4

1

2

1

tt Mz *g M4 t5 M6 tl

o ís irredundant sínce ôi+l = y= implies M. (1) { U. {s¡ for all
Índices 1 < i < m-1. Exaniníng o for cases rvhere ôk*l = Yp and

\(r) 4 0cul '
k=6 and p=4t ôk*t = ô7 = y4 and M6(4) = a e Q(lt)

k=3 and p=2r ôk*l = 64 = y2 and M3(2) = a e Q{r'r)

k=l ànd p=3r ôk+l = 62 = y3 and M1(3) = 3 e 0Cul.

Thus, there does not exist an index k and a state p such that
uothM,.(l) 40Cul urd ôk+t=yp. But $y(o) =3 > lQCull=2. rtis
contradicts the assumption made by Menger in proving the theorem.

Consequently the sequence o is irredundant and cannot be reduced

using Mengerrs theorem.
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However, 6i = Í3 can be removed from o to give or such that

ot (E) = Y.

ßL g2 ^Yz ß3 g4 "(4

4

2

3

1

2

4

3

1

2

2

3

1

3

2

2

I

1

2

2

J

1

2

2

1

1

2

3

4

The followíng defínitíon states another essential redundancy

., .'1.,.', condition for operator realizations
'1:-r"...:Ir.:-r:-....:
:"_:::'l:: l

Definition 7 .5 If o = ô" .. . .6 is a realízaiuion of map M and.
IM: -, :_.'

,.::-: .' : i'. .1

r,¡:,,,¡¡:.:;1 there exists an index k such that Mk(f) . Q{u), \(t) € 0(M), and

', 6- - = Y . then the realízation o is redundanË.tc+l 't -

IÍ. a reaLi-zatíon o ís redundant by Defínítíon 7.5, then

ôt*t can be deleted frorn o to gíve o', which ís sti1l a rea1-i-zatían

of M.

Defínition 7.6 The operator xeaLízatLon o = ô1....ô* is írredundant íf

(í) 6i+t = Y", ímPlies M. (1) { n. (s) ; and

(ií) 6í+t = y", Ímplies M.(1) 4 Q<erl and M.(s) { Q<ul .

7.4 A New Generator Set

In this section rre propose a ne\^r set of generators for realLzíng

maps. The generators are:

C = {b, ,Zr... rblrr, ,b2r3r... rb1r'r... rbn-l ,n ,

"L12" ' "cl rr'c2r3"'""2rtt' ' "cn-l rnÌ.

Generator b. substítutes state i for every occurrence of state j ,rrJ
and state j for every occurrence of state Í.

b. . = <l-'...'i-l,i,i+l t...'i-1,í,j+l ""'n>'a¡J

GeneraÈor c. substitutes sLate i for every occurrence of state j.
IrJ

i-a: . ! i::lr:i;

I

j

"irJ = <lr...ri-l ,l'l-+1 ,...rJ-l-'1'j+1 '...'n>.
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An algorlthrn for deriving teaLízatíons for permutatlon maps

uslng the b_. . gerlerators ís developed. The algorifhm is straight-
rrJ

forward and obEains the mlnim¿l generator reaLLzatLon.

The derívation of a minimal realizatLon fot a non-permutatíon map

is not as direct. At present $Ie can only esLablish a maxímum bound on

the generator length for a non-permutation tealization. The reason

for this is that there are many possible I,7ays to derlve a non-Permutatíon

teaLizatLon. An exhaustive search of all possible realizations, in most

cases, is not feasible

A heurístic algorithm, which linits the number of realizations

examined is presented. The emphagis has been placed on developíng a

simple.algorithm which obtaíns a near minimal teaLízalíon quickly.

The theoretical basís for the algorithm presented can, in some

cases, be obtained by simply extending Menger's defínitions and theorems

to apply to the ne\¡r generaLor set. For these instances the definition

and theorems are restated with acknowledgements to Menger.

Definition 7.7 (Menger tsgl) A map reaLízation of a map M is any

sequence dl....d* of generatcïu di_ € G, such that d. " 'd* = M'

That ís,

dl....a*(s) = d*(....ur) (s)) = M(s), for

each state s = 1r.... ,tr.

Like Menger, r^¡e develop an algoríthm whích uses operaËors to

derive the generator sequence. The n-state operators are

^l - Ío A Q R ---^-lG' = tBl r2r... rßlrrr rB213'. " rß2rnr "'rßn-lrn'
,Lr2,'" rYl ,nr\213r" 'rÍ2rn" " 'Yn-1 rtt)

Operatorßrriinterchangesthestatesi-npositioniandposition
j, while y.: . replaães the state in position j wiEh the state in

I rJ
position i, as illustrated in Figure 7.5.
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ner{ operaËor set

Fígure 7.5

inition 7.8 (Menger t53l) An operator 'realization of map M ís any

r,¡híc.h operating upon the

then d....d- -MMI
= b and for eachxtY

Y

"1
t2

"3

n-

n

s

S

Def

^ltt

sequence 61" . . . ô* of operators 6. 6 G' ,

identity map E yields map M. That is,

ôt....ônn(E) = ô*(....ðt(E)) = ¡n.

The basíc result whj_ch al1ows a geneTator reaLj-zaÈion to be

obtaíned from an operaËor realizatíon ís now stated.

Lernma 7.5

více versa.
A:V"i t*ryt

(Menger t53l)
For each ô.

l_

subsËítute d.
l_

If 6.....ô (E) =
Ilit

- ß . subsÈituteXrY-
=c xrY

M,

d.
t-

and

Example 7.5 For map

sequence ô1....ô7 =

I
2

3

4

5

6

7

B

Ì[ = <B ,B 12 16 ,2 14 r4 ,4> we have the operator

ß1,8'Y2 13'82,5'Yr,2'84,6'\ 6, 7'Y6,8'

ß1 r2 Y1 au4

B

B

2

6

2

4

4

t

B2 e Yo I Ye

L 12 ,fr '-2, Z.n_ - ".-n_I.n ,L.2.- - _ ,l.n ,2.3... ,2.n_,, ,n_l ,n
tz

"l

"3

:
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S
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S
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n

'3

n-
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The correspondfng generator sequence is
dt" "d7 = "6rB' c6,7' b4,6' "L,z' b215' "2,3' hL,B

"6 "6
b,r

1

2

3

4

5

6

7

B

1

2

3

4

5

6

7

6

1

2

3

4

5

6

.6

6

I
2

3

6

5

4

4

4

. Parallel to Menger, we develop an algoriËhm which gives an operator

realizatir:n for any permut-ation P. Basícally, a permutation is a

collectíon of cycJ-es. For a cycle c, if j. ís the smallest state in the

cycle, Ëhe cycle c can be derj-ved from the identíty vector E using

operaicrs of il-re forin ß.,j, *htt* state j is ín cycle c.

The algorithn follows ín the form of a flowchart.
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Example 7.6 P

=[,
Lt

or

- <2 11 ,4 ,3>

- <1,2,314> i=l and k=1
_'l

= P'(D. ,(i))
- K_I

-t= p'(D'(t))
-/ and f.. *i

kl

Set DO

189

concaËenat" ßi,

to Ëhe operator

sequence

3-t,= 
n

í<-if1 ¿È:P -(Dr_r(i))

Dk * Êi,.r,o(Di.-t)
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operator sequencet ßt ,gU= ßL12

Dl = ßl ,z(.L,2,3 r4>)

Dt

k=k*1
Lz

1

2

3

4

i
Lz

t

Lz

- <2 ,L 13 ,4>
_L

-1= P -(D1(1))

= f and [k=i.

=í4L=2
-1= P -(D1(2))

=/ and lk=i
=í*1=3

-1= p -(D1(3))

= 4 and 9.- *i
R

a
'3,4operator sequerrce , BI 

,Z ,, Dz 

= i1,,î',;',;:'.3 
'h>)

Since D2 = P, the algorithm stops and Br.rr, ßr,O

operaior reaLízatLon of P.

8,,, ß.
J

2 i2
I1 t1

3 14
4 t 3

l_s an

,x,y) to indícate cycles,

(1,4,6,3) of
can be represented

In addition
cycle diagrams are

Example 7.7

to using the notation (a,b,.

also used.

I
2

3

4

5

6

7

B

The cycle
permutation P

by the dlagram
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The cycle diagram also ¡rrovides a method of determining an

operaEor reaTízatLon. Starting wíth the smallest state 1n the cycle,
trace backwards through the cycle to fínd a reaLízation for the cycle.
'Ihat 1s, for the above cycle an operatox reaLízation 's ßl 

,3,ß1 ,6,9I,4.
An íntportant point to note is that, as long as the operators

for a cycle. are applied in the order that they v¡ere determined, they can

be íntermixed with operators of another cycle.

The operator sequence to realíze P found using the algorithn ís
ßr, r'Br,u,Br ro,ßr,r,ßr,r' Hov¡ever, the sequence

ßr,rr9r,r,ßa,U,ßZ,7,g.,14 ís stíll a reaLization of P since the orderíng
wíthín the cycles has noË changed.

The number of ßi,j operators requíred Ëo

map can be deÈermined using Theorem 7.5.

As the proofs for Lemma 7.6 and Theorem 7

rsil1 rnerel;,' be slated.

!gg4g_l-_q_ For a cyele c, where l" l = rl
in c, the length of the operator sequence

Theorem 7.5 For a permutation state column P,

the length of a minimal operator

is
to

tealíze a permutation

.5 are obvious, they

the number of sEates

reaLize c is n-1.

wiËh m cycles,
realízatíon of P isc.ri=Ir...rm,

m

| = Ð(lc, l-1)
a=1

I

ConsequenË1y,

required to realíze
iÈ is possibJ-e

a p ermutat.íon P

fÍnd the number of operator:s

examining the cycles of P.

to
by

,;;.. ;,,1
,::,r-:,

:l: ; :i'j '. lj
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Exan4rle 7. B

I
2

IJ

4

5

6

7

I

The length of

alÍ-lc)v{____-}--/
cl

the 'operat.or sequence ís
Ĵ

L = Ð(l"il - r)
Í=l

= (2_L) + (1_r)

=5

operator xeaLizatíon for P of lengthAn

+ (s-1)

5 follows

."1

.1 1!

ß1 B^
J

ß") ß3 ß
.̂]

1

2

3

4

5

B

2

3

4

5

6

7

1

B

2

5

4

3

6

7

1

B

2

6

4

3

5

7

1

B

2

7

4

3

5

6

I

8

2

4

7

3

5

6

1

The worst-case conditÍons for a per¡ìutation realization can also

be determined from Theorem 7.5. Stmplífying the cost function gives

m

L = Ð tl"-, l-r)
i=1

mnì
=Ð1"' 1-Ð1

i=l * i=l

1s the number of statesL=n-mrwhere Ín the perrnutatlon and
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m ls the number of cycles
(Note that cycles of length L are lncluded 1n the calculation.)

Obviously, the r^/orst-case condiËion occurs r¿hen there is only one

cycle ínvolving all the states. When this occurs the length of the

operator realizatíon is n-l. (The worst-case for permutations realízed

wíth Menger's oper::tor:s requi.recl + operatol:s. Thus , the \,¡orst-case

conditions for both operator sets are a linear function of the number

of sËaËes. For our operator set there should be a distinct savíng in

oper.ators required when dealing wíth Large state sets.)

. As the number of cycles in a permutation increases, the number

of operaËors in the realizatíon decreases. This fact is uËilized when

determining operator realizations for non-permutation maps.

Non-PermutaLion Realízations

To develop the algorithm for non-permutatior' reaLizatÍons, it must

íirst be establisheci that Ëhe riuniber t.¡f Yi,j operatols in a míninal

xeaLízatíon is given by lQ(M) l.

Definition 7.9

if and only Íf
(Menger i53 l) A permutation P is cornpatible with map M

{"lr"r(p-l(") * s} = Q{r"r).

NotaËíon (Menger t53l): Let o = ô-....ô beIm
operators in

G = {ßrrr,...,ßl ,r, 8r,r...,ß,,fl,...

II r¡r' 
. "Yl rnr\2 r3r " ""(2,nr'''

an arbitrary sequence of

'ßn-l ,n'

'Yr,-l. rt]

(i) the length of o is denoted by $(o) = m;

(ií) the number of y.,j on.tttors ín o is denoted by $y(o);
(iií) the sequence of ßr,j oPutators which remaíns after all Yi,j

operators have been deleted from o is denoted no.

Lemma 7"7 (Menger t53l) If sequence o is a reaLization of map lt{ and

$y(o) = lQCu>¡, then no is Lhe realization of a permutation thaË is
cdmpatlble with nap M.
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Lernna 7.8 (Menger ß3 l) l'or every map M there exists at least one

ml-nimum reaLLzation o for which $v(o) = lQfot¡ ¡.

Lemma 7.8 is a corollary of a theorem by Menger (t531 p.3-35)
which states that for a rea7.ízation o, of map M, for which $"f (o) t ¡q<U)l
a seconci realization o' can be constructed for which

$y(o') < $y(o) and $(o') < $(o). Thís theorem, however, does not

apply directly to the expanded generatoi seË. The reason beíng that
the additional operators require more condÍtions to be examined to
prove the Ëheorem. Before the theorem can be proved, the irredundancy

condition of section 7 .3 must be established for Ëhe expanded generator set.

Definition 7.10 An operator reaLization o ís y-redundant Íf:

an índex k and states r and t such Ëhat

= \.(t) md 6k+1 = Yr,ri or
an índex k and states r and t such that r < t,

\(t) u 0(M), and ôr+r = rr,".
which ís not y-redundant ís said to be

Clearly, for cases where o is "¡-redundant, ôk+l can be removed

from the operator sequence o yíeldíng or = ô1....ôk, ôk*2,....rô*, which

is stíll a reaLization of M.

Theorem 7.6 If the sequence o =

(i)

(ii)

there exists
r < t, \(r)
there exisËs

\(.1 . Q{u),

A. reaLízatíon

of map M for whích $y(o) t lQtu¡ I,
can be constr-ucted satisfying both

ô-...ô ís a v-irredundant. realizationIm
then a second realízation o' for Il

$y(o') < $y(o) and $(o') < $(o) = m.

Proot Since o is .¡-irredundant, there must exist Índíces krr, arrd t
(where r < t) such that both \(t) 4 0(M) "rd 6k+1 = yr,, hold;
otherwíse, $y(o) = lQ(M) l. For k and Ë as given above, defíne q = \(t)
and let j be the largest index less than or equal to k such that
ôj = Y"ra'ß"ra'Ytrp'ot ßrrp'
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Assume that such a j does not exist. Then the o¡rerat.or

subsequence ôr....6k does not affect the Eth positlon. ll'hat is,
t=l"fr(t) =....Ér'rr.{.) =q ïrd ¡iurlf.rll=.... E l{lfol¡=1.
Sínce o is y-irredundant, 4'(r) * q. As \+f = tr,.(\), ir
follov¡s that lqfr<al | = Q. 

N

Thus, l"-1(o) I = o, because a state eliminated in the course

of an operaËor- reaIÍzatr,on cannot reappear later. However, this
contradicts ¡,L(t) = q 4 (tCul . Therefore, Ëhe index j must exist.
The remainder of the proof is divided into 4 sectíons. Each section
proves for one of the possíble uj (t" 

,t, \trp, ß"ra, ot ßtrp), t.hat a

y operator Ín o can either be deleted from o or replaced by a S

operatoï, such ttrat tfre ller¡r seguence, ot, is also a reali.zatíon of M.

(i) Assume ôj = y",ri Ëhen 6. can be deleted from o and the remaining

sequence ot = 61'... 'Oj-r,Uj*r,...,6*, is still a reaTízation of M'

o'(E) = M can be shown Lo hold by lettíng Mi,...,Ml_f,Mj+f,...,Må
denote the intermediat.e maPS associated with or. Obviously,

Mi = Mr,...,Mj-l=o{j-I. Let c = *j-r(t) = 
"j-r(.). 

uïno"tínitíon of j,

the operaËor sequet"" 6j*1...ôk does not affect the Ë--- position.
ccnsequerrii,, c - t{j_r(r) = *jr_r(r) É ... = {(r)
For all ¿ * t, tj*r(d) = Mj*r(¿). Therefore,
tj*t(u) = tj*r(d) '... '4(d) = \(¿)' \l*r(d) = \+1(d). As

\l*r = yr,r(I{), M'k+t(t) = S(r) = \(r) = %+r(t), and \.nr=\*r.
Thus, o'(E) = M, $y(o') = $y(o) -1 and $(o') = m-1.

(Assumptíon (i) is represenËed graphically in Figure 7.6.i.)

(ií) Assume 6j = ta,p, then ô. can be

sequence ot = ôl...ô5_t, Ê,,pô¡*l,

ri = *r_,....,*rj_, = 
"j_1

"j = ßr,e(Mj-l)

uj(,) = i4-ïli;-"
tj -t (t)

Mj = Yr,o("j-t)
It, (n) = Mr_r(t) and nj(n)

f or all- c such that c { t,

replaced bv ß. and the resulting'trP
. . .6 is also a reaTízation of l"I.

m

= t"I. (p).

t'tj (c) -- u, (c) and

Itj-r1(") = 
"Jnt(c),....,Iíru(c) 

= q(c),4*r(c) = \*r(")
\+r = Y, ,, 

(\) .



L96

Thus, }f,*f (r) = MU(r)

MtL*1 = Yrrt(Mtk)
ot'k*l(t) ={(r) =\(t) =\*r(t)

'Iherefore, %*f = Ml*, and

o'(E) = M, $y(o') = $y(o)-l, and $(o') = $(o) = n.
(Refer to Figure 7.6(i-j).)

(iii) Assu:e 6j = ß",a. Then there mr¡sf- exíst an.C such that
ô^ = Y Y- -- Ê- _, or ß ; that such an índex .Q,& 'ursr'srv, -urst -srvt
exists is proved by the same argument for the exístence
of index j.
(a) Assume 6f, = yrr,".

By an argument sÍmilar to (i), ít can be shovm that ô,
can be deleted from o to give or = ô1...ôU_t,ôg+I...6,n,
r¿hich Ís stíll a realLzation of M. Thus,

$y (o') = $y (o) -1 and $ (o') =in-|. (Figure 7 .6 .LLí(a) . )
(b) Assume tS^ = y

J¿ 'S ,V
, By an argument similar to (ij_) ít can be shov¡n that

ôU can be replaceci by B and that o'(E) = M,

$y(o,) = $y(o)-1 and çfo",'í = $(o)
(Fie. 7 .6 .j-ír (b) . )

(c) Assume ô, = ß , then there must exíst an index
J UrS'

.Q,r, such thaË ôur = tnrr, yrnr, ßprr, ot ßrrr.
Eventually, case (í) or (íi) raust hold; orherwíse,

¡r'rrlrall = ....= l{1coll = r so rhar

lr'rujrCa)l = = l¡it(q)l = 0, irnplyíng a . Q{u),
u'hích is a contradiction.

(d) Assume ôg = ß",rr. Proved as iií(c).

(iv) 6. = ß. . Proved as iií.J E'P

a. E. D.

:r]
.l

'

.:

.:.:...,i
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ô.
J

Y"

ô.k

.Vt 'r

q.

\

)

/

y can be deleted r¿íthout affecËíng orê l-

Figure 7.6.(i)

ôt

y. can be replaced by ß. wíthout affecting't,p tlP
Figure 7.6(ií)

:.,,:i':ti tiì:r;:J
ì;-ì:::;!-!
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6u

Y

ô.
J

R

ðt

Yr. t'u S

u

s

r

f

Yrrr" "tt 
be deleted

Figure 7 .6.(ííia)

-

ô.
J

ôt

srv

ô¿

vß's.v s.v .

y can be replaced by's rv

S

v

r

t

.rr:'t:;1i l

'' ,:' 'l: 1

^
Ç

Figure 7.6 (ifib)
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Menger uses the set, A'(M,P) to determine states for which ß

operators, ln excess of the number required f.or permuEatie¡¡ P, wíll
be required t,o reaLLze 14. The set Á,'(MrP) can easlly be detei:¡ulned

by examiníng map M.

For the expanded set of operators, the set of states for which

extra ß operators will be requÍ.red cannot be found as easily.
Following, some of the problems associated v¡ith this process are

illustrated.

Notation: Let r = ô1 ô* be a sequence of Br-,j operators which

reaLízes P. That is, 61...ôn(E) = P. Denote U = tO, Pi = ôr-(tr_f)
and P =Pn

DefÍnitíon 7.11 For a map M and a pérmutation P compatíble with map I'f,

a state s is saíd to reseË state Ë. in P if and only if there exists
a sequencê r, of length $(P), such that for one p-, p]l(s) . p.l(t).

7-' a l_

Definition 7.I2 For a map M and permutation P compatibie with map M,

if M(s) * p("), then M(s) covers P(s).

IÈ should.be observed that the seË of all covered states is the

set Q 
(M) .

Defírrition 7.13 If M(s) covers P(s) and M(s) resets P(s) in P, then

M(s) replaces P(s) in P.

Example 7.9 M = <4r4,5,1r1> and P = <4,2,5rt. ,3>

M(2)=4coyersP(2)=2
M(5) = 1 covers P(5) 3

The.minimal operator realizatíon , = ßI,4, ßrr, real.izes

permutatíon P.

For Po - <1,2,3,4,st, rf,l{r) . t;t(3) and I rep3-aces 3 in t.

Pl- = Êl 
,4 

(.1 ,2 ,3 ,4 ,5>
* <4r2r3r1r5>

since rrlt+> . n;t (2), 4 r:eptaces 2.
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Obvious1y, aLL replaceable states ln P wlll not require extra

B operators, since they can be sel- equal to tl-reír value 1n M cluring

the reall-zatíon of Ì4. The set N(MrP) ís used to denote all the non*

repl-aceable stafes in P. For each state s, s € N(M'P), an extra ff

operator wí11 be required to realLze 14.

The function, Ç(o) = l$Cu> I * ç(P) + lr.r1u,e¡ l,
rêasonably approximates the number of operators required to realize M,

. using a permutatíon P compatible with map M. No formal proof will be

given. for this functíon. Instead, it is demonstrated that, in most

cases, the evaluaÈíorr of this funcËion ís too difficult to allow the

funcÉion to be used as a tool for deriving minimaL reaLízations.

Example 7.10

M = <4 ,3,2 14> and

P = <l ,3"2 r4>, compatible with map M.

The sequerrce r
Thus, $(P) = 1

Since the only

reseË 
'1 ín P.

calculating Ç (o) ,

= ßZ,U reaLízes P.

and Q(M) = {1}
mínimal sequence for P is

N(M,P) = {t}

ßr,r, state 4 does not

ê(o) = l0tull * S(p) + lxçu,rl
=1*1+1
-t-J

An operator sequence teal-i,zing M and requiring 3 operators is

Ê1

1

2

3

4

4

3

2

1
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NolaLlon: Let tl're term c
S

state s. Tl-re smallest state

Lemma 7.9 For a permutat,íon

the followíng holds:
(í) s<t
(ií) 

" 
. p-l(r)

(iii) p-1(") < L

-1 -1(iv) P-(s)<P'(t)
(v) rnin (c") < t
(vi) *irr("") . p-l(r) .

denote the cycle of
í,n the cvcle c will's

which contaíns
denoted by min (c").

ô
m'

P

be

P, state s resets state t if one of

Proof IL can easi,ly be seen that a minimal realízatíon, t = 6r,
of P can be constructed such that

-1 -1fU-(s) < Pk-(t) for PU = 6U(....ô1(E)), k=1,...,m

Lemrna 7.10 Conditíons (i) and(Íií) of Lemma 7.9 ¡an be replaced by

; conditíons (ii) and (iv) can be replaced by (vi).conditíon (v)

Proof Obvious.

. For a permutation P compatible wíth map M rlre can determíne, using
Lemma 7 .L0, whether there exÍsts a sequence of ß- , operators such thatarJ
state s reseLs st.ate Ë. Hov¡ever, there may not exist a uníque mínÍmal

sequence t, such that every replaceable state can be reset in the
sequence T.

Exanple 7.11 Let M = <1 ,8,8,4,5,3,3r7> and

cornpaËible with map M. B covers 6 and 3 covers

<1 r6,8,4,5 ,2 13 r7> ,

@ú

D_

2.
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From the cycle diagrams

min(c') = 3 <

min(cr) = 3 <

The length of a mínimal

6 and B covers 6

v-Lçz¡=6 and3covers2.

operator redlízation of P is
p

$(P) )l f i ". l-r)l-=I

= (1-1) + (2-1) + (3_1) + (1_1) + (1_1)

=3

Bven though there are no nonreplaceable states in
possible to find a realLzatíon of P su.ch thaË all covered

replaced. The possible mínimal realLzatíons of p are

(i) 82,6 93,7 ßr,, (ií) Br,, ß3,8 gz,6 (iíi)

B2 Dt3 ß.
J ß3 t ßs eBz

P, it is not
states are

I
6

7

4

5

2

3

I

gl,7 ß2,6 ß3,8

ßĴ lBz oßg
11111
61616
3l7l B

414 t4
s ls ls
21212
71313
B IB 17

I
2

3

4

5

6

7

8

I
2

7

4

5

6

3

8

1

2

B

4

5

6

3

7

1

6

8

4

5

2

3

7

I
6

B

4

5

2

J

1

Fígure 7 .7

For Figure 7.7.(í) 3 resets 2, but B does not reset 6; for Fígure 7.7

(íi) B resets 6, but 3 does not reset 2. Neither B resets 6 nor 3

resets 2 ín Fíguxe 7.7 (Íii).

Definition 7.ltr Assunte for permutation P compaLible wíth map M, there
exists minímal realizat.ions 11 and'r, such that state s replaces state t
and state x replaces state y, but there does not exist a minimaf realÍzation
'r such thaÈ botl'r s replaces t and x replaces y. The states [srt] ancl

[x,y] are said to be mutually nonreÞlaceable in P.
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Theor:em 7.7 If [s,tJ and [x,yJ are mutually nonrepl-aceable ín P, then

and t and y are l-n t.he sarne cycles and x are in the sane cycle c,

"z'c, * cr'

lro€ All possible cyclic combiriations of s,t,x, and y are examined.

IË ís shown that the only possible combínation for v¿hích a minimal
teaLization of P can be constructed such that [s,tJ and [x,y-] are

mutually nonreplaceable is (.. rs¡.. ¡xr..) r(.. rt,.. ryr,.). For all
other combinations ít is demonstral-ed that a reaLízaLi-on such that
s resets t and x resets y can be constructed.
(1) (..,s,..), (..,t,..), (..,x..), (..,y,..); pur s and x inro

posiËions min(cr) and min(c*), respectively. It can be seen

Êhat s reseËs t and x resets y, contradictíng the assumption

of mutual nonreplaceabilíty. (hle are makíng use of the fact
that the cycle operators can be applied ín any order, as long
as the operator order rvithín a cycle is observed.)

(2) (..,s...,t,..), (..,x,..), (..ry,..). Clearly, an operator
sequence such that s resets Ë and x reseËs y can be derived.

(3) (..rs,..,x,..), (.",t,..), (..,y,..).
min (c^) = min (c-.) = u.sx-1

u<t or u<P-(t)
u < y or ,, . P-l(y)

Apply B operaËors for (..,t,..) and (..,y,..) if u < p-l(t) and
_'l

u < P -(y), respectively. Put s and x into position u, alternately.
Thus, for this realízatíon s resets t and x reseËs y.

(4) (..,s,..,y,..), (.. ,t,..), (. ",x,..)
Apply $ operators to place x into position mín(c*).
If min(c ) < y, then x can reset y;'x'
if min(c^) 4 t: then apply ß operators for (..,s,..y,..) so that

s
s can reset t;
if rnin(c^) < P-l(t), s can reset L if the g operators for t are

S

applied.
(5) (..,s,..), (..,t,..), (..,x,..,y,..). This case is similar to (2).
(6) (..,s,..), (..x,..,tr..), (..,y,..). An operator sequence can be

deriverl Ín a nanner sfmilar l-o (4) .
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(7) (..,s,..), (..tr..,yr..), (..rxr..). Thís case is símilar to
(1) and an operator reaLízatLon is construcËed by applying
operators Ëo place s and x into position rnin(c")1and mj.n("*).

(B) (.. rs,..rL,..,xr".), (..,y,..). lf rnín(c*) . p '(y), apply

ß operators for (..,y,..) such that x resets y. Sínce s and t
are Ín the same cycle, s resets t. If min(c") < y, the operators
for (..rsr..tr..rxr..) mrrst be the fÍrst operators ín Lhe sequence.

(9) (..rsr..rtr..ryr..), (..rxr..). Any operator sequence which first
places x into posítíon rnin(c*) can be used.

(fO¡ (.. rs,..,x,..,y,..), (..t,..). This case ís similar to (B).
(11) (..,te.. ex,...,y r..) , (..,s,..). This case is simílar to (9).
(L2) (..rsr..,t,,.), (..,xr..ry,..). Clearly, for any operator
' realizatíon, s resets t and x reseËs y.

(13) (..,s,..,y,..), (..,x1..¡tr..).
Assume rnin(c") < min (.*). First apply $ operators to put x ínto
position rtlÍ.*). If min(c") < y, then x ïesets y. If
min(c__) < P '(y) apply p operators for (..,s,.. ry,..) so Liratx
x can reset y. Since mín (c_) < min (c__), then min(c_) < t and

rnin(c") . p-1(t) and t ."r, uX reset by I while ß op.rltors for
(..rs,..,yr..) are being applied.
A sirnilar operator sequence can be constructed if min(c*) < min(.").

(14) (..rsr..rtr..rxr..,yr..). Obvíously, s resets t and x resets y ín
any operator realizatíon.

(15) (..,s,..,x,..), (..,t,..,y,..).
For this case, a minímal operator realízation such that s resets t
and x resets y cannoË be constructed. Thus, this is the possible

combination of cycles for which [s,t] and [x,y] are mutually
nonreplaceable.

Theorem 7.8 If [s,tJ and [x,yJ are mutually nonreplaceable in
permutatíon P, then there exists a pernìutation Q, Q = P'(s,t)'(x,y)
such that [srtl and [xryJ are not mutually nonreplaceable in Q and

$(Q) = $(P).
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Proof For

Since, s

cycle in

one 1noïe

[s,tJ an.d [xry] to be mutually nonreplaceable in p,

-1 -1 -'t _1P *(s) > P -(t) and P -(x) > P -(y) 
"

For Q = p. (s,r).(x,y), Q-l(s) . Q-l(t) ancl q-l(x) . Q-l(v).
Thus [s,tJ and [x,y] are not mutually n.onreplaceable ín Q.

Q ís comparíble wírh map M by applicarion of AR2(t,y e 0fUll.
Let Q, = P"(s,t).
and t are not in the same cycle in P, they are in the same

Qr
. . $(Q1) = $(P)+1. (Qf has one less cycle rhan p and rhus

$ operaËor than P.)
In additj-on. x and y are in the same cycle in Qr.
Let Q = Ql.(x,y). x and y are not in the same cycle in Q.

$(a)=$(a1)-1=$(P).

_1
6 < 7 : Q -(2),

a.

Exanple 7.12 M = <1 ,BrB,4151313r7> and P : <1 ,6r8r415,2,317> .

rn Example 7.11 it r,¡as shom thaË [8,6J and 13,2] aïe mutually non-
replaceable in P.

Applying Theorem 7.8

Q = P" (8,6) " (3,2)

- <1 ,g16,4,5,3,217>
since Q-l(s) = | I g = Q-l(o) and q-1(3) =

[8,6] and [3,27 are not mutually nonreplaceable in

Q:

$(Q) = 3 = $(P) and Q cornpatíb1e with map M.

As can be seen from Examples 7.11 and 7.L2 detection of mutually
nonreplaceable states is an ad hoc procedure, which requires examinatÍon of
the mi.nimal realization of a permutation. Another problem ín the
detectJ.on of all the replaceable states is illustrated below.
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Example 7.13 M = <415r3r515r2>. and P - <41613rLr512>

P:

tr ls

1

2

3

4

5

6

4

2

3

1

5

b

4

2

3

1

5

5

4

5

3

1

5

2

4

5

3

5

5

2

Obviously,

,rth 1"rr"l ind.irect
sËates.

the concept of índírecË replacement can be extended to
replacenent, where there exísts a chaín of n replaced

@ú
5 covers 6; since min(cr) < 6', 5 replaces 6.

5 covers 1; but since min(cr) | f ana mín(cr) t t-t(t),
5 does noL replace 1. ConsequentTy, at exl-ra g cperator will be

required to replace 1.

However, by first replacing 6 by 5, 1 can be replaced by 5 wíËhout

íntoducing an extra operator. The replacement of a state by another
replaced state is referred to as índírect replacement. The sequence

ßrr4, ,5,6, 8216, rz,4 is a realízatíon of M.

g1 g2 oÍz

lfenger was able to determine the set Ar (M,P) directly from map M. Thus,

to mínimíze $'(¡l,P), a peïEutation P compatible vrith map ll such that $(P) was

mínimal, had. Ëo be found. Ho¡¿eveï, as demonstrated, to determine N(M,P)

requíres each permutation P compatible ¡vith map M to be examined

separaÈely. As there are a consíderable number of compatible permutatíons

for any map M, examining each permutation is not feasible. The algorithrn,
which is presented later, will not consider N(l'I ,P) rvhen determining

the permutation to use in reall-zing M. The justification for dropplng

N(M,?) frorn the cost formul.a is as follows.
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For each state n in N(M,P) an extra S operator w111. be requirecl.
This ß operator exchanges state n and a state u, where,, u Qlf"f¡ and

-1n = M(P '(r.t)). (If there exísts more than one possible st.ate u, the
sËate in the l-or,¡est posil-ior,. of P will be chosen to ensure replaceabilíty.)

TTre rrew permutation, Q = P(u,n) is compatible wíth map M, by

A-R2 of Menger. Similarly, the permutatíon R resulting after the
application of all ß operators required by N(M,P) is compatíble with map M.

The permutation R is the mínímal permutation compatible with map M for
r¡hích no nonreplaceable states exist. ConsequenËly, our algoríthrn ís
designed to determine R for any map M.

The steps ín Phase I of
nul.l- set and at the same ti-me

the aims occurs, the algoríthm

The reason for Ëhis Ís
noË be increased. Thus, there
Hcwcver, b;' rninimLzLng N(MrP),

by 1 and ç(o) remains constant

the algorithm¿¡¡gnpt to set N(M,P) to the
reduce $(P). Inlhenever a conflict between

opËs for obtaining a miníma1 realization.

that by reducing $(P), N(M,P) may or may

is the possíbilíÈy of reducing C(o).

lulu,f¡ | decreases by 1, buË $(P) increases

Du.r^i-rig Phase TI the iìecessa-r:y I ([ ful I y opuruto::s a-,:E f oi¡ä.3 L.y

comparing M and P. Next Ëhe order in v¡hich the y operators and the

$(P) B operators must be applied to realize l4 ís determíned. Un-

fortunaËely, this parÈ of the algorÍ-thm has not been formalízed and

consíderable searching may be required to determine the correct sequence.

AË Ëhis tir., nonreplaceable states, Íf any exist, must also be

found. As demonstrated a sËate l¡hich appears nonreplaceable may be

ínciirectly replaceable. Consequently, the determinatÍon of nonreplaceable

states requires an exhsustive search.

Method B of Phase II presents a straightforward method of deriving
an operator realizatíon. This method, however, does not guarantee the

shortest realization. ûnce the reader ís familiar with the operators,
ímprovements to the operator sequence founcl by Method B can easily be found.
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Algoríthm

Phase I

(1) For all states p such that l"-t(n)l = f and M(s) = p, set R(s)

(2) For all states p such Ëhat l"-t(o) | , Z and p u M-l(p), set

R(p) = p.

(3) For all states p such that l"-l(n)l.Z andp ¿ u-l{rr), set

R(s) = n where s = min(u-] (p)).
(4) The remaining states p € Q{u), are assigned positions in

P arbitrarily.
(5) Menger's rules AR1 and AR2 are then applíed, giving permutation

P, ín order tb increase the number of cycles. That ís, reduce

the number of ß operators requíred to realize P. (This step

may increase the number of nonreplaceable states.)

Phase II

Method A

(1) Deternine the 1' operators.
(2) DeËermine the nonreplaceable states N(M,P).

(3) Derive a sequence reaLizíng M usíng the iQtu>| 'r op.t"tors, the

$(P) B operators and Ëhe lnqu,r¡ | ß op.t"Ëors.

Method B

(1) Deteriníne the y operators and apply as many as possible to the

identíty map E.

(2) Apply the first $(P) B operator. (Note the ß operators are

ordered in the seçluence they rnrere deËermíned by the Permutation

algorithm. )
(3) Apply as mâny T operators as possible; if Ëhere are no more ß

operators belonging to P, go to (5).
(4) Apply the nexÈ S operator; go to (3).
(5) If M = P, algorithm stops.

If M + P, then N(M,P) is not empty. APpl)' the necessary ß and y

operaËors in order to obtaín M. (Idea11y C(o) = l0fUll * S(P).)
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ExampLe 7.L4 The a1-gorithm will- be applied to the map used ln
l"fenger t 531 .

M = <1r 1 ,1, 3 ,3 ,20 ,7 ,7 ,LO ,g ,g ,L2 ,L4 ,L3, 13 ,15 ,L,L7 ,I7 ,I2>
0(u) = {2,4,5,6,8,LL,L6,L8,L9}

Phase I
S.tep 1: R = (-r-r- t- s- s20 r- r-rl0r- t- ¡- >L4 r- r-r15r-r-r-r-)
Step 2: R = (1r-, -)-s-r2O17 r-r10 ) r rL2rL4s-t-tLS,-r-r-r-)
Step 3! R = (1r-r- 13r-r2017 r-r10r9 r-rL2,L4r73r-r15 r-rL7 r-,-)
Step 4z CLearLy, at Ëhis poínË for u u ${U) and R(u) not assigned a state,
we should set R(u) = u ín order to reduce the number of permuËation

operators. However, to show that Mengerrs rules, ARl and AR2, apply no

matter how the statês in 0(M) are assígned., thÍs will not be done.

R = <1,4,5 13 12 r20,7,LL,10,9 r8 rL2,L4,L3,18,15,L9,L7,6,L6>
Step 5:

ft=

:|'i-:.:::

For cycle (2,4,3,5) states 2,4 e 0 (ltl ;

(6-,20,L6,r5,18,17,19) 6,16 e 0(Ul ;
(8,r1) 8,11 € (þ(il)

Applying the indícated permutations to R

R1 = R. (2 ,4). (6 ,16) " (B ,11)

- <1 ,2,5 ,3 ,4,20 ,7 ,8,10,9 , L7,L2,r4 ,73,18 ,15 ,Lg ,L7 ,16 ,6>
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For (3 ,5,4)
(15 ,18 ,

Rz=Rt
=<f

, 4,s e 0(u)
L7 ,L9,16), 16,18 e Q (M)

. (4,5). (16,18)

,2 ,4 ,3 ,5 ,2C ,7 ,B ,10 r 9 , rL,I2 rr4 ,r3,16 ,15 ,Lg ,r7 r 18 ,6>

úú@{þ(æ @

Since no further cycles can be induced, let. * = O3. The minimal

operator reallzatíon for P requÍres 6 operators, as determined by the
permutation algorithm:

ßr,4' g 
6,zo' ß9,10' ßr3, 14' ß15,16' Êr7,18

No nonreplaceabl-e states exist.
real-ization for M requl"res

@q9@
For (L7,Lg,18), 18,19 . ${r"r)

R^ = R^. (18,19)
.^J¿

- <1, 2 ,4 ,3 ,5 ,20 ,7 ,B ,10 , g , LL ,r2 ,L4 ,I3 ,L6 ,I5 r lB , 17 ,Lg ,6>

Thus, a mlnimal operator
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c(o) = l0tull + $(p) + lw1u,r1 |

=9+6+0
= 15 operators.

Meihod B ¡,¡í11 be used for Phase II. The sf-eps in the nrelirod r.rill.
not be stated explicítly, but are obvíous on exanination of Fígure 7.g.

tB Ys.s Y7.tt Y9 1l Yt3 -l.6 YL7 rs Bz 
-¿t

Bø-zo ttz-zo ßs lo ßrg.t4 ßrs.ro ßrz IBYt-2 rt-4 tt
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For map i{, nethod B derj_ved a ininíma1

a xeaj'izatj-o¡r ttf i'f i.¡ir-t'ch reqr,iireri 25 opera[ci
there js. a conside::able saving resulL::i-ng from

operetor: set " )

yeaLization " (},íenger obta j-neci

s. T}nls, f or th.j-s exarlple

Lire use oí the e>lpancieil

{4,6,7}
[5,10]

Notatíon: Le-t À (ì:1) = {s

Usi-ng the set ),(1'l), arL upper bound or-i itre rruruber of operatcrs
reciuíred usi-rig lnethod B can be establ.ishecl . Fírst, a bounci ou lt¡e lrumt¡er

of extra S operaLors nusit be found.'

For step (5) of l.lethod B, if i,{ + P then extra g operators nust br:

app-1-ied to rernot¡e nonreplaceable states" Assume the worst case, that is
()(¡r) = N(¡f,P). To reinove al1 nonreplaceable states r,rill- reqrrir:e lLfr'r> | O

operators. These S operators will place each state s e À(I{) at
P(mín(f"l-l(")). From this positíon, s resets every state p(t), r¿here

M(t) = s.

Thus, an upper bound on the operat.ors required usíng l{etirod B ís

ç(:) . l0t¡r>l n ç(P) + lrfr'r>l

Exanple 7.1å

M = <5r5,3rL15,2r10r10rBr9>, 0(U)
À (M)

Phase I

Step 1:

SËep 2:

Step 3:

Step 4:

<-, - ,3 ,1
(-r-r3r1

<-,-r3,1
<4,6,3,1

R

R

R

R

,- r2- r-rBr9>
,512r-r-rBr9>
,5 ,2 ,10 , -, B ,9>

,5 ,2 ,10 ,7 ,8 , g>

s'Ëep5'C) e3 @ 6
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îor (7 ,L},g,B) , 7 u 0(U), ¡l(n-l(Z))
Applying (7,L0)

Rl. = .4 ,6 ,3 ,7 15 ,2 ,7 ,I0 ,B 19>

= M(B) = 10 (AR2)

Rl =

(Method B).

(o) < l0Cul I * ç(P) + ¡rCul I

<3+4+2
<9

Thus, a maxímum of 9 operators will be

Y5 oßi +ßz eßa gßs

4

2

J

1

5

5

7

B

9

l0

úúú g-9
\3r

Phase II

required using Method B.

10

1

2

J

4

5

6

7

B

9

l0

1

2

3

4

5

5

7

B

9

10

4

5

J

1

5

2

7

B

9

10

4

5

3

1

5

2

7

9

B

10

4

5

3

1

5

2

'7

10

B

9

Step (5) is entered after the last of the S(P) g operators,

ßgrto, is applied. At this point M has not been realized. However,

applying S operaÈors ßr,2 "*d ß7rB .rd y operaËors yI,Z 
^nd \7,8

produces H.

-t{

:i¡::riili
,r:: ,.,i
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5

4

3

I
5

2

7

10

B

9

z \l
4

5

3

-L

5

2

7

l_0

8

9

In this example an

number of operators, 9.

operators as allorrred for
.:

operator realLzatíon of l'1 uses the maxímum

This number can be reduced by rearrangíng the

in Method A.

I

2

3

4

5

6

7

B

9

10

Y5 eßz "{2 ßa t8 10 ß7 BYI
1

2

3

4

5

5

7

B

9

10

5

5

3

I
5

2

10

10

B

9

By applying 9Z,6 before ßr,4, state /r can'oe indirectly replaced

by state 5 (r'ia state 6). Hovrever, Ëhere is no way to indirectly
replace state 7 ruith state l0 ancl an extïa B operator is required.
(A realizaËion uslng Mengerrs operators requires 11 operators.)

2L4

5

4

3

i
5

2

10

7

B

9

5t5
5ts
3t3
1ll
5ts
2t2
101 10

7 | 10

BIB
919

s ls ls lsls
31313l3l3
4l s ll lrl1
s ls ls ls ls
2l212l2l2
71717 17l7
8lB lB lell0
9lelel8lB

10 I l0t 9

c

5

3

1

5

2

10

7

B

9
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7.5 Cellular Realízations of Generators

A cel-lul.ar array, which solves the problems associated rvith the
l-mplementati.on of Mengerts generators usíng Krishnan and Smith's array [45],
is presented ín thÍs section. The notatíon used to descríbe the trans-
position and partially reset machines Ís modífied frorn that used by

Krj-shnan and Smith, in order to facílitate the de.:cription of the
cellular al.ray propertíes. fire transposítÍon and partially reset machines

for an n*1 state machine are given belor,¡.

0

1

2

To' sot soz S
(̂.ln

'Figure 7.9

(The transposition and partially reseË machines correspond to the b and c

generators, respectively. )

LIe retaín Krishnan and Smithrs coding algorithm. However,

modifications are necessary to reflect the new notatíon.

tot toz

Algorithur (1)

(2)

The present state of the machine wíll be

; = (x, ,. .. ,x-) and the next-state by vector
IN

Control values are used to determine the

ln the array. The basíc cell is Íllustrated in

Code staËe 0 rvíth binary vector (0,...,0)
Code the remaíning states , í=2,...,n r¿ith the binary

_i_1equivalent to 2'

X

índicated by the vector
= (Xr,. . . ,X.r) .

operation of each cell
Figure 7.10.
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^L

bz

d

u2

bt

d

2r6

-:-l

I

I

where, ^-L-,ol | +t

b- * x- and
L

xã+ã16r+ied

Figure 7.10

A one-dimensional array of length n, to teal.ize a transposition
machine, T'j, or â parËially reset machine, SOj, is obtaíned by setting

the e a-nd d parameters of the array. A 0 input ís provided at the left-
most a1 terminal and the rightmost b, terminal of the array. Fígure 7.11

shorrs the cellular ínterconnections necessaty for the array.

"l

Figure 7.li

The following lemmas justify the use of

realfzÍng }fengerts generators.

u2=
b2=
X:

*2

"1

0

dt

the cellular arrays in
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The transpositlon machlne T0. can be reaLized if e. = 1,

.i = 0 Yf + j, and dt = 1.

Lemma 7.11

Proof

(í)

(ií)

(iii)

.i = 0 \ri + j,

Proof

For Í * j, Xi = *j_ arrd X, ; ã161x.

For state sO, where 
"O * "O 

and sr. * "r, *k = 1

Thus ar.= I or bl..= I and X. = 0.
JJ

The remainíng x. values are not changed so

(xlr. . . ,*r) = (x',. .. ,*r)

For state s,r .1.= 0 and b1. = 0

J-l
X.=x,JJ

-1

jj
For state s., "l_. = 0 and Or== O

J:I
x.

J

l

(0r...r0r...r0)
j

= (xl ,...19r...r*r,)
J

"t * "j, 
the state vector X is unchanged.

1r.." rû. Thus the next state is sO.

J
=0

Thus, all required permutations are realÍzed by the array.

Lernma 7. 12 The partially reset machíne SO. can be realized if e. = 1,

and d, = 0.

Xi=*í,fori*:andX.=0

(x1,. ..,xj,...,xrr)

That is, for state sk,

For state "j , Xi = 0, for i =
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lhe applfcatl-on of the cellu1-at array to the reaT.lzation of
síng1e col-umn nonpermutation machine is shornm in the next exermple.

E¡arple_7.1q

'''.' ,:.]

The generator

0

I
2

J

2

[]
M

sequence deríved

toz Tog sot Tor

0

1

2

J

using Mengerrs algoríthm is

2

1

0

3

2

I
J

1

A cellular artay reaLizaLj-orr
,'1 *2

generaËor sequence is

toz

To:

sot

tot

of the
x

Ĵ

0

I -+---

0

0-

0
'1

2

0

3

0
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L

d

A.s can be seen the array uses ldentical celI.s wlth regular inter-
cellular connectíons. Consequently, a two-dimensional a:rlr¿Ly of cel1s

can easily be fabrícated wiLh permanent ínterconnections. Then by

settíng the boundary and e values, âny seríes of generators may

be produced.

An obvious reaLízatíon for the proposed cell is

a1
I

Figure 7.12

Using a sepaïate line to provide the e values to each cel1 would

require an excessíve numlier of boundary connections for integrated

circuit technology. An alternatirze would be to use a programmable

array ¡"hich would contain the e values in a register in each cel1.

Either a linear or a coincident select technique could be used.

^2

bt

d

....i

:1..: --r,ll; ;. 'i'.i .r..ìi::l:
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7.6 ConclusÍon

Mengerrs synthesis method for sequential inachínes has been exan¡ined

ín detail in this chapter. The reasorr for this detailed study, is that
an understanding of Mengerts techniques is essentlal to any research ínto
the use of. a Larger generator set for machine synthesis. In factr âny

such studies r,¿-culd appear to inevitably use I'lenger's theory as a basís,
as indicated by our own research.

The benefiË of using a Larger generator set has been demonstrated

by Menger; a sequential machine synthesis will requíre fewer generators.

The. length of a generator sequence is now a línear function (þ of
the number of stateb, rather than an exponential function, as with Haringrs
gerì.erators. The benef iË of a shorter sequence becomes apparent when

we consider the reduced cost and also the shorter delay time of a

xealízatLon.

l'he logical questíon arÍsing from Menger's work is, "If 2 (n-1)

generaËol:s can reduee the gener-ator sequence length, could not a larger
generaÈor set reduce the length even more?". Section 7.4 ís an examination

of this guestion. Although,. not ans\,rering the question conclusivelv for
boËh permutation and non-permutatíon maps, ít has provided further insight
inEo generator realízations.

Increasing the number of permutaËíon generators has a measureable

effect on permutatíon realizatíons; the length of the permutation

realization can be reduced. The maximum length, using Ëhe expanded

generators, \,Ias shor,¡n to be n-l , where n is the number of states. For

small machínes there is not a great difference betr¿een the length of

Mengerts reali.zaÈions and ours. However, as tire number of states increases

there is the possibility of substantíal savings using the expanded generator

set.

The realízation of a permutation, wít,h the expanded generator set,
ís straightforward and guarantees the mínima1- reaLization each time.

Thís is to be expecÈed for any generator set, since a permutation

algorithm símply has to fínd separate realizations for each cycle of the

permutation. As the cycles of a permutatíon are weil defÍned, a generaLor

realízation shoul.d also be well deflned.

i:. -j;'
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The problern in usfng Èhe expanded generator set occurs \.rlìen

îeal"izing non-permutatior-r maps. The reason for the problem is the

mulriplicity of opportuníties for repl,acing a state t, t. $çlf¡.

For Menger:rs algorithm, all states q whÍch covered a state
Ë. 0(M) but which coultl not replace t, vnere easÍly'determined. This

was because a state could nct reset another state unless it was contained

in a non-unit cycle. However, with the expanded generator set a staËe

q can reset other states and sti1l be in a unit cycle. Thus, the

problero of çrhether or not a sÈate q in a permutatíon P compatíble wíth
map M could replace another sËate t, is not resolvable by a simple

examínatíon of map M. The solution to Ëb.e pr:oblem necessitates an ex-

haustive search of all permutaLions P compatíble with map M, ín order

to find a rnínimal realízatLon. C1ear1y, thís problem can be expected

Ëo occur in any expanded generator set, where there is more than one

position from r¡hich a sËate can replace another sÈate.

Menger demonstrated that the upper bound fcr $t(M,P) for any map
?n

was J. At present we have not been able to establish an absolute bound

for any map realizatíon using the expanded generator set. However, from

examíning some possible worst cases, it appea::s likely that an upper

limit on a map reaLLzation ís n generators. The reasoning behind this
assumpt.ion f ollows:

T.he cost function for a reaLization o of a map M ís
c(o) . l0full * ç(P) + lrlru,r¡1.

will consider Ç(o) when each of its components approaches a maxímum.

wíl1 be shown that no two components approach a maxímum together.

l0Cul I = n-l
(a) e. B. , M = <10 , J-0 ,10 ,10 ,10 ,10 , l0 ,10 , 1.0 ,10>

An obvious compatible permutatíon is
P = <l ,2,3r4r5r6r7rBr9r10>

0(u) = {L,2,3,4,5,6,7,8,9}, $(p) = 0, À(lr) = 119i

ç (o) l0Cu>l * S(P) +. lr(¡,r,p)l
10

trrIe

II
(í)

ì.:.:.f:l:l!a::
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(b) Increasing $ (P) and.f or À (M,P) decreases 0 (u) ,

noË increase ç (o) .

e, B. , M = <3 ,3 ,l-0 ,10 ,10 ,10 ,10 ,10 , 10 ,10>
' Let P = <3,2,Lr4,5,6,7,B,9., 10>

(}fu> = {1,2,4,s,6,7,8,9} $(P) = 1, tr(M,P)

c (o) . l0fu> I * ç(P) + lilu,r¡ |

< B+1+1

<10
(ii) $(P) = n-t

(+) Let M - <5 , L,7 ,LO ,8,4 ,9 ,2 ,6 ,B>
. P - <5 , L 17 ,7q,r3 14 ,g ,2 ,6 ,B>

and therefore does

= {10}

$(p) = n-1=9

Qln¡ = r)
, Since P contaíns just one cycle,

i.(M,P) is empty

c(o) < !(lCorll * ç(P) + lrlr,r.ell
<1+9+0
<10

(b) tncrease Q(M) and try to maíntain $(P) = n-l
Let M - <5 ,1 ,7 ,10 ,8,10 ,9 ,2 ,6 ,8> and

P = <5 ,Lr7 ,L0,3,4 19,2,6,8>
Again $(P) = 9 and not Q(M) = {3,4}. However, P is not a

minimal permuËation compatible vrith map M since 3 and ¿ e (þ(U) are ín the

same cycle.
A minimal permutation compatible rvíth rnap I'l derivable from P,

using ARI and AR2, ís Q = <5,1,7,i-:0,8,319 12,6,4>

$(a) =

ç

Instead

7,

(o)

0(u) = {3,4}, and ).(M,P) fs empty.

= l0fu> I * ç(P) +lr1u,e¡ |

<9
of C(o) lncreasf.ng, f È has decreased.
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(rrr) lrçu,r¡l = nlz

e. B. t I"I = <6 ,7 ,B ,g ,LO ,6 ,7 ,B ,9 ,10>

For lf lr'r,r¡ | to t. maxímum, P = <1 ,2,3,4,5,6,7,8,9,10>
Thus, $(p) = 0,0(M) = {L,2,3,4,5}, À(M,P) = {6,7,8,9,10}

c(o) = l0tu>l * ç(P) + lr(u,p)l
<10

A,gaLn, the maxímum length for a map realízatíon is n.

Examining Ç(o) . l$Cul | + ç(n¡+ lrlu,e¡ | when one of the functions

components is worst-case, it has been shornrn that Ç(o) s n. Trying to

íncrease the other componenLs and hold the \,rorst-case component constant

has not íncreased C(o). Actually, e(o) often decreases r,¡hen this is

atL.empted. From oLher exarnples we have examined, when all the components

ç(o) conËribute to Ç(o), the cost Ç(o) is usually less than n. Thus,

it would appear Lhat the worst-case for Ç (o) oc.curs when one of the

componenËs of C(o) ís worst-case.

The argumenËs presented above, ai[hough not conclusíve, do

índícaüe that the maxímum generator reaLLzatíon length f.ot a map is n.

Tf thir is the case, then savings wli-11 agaín restrlË when usj-ng the

expanded generator set for large machines

:r:':;iÌ:ìÌ.
, .iirl.t'.

. j l



: Da;,

Chapter B Di.scussíon and Concl-üs-ì or).

The resi:lts of tliis i:h-esis are bríef 11' eúmmarizeci in this cl.iatpter"

Hower¡e::, before thj-s sun¡tary is presen.tecl , a couple of points about che

usefu,Lrìess of decornposition theory are nad-e"

Deconpcisítir¡n theoiy is not un.i.¡e,":sa1l-y appiicabl.e io a1l nachi¡es.

For many nachirLes, S.P. parLítions do not e>iist ancl aiternate synt-.hesis

techrr:l-clues iror¡lcl irave to be used. To a-l-levíate t.his probj-ern, Kohavi [+f ]

deveJ-oped the implicatícrr grap-rþ as a tcol to induce strucLllre on

nonstructured llachines, and to improrze the strticture of rnachj-nes t¡ith S"P.

partitíons. The irriplicaticn gr:aph can Lhus be used to extend the

applicaLí.on of structure theory, llo.r¡ever, Kohaví used the implicatíon
graph wíth the impl.icit restrictiou Èhat ihe'number of state variables

necessary to reaLize a machine ü7as not to be increased. The usefulness

of the implicat:lon grapl-r is entranced íf thís restriction ís not ri-giclJ-y

obser:ved

The implícatíon graph has only been used for completely specífied

machines. Applyíng the irnplícation graph to incompleÈely specified

machínes ís not as straightforward as v¡ot-ild initíally appear. In

Chapter 5 we demonstrated that an S.P. partitíorr. for an incompletely

specified machine made implicit assurnptions about the unspecifiecí nexL-

staËes. Using an S.P. parËition to reaLíze a machine could desEroy some

of the structure of the machÍne. It would appear that using an inplicatj-on
graph for an incompletely specified machine could induce structure on the

machíne, but could at the same time nullífy the existing structure.

An examination of this ínter-relationship r'¡ould be necessary before

implication graphs coulcl be used for íncompletely specífied machines.

The concept of decomposition is relevant to the art of computer

programming, r¡7here the ability to split a large prograil ínto subprograms

simplifies the programming task. It would be of inËerest to examine whether

algebraíc structure theory was applicable t-o the decomposítion of a pïogram.

8.1 Decornposition Algoríthm

Decomposition theory is available to Ëhe logíc designer as one of

many urethods to synEhesize sequential machines. As such, it strould be

possíble for the desígner to quickly determine whether any decompositions



exj-si- a¡l.d Í.f so, Lhe nature of tl:re Ce cornpositíons. Tl.re "ir.specti<lnt'

rneLhod of l]a-rimairis an.d Ste¿,¡r:rrs for deríví.ng deccinpcsitions ís inadec¡riate-

for large mach-i nes. Curti-s' I I -l uieihi-.d r¡as ezart.i,ned j-n ChapLer 2 and

f orrnd to generatc l:ed.undaut deconpositioirs and al so to o¡ij-t sorne of Lhe-

possibJ-e nolrredurrci ¿rrrt deconpos:Ll:íons. T-irese and otl-rer problenrs mentionerl

rerrCe-¡: ihe rLrc:.Lhocl iriadeque 'ce.

A sj-ni,l.e, effLcLe¡r¡ s] goritl\il ior obtaining the decomposítions of

a fleqlrential rnaciiil'Ie 1,74s formuJ-a.Led in Chaptet 3. llhe algo::iihnr i-s based'

oi1 ex'Èen.sions nade to H.arii¡an:'-s and Stearns t def i-ni'ti-on of a flofl*

reclun.dant set of pa.rtitions. A theo::etícal l¡asis f o:: the algoríthrn r¿as

develoired u,hích guar-anLeerl that atl the nonredundant decompositions,

and only the nonredundant deconposítions' \fere generated. In addicíono

prope-rties of nonredi:ndant sets of pariitions \^Iere devel-oped which

simplify the appii-cat-:'-on of lhe algorJ-tlrm

As the nuruber of deconposítiorrs fox a machine may be large, ít

ís necessary tha.'c any meËhod of ge-nerating decompositj-ons be easily

programmecl . The numerous e-xamPles ÞresenLed using the algoriLhril apLly

demonsLrate that. the algorithm is rniell suitecl to ímplementagion as a

program" Ch.apter 4 presenËed a ner+ represe.ntation of the S.P. paltition

lattice r¿hich coulcl be usecl in a cornputer írrrplementa'cion of the algorithm'

8.2 Decompositíon Evaluatíon

Two methods of evaluating decomposiLions \^/eÏe presented in

ChapËer 4. The fírst method elímínated pairs of partítíons for which a

moïe economical pair existed. Hor-rever, for mosL machínes there vlere

Stíll a large number of decornposítions after the uneeonomíc pairs ü7ere

deleLed. It \^ias denonstraËed that the uneconomlc pair concept could

be exËended to ínclude the "subtle" redundancy indicated by llarLmanís and

sËearns. Thus, ít, is possible to elimi.nalue aLL but Ëhe most econcmícal

decomposiËions for a seguentíal machine, síoiplifying -the choíce a

desígner múst malce. This approach, hovrever, r¡Ias decíded to be

ínappropriaËe. The reason being that this tech¡íque would severely

restrict the possíble realizations for a machine i xeaLizations which are

desiräble to the logíc designer may be elíminated as uneconomical'

I

l
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The second evaluation Kchínque, vrhich is based on the cost of a

ROII realiza.tion r:eme<lies this problem. None of the decompositíons for

a machíne are clel.eted. Instead, the ROM cost for each decomposítion

is caleulated as the decomposition is derived. Thus the 1.ogic desígner

is aþ1e to examine all possíble decomposítíons and at the same tíme

obtain a measure of the relatíve merit of each.

The above evaluat,ion technique, although based on Rol"ls , is

device independent. This is because the ROM formula evaluates state

and input variable dependence, rvhich ís constant regardless of the

implementatíon hardware. We have also showu that ROÙI eva'luaÈion is

able to indícate uneconomic paírs and subtle redundancy'

8.3 Incompletely Specified Machínes and other Applicatíons

In Chapt.er 5, decomposíËion theory vras extended to incompl-etely

specified machines using rveak and extended substitution property

partitions. The properties of both v¡ere ídentíca],, but weak substitutíon

property partitions vrere found to be much easier to work v¡ith.

Probl-e-ms that erose ,..rith <letermining the wea,k substítution nroperty

partitions v¡ere solved by the inËroduction of a nev¡ operaLor. The new

opeïator vras also necessary ín order to determíne the least uppel bound

of two weak subsËitutíon property partitions. As rnight be expected, the

operator generalLzed to the completely specifíed case and could be used to

find the S.P. partitions for a completel)' specified case.

For Li+o S.P. partitions, whose sum IT íS not equal to I, a common

submachine can be factored from both partitíons and computed separately'

Factoring a comnon submachine and reatízíng it separately is more

economical than realizing ít ín each machine. For íncompletely specified

rnachines, where the sum oI trvo wealc substitutj-o;r propeTty partil-ions is

not necessarily a wealc substitution property partition, ttrj-s ís not

always possible. As a compromise, a decompositíon developed by Hartmailis lZl),

was adapted Lo handle this possibil-ity.

Thl-s ciecomposition, which rve have ca11ed a parÈial serial clecomposÍ-iion'

is used by Hartmanís Eo obtaín aü economical serial decontposltion of a machine

usi¡g an S.p. par¡l-tion T. However, we have shown tirat the same decomposition

í:: : :,- :r:
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can be obia.j-necl r.lsing tr,¡o S.P. partiiíoi-ts rr, and îrr r,{rel:e nItrZ = î'+ I.
The partÍ-a-t serí-al. decor.äiros i i-í-o¡r, rvhen real-i z,eà rn'ith r¡" arrð. ",r 

r_, f aclors 'ir

f L:om one of iire 1;arti-i:ic-,:is and reaTi ze.s L'-t in the cLb.er. Thirs the pa.riíi;-l-

sc+ria.i- dec;cr,lposition is n-i-di;uy bei:¡+een a pa;:s11.el cieccrtnpou-í tion , ín viri c1-i

a c-onìÍrlon srrbmaciríne is rrot. factored frcirr ei.tlier ni:r:hín.e, and tire- se:r.i.es*

para.l-1eJ- deco;lirosition, :i-u. ivhi.ch i:he comnioir ¡;ub¡:ac.irírr¿: : s f aci.orecl f ronl

both machines. À Rû14 erzalualion oÍ tire three decomposi-ticns, aJ-so shoi,/s

thai t-he pa::iial. se:l-i¿ll cÍecornposítíous is mídr.ra}', eccrnoÍrij.ca-Lly, h)et\,,reen

ttre of-he;: i:rvo pa:-'ti-tj-oris. ?he parti-al seríal riecoinposítion, aJ-t;hough

applicable to both ccrnpletely and incompietely specíf -i-eci niacl-lines, ís more

rel-event to Lhe í-ncompleteiy specified case"

1]i¿o other aspects of mactrine deconpòsiLion rver:e br:íefly examined i-n

Chap{-er: 5. A theoretj-cal. basis fo:: tire rvorlc of Kohaví and Smíth [44 ] anci

Smíth and l(ohav: 162-l cn the synthesis of multiple machines $ras developed.

The tlr.e-ory presente.d proved Èhat the structllr:e of the composite machine was

dependenl of the st j:uct.ure. of the component rnaci-rínes.

In order for a staie assígnmeät for an asyrlchronous sequential

machíne to be critícal-race free, certain corrditions, Tracey [671, must

be satisfíed" Propertíes relatíng S.P. partitíons to the partial

dichotomíes of an asynchronous machine v¡ere clevelopecl. For asynchronous

machínes, Ëhese propertíes simplify the determinatíon of single Èransítion

time assignmenÈs using S.P. partitíons.

8.4 Machíne Synthesís with Complex, Functional Components

The avaílability of MSI and LSI integrated círcuíts has dramatíca1l1'

affected sequential circuít design. No longer is it necessary to deríve

a mínimal realizatíon in terms of logíc gates and memory elements. Instead

inexpensive chips, wJrích reaLíze complex funcLions, can be used to ímplement

sequential machínes directly. IIowever, as \^Ie have indicated, algebraic

structure the.ory is still relevant. This is because it enables the designer

to split a large synthesis problem into several smaller ones, thus

sírnplifying the implementation problem.

In thís thesis r¿e have examined two possible ways of utilízing Ëhe

new integrated circuít Ëechnologíes for machine synthesis, sequential

cellular arrays and generator sequences.

1t
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Ilu [33] has used the transítion lnatrix concept to develop a

cellular arîay l.¡hj.ch can be used for rnachíne reaT-i.z.atíon. In Chapter 6,

mínor ímprovements to Hu's ce11u1-ar synthesis method have been suggestecl.

Tn acldítion, a new synthesís method for llurs array has been presented.

The new meLhod derives a real'Lzation whích requires fewer, or aE worst

the same number of. arrayà thttt a minimal realLzation procluced by

Hurs method.

Problems with usíng Hu's array as a component for the realization

of Large machines have been presented and rnodifications suggested.

Hol¡ever, as the nunrber of inputs for a tnachine increases the number of

ínput línes peç açray also increases. This further restricts the

usefulness of Huts array as a colnPonent in realizing large machines.

Consequently, a ne\d array, based on the xi transítion matríx has been

proposed. For this array the number of input lines per array does not

íncrease as the number of inputs for a maehine inereases. Thus, ânY

machíne can be xealLzed by a sLandard array¡ or a collection of standard

arrays. A s1'¡¡hesis meihod l.ras pre sented for the nerv arîay.

An alternaËive rnethod for using complex, functional components for

machine synthesis was developed by Haring [23 ] and Menger t53 l. Haring

has sho-wn that a set of 3 basic generators can be used to xeaLíze any

column of a sequentíal machine, and thus any machine. The problem ivith

using only 3 generatols is that the number of generators requíred to

reali¿e a column íncreases rapidly as the number of states increases.

Menge-r introduced a set of 2 (n-1) generators, for an n state

machine, ín order to reduce the numbel of generators required to

reaLize a column. Mengerts synthesis methods generate teal-ízations such

thaL the number of generators used varies línearly rvith the number of

sta.tes. In Chapter 7, l"fenger's algoríthm was examined extensivel.v and an

additíonal irredundancy condition was introduced.

Foliorvíng Mengerrs lead we have presented a lÌew generator set'

rvhich is a logical extension of Menger's genèrators. Problerns associated

with tl-re synthesis of a machíne usíng the new generator set have been

examfned. A simpl.e algorithm for de-termj.nj-ng a realization for a

:l
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permutation colunrì \^7as presented. The benef f ts of using the new generators

for permutatl-on columns rras easy to calculate. With Mengerts generator

seË a realízatíon for a permutation map requires $ ,..utotors, while a

realízation usíng our generaEol: set.requires n-1 generators. This

saving ís significant when a large machine is being realízed.

Deríving a reaLízation algoríthm for non-¡ermutation. columns ís

not as straightforvrard. The difficulty arises because of the intr:oduction

of non-permutation operators whích reset States from more than one

posíti-on ín the map. These operators, whil-e providing greater freedom ín

realizing operator sequences, also a1low greater variability ín the

possíble sequences. Subsequently, ít has only been possíble to develop a

heuristic method for generating operator sequences for non-permutatíon maps.

The problems associated with finding operator sequences with the

proposed operator set are helpful in indicating the types of problems

that could occur with any expanded operatoï set.

',.+. ,l
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