
Efficient Monte Carlo Random Sample Generation

Through Dis cr etization

by

Chel Hee Lee

A Thesis submitted to the Faculty of Graduate Studies of

The University of Manitoba

in partial fulfilment of the requirements of the degree of

Master of Science

DepaÍment of Statistics

University of Manitoba

Winnipeg, Manitoba, Canada

Copyright O 2009 by Chel Hee Lee



THE LTNIVERSITY OF MANITOBA

FACULTY OF GRADUATE STTIDIES
***tr*

COPYRIGHT PERMISSION

By

Efficient Monte Carlo Random sample Generation

Through Disc r ettzation

Chel Hee Lee

A ThesisÆracticum submitted to the Faculty of Graduate Studies of The University of

Manitoba in partial fulfillment of the requirement of the degree

of

Master of Science

Chel Hee Lee@2009

Permission has been granted to the University of Manitoba Libraries to lend a copy of this
thesis/practicum, to Library and Archives Canada (LAC) to lend a copy of this thesis/practicum,
and to LAC's agent (UMIlProQuest) to microfilm, sell copies and to publish an abstract of this

thesis/practicum.

This reproduction or copy of this thesis has been made available by authority of the copyright
owner solely for the purpose of private study and research, and may only be reproduced and copied

as permitted by copyright laws or with express written authorization from the copyright owner.



Contents

Introduction

1.1 Domain of Problems

1.1.1 Statistical Inference in Complex N¡lodels

1.I.2 Numerical Optimization ancl Integration

I.2 Previous Research

1.3 Thesis Organization .

Random Variates Generation

2.7 Generating Random Variates

2.I.1 Inverse CDF iVlethod

2.1.2 Acceptance-Re.jection X¡lethod

2.2 Variance Reduction Techniques

2.2.1 Importance Sampling

2.2.2 Stratified Sampling

Fu-Wang Algorithm L4

3.1 Sampling Procedure 15

3.1.1 Initial Compact Cover 15

3.7.2 Discretization 15

3.1.3 Sampling 16

3.1.4 Visualizing and Updating the Significant Region 17

,

2

D
!-)

4

5

o

8

I
10

11

11

12

12



CONTENTS

3.2 Discussion 17

4 Wang-Lee Algorithm

4.7 Initialization

4.2 Discretization

4.3 Contourization

4.3.I Partitioning 25

4.3.2 Approximate Discrete ProbabiÌity Function 28

4.4 Two-Stage Sampling 30

4.5 Visualization 31

4.6 R N4oclule Implementation 32

Simulation Study

5.1 Simulation PIan

5.2 Case Studies

5.2.I Bivariate Beta Distribution

5.2.2 Dirichlet Distribution

5.2.3 A Bimodal Exampie

5.2.4 A lVlultimoclal Example

5.2.5 Simulated Data

5.2.6 Computing Times

5.3 Practical Guide with Graphical Diagonistic .

Applications 53

6.1 Space Shuttle Challenger Data . 53

6.2 Beetle Data 55

6.3 Dugong Data 57

6.4 British Coal N4ining Data 60

20

27

22

24

34

,)^

DI:

35

.l/

40

47

44

4B

48

6.5 Nuclear Primp Data



CONTENTS

6.6 SLC 190 Genetic Data

6.7 Computing Times

7 Summary and F\rrther Research

References

A R, Programs

4.1 Bivariate Beta Distribution

4.2 Ntlultimodal Example

4.3 Analysis of Simulated Data

bb

69

77

lít

79

79

B4

BB

lII



List of Figures

3.1 The Fu-\,Vang Algorithm

3.2 The Fu-Wang Algoritirm with Cutoff

4.L The Wang-Lee Algorithm

4.2 Overestimation Probability on Last Partition .

4.3 Overestimation and After Controliecl

5.1 Scatter, Contour Plot, and Histograms of Equation (5.1)

5.2 Scatter PIot and Histograns of Equation (5.2) .

5.3 Scatter, Contour Plot, and Histograms of Eqtiation (5.3)

5.4 ScatLer, Contour Plot and Histograms of Equation (5.4) .

5.5 Histograms of plÍ:t, ø1{:3, ancl tul(:3 from trquation (1.4)

5.6 Contours, k : 30; Weight on Last partition, tr : 0.5

5.7 Contonrs, Æ : 30; Weight on Last partition, u : 0.3

5.8 Contours, k : 30; Weight on Last partition, w :0.I

16

19

26

29

to

tÈ7dt

39

40

44

47

49

51

trô
t)L

b.1

6.2

6.3

b.4

6.5

6.6

Histograms of Equation (6.1)

Histograms of ¡,t..o,m1 from trquation (6.2)

Histograms of ¡1.. o, rn1 from Equation (6.5)

Histoglams of a, B, ), rc, ancl d from Bquation (6.7)

Histograms of. À¿,'i : I,2,. . . , 10 from Equation (6.8)

Histograms of pf;=3, o¡{:3, and u,j(:3 from Equation

55

57

59

62

66

69

tv



List of Tables

5.1 Àdean ancl Standarcl Deviation of Bctruation (5.1)

5.2 Nlean and Variance of Equation (5.2)

5.3 Ntlean, Standarcl Deviation, and N{odes of Equation (5.3)

5.4 N4ean and Standard Deviation of Equation (5 4)

5.5 Prior ancl Posterior distribution of 1( from Equation (1.4) .

5.6 Parameters, Posterior \4eans ancl Stanclarcl Deviations of ¡13 and ru3

for 1{ : 3 from the Bquation (1.4)

5.7 proc.time$ in Chapter 4

a and B of Equation (6.1) 54

À{eans, Standard Devíations, and Nlodes of p, o, m1 from Equation (6.2) 56

Nleans and i\,fodes of a, p,7 of Bquation (6.5) 59

Approximatecl N¡ILB, \4eans, Standard Deviations, ancl \docles of n,,0,

À, a, ancl B from Equation (6.7) . 61

Rates, N4odes, Ndeans, and Standard Deviations of Pumps À¿, i :

36

3B

47

43

45

46

48

6.1

6.2

6.3

6.4

6.5

I,2,. ..,10 from Equation (6.8)

Prior and Posterior distribution of 1{ from Bquation (1.4) .

Parameters, Posterior Means and Standard Deviations of ¡r3 ancl tu3

for 1( : 3 from the Equation (1.a) 67

6.8 proc.timeQinChapter6 ... 70

64

67b.b

6.7



Acknowledgements

Dr. Liqun \A/anB has been a source of encouragement to me while working in the

N4aster's progran at the lJniversity of Nlanitoba. I have had the oplrortunity and

great pleasure of interacting with Dr. Wang; his cloor has always been open to me.

From Dr. \\¡ang's insight and experience, I have developed a keen appreciation for

computational statistics.

I would also like to express m)'heartfelt appreciation to Dr. Rqrpa Thulasiram

in the department of Computer Science for sharing his ideas and interests for this

sampling algorithm from the computational perspective.

Dr'. James C. Fti, Dr. John Brewster ancl Dr. Alexandre Lebianc have provicled

statistical advice ancl have assisted me in identifying any areas of misunderstancling

anci provided the resources to prlrsue my interests.

A simple tliank you cloes not covel the clebt of gratitude I ou'e to Dr. Lisa Lix.

Her constant encouragement has kept me focused on the successful completion of this

thesis.

I am also grateful to Drs. Lisa Lix and Liqun \ÃIang fol the financial suppolt

through their joint research grant from Canaclian Institute of Health Research (CHIR);

to Dr. Liqun Wang fol support through his grant from Natural Sciences ancl Bngineer-

ing Research Council of Canada (NSERC); and lastly to the University of N¡Ianitol¡a

FacLrlty of Science for the Science Scholarship.

VT



Abstract

This tiresis develops an efficient discretization based Nfonte Carlo algorithm stud-

ied by Wang and Lee (2008) for generating random variates from high dimensional

distributions of complex structures. The improvement to a discretization-basecl algo-

rithm of Fu and Wang (2002) is achieved regarcìing the cornputational efficiency. The

cornerstone of this algorithm is the discretization of the sr-r,rnple space and efficient

mtmericaÌ inversion of a multivariate cumulative distribution function. This algo-

rithm is dimension-free, non-iterative, and easy to inplement. These characteristics

compensat,e for some limitations of Àzlarkov chain NIonte Carlo (N4CNIC) methods

ancl il'ilI be featured using classic examples ancl applications. For general use) a prac-

tical guide s'ith programs implemented by GNU statistical software R is provided for

practitioners.



Chapter 1

Introduction

The sttidies of Fu and Wang (2002) and Wang and Fu (2007) provicled a practical

computational algorithm for multivariate random sample generation. This algorithm

overcomes many limitations of the N¡Iarkov chain Monte Carlo (\4CIUC) methods and

sttcccssfullf idcntifies thc quautity of iutcrcst in a st¿r,tistical infclcnce with rnoclel

complexity in high dimensions. In this thesis, it r¡'ill be referred to as the Fu-Wang

algorithm ancl its principles will be investigatecl in Chapter 3. An improved algo-

rithm, henceforth in this thesis entitled the Wang-Lee algorithm, will be developed

in the following arca: clata structure, sorting, searching. and different approaches iu

numerical analysis based on this examination of the Fu-Wang algorithm. This is a

methodological work which uses a sample-based simulation study to efiñcientiy gener-

ate multivariate random samples from high climensional distributions with elaborate

structure.

1.1 Domain of Problems

A computational challenge is predominantly a clistinguished issue in statistical

problem-solving. This statistical problem-soh'ing typically involves a procedure from

statistical moclelling on real data to a statistical inference for the best statistical



1,1. DOMAIN OF PROBLEMS

moclel selection and its prediction. The best model is determined on the basis of

hoiv rationally and precisely a designecl model explains and describes the real clata.

It is essential to efficiently esimate parameters in sl,atistical problem-soh,ing. In this

section, the etiology of the computational burclen will be discussed on the statisbical

inf'erence. A similar argument in Section 1.1 is also put folth by Robert and Casella

(2004)

1.1.1 Statistical Inference in Complex Models

A ivell clesigned statistical model usually includes many inclependent variables to

clarify the real clata. However, the mathematical form in the designed model will

become more complex as the number of independent variables increases. The model

complexity has a direct connection rvith the type of moclel and its dimensions. In

the statistical inference, these are often considerecl as the primary sources resulting

in the failure of the analytical estimation of interest. Another contributing cause to

the failure of the analytical evaiuation of interest is computer relatecl limitations (see

Section 4.1).

Examples of this type of problem are founcl from a Gaussian mixture model and

a Bayesian hierachical moclel. With respect to the computation of a mixture model

specifically, Robert and Caseìia (2004) clearly state that "the representation of the

Iikelihood function (and therefore the analytical computation of maximum likelihood

or Bayes estimates) is generally impossible for mixtures" (p. 4). Therefore the analyt-

ical computation of maximum likelihoocl or Bayes estimates is considerecl implausible.

Horvever, lVang and Fu's 2007 stuclv providecl successful results for the statisl,ical

quantitv of interest with this model; the statistical moclel in their study utilizecl a

mixecl form of Gaussian mixture and Bayesian hierarchicai moclels, as shou¡n in the



1.1. DOMAIN OF PROBLEI,IS

equation (1.1).
K

f fu):flw¡f¡@lu¡,ol), (1.1)
j:r

rvhere y is obselvations from g - f (ylt",o2), K is the number of sub-populations,

tu¡ ) 0 is the probabilites of sub-populations and ! u¡ : I. (Wang & Fu, 2007,

p. 633). This equation clearly illustrates the model complexit;, regarding the number

of parameters to be estimated on the statistical modelling as the nnmber of sub-

population increases.

L.L.z Numerical Optimization and fntegration

With regarcl to the statistical inference in the mixture model mentioned in Sec-

tion 1 . 1 . 1 , O (kn) and O (k) computations are needed on the inference by a classical

likelilroocl and a Bavesian method respectively (Robert & Casella, 2004, p.4). The

connection exists that the computational burden wili be dramatically increased as

either the number of È(sublopulation) or n(sample size) increases. These represent

tr't,o conventional streams of statistical methodologies in the statistical inference.

N¡Iaximr:m likelihoocl estimator (NILE) is a value which maximizes the likelihood

fnnction of J @) , L(?lr) , or the loglikelihoocl function, In L(?lr) , when assuming a set

of observations, (r1,12,...,r,,) andageneraldensity, f(r),are given. Inconsiclera-

tion of the computational convenience, its solution, d, is easily found by clifferentiating

ln L(?lr) about d, where 0 e Q and f) is a, partr,rneter spa,cc. Hcrrcc, it c¿r,u. bc pre-

ceivecl as the opitimization problem. The stucly of Wang and Fu (2007) cannot be

solved analytically using conventional numerical methocls due to its model complex-

ity and nurnerolrs compr.rtations. Its likelihood fi¿nction is identified as the follolvino

equation (1.2) (Wang & Fu, 2007, p. 634).

NNK

fi.f {r,lrt' o}r,r",/{) : ll >+"*p-@:!!Íi:7 ;-i.Ã 1/zttoi; ¿1to'it
(1.2)



1,2, PREVIOUS RESEARCH

Thc coilputational challcnge is also revealccl frorn the clefinition of posterior firnc-

tion on a Bayesian paracligm. Suppose that zr(9) is prior information ancl a set of

observations, X: (rr,rr,...,rn), and /(xlá) is a sample clistribution. The posterior

clensity function, p(?lx), then, is:

p(olx) : f (xl?)r(0) f ,x10)r(0)

m'(r)
(1.3)

I f (xl2)r(e)

u'here nt(r) : Ï f (xl0)r(0)d0 is a marginal clistribution of x. In the denominator

of equation (1.3), the form of integration exists as the marginal distribution, nz(x).

A significant isstre is how to solve this intcgration in high dimcnsior-rs with as corn-

plex structure as the equation (1.a) in a study of Wang and Fu (2007) with prior

specification of ¡-t, o2, u, and 1{ (p. 635).

ll r {u,lu" , o' ,,.,)I{ , t<)pQ"t'lt<)p(o2lN)p(ru" lN)p(N) (1 4)

According to Robert (2007), the increase of number of dimensions leads to the

rapid loss of numerical accuracy regardless of which typical numerical method is used.

Robert stresses that "most standard methods should not be used for integration in

dimensions larger than 4" (p. 293). It is the strong argument for further investigation

of the Fr-r-Wang algorithm u,ith this type of moclel complexitv with high dimensions.

L.2 Previous Research

Itt Secrtion 1.1.1 ¿-¡nd Section 1.1.2, signific¿-¡nt sourccs of conrput¿rtion¿r,l dilficultics

in statistical inference are establishecl; the integral of non-closecl from a likelihoocl or

posterior ciistribution. In particular, RoberL and Casella (2004) note it as "a practical

realization of the curse of climensionality" (p. 268).

Concerning this kind of impractical computation, "À,Iarkov chain Nlonte Carlo
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(N{CN{C) is a kev technique for calculating analytically intractable integrals in high

climensions" (Sahr-r & Zhigljavsky, 2003, p. 3gb).

Numerous statisticians irave identified limitations on MCNIC methods ancl ar-e

presently employecl in their resolution. As reportecl by Fishman (2006), the corre-

lat'ecl samples generatecl by N{Ci\4C are sequential as the intrinsic propertl, of NdC}dC

(p. 203). However, the matter of highly correlated samples in NIC\4C generate an-

other restriction - "a slow mixing N4arkov chain" (w. R Gilks, Roberts, & Sahu,

1998, p. 1045). The number of iterations has an inverse association between the cost

ancl numerical accuracy (Fishman, 2006, p. 203; W. R. Gilks et al., 1gg8, p. 104b;

Liu, Liang, & Wong, 2001, p. 561). Reparameterization is essentiai on occasion for

the successful implementation of N{CNÍC (Fu & Wang, 2002, p.6, W. Gilks, Richard-

sou. & Spicgelhaltcr', 1998, p. 97). A starting poiut is the influcutial factororr thc

rate of convergence (Robert, 2007, p.302). The limitation of the standarcl À¡ÍCNIC in

consicleration of examining posterior modes is attributed to the localization tenclency

of \ttCXdC algorithm (Ceieux, Hurn, & Robert, 2000, p. gb7).

1.3 Thesis Organization

This thesis is structut'ed in the following way. Chapter 2 briefly explains some

preliminaries essential to understanding the lVang-Lee algorithm. Chapter 3 anaÌyzes

the plocedures of the Fu-Wang algorithm. Also, limitations of the Fu-Wang algorithm

u'hich lead to the development of the Wang-Lee algorithm are discussed. Chapter 4

summarizes a computational algorithm at each stage of the Wang-Lee algorithm.

Chapter 5 demonstrates the Wang-Lee algorithm using examples. A guide for use of

the Wang-Lee algorithm is provided. Chapter 6 shor,vs tire validity of the Wang-Lee

aigorithm using comparisons to standard applications. Finally, Chapter 7 concludes

with a discussion of concerns associated with the use of the Wang-Lee algorithm and
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suggests resoÌutions to the constraints of this algorithm. Chapter 7 aÌso proposes

areas for further research to enhance fundamental applications.



Chapter 2

Random Variates Generation

Generally speaking, an algorithm can be regarcled as a sequential combination

of several statistical proceclures. Essential statistical preliminaries r'r'ill l¡e coverecl by

Chapter 2 to provicle a basis for understanding of the Fu-Wang algorithm in Chapter 3

as r'vell as the Wang-Lee algorithm in Chapter 4.

The objective of these algorithms is to efficiently genelate random variates from a

given or target clensity function, /(z), from a significant region. It also implies that

crucial techniques in this algorithm are mainlv categorized into a ranclom variate

generation ancl a variance rednction.

First, a given or target density fnnction, /(r), may be one of a simpie standarcl

clistribution ancl/or a complex non-stanclarcl distribution. Tvpically most commercial

statistical softlvare provides libraries with u'hich to generate randorl variates from

the stanclarcl distributions. However, it is not easy to ol¡tain non-standard random

variates from non-stanclard distributions from the libraries provicled by this software.

To accomplish this, it is necessary to understand how to generate random variates

from a gir,'en or target density function, /(z) , not subject to the stanclard clistribution

through Section 2.1.

Secondly, the basic idea of significant legion is to draw more sarnpìes from a high



2.1. GENERATING RANDOM VARTATES

clensitv area rather than a lor'v density area. According to the folloiving criteria from

Gentie, 2002, p. 59: "an objective is to devise a sampling plan that u,ill yielcl esti-

mators u'ith sm¿rll variance", it proves the fact that the Fu-Wang algorithm is well

constructed as a sampling aigorithm. For the purpopse of variance recluction, the im-

portance sampling and the stratifiecl szrmpling techniques ale revieweri i¡ Sectiou 2.2.

in the computational perspective random variates generation and its simulation

study, three major facts should be knou'n in advance as the random variates are de-

rived from the psuedo ranclom numbers. First, a sequence of random numbers shoulcl

be reproducible uncler the equivalent conclitions of a X4onte Carlo stucly (Gentle, 2003,

p. 230). seconclly, investigation of a sa'rpling algorithm is necessary since ,,total com-

puting tirne can be substantial and sample generation accounts for more than B0% of

this time" (Fishman, 2006, p. 74). Finally, the qualitv of uniform clistribution shoulcl

not be overlookecl because any ranclom numbers generatecl from the computer are

on the basis of a behaviour of uniform distribution (Fishman, 2006, p. 7b; Robert &

Casella. 2004. p. 39).

Several excellent references relatecl to Chapter 2 include the book Non-uniform

Random Vari'ate Generat'ion, written by Devroye (1986). This book includes useful

aigorithms for generating random cleviations from non-stanclarcl distributions. Nu-

nerical Recipes, bv Press, Teukolsky, Vetterling, ancl Flannery (2007) is a masterpiece

iu thc lìeld of nurncrica,l zruerlysis. This practica,l tcxt ploviclcs the cornplctc coclcs iu

CIC++, effìcient plogram techniques. and detailecl rnathematical solutions fol sta-

tistical aigorithm development (See Chapter' 7.)

2.L Generating Random Variates

There are two methoclologies commonly used: 1. Inverse-CDF Methocl , and,2. Acceptance-

Rejection À¡Iethocl.



GENERATING RAND O M VARIATES

z.I.L Inverse CDF Method

Any random r¡ariates from a given or target density function. f (r), are obtainecl

lry an inverse funct,ion of its ctimulative clensitv function, F-'((l), if ancl only if, U is a

stanclarcl uniform clistribution. The follorving Lemma is the mathematical formulation

of the inverse CDF \¡iethod (Robert & Casella, 2004, p. 39).

Lemma 2.L.L. IÍ U - U[0, 1], then the rand,om uariable F-l(U) has the di,stri.buti.on

F.

For example, if F(r) is a non-decreasing ancl one-to-one function, then

Fu@):P(F(X)<u)

: p(x < F-t(u))

: F(F-1(z))

The general proceclure of the inverse transformation in the case of cliscrete ranclom

variable X is described in the Aigorithm 2.1.1 (Ross, 1996, p. 45)

consider a cliscrete random variable x - P(x : tj) r,vhere Dip¡: 1 and

P(x : r¡) : P(Dl:i <u <D1:,) : pi

Algorithm 2.1.1 Inverse CDF Ndethocl - Discrete Distribution

ifU<po

if po I U 1po+pt

if Ií:-i p¿ < u SÐ!o:op,

10



VARIANCE REDUCTrcN TECHNIQUES

2.L.2 Acceptance-Rejection Method

For the purpose of multivariate random variates generation, the Acceptance-

Rejection methocl is widely used. The generai procedure of the Acceptance-Rejection

methocl is describecl in the Algorithm 2.1.2 (Ross, 1996, p. 54)

Consider a random variable X _ pj : p(X: j) where j : I,2,...,æ.

Algorithm 2.1.2 Acceptance-Rejection Method
Step 1. Genereate Y - A¡

Step 2. Genelate rJ - U10,7)

if U <pyf ccly t}l'en

Set X: Y

else

Return to Step 1.

end if

Here, the choice of constant is c : sup f (r)lg(r) (\,Iadras,2002, p 21).

2.2 Variance Reduction Techniques

This variance reduction technique is essential for the use of the Fu-Wang algorithm

ancl the Wang-Lee algorithm. In statistical inference, it is of primary importance to

locate an estimate with a small bias and its minimum variance. This is the founclation

for locating the significant region in the Fu-Wang algorithm. It irnplies that samples

are drawn from a concentratecl area of density function. Drawn samples from the

significarrt lcgiott provide srn¿-¡llel v¿rlia,rrcc r'¿rther th¿r,n fi'orn thc inclcpcnclcnt laudonr

sampling.

A direct connection exists betrveen sarnples drarn'n from the significant region

and the graphical dignostic tool (see Section 5.3 for a cletailed explanation using the

Wang-Lee algorithm).

11



2.2. VARIANCE REDUCT]ON TECHNIQUES

Two techniqucs tvpically usecl for both valiance recluction ancl sampling efficicncl'

are Importance Sampling and Stratified Sampling.

2.2.L Importance Sampling

Importance sampling is "a '¡'eighted sampling" (Robert & CaseÌla, 2004, p. 90)

to draw samples from a more important region; samples should be draq'n from the

important region as opposecl to the negligible region for the optimal sampiing. The

fbllowing cclutrtiotrs (2.1) and (2.2) atc tirc clefinition of Irrrportance Sanrpling a,ncl its

optimal importance function (Gentle, 2002, pp.59-60).

Suppose that a function, /(z), on the clomain D can be clecomposed into any

function, g(r), and its probability function,p(r), subject to !p(r) :1. Then,

(2 r)

where p(z) is the importance function on the domain D. Its optimal choice of impor-

tance function is

o: I f@)ctx: Ir\,'!rov,Jo Jt> P\t )

_/-\ _ lf @)l
Y\ù) - fil.f (fildr

2.2.2 Stratified Sampling

(2.2)

Staratifred Sampling is simph' one of the techniques used to reduce the variance b5'

clividing the population into several homogenous sub-populations. By this sampling

technique, several good results are obtained as foilows: 1. good representation of

the population, 2. cornptlrison of sub-populations, 3. cost efficienct'. and 4. snaller

variance rather than that obtained using simple random sampling (Lohr, 1999, pp. 95-

e6).

The following theorem provides the evidence of variance reduction by use of a

stratified sarnpling (ìtiadras, 2002, p. 33).

72



2.2. VARIANCE REDUCI'ION TECHNIQUES

Theorem 2.2.I. If n¿ : na¿ for i : 7,...,X[, th,en, th,e strati.fied esti,m,o,tor h,a,s

srnaller uariance than the si,mple samplzng est¿nxator În. In fact,

uar(Î) : uar(T)* I t o, ( L-,)',, n?.\ro /

rvlrere a¿ : P(X € 5,) subject to ![, a¿ : l ancl .S : ¿!l\S¿.

13



Chapter 3

Fu-\Mang Algorithm

In a tlultivariate ranclom sample generation from a non-standard distribution in

high dimensions, NdC\zIC methods are determined to be a good solution despite inher-

ent limitations (see Section 1.2). Fu ancl Wang (2002) initiated development of a neu,

pla,cticzll tr,lgorithrrr in order t<¡ r¡vcrcornc urzr,jol difficulties of MCMC. Irr pewticular',

difficulties "associated rvith multi-modality of the underlying distribution, ill-shaped

sample space, as well as convergence of the iterative process." (p 0). Wang ancl Fu

(2007) showed its practical ritilitv on the mixture moclel with unknown components.

As the Wang-Lee algorithm originates from this FtrWang algorithm, it is necessar¡'

to investigate their studies carefully before demonstrating the Wang-Lee algorithm.

In Section 3.1. tire Fu-\Ãiang algorithrn is clearÌy identified on each step of sampling

procedure.

(For ease of conparison and enhanced unclerstanding of the Wang-Fu algorithm

ancl the \\¡anglee algorithm, all notations and terminologies in Chapter 3 are entirely

identical t,o those usecl in a studv of Wang ancl Fu (2007).)

74



SATúPLING PROCEDURE

3.1 Sampling Frocedure

3.1.1 Initial Compact Cover

Suppose that a general density function, /(z), up to the multiplicative constant in

d-dimensions is given. The Fu-Wang algorithm begins rvith setting bounds of support.

It is assumed that bor.rnds of support include the signficant region. Let Cs(f ) be the

initial compact set subject to C6 c IR.d and ^9(/) be the support of f (r). The subscript

on C0(/) u'ill increase by 1 r'r,hen the sampling proceclure is repeated. ^9(/) is assigned

to Co(f) if ancl only if S(/) ls a bounded support of f @). If not, it is necessary to

specify the boundary of /(ø) as C0(/) : SU)Ola,bld where -oo < a < b < æ.

Regarding the determination of constants, ø and ö, Wang ancl Fu (2007) recommend

to use the presumption from recognized properties of /(ø) (p. 638).

3.L.2 Discretization

A descretization step is the essential proceclure of the Fu-Wang algorithm. The

purpose of discretization is to acquire a discrete distribution of contours (Wang & Fu,

2007,p.638). This cliscretization step is a set of procedures as outlined beiow:

1. Forming a discrete set, S"(/) : {r¡ e Co(f), j : I,2,...,n},by a deterministic

or deterministic ranclom sequence of size n.

2. Sorting aII f (r¿) in descending order, e.g., f (ri) > .f (r¡) if i < j.

3. Splitting S"(/) to k contours, ,8, with a given integer, k, such as E¡ : {r¡ :

(z-1)¿ < j < zl) and i:I,2,...,k where l:nlk andl e N. That is, I implies

the numÌrer of points in z¿l' conto:ur, E¿.

Figure 3.1 facilitates the comprehension of this discretization step. An illustra-

tion in Figure 3.1 utilizes a standard distribution./(z) with k:9 contours.
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.llt')

Figure 3.1: The Fu-Wang Algorithm

4. Bvaluating a height of each contour .8. such that

5. Calculating a discrete clistribution

(3 1)

Pk(i,) :=/-- i : r,2,...,k
L¡:t li

(3.2)

In Figure 3.1. the shaded area is quantified to acquire the discrete probability.

In each contour the maximum values of f @A\ ancl heights are inclicated by

dashecl and soiid lines respectively. Figure 3.1 clearly shows that the heights

in a sequence of contours approximate ./(z) . This has a similar beh¿rviour of

cliscrete probability.

3.1.3 Sampling

The sampling proceclure carries ont the scherne of stratified sampling mentioued

in Section 2.2.2.

Assume tirat n¿ random samples will be drarvn.

i6
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3.2, DISCUSSION

1. Deciding a sample size of each contoul proportional to the discrete probability

snch 1,hat n"Li : mPk(e), subject to m: D! ^o 
ancl z : I,2,...,k

2. Drawing m¿ sample points from'ltt'contonr u'ith replacement.

3. Binding up all drawn sample points from each contour into one sequence of

samples.

3.I.4 Visualizing and Updating the Significant Region

\Vang and Fu (2007) emphasized the utilization of histograms on alÌ marginal dis-

tribntions of f @) to identifl' the appropriate significant region (p. 638). The sampling

proccdttlc will bc intcrlupted if thc iclerrtificd sigrrificzr.nt legion is subst¿rrrtially cqual

to Co. If not, another sampling proceclure should be conducted until the condition of

significant region is satisfied.

3.2 Discussion

Even though the Fu-Wang algorithm overcomes major limitations of ÌVICNzIC, it

has several of its own limitations. A study by Wang and Lee (2008) has attemptecl

to resolve limitations of the Fu-Wang algorithm. (See also the worhing pàper en-

titled: "Efficient NfonLe Carlo Random Sample Generation through Discretization",

b), Wang a,ncl Lee (2008)). The emphasis placecl in this working paper is related to

the computational efficienct', in particular the suggestions on how to control in the

lor'v and long tail probability distribution to determine the significant region. and the

esl,ablishment of the general usage of this algorithm. (See Chapter 4 for a cletailecl

explanation of the \,Vang-Lee algorithm).

1. The Fu-Wang algorithm has an issue rvith evaluating an accurate inlegration

nncler the low probabilistic region or low dimensions due to it being a sampiing
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ìrasecl simulation study (Fu & Wang, 2002, p.2I). k is well-known that a nu-

merical anah,sis provides numericallv accnrate results in low dimensions rather

than a sampling-based study. Once the numerical analysis is not applicable, it

is preferred to use the exact probability rather t,han the approximate probabil-

itv in a s¿ìmpling-basecl study. In practice it is not possible to find the exact

probability function from the real data. The Fu-Wang algorithm does not find

the exact probability; rather it locates the approximate discrete probability. In

a,dclition, it is nt¡t arr a,ccura,te boundzrry of thc sigrrificzr.rrt rcgiorr ou thc low

probabilistic region even though the significant region is identified by this sam-

piing procedure clue to its intuitive determination of bounclaries. It is r,r'orthv to

mention that inciclences of no observations do not necessarily mean that there

is no probability in the sampling-basecl study. Since rare samples are drawn

from the lor'v tail probabilistic area) this possibility may be overlookecl in this

sampling algorithm. Consequently, the imprecise construction of the discrete

probability, as opposed to the representation of the true densitr. function, arises

frolr this loss of thc potcntial or plausible significant legion.

When tirere is no information about the properties of clistribution, it is necessary

to use the intuitive determination of the significant region in this algorithm.

Hence, there exists the possibility of a wÌong statistical inference if the shape

of distribution is ili-shaped or multi-modal.

A study ìr¡. Wang and Fu (2007) use the idea of a cut-off point on the density

function f @lil¡ to clctenuiue the signifìcaut regiorr. This ide¿-r, is well-described

in Figure 3.2. Since the clistribution has several mocles and a long and lotn, tail, it

is difficult to identify the signifrcant region intuitively. A loss of computational

effi.ciency is significant if the cutoff point is too high as most of total computing

time is necessarily spent on the iterative generation of random variates. The
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3.2. DISCUSSION

total running time of this aÌgorithm is measured and shown in Table 6.8, Sec-

tion 6.7. Therefore, the lack of control regalding the significant region leacls

to the iuverse relationship between cost efficiency and numerical accuracy. The

itrtltlccisc discretc probabilitl' Ieads to thc loss of tlic poteutial significarrt lcgiorr

as previously mentionecl.

A t .l'(r,)

cr"r1,off

Figure 3.2: The Rr-Wang Aigolithm with Cutoff

Culrentì5', there is no critelion to set a proper cut-off point. Therefore, another

risk exists due to the determiuation of a cut-off point in cases where the distr-i-

buLion is multi-moclal ancl has a long and low tail proltabilitv. This results in

a computational impracticality because it is only possible in theory to compute

thc finitc numbcr of shadecl rcctangles in the tail. The nunbel of contonls is

fixecl in advance on its impiementation. Figure 3.2 shows this explanation.

An optimal result from the Fu-lVang algorithm is achievecl by the number of

contours, "a value of betn'een 200 and 500 for a density of fir'e dimensions or

lolr'er, and a valtte betr¡'een 1,000 ancl 100,000 for a density of higher dimensions"

(Wang & Fu, 2007, p.24). It is doubtful that the number of contours is in

direct ploportion to tlte number of dimensions. As of yet, the sufficiency of

computational resources and the matter of climensionality are unresolved.
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Chapter 4

\Mang-Lee Algorithm

The initiative for the development of the Wang-Lee algorithm originates from the

follorving factors: 1. c;ut-off point on f @ltl¡ corresponding to a significz-int region on

5,,(.f),2. control of the l6s' probabilistic region, 3. acctirate estimation of cliscrete

probar,bility functiou, arrd 4. courputzrtiorral efficiency. These fir,ctors strorrgly rrroti-

vated the modiflcation and development of the F\r-Wang algorithm.

The Wang-Lee algorithm consists of fir'e procedures: initialization, discletization,

contourization, two-stage sampling, and visualization. Key features of the Wang-Lee

algorithm arc bricflv discusscd hcrc in ranli orcler reflccting thc appropriatc signifi-

cance to the success of the aÌgorithm.

The appropriate sample is verifred by the visualization step. Several meaningfril

modifications contribute to the contoulization step. In particular, the Wang-Lee al-

gorithm faciliatcs computationaL efficiency relatcd to its uniqr.re hor-izontal approach

for acquiring the approximate discrete probabitity {pu(i)}f:r. The trial method em-

ploys the cut-off point to determine the signiflcant region by the experiment or the

last partition. Moreover, a more accurate cliscrete probability function, r,hich is close

to the true density function, is estimated by the manipulation of the last partition

regarding the large propoltion of lor,r' probability. Finally, the fixed number of par-
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4.1. TNTTTALIZATION

titions regardless of the number of dimensions is suggested to estimate the disclete

probability function.

4.L Initialization

The initialization step is easily overlooked. Inil,ialization is important as it has

clirect connections with the numerical acculacy of the estimates. In a X¿lonte Carlo

stucly, N4aclras (2002) made a recorcl that "founcl that the accuracy of our estimate

was proportional to n-r/2, rvhere ?? was the number of observations" (p. 5). In tliis

thesis, n indicates the numbel of cliscrete base points in the Wang-Lee algorithm. In

the simulation stuclies in Chapters 5 and 6, 1 x 107 discrete base points are employed

in all illustrations ancl applications regarclless of the number of dimensions ancl the

model compÌexitv.

With initializatiou, t"vo coutptttation¿ll clifficultics alc consicicrccl. Orrc is thc cc¡ur-

puter hardr,vare specification and the other is the size of a vector .,vhich the statistical

software provicles.

The capability of computaLion is a significant consideration because a discrete

base point in d climensions consist of a set of d points from every coordinate, which

is expressed as rUl: (rr,ï2,...,r0). A set ofn cliscrete base points are then savecl

on the Inemory of the computer that is the RANI. When the RAM is not sufÊcient,

the computer will use the SWAP area on the hard disk and its computing time

rvill be immense due to the additional time of data transference between RAM and

the hard disli, in addition to pure arithmetic time. This requirement necessitates a

capability to store a Ìarge amount of points and an advancecl proglamming technique

to manipulate this multiclimensional data matrix of n-bv-d cliscrete base points.

The analyses of simuiated data in Section 5.2.5 and genetic data in Section 6.6

bv the Fu-Wang algorithm demonstraLe this immense computing time. Both of these
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examirles have24 paran:eters into which the discrete base points need to be allocated.

Hence, there is a sul¡sl,antial memory requirement of 7.92G8 for storing discrete base

points and manipulating 707-by-24 data matrix efficiently.

This fcatulc cxcruplifics thc subst¿r,ntia,l advrr,ntagcs of thc Wzrug-Lcc algorithru,

primarilv, the unrestricted dimensionality. The Wang-Lee algorithm manipulates

onìy indices of array (or data matrix) for the sampÌing procedure. One consideration

of this manipulation is that the maximum length of a vector up to 1 or 2 x 10s

F<-rr this specificzr.tion sec Memory Limits in R, R Development Core Team (2008a).

Hence, the stipulation that advanced programming techniques and skills are required

to manipulate total discreLe base points with this vector system.

Regarcling the initialization of sample size,n'r: 103 is optimal to characterize the

clensity function ,/(") bV the repetitions of simulations.

Algorithm 4.1.1 Initialization
Require:

f @) " 
given or target density function r,r,ith an analytical form.

?7? <- sampie size

n <- discrete base points

k <- partitions

last.p +- weight on the last partition

4.2 Discretization

The purpose of this discretization proceclure is to obtain the dense discretized

sanrpling space,9,,(/) in'hich contains the significant region of f(r). This sampling

space ^9,,(/) is usecl to query indice of a sampie by the utilization of approximate

discrete probabilitv {P¡(z)}f:, later. This idea is clearly linked to the concept of

importance sampling as shown in Section 2.2.1. A good sampling necessitates that
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DISCRETIZATION

samples conccntrate on the significant region of the cl.ensitv function /(z) without

regard to the negligible region. The acquisition of a clense and highly concentrated

sampling region is crucial in Lhe accurate estimation of clensity function /(z).
This discretization procedure of the Wang-Lee algorithm is identical to the initial

compact cover step of the Fu-Wang algorithm in Section 3.1.1. The strategy of how

to construct the compact cover is explained with more detail as follows: In a given

density function /(z), assume that Co(/) ir the initial compact set subject to Co c IRd

ancl S(/) is the support of /(r).

1' Set Coff): S(/) if f (r) has a bouncled support.

2. Determine the constants ø¿ and ó¿ where -oo < a<b < oo for i:1,2,...,d
with d climensions tf f(r) does not have a boundecl support. Then, set G(/) :

^9(/) n lo,ltlo.

3. Ensure that thc significant region of f @) is the subset of Csff).

Iu ptactice, it is clillicLrlt to be ¿r,ware of thc propcrtics of /(z) so that the cletermination

of constants (a and b in i.th dimension which contains the significant rcgion) is arbitraly

r,r'ork. This limitation is discussed in Section 3.2 when /(r) is ill-shaped and multi-

modal.

Subscqucut to thc s¡rccificatiou of thc saf'c bourrdalics orr thc saur¡rlirrg spacc ^9(/),

the Wang-Lee algorithm generates and accrimulates all discrete base points rþl after

trimming all zero values of f @A)¡, where j :7,2,...,r2. This accumulation of clis-

crete base points is repeated until a given initial number of n discrete base points is

olrtained. AII discrete base points rlrl are, then, eliminateci if f @At¡ ( 5 x 70-324

due to the specification of GI\TU R., R. tleats the double type of float values less than

5 x 10-324 as 0 Fol this specification see Numerical Characteristrcs of the Machine R De-

velopment Core Team (2008b). The discrete base points will be generatecl as equals as

the number of discrete base points are elininated. This procedure contributes to the
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4.3. CONTOURIZATION

computational speed of the Wang-Lee algorithm when comparecl to the acquisition

of a clense and highly concentrated sampling space by the Fu-Wang algorithm.

Algorithm 4.2.1 Discretizing S(/) to ^9"(/)
while nrou(f (X)) : n do

Generation Step

foyi:1 to d do

X <- x. - U(a¡,b¡)
?zxr n X Ii

end for

Bvaluating f(X\- - 'nxrC'

if 16) >0then
ttxl

Save the indice

else

Repeate Generation Step recursively

end if

end while

x <- x +f(x)nx(d+i) nxd "ixr
return S"(./) : X

n x (d+1)

4.3 Contourization

The contourization step is the core of the Wang-Lee algorithm. The object of

contourization is to get possession of the approximate cliscrete probability for the

next sarnpling proceclure. Wang and Fu (2007) note two properties of the contottriza-

tion: 1. an intermediate tooi to identify the significant region b)'transforming./(r)

into a monotone cliscrete probability. ancl 2. provicle information about the approx-

ilnate nodes by the first corrtouL (p. 639). The Warrg-Lee algorithm approplia,tes

these propelties from the Rl-Wang algorithm. The modification of this contouriza-
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4.3. CONTOURIZATION

tion ploccclure clerivcs computational efficicnc)¡ ancl shorvs thc possibility of how to

coutrol the significant regiou. This contourization procedure consists of two steps,

the partitioning and the arpproximate discrete probability.

4.3.I Partitioning

The Wang-Lee algorithlr conveys greater efficiency via the horizontal approach

for partitioning on the discletized sample space ^9,(/) than the Fu-Wang algorithm

does.

Estimating the target density function /(r) utilizing the Fri-Wang algorithm is

considered as a vertical approach on the discretized sample space ^9r(/). The Fu-lVang

aigorithm initiallv divides the discretized sample space S"(./) into equally-spaced ,k

contours, and then caiculates the level of each contour bv the utilization of eqtial

number of points I in the ¿th contour as clescribecl in Section 3.1.2. This algorithmic

proceclure is clearly shown in Figure 3.1 and described in Section 3.1.2.

In contrast, the Wang-Lee algorithm employs a horizontal approach on the disclel,e

sample space ,9" (/) and only vaiues of f @Al¡. First, the Wang-Lee algorithm saves the

indices of sortecl f @Al¡ in descencling order. This smaÌl indice technique contributes

to the computational efficienc-t' for querying the discrete points as the final sampì.es

later.

The \,Vanglee algorithm then establishes leveÌs of k partitions to determine the

clomain of k partitions on the discretized sample space S,(/). The recommended

Ievels of k partitions are chosen as the mid-point in k equi-distant veltical interval on

tlre range of f @Al¡ for computational convenience. This functional distinction equates

to the elimination of a procedure from the Fu-Wang algorithm - the calculation of

levels of È contours. In essence, equation (3.1) in Section 3.1.2 is removeci from the

Fu-\\¡ang algorithm.

Figure 4.1 is displayed here for convenience of the reader and to iliustrate rvith
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4.3. CONTOURIZATTON

clat'ity the differences ancl subsequcnt aclvantagcs ¿ussociated with this approach to

partitioning. An illustration in Figure 4.1 applies the standard normal distlibution

/(r) with È:9 partitions as the as Figure 3.1. The different directional a,pproach

of the Wang-Lee is clearly distinguished in Figures 4.1 comparecl to Figure 3.1 in

Section 3.1.2.

Figure 4.1: The Wang-Lee Algorithm

In Figure 4.1, the dashed lines imply that the equally divided intervals on the

range of f @Al¡. The solid lines inclicate the level of i¿à partition, which is set as the

mid point in the i¿l' interval, and specifies the area of zth partition on the discretizecl

sample space ,9,,(/). The shacled area under the solid line rvill be employed to obtain

the approximate discrete probability.

A nature of the directional shift for contourizing the discretized sample space

,S,,(.f) contains the diffelent number of discrete base points rUl i, each partition

En@A)). In contrast, the Fu-W-ang algorithm has the equal number of I discrete

lrase points rbl o,rer aìl partitions. (See also procedure 3 in Section 3.1.2). Then,

the Æ partitions on the discretized sample space ^9,(/) are dynanically determined

respectively corresponding to the levels of k partitions such that

h¿<E¡(ral)<lro+, (4.1)
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\\¡here iz¿ is the level of riiL partition established by the mid-point of every interval

on the range of f @Ui¡. This approach suggests the tentative criterion regarding the

cut-off point on f @Al¡ later - the level of last partition - to manage the signiflcant

region on the discretized sample space ^S,,(./) ìty the last parLition.

Controvelsy exists in the setting of the cut-off point on f @fil¡ since the value of

cut-off point is in direct proportion to the length of the range of f @Al¡' that is, the

length between maximum and minimum of /(rtil¡. This will be explainecl in greater

depth in Section 4.3.2.

It is clearly eviclent that the number of f @Lil¡ between the successive ievels of

k partitions is equivalent to the number of discrete base points in each parLition

Er@AJ¡ This feature leads to another computational efficienc1,. Ergo a function

histQ in R (or difTerent function rì¿ìules on othcr statistic¿r,l softwarc) pcrforurs both

tashs simultaneously: building the levels of k partitions and counting the number of

f @Al1on every partition.

In simulation studies in Chapters 5 and 6, the number of partitions, Æ : 105, is

specificcl. A largc propot'tiott of paltitiorrs returrrs to zcro value. This is sigrrificaut

to interpreting the shape of distribution ,/(r) and the location of high probabilistic

region since the information of shape about the target density function /(r) is carried

into a sequence of Ei@A)) by this contourization. That the partitions have zero vahies

of numbers of discrete base points r[,] is an indication that the val.ues of a clensity

are dropping rapidlv or that the region is negligible for the sampiing. Figure 4.1

facilitates comprehension of the interpretation of distribution shape.

The contourization procedure is summarized as foliorvs:

1. Save tire indices of sortecl Í@fil¡ in clescencling order.

2. Set the level h¿ of irt'partition as the mid point in equi-distant occnrrences on

the range of f (rLtl¡
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CONTOURIZATION

3. Bstablish the clomain of k parl,itions on a discretized sample space ^9,,(/) such

Ihat E¿: {ït"À : h¿ < ,f @A)) < å,*r}

4. Connt the ihe number of f @Ul¡ in the zth partition E¿

Algorithm 4.3.1- Contourization with k partitions

forj:ltondo
if j' >.i then

f @a\¡ > f @at¡

end if
end for

fori:ltokdo
¡. _ t-À' (rnoi /1r[iì)-rnin /(øl;ì¡¡

lr ¡:I Å.

rt"¿: ¡t*(Ê) : {rb) : lt¿--1 I .¡çali\ a h¿}

end for

return n¿ : 77(8.1

4.3.2 Approxirnate Discrete Probability F\rnction

The approximate discrete probabilitv {P¿(Å')}f:, in the Fu-Wang algorithm is cle-

fined as the equation (3.2) in Sectiorr 3.1.2. In the \Ã¡ang-Lee algorithm, the approxi-

mate discrete distribution is implemented in a different way as follows:

P*(ù

Px(ù
(4.2)

where rz¿ is the number of f @U)¡ and h¿ is the level of ztl' partition, i: !,2,...,k,

respectivelv, and tr : 0.5 is a stanclarcl u'eight.
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The sr-rperiority of the \Aiang-Lee algorithm arises from the appropriate weight on

the last partition due to the consideration of lorv probability in the tail of distribution

.f (riii¡ T.vpicalÌy, the last partition is overestimatecl as mnch as the cìifÍê¡ence betr,veen

the area A ancl the shacled area B in Figure 4.2. This resuits from the establishment

of a standarcl unit rectangle for the approximation.

Figure 4.2: Overestimation Probability on Last Partition

shows the impact of the overestimation andThe illustration in Figure 4.3 clearly

control on the last partition E¡.its

The left panel

last partition E¡.

Figure 4.3: Overestimation and After Controlled

in Figure 4.3 represents

It is ciearly evident that

the uncontrollecl case of probability on the

inappropriate samples are drarvn frorn the

(((@
\\S-=t\-

ffi)
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negligiblc area. This phcnomenon is apparcnt r,r,hcn thc crit-off point on ,f @fil¡ in the

Fu-\!ang algorithm is established too low in a mixture model or a hierarchical moclel.

(See also Figure 5.6 in Section 5.3). The necessity of manipulation on the probability

of the last partition is clear'.

Currently, the lVang-Lee algorithm sets the weight u : 0.5 on the probability of

the last contour E¡ as an experiment for further research. In considering about the

u'eight, the quantity coulcl be approximately close to the half of the last unit rectangle

(as eqnivalent as the area of B-A in Figure 4.2). The quantity of weight is tested

for all of the examples and applications in Chapters 5 and 6. Some examples require

manipulation regarding the weight to clrau, the appropriate samples. In Section 5.3, a

practical guide rvill illustra,te the selection of appropriate weight on the last partition

ancl its consequence.

Algorithm 4.3.2 Approximate discrete probabilitv function fl(k)

foyi:1 to k do

Po(E¡.): ,#í;;,
end for

P*+-wxPx

foyi:1 to k do

h(EJ: #"¡
end for

return CDF of {Pl4)}l:,

4.4 Two-Stage Sampling

The \4¡ang-Lee algorithm follows the identical sampling procedure as the Fu-Wang

algorithm. Assume that nz random samples are d.rarvn. Since a partition .8, is re-

garcled as a stratum in the Wang-Lee algorithm, Uf:rEo: S.(f) and E¿ÀEt:t) ¡ot
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Vi,+ .j,'i: 1,2,. . . ,lt.

1. Deciding a sample size of each contolrr proportional to the discrete probabitity

sucll that nz¿: nrP¡(e), subject Lo m: Dl n o ancl ii : I,2,. . . ,k

2. Drarving rn¿ sample points from,itt'partition with replacement.

3. Binding up all drar'vn sample points from each partition into one sequence of

samples.

The Fu-Wang algorithm and the Wang-Lee algorithm have the same foundation for

this sampling procedure. Horvever, the inverse CDF technique to query the indice of

cliscrete base points rl'l is impiemented by the utilization of complete vectorization

techniclue in the Wang-Lee algorithm.

Algorithm 4.4.L Two-Stage sampling

foyi:1 to k do

for j:1ton¿do

nzi - U(0,7)

Querying m¡, from n¿

end for

end for

n-t: ltn¿
return a samitle of. size nt

4.5 Visualization

The utilization of all marginal distribution of /(r) fbr ail clirne¡rsiorrs is the elfec-

tive way of diagnosing whether or not the determination of appropriate samples is

completed from the significant region as described in Section 3.1.4.
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Whcn thc significant region of f (r) is well iclentified t'ithin thc initial compact

support Co(.f), the drarvn sample is appropriate for use in the inference. However, the

acljustmenL on the initial compact support Co wiil be required if the significant region

is tlre subset of the initial compact sr-rpport Co(Í) The technical use of visualization

is describecl for the use of graphical diagnostic in Section 5.3.

4.6 R Module Implementation
The next R program cocle is a generalization of the Wang-Lee algorithm.

7 rt A Gcneral Procedure in Wang-Lee Algorithm
2

3 f .narnc (- function(
4
5 # Ini.ti,al'ization
6 ri. disclctc . prlts:1e7 , rt Number o.f discrete base po,ints
7 n. cnts:1c5 , fi Numbet' of p arti,ti,ons
8 n:1c3 , # Nutnber o.f sam\tles
9 last . ivcight:0.5, # Wei.ght on Iast contour

10 ){
11

12 rt Gcnerati,ng base d'iscrete poi,nts i,n the si.gni,fi,cant reg'ion
13 vars (- runif(n. discrete . pnts , 0, 1) ;

14
15 density 1- # DeÍi,ni,ng the target di,stribution
16

77 rt Creating D-d'irnci,onal di,screti,zed com,pact sarnple space
18 sarnple.space (- data.frame(var-1[, var-2, ...] , density:density

);
19
20 ft Trimming zeros
2L density (- density [which(density>0) ];
22

23 ff S orting bg cÌ.ecen ding orr)er
24 density . ind (- order (density , de cleasing:IRfJtr) ;
Ð<

26 ff Contourizati.on
27 lcberguc . nrcasure (- hist (density , bleaì<s:seq (from:min(density ) , to=nax(

density ) , length . out:n . cnts *1) , plot:FALSE) ;

28
29 rt Discrete Prol¡abi,li,ties on partitions
30 get. pdf <- rev(le bcrguc . rncasulc$counts ¡. lebelgue. nicasurc$micls) ;

32 rt Wei.ghting the last p art'it'ion
33 get . pdf in. cnts ] <- last . wcightxget . pdf In. cnts ] ;

34

Ðo
¿L
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35 rt Norm.aliz'ing CDF
36 nmlzd. cdf (- c(0, cumstrm(get. pclf )/sum(get.pdf )) ;

38 ft Sam,pling by inuerse CDF i.ndex searchi,ng
39 rncl . var-iatcs : runif (n) ;

40 p.sample. sizc (- hist (r'ncl . variates , br-eaks:nmlzcl . cdf . plot:FALSB) $
counts I

41 \¡àlid . sarnplcs (- which(p. sample. sizc >0) ;

42 sample. cirt (- nrapply(sample, \,IolcArgs:list (replace=JIR[IB) , rev(lebclguc.
measure$counts ) , p. sample. sizc ) ;

43 cum.pnts. incl (- c(0. cumsum(rev(lcbcrgue.rrreasuÌe$counts))) ;

44 cum. pnts . ind (- cnrn. pnts. ind [- (n. cnts+1)] ;

45 sample. list (- mapply("+", as. list (cum.plts. ind), sample. cnt) ;

46 sample. incl (- unlist (sample. list ) :

47
48 ft S aui.ng F'inaL samples
49 sample. space (- sample . spacc Idensity . ind Isample. ind ] , ] ;

50Ì
51

52 rt Si,m,ulati.on
53 f .name(n. discrcte . pnts:le7, n. cnts:1c5 , n:1c3) ;

,f .)



Chapter 5

Simulation Study

5.1 Simulation Plan

This chapter features various attributes of the Wang-Lee aigorithm which are in-

terpretecl in the context of the Wang-Lee algorithm using representative distributions.

Fol the convenience of the reader, many of the illustrations in this chapter are cle-

rivecl from Fu ancl Wang 2002 study. Other source iilustrations are classic examples

from recent literature rvhich challenges the limitations of N{ClUC. Each representative

illustration has been selected with care for the express purpose of comprehensively

clelineating the unique features of the Wang-Lee algorithm as follor,vs: 1. procedural

description, 2. numerical accuracy. 3. identification of multimodes, 4. freedom from

the need fol reparameterization or additionai adaptation, and 5. computational effi-

ciency in high climensions. A practical guide for a graphical diagnostic is also providecl

to facilitate greater insight and furnish details pertinent to this methoclology.

Controlling of the simr-rlation parameters is substantiated using examples on a

case-b5-ç¿se basis. The clefault parameters on the simulation in Chapter 5 ancl Chap-

ter 6 are as folloi,r's:

1. 1 x 107 cliscrete base points, rz.
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2. I x 105 partitions, k.

3. 7 x 103 samples, nz.

4. Weight on the lasl. partition, ru : 0.5.

Ali programs in this simulation are written in GNU software, R-2.6.2, providecl by

R Development Core Team (2008c), and subsequently tested on the Linux ({Jbuntu

8.04, Hardy) svstem with GCC 4.2.4 (x86-64-iinux-gnu). The hardware specifications

àre as follorvs: Dual Core Al\dD Opteron(tm) Processor 275 (2193.745 NIHz), 7992

N,IiB \¡Iemor)'lvith SWAP 3153 \4i8, and 1024 KB L2 Cache stystem.

5.2 Case Studies

5.2.L Bivariate Beta Distribution

This example will incontrovertibly exhibit the operation of the Wang-Lee algo-

rithm; its numericaì. accuracy and its graphical coincidence between the theoretical

results and simulation. For this purpose, a simple bivariate beta distribution of two

independent ranclom variables is stuclied such that X1 - Be(2,2) and X2 - Be(3,1)

up to normalizing constant as equation 5.1 (Fu & Wang, 2002, p. i3).

f ("r,rr): rr(1 - rt)r3, o ( xr, xz S 7 (5. 1)

In obtaining a sample of size m : I x 103, it is critical to ascertain the sampling

space ,9"(/). As rnost of thc samplcs will be ol-rtailrcd fì'<;ur the siguifict-r,nt lcgiou,

a failure to appropriately iclentify the sampling region results in an invalid sample.

In this example, t,he information regarcling the sampling space is presently provicled

as [0,1] x [0,1]. This is a case of compact support; the initial compact support

bciug s¡.rccificcl ¿rs CoU): S"(f): [0,1] x [0,1]. Then. n:7 x 107 discrete base
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points are generated to discretize the initiaÌ compact support, CoU) ,k : 1 x 105

partitions are used to contourize the evaluatecl density function, f @Al¡. That is, the

cliscretized sampling space,9"(/) is sectionalized ¡¡,ith k partitions corresponcling to

the midpoint in each equi-distant interval on the range of f @A¡. These k partitions

distingrrsish the configuration of the monotone cliscrete clistribution ancl the clomain

of discretized sampling space. The weight on the last partition ø is set by 0.5 to

eliminate the consequences inherent to sampling from the negligible region. The

question of u'eight (as itreviousl), cliscussed in Section 4.3.2) will be denonstrated b),

the empirical approach in Section 5.3. Subsequent to the establishment of the cliscrete

plobabilitS, function is the trvo-stage sampling procedure.

The first tu'o sample moments are investigated and contrasted with the values

found lt1, ¿¡. Fu-Wang algorithm. The numerical result from the Wanglss algorithm

closeiy approximates the theoretical stanclarcls. These results are listed in Table 5.1.

Table 5.1: Nfean and Standard Deviation of Equation (5.i)

Statistics E(Xr) E(x") sD(x1) sD(x2)

Theorl,

Fu-Wang

Wang-Lee

0.0500

0.5073

0.4922

0.7500

0.7572

0.7448

0.2236

0.2258

0.2749

0.1936

0.2001

0.1985

Investigation of the marginal histograms of X1 and X2 in Figure 5.1 valiclates

rvhether or not the significant region is contained within the initial compact support

Ce. Thus, sufficient evidence prevails to establish that no adjustment is required on

the inital conpact support C6. A scatter plot, a srilface plot, and two histograms

of the marginal distributions of tlvo random variaì:les X1 and X2 are provicled in

Figr.rre 5.1. On tire histograms, the solid and dashed lines indicate the fitted line fi'om

the clrar,r'n sample and the theoreticai density curve respectively. 81, a graphical and
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llulìlerical conìpàrison, it ìs evident tha.t tÌre \\rang-Lee algorithm .-enclers the relevanl

sample for the tr,vo dimensional beta distribuLion.

Figure 5.1: Scatter, Contour Plot, and Histograms of Equation (5.1)

5.2.2 Dirichlet Distribution

Adirichletdistributionof threeranclomvariables, (Xr,Xr,X3) - D(0.5,2.5.4.5,6.5),

is found from Fu and \\¡a,ng's 2002 stud¡,, written in the analytic form up to the nor-

malizing constant with 0 ( rr l:xz*rz < I (p. 1a).

f (rt, rz, rz) : rt0'5 rå tr3 u (r - 11 - rz - rs)' 5 (5 2)

The \\iang-Lee algorithm unequivocally secures the pertinent sample from this multi-

climensional dilichlet clistribution. The drawn sample from this distril¡ution is exan-

tn
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ined for the numerical accuracy and graphical coinciclence betu'een theorical results

¿rncl simulation. Since the marginal distribution of the multidimensional clirichlet dis-

tribution is the beta distribution, the simulation result can be contrasted. The the-

oretical marginal clistrbutions are found as X, - Be (0.5,73.5), X2 - Be (2.5, fi.5),

X3 - Be(4.5,9.5). Two sample moments from both the simulation and theory are

compared in Table 5.2.

Table 5.2: Mean ancl Variance of Equation (5.2)

À{BAN VARIANCE

Theory Fu-Wang \A¡ang-Lee Theory Fu-Wang Wang-Lee

x1

Xz

Xs

0.0357 0.0352 0.0359

0.1785 0.1749 0.1725

0.3274 0.3i69 0.3203

0.0022 0.0022 0.0023

0.0097 0.0095 0.0096

0.0145 0.0160 0.0160

The graphical coincidence between the theoretical density curve and the fitted line

in the a sample is representecl in Figure 5.2. On the histograms, the solid and dashed

lines inclicatc thc fittcd line from the drawn sample ancl the thcoretical clcnsity cun e

respectivelr'. As the significant sarnplÍng region is located within the initial conpact

support, no modification to the initial compact support C¡ is requirecl. Thorough ex-

amination of the graphical diagnostic and numerical comparison establish the validity

of the Wang-Lee algorithm to originate the relevant sample from the multidimensional

clirichlet clistlibution.

3B
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Figure 5.2: Scatter Plot ancl Histograms of Equation (5.2)
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5.2.3 A Bimodal Example

In 1993, West provided a densitl, of two parameters ry ànd 7T2

("r (1 - ry))'- (r2(7 - rr))"(1 * rr (1 - nr) - nr(7 - n1))("-"-s) (b.3)

rvitlr n : 45,r : 5,s : 3 ancl Q ( ?rr, 12 I 7 and, employing this equation b.3 to

demonstrate the deficiency of ivICMC Ì<nown as - 
((mixture collapsing" (p. 474) -

attributable to the large proportion of lorv probabilities between high clensities.

The Wang-Lee algorithm is an innovative solution to this type of density function.

A conl,our piot integratecl u¡ith a scatter plot and histograms of the marginal clistri-

bntions of parameters 7T-i ancl 7r2 àrê proviclecl in Figure 5.3. (See also Fig. 1. for the

exact contours ancl weights in West, 1993, p.415; Figure f . in Oehlert, 1gg8, p. 16b).

Figure 5.3: Scatter, Contour PIot, and Histograms of Equation (5.3)

(K@

._\/Æ\\
ær-\\t\.\
@}))l
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Ntlonitoring several mocles remains the major impecliment associal,ed u'ith the

N,ICN{C algorithm as pointed out in Section 1.2. This can be imputed to the in-

capacitv of N,ICI{C to identfy the complete range of the posterior mode (Celeux et

al., 2000, p. 957). This capacity to capture the modes by tlie Wang-Lee algorithm is

significant for data exploration. Confirmation has been verified by lepeatecl simrrla-

tions on a mixture model of various numlters of components u'ith diverse variances

and correlations. The expanded example is illustratecl in Section 5.2.4.

The Wang-Lee algorithm provicles supplementary numeric informal,ion relative to

the approximate mocle. This attribtite is derivecl by the contourization proceclure

clescribecl in Section 4.3. This information is expeclient to the approximation of the

maximum value of density function when it is not evident from the graphical analysis

as in the histograms in Figure (5.3). The information of approximate rnocles is listed

in Table 5.3.

Table 5.3: N4ean, Standard Deviation, and Modes of Equation (5.3)

Statistics Fu-Wang Wang-Lee

Mean 0.5107 0.4672 0.5264 0.4858

SD 0.3805 0.3825 0.3820 0.3808

I\4ODB
0.9258 0.8804

0.1178 0.0764

0.9225 0.8803

0.1191 0.074r

5.2.4 A Multimodal Example

The previous three examples illustratecl the valiclity of the Wang-Lee algorithm

in rendering the appropriate sample in low climensions with the compact support.

Section 5.2.4. will illustrate the efficient utilization of the Wang-Lee algorithm on the

unbouncled support.

A Gaussian mixture moclel as equation (5.a) is frequently risecl to demonstrate

4I
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val'ious irdaptivc N4CMC rncthocl to reveaL thc cleficiencics of the standalcl N,{CN,{C

(See Fu & Wang. 2002, pp. 1.6-77; W. R. Gilks. Roberts, & Sahu, 1998, p. 10b1; ancl

Liang, Liu, .k Carroll, 2007, p. 311).

1p(x) ::lV
.) -: ) (,1,':)]

l(:) ( l, :; )l 
.å" 

i(:) (; : )l 
54l(

*1t
3

The palamcters emplo)'ecl in this illustration arc identical to those spccificcl in the

stucly of Liang et al. (2007)(p. 3tt).

The initial compact support Co(/) will be designated by information regarding

mean ancl variance from each mixture component as no other information on the

support in this modcl exists. Since thc first ancl scconcl cornponcnts have ¡-r: (-8, -B)
and p : (6,6) respectively and its spreacl are both (1,1), the sampling space ,5(/)

is determinecl as ¡-r,1 - xot: -B-3 x 1: -11 and þz-l3x o2:6+3 x 1:9.
Therefore, initial compact support ls Co(/) : [-11,9] and proceeds to the sampling

proceclure.

Subsequent to sampling on the initial compact support, the analysis of histograms

of ali marginal clistributions signify that the adjustment on the intial compact support

is csscutia,l ¿r,s thc siguificant region is not ¿r subset of Co. It is revised us C¿(f) :

l-72,771x [-12,11] after ú times of repetitions. These repetitions are to be continued

until such time as no further graphical nor numerical changes are found.

The mean, standard cleviation, and approximated modes of a mixture are provicled

in Table 5.4.

/1 ')
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Table 5.4: À¡fean and Standard Deviation of Bquation (5.4)

Statistics Fu-\Vang Wang-Lee

N4trAN -0.7010 -0.7831 -0.6237 -0.6386

SD 5.8425 5.7940 5.8929 5.8664

N,{ODE
-8.037B -8.0457

6.0460 5.9658

-7.9777 -7.9559

6.0130 5.9598

A contour plot, a scatter plot and histograms of all marginal distribuLions are

slrou,n in Figure 5.4 (See also Figure 3 Contour piots in Liang et al., 2007, p.312).

Consequentìv, it is nnequivocally iilustrated that a clrawn sample by ihe Wang-Lee

algorithm is appropriate to project this Gaussian mixture model. As well, the re-

clunclancy of reparameterization or proper aclaptation in the Wang-Lee algorithm is

illustratecl.

_@(,@)-\:v/
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Figure 5.4: Scatter, Contour PIot and Histograms of Equation (5.4)

5.2.5 Simulated Data

The example in this section illustrates the computational efficiency and precision

of the numerical approximation of the Wang-Lee algorithm in high dimensions.

This example u'as originally usecl to test the congruity of the Fu-\Ä/ang algorithm

and examine the sLC190 genetic data set (see wang,k Fu, 2007, pp. 643-645). The

analysis of the SLC190 Genetic data will be illustratecl in Section 6.6.

In this clata analysis, the Bayesian hierarchical mixture model is utilized with an

unl<nown number of subpopulations identicaÌ to the equation (i.1) in Section 1.1.1.

As established iri Section 1.1.1 ancl 1.1.2, the moclel complexity and analyticall5,

non-closecl form of integration results in the failure of the standard IVICIUC algorithrn.

Section 5.2.5 i,vill substantiate that the Wang-Lee algolithm defrnitively resolves the

mathematical ancl computational challenges of the standard MCÀ4C algorithm.

The plesumptions of tire simulated data and rnodel specifications are identical to

\Ä¡ang ancl Fu's 2007 stLidy (See Wang & Fu, 2007, p. 643).

The simulated data is a ranclom sample of size of N : 200 from the mixture of

Nt(pl:3,o2 :7), NzA,z:6,o2: 1), ancl Ns(tr:9,o2 :1) rvith the probabilities.

tur : 0.64, wz : 0.32, and tu3 : 0.04 r-espectirrely.

The clensitS, function of the mixture of K sub-populations is designed as iclentical
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to the equation (1.1) in Section 1.1.1. BquaÌ r,ariances of all sub-populations are

assumecl. Prior information is synonymously applied such that pI{ - N(po.oil,

"?< - Iç(a, ^3). ancl u)I( - 2(7) ivith e.:2, 13 : (R,,16)2, ancì j : L

The likelihoocl function ancl full posterior clensity are expressecl as the equation 1.2

and the equation 1.4 respectively in Section 1.1.2.

When the number of sub-population is set by Krro* : 4, the number of parameters

t,o be estimated is 21. The applied specification of compact support is ¡-r.I{ e l0,I2)R,

ol, e [0.1,5]K and turr e 10, 1]1{.

The signiflcaut region is verified bv the lepeatcl simulations with manipulation

of the r'r'eight on the last partition until the explicit ancl appropriate histograms of

marginal distributions are achieved and no further modiflcations to tire numerical

results. The appropriate weight is found as ?u : 0.01 in this example.

Table 5.5 and 5.6 include the estimated narginal posterior ciistribution u'iLh re-

garcl to the number of component K and approximated posterior modes, means and

standard deviations are provided respectively.

Table 5.5: Prior and Posterior distribution of 1{ from Equation (1.4)

K i 2 .) 4

Prior 0.25 0.25 0.25 0.25

Fu-lVang

Wang-Lee

0.0100 0.0120 0.5500 0.4280

0.0170 0.0260 0.6660 0.2910
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Tabie 5.6: Parameters, Posterior

.l{ : 3 from the Bcluation (1.4)

Ndeans ancl Standard Deviations of p3 and u3 for

I( :3 FLr-Wang \\¡ang-Lee

TRUB \4EAN SD il{BAN SD

pi: ó

Lú:6

t-tå:9

3.0205 0.i668

5.8742 0.2447

9.5504 0.6554

2.9952 0.3873

5.8802 0.4206

9.6219 0.6758

tuf : 9.64

w3: o'32

?u3 : 0.0¿

0.5970 0.0511

0.3620 0.0507

0.0408 0.0274

0.5848 0.0704

0.3659 0.0542

0.0491 0.0671

co" 1.0808 0.2049 r.0972 0.4487

Histograms of the marginal clistributions are listed in Figure 5.5 (See also Figure

6. in Wang & Fu, 2007, p. 645).
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Figure 5.5: Histograms of p!n':', oK--3, anf,tpf;:s from Equation (1.4)

High computational efficiency is achieved using the Wang-Lee algorithm rather-

than the Fu-lVang algorithm. Comparison of the computing time is providecl in

Table 5.7, Section 5.2.6. The Wang-Lee algorithm shows a computational time that is

five times faster than the Fu-Wang algorithm in 21 dimensions of Bayesian hierarchicai

moclel.
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5.2.6 Computing Times

Running time of each algorithm is measured by proc.time$ function in R. It pro-

vidcs thc uscr, systcrn, arnd total tiur.e fi'orn the courputing systenr (Scc thc dcfiuitions

and specifications in Running Time of R in R Development Core Team, 2008d).

In computations rvherein the dimension is less than four, it is apparent that the

difference in computing time is rninimal. The computational efficiency is incontestable

when the climension exceeds 20.

Table 5.7: proc.time() in Chapter 4

Time (sec) Dirn
Fu-Wang lVang-Lee

User System Total IJser System Total

trqn (5.1) 2

Eqn (5.2) 3

Bqn (5.3) 2

Eqn (5.a) 2

Eqn (1.4) 27

81.550 6.270 87.818

27.920 4.040 25.962

61.080 6.770 67.851

738.650 7.200 746.107

19936.72 183.64 20120.72

59.450 3.320 62.750

20.360 3.560 23.889

46.450 3.970 50.415

Bi0.0B0 6.320 816.910

3409.290 79.080 3489.345

5.3 Practical Guide \ /ith Graphical Diagonistic

This section provicles the practitioners with a practical guide for implementation

of the \Ä¡ang-Lee aÌgorithm for use in real application. The multimodal example used

in Section 5.2.4 ís revisited for the purpose of providing the practical stanclards to

identify a verification of appropriateness regardiu.g the drau'n sample obtained using

the Wang-Lee algorithm.

As mentionecl in Section 4.5, the interaction bel,rveen a sampling procedure and

a graphical diagnostic is a critical step in clctelmining thc significant region on the

cliscretized sampÌing space,S"(/). When the significant region is correctÌy identified



5.3. PRACTICAL GUIDE WITH GRAPHICAL DIAGONISTIC

u'ithin the compact support CoU), the drawn sanple is expected to be acceptecl as

the appropriate sample. However, this is not ah,vays the case; hence it is necessary

to verify the appropriateiress of the drawn sample. Figure 5.6 illustrates a failure to

obt,ain a reasonable sample.

q'a

z

a

Figure 5.6: Contours, k : 30; Weight on Lasl, partition, tu : 0.5

There are several possible contributing factors that may result in a poor sample.

In consideration of programming, it is possible that there is a logical error in the

progl'am itseif, despite the absence of compile-errors or run-time errors. Such errors

are not easiÌy found. It is essential to implement the logicallv correct program.

Another factor to consider is the situation of an inappropriate sample despite a

ploper adjustment to the significairt region on the sampling space ,9,(/) and correct

program implementation. A potential resolution for this factor involves the number of

partitions. This problem occurred frequently during repeated simulations, when sta-

iistical moclels in the Bayesian paradigm were applied. N4ixture moclel, Hierarchical
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model or n'ell-separated multimoclal density function aiì generate similar challenges.

This is common to all statistical models when density or posterior clistribution have

a proportionately long tail with low probability. Caution must be exercised to define

et significant legiorr when the st¿'¡tistic¿rl nrodcl h¿rs an zr,pprcciablc potcrrtitr.l for tr lolg

tail rvith lorv probability.

The implication is that a iarge proportion of low probability region is found in

the last partition; that is, the negligible sampling region is also consiclered as the

siguifìcant szrrnpliug rcgiorr. This is ¿ru inrlicatiorr that the proba,bility ou thc last

partition is overestimatecl. This result arises from a characteristic of the Wang-Lee

algorithm, which is the horizonLal apirroach for contourizing f @).Issues concerning

this overestimation are addressed and discussed in Section 4.3.2.

This practical guide i:rovides suggestions and techniques to assist with computa-

tional ancl interpretational obstacles with regard to the overestimation of probability

on the last partition. Fundamental to the Wang-Lee algorithm is the elimination of

the influence from the insignificant region. Visualization is crucial; explicit examina-

tion of the tails of distribution on the histogram is vitally important.

To illustrate, if the tails of clistribution end within the compact support, it is

logical to consider that the sample is appropriate. If the histograrn is not fitted

accurately, this issue can be resolved by increasing the number of partitions. Since

the partitions characterize the target density /(r), the nnmber of partitions enhances

the capabilitv of this aigorithm to estimate the approximate discrete probability.

Simulation studies in this thesis use a number of 1 x 105 partitions as a default.

Increasing the number of partitions provides a reasonably accurate approximation

of ter,rgct dcnsity. This ncccessit¿r,tes glezr,tcl cornputing rcsources. Cost efficicncy is

inversely proportional to computer harclware requirements.

Alternativeiy, a superior solution to addressing an inappropriate sample arising

fi'om an ill-fitted histogram is to u'eight the lasl partition rvithout increasing the total
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number of partitions. This is pivobal; controlling the lveight on the last partition

minimizes Lhe reclundancy of the last partition. This method is applied to all examples

in Chapter 5. The default is set to 0.5 as Lhe \,Vang-Lee algorithm set the mid point as

the level in l,he last partition for computational convenience. A visual representation

of tlre u'eight on the last partition is described in Section 4.3.2. Figure 5.7 and 5.8

shorvs the change on the signiflcant region correponding to the weights.

Figure 5.7: ContoruS, k : 30; Weight on Last partition, tu : 0.3

It is obvious th¿r,t the sarrples fï'orn tlie irrsigrrificzrut rcgion alc rcducecl ¿rs thc

rveight on last contour clecreases.

I
¿

a
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å

e

Figure 5.8: Contorus, k : 30; Weight on Last partition, u : 0.1

\,Vhen the low probability in the tail of the histogram is eliminatecl, the sample

from the significant rcgion becomes appropriate.

rô
¿L



Chapter 6

Applications

In Chapter 5, several classic examples were utilized to substantiate the unique

characteristics of the \A/ang-Lee algorithrn. To corroborate the efficacy of the \,Vang

Lee algorithm, applications based on the Bayesian paracligm using a nonlinear model,

a hierarchical model, and a mixture model are illustratecl here. Chapter 6 develops

the functional aclvantages of the \,Vang-Lee algorithrn - explicitly, freedom from re-

strictions such as the coniugate priors, the intractable mathematical form, restriction

in climensions, ancl reparameterization. This is consummated through comparison of

conputational algorithms for resolution of real appiications. Prinac¡. of the Wang-

Lee algoriLhm is incontlovertibly relevant.

6.1 Space Shuttle Challenger Data

Data in Dalal, Fowlkes, and Hoadley's (1989) study was enployeci to valiclate the

relationslrip betu'een a probability of O-ri,ng failrrre ancl the temperature at flight bv

a logistic moclel for the resolution of shuttle risk management (pp. 9a5-952).

This clata is ritilized to establish the independent N,Ietropolis-Hastings algorithm

on the logistic regression moclel in the study of Robert and Caseila (2004) (pp. 281-

282).



6.1. SPACE SHUTTLE CHALLENGER DATA

(For the purpose of comparisons in a simulation study, all notations, the rnodel

specifrcation, and prior information in this section are identical as those used in Robert

& Casella, 2004, pp. 2BI-282, the data is located in Table i.1. p. 15).

Y¡ - B(p(r¡)), p(r) : exp(rr + þr) (6 1)
1*exp(cv+0r)

s'here 3r¿ is the response ancl p(z) is the probability of an O-ring failure at temperature

r. Its prior is

r"(alb)r3 - 
r-"nu-""¡u

b-'

with ô, i\4LE from data, Û : eã*^/, ancl 7 : 0.577276 (Robert & CaseÌla, 2004,

pp. 281-282).

Utilizing only the information plovided, the Wang-Lee algorithm is adminis-

tered to the analytic form of basic full posterior clistribution without further repa-

rameterization ancl adaptation. The full posterior density function has the form,

L(a, Bldata)n(o,'3), then the default simulation values are applied to estimate a ancl

p.

The estimates of a ancl B are listecl in Table 6.1. These estimates are consisi-

tent with others (See NILE from Dalal et al., 1989, p. 949; Ndetropolis-Hasting(NI-H)

Algorithm in Robert & Casella, 2004, p. 283).

Table 6.1: a and B of Equation (6.1)

Algorithm \4LE N{-H Wang-Lee

Statistics À4EAN NIEAN NIEAN VARIANCB

a

t3

15.043

-0.2322

15.0

-0.235

r5.r444 1.4284

-0.2346 0.0003

The histogra,ms of a and B are provided in Figure 6.1 (See also Fig. 7. 3. in Robert
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6.2. BEETLE DATA

& Casella, 2004, p. 283).

Figure 6.1: Histograms of Equation (6.1)

6.2 Beetle Data

Carlin and Gelfand (1991) employed the observed flotir beetle mortality data to

clenronstrate the Gibbs sampler with a tailor rejection method (pp. 126,127). This

clata is found in Tabie 3. (Carlin & Gelfand, 1991, p. 126). The original stud¡,

was accomplished utilizing the maximum likelihood estimation with the generalized

logit model (Prentice, 1976, pp. 761-768). Subsequently, the N4etropolis-Hastings

algorithm rvas applied to anaìyze the same data after the Jacoltian transformation on

the parameter space in the study of Carlin and Louis (1996) (pp. 176-180).

(For the purpose of comparisons in ¿-¡ simulation stuclv, all notations, the moclel

specification, and prior inforrnation in this section are identical to those used in Cariin

& Louis, 1996, pp. 176-180).

The generalized logit model as

P(cleathlar) : lz(w): {exp(z)/(1 + exp(r))}-'

r,r'here tu is the indepenclent variable and r : (w - p.)lo wil'h unknown ¡r and o2.Its

prior information are nr.1 - Ç(as,bo), l, - "A/(co, do), o' - IÇ(eo,,fo) with ao:0.25,



6.2. BEETLE DATA

bo : 4, co : 2, d6 : 10, eo : 2.000004, and f0 : 1000. The full posterior densitv is

pjt, o2, rr,tly) x f (yl tt, o2, n1)r (¡1., oz, m\)

*1fi ¡n1r,¡lu' [1 - h(w¿))'n-u' ) #i:I

'""n [ -i,Tr -T - ¡*l

(6 2)

To estimate model parameters, the Wang-Lee algorithm generates a sample from

the na,ive full posterior equation 6.2 without any reparameterization. The sampling

procedure is terminated u'hen the boundaries of compact supports reache [1.76,1.84],

[0.0100,0.0333], ancl 10.1353 ,7.2274], f.or ¡t,o and nr.1 respectively. The simplícity and

inclependent sampling is appealing to many practitioners. The Wang-Lee algorithm

is reputed as a coherent and convenient alternative to \,ICÀ4C.

The estimates of ¡r,o and mI are listed in Table 6.2. These estimates are consisi-

tenl, rvith those that others have found (See NdLtr from Prentice,19T6, p. 765; Gibb

Sampler(G-S) in Carlin & Gelfand, 1991, p. 127; Àdetropolis-Hastings algorithm(À4-H)

in Carlin & Louis, 1996, p. 179).

Table 6.2: N¡Ieans, Standard Deviations, and Modes of ¡,r, o, m1 from Bquation (6.2)

Statistics
Wang-Lee Other Algorithms

11 o Tl'Lt p o Tl71

N4BAN 1.8163 0.0168 0.3i28 1.818 0.016 0.279 N4LE

SD 0.0096 0.0030 0.0977 N/A N/A N/A N/A

N{ODB 7.8172 0.0163 0.2975 1.81 -4.04 (0.0175) -1.0e (0.3362) Gil¡bs

2.5%

50%

97.ít/o

1.7951 0.0117 0.r743

1.8170 0.0165 0.2939

1.8341 0.0241 0.5706

t.7B -4.35 (0.013 ) -1.61 (0.1ee )

1.81 -3.e6 (0.01e ) -o.e8 (0.374)

r.83 -3.6 (0.27 ) -0.25 (0.77e)

NI-H
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6.3, DUGONG DATA

Tlre histograms of ¡,t,,o and n¿7 are provided

,þ Gelfancl. 1991, p. 127; Figure 5. 6 in Carlin &

in Figure 6.2 (See Fig. 3. in Carlin

Louis, 1996, p. 179)).

Fignre 6.2: Histograms of p,,o,mI from Equation (6.2)

6.3 Dugong Data

Carlin ancl Gelfand (1991) emploved Sirenian species dugong clata to exemplify

the failure of Gibbs sampler u,hen the conjugacy cloes not exist in Bayesian a,naiysis

on the growth curve, and applied a tailored rejection method for successful imple-

mentation of Gibbs sampler (pp. Da*D5, the data is provided in Table 1. p. n\.
Tliis data is also usecì to manifest self-regenerative (SR) algorithm compared with

otlrer À,IC\{C algorithrns (Sahu & Zhigljavsliy, 2003, pp. 412-4\3). Dugongs clata is

one of the standard examples in OpenBIJGS (For this see Dugongs: nonlinear growth

curve Spiegelhalter, Thomas, Best, & Lnnn, 2007a).

(n



6,3, DUGONG DATA

Recently, iVlalefaki and Iliopoulos (2008) usecl the dugongs data to clemonstrate

the necessitv of aclaptation on the given density (pp. 1218-1219).

(For consistency of comparison in a simulation stucly, all notations, model speci-

fictttion, a,nd priol irrfblrnation iu this sectiou ¿rrc idclrtical to thosc utilized Nd¿llcfâki

.k Iiiopoulos, 2008, pp. 1218-1219).

The growih curve is

lJ; - N(a- 0'y''.r-') i:r.....n (6 3)

u'here a,6, and r > 0. Its prior information is a -,n/(0,r;1)1(a > 0),3 -
N(0, d1)1( ß > 0), -y - U(0,1), ancl r - G(k,Æ) with ro : rþ: 10-a ancl k : 10-3.

TIre likelihoocl function of parameters a,8,7, ancl r ancl its naive posterior density

function ar-e as follows:

L(*, þ,1,r|Ut,1t2,...,U,,) x rî+k-renp{-iÐtr, - ct I [¡^x')'] (6.4)
i:I

n (01n, az, . . ., un) x f (y r az, . . ., y"l0)p(a)p(0)p0)p?)

x L(01y1,?J2,...,y,.) x erp(-rk -+ - Sl (6 5)

x I(a > 0,[] ) 0,r > 0,0 < ? < 1)

The Wang-Lee algorithm is straightforrvardly applied to the fuli posterior clistribution;

furl,her parameterization is not required.

The numerical values in Table 6.3 from the Wang-Lee algorithm are consistent

rvith ol,her algorithms. (See Gibbs Sampler(G-S) from Carlin & Gelfand, 1991, p. 125;

OpenBUGS in Dugongs: nonlinear growth curve, Spiegelhalter et al., 2007a). Also,

"the least-squares estimates, 0.981, -0.028, and 1.932, obtained by Rathowskv (1983,

p. 96)" (Carlin & Gelfand, 1991, p. 125).
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6.3. DUGONG DATA

Table 6.3: N¡Ieans ancl N,Iocles of a, 8,7 of Equation (6.b)

Wang-Lee OPENBUGS LSE

\,,IEAN

Ot

13

2.6607 (0.e783)

0.97e1 (-0.0210)

0.8642 (1.850e)

2.652 (0.e753)

0.e72e (-0.0274)

0.8623 (1.8345)

0.981

-0.028

7.932

Wang-Lee G-S

N,{ODE

a

t3

2.67r0 (0.9824)

0.e668 (-0.0337)

0.8770 (1.9646)

0.975

-0.014

1.902

The histograms of a, 79, and 7 are provided in Figure 6.3 (See Fig. f . in Carlin &

Gelfancl. 1991, p. I24;Fig.4. (a) and (b) in À4alefaki & Iliopouios,2008, p. I2Ig).

Ê

.s

E

s

Figtrre 6.3: Histograms of ¡L,o,rn,! from Equation (6.5)



BRITISH COAL AIINING DATA

6.4 British Coal Mining Data

Previor-isly in this thesÍs, the \Vang-Lee algorithm has been implemented to only

those cases of low dimensions (less than four parameters). The following three ap-

plications r'r'ili demonstrate that the \&-ang-lss algorithm provides results consistent

u'ith other statisLical algorithms notu'ithstancling high climensions. This section il-

hrstrates a case of five dimensions using tire data from British coal-mining disasters,

1851-1962 (Tanner, 1996, pp. I47-I49, and the data is found in Table 6. 1. p. 1 B).

Carlin, Gelfa,nd, ancl Smith (1992) carried out research for obtaining the mocles of

marginal posterior clistlibutions of a three-stage hierarchical model lty Gibìrs sampler

(pp. 393-400). The features of the Fu-Wang algorithm r'vere demonstratecl utilizing

this example (for the purpose of comparisons in a simuiation stucly, all notations,

troclcl spccifica,tiott, atncl plior infbrrnatiorr in this section ale iclcntic¿-r,l to those usecl

in Fti & Wang, 2002, pp.iB-20).

Fn and \,\¡ang (2002) postulated the model specification as foliorvs: Xn - Poi(?t¿),

'i:7,2,...,n, X¿- Poi(Àt¿), t: ni 1,...,/V at the first stage. They expressed the

log-likelihood function ernalytically t'rs ccluertion (ii.6) to firrd thc ap¡-rroxirnate urocle.

(6 6)

wlrere rc € (1 : l/), d € (0, oo), and À € (0, oo). Tìre prior information is rc - l./(7, N),

0 - ç(112,a), ancl 
^ 

- ç(712,B) at the second stage and a - TÇ(2,1) and B -
Tç(2,1) at the thircl stage. The full log-posterior distribution is

f (o,0,À,a,,J) :I(o,P,À)+1.5loga*1.51og,6- (0+t)a - (À+1)8. (6.7)

The botrndaries of compact stipport are appliecl as follows: rc e (30 : 50), I € 12.2,4),

À e [0.6. L4], a € 10,2] and B € [0,4] (Fu & lVang, 2002, pp. 17-18).

L(rc,o^, : (å, -rp) rogs+ (,å,, -rp) rog)- rc:-(n-Á,)),
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6.4. BRITISH COAL I\IINING DATA

The mocle information is contained in Table 6.4. See GÍbb Sampler in Carlin et

al. (1992, p. 397).

Talrle 6.4: Approximated X4LE, \4eans, Standarcl Deviations, and N4odes of n,0, ),

a, and B from Equation (6.7)

Wang-Lee

ti 0 ) Q. t3

AN4LE 4t 3.0858 0.8945 N/A N/A

IVIEAN 40.0160 3.0765 0.9118 0.6250 i.2815

SD 2.4778 0.2826 0.1133 0.3667 0.7608

N{ODE 47 2.9957 0.8995 0.3905 0.7629

Gibbs Sampler

l.t e À d p

MODE 47 3.06 0.89 N/A N/A

The marginal posterior distributions are shown as Figure 6.4 (See also Figure 7. in

Ftr & Wang,2002, p. 21; Fig. f . in Cariin et al., 1992, p. 395).

61



6.5. NUCLEAR PUTíP DATA

llfi
lill

_ .Lllll ll n

Lltoll"- s

Figure 6.4: Histograms of a, 0, À, rc, and d from trquation (6.7)

6.5 Nuclear Pump Data

Previous application of five dimensions has established that the Wang-Lee algo-

rithm is capable of presenting estimates consistent with other N4CN4C aigorithms in

low ancl moclerate climensions. In the next application, the validity of the !\¡ang-Lee
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6.5. NUCLEAR PUMP DATA

algorithrn will be affirmed by challenging a rcal application consisting of tcn climcn-

sions.

Gaver and O'Nduircheartaigh (1982) emploveci the failure of pump data to explain

the failure rate of individual pumps for reliability management by employing the

parametric empirical Bayesian model (pp. 1-14). It is also utilized for the illustration

of Gibb Sampier in the hierarchical model in the study of Robert and Casella (2004)

(pp. 385-387).

(For the plrrpose of comirarisons in a simulation stucly, all notations, model spec-

ification, and priol information in this section are iclentical to those used in R,obert

& Casella, 2004, pp. 385-387, corresponding data is founcl in Table 10. 1. p. 386.)

The mociel is described as foliows: the number of failures p¿ - Poi(À¿ú¿) with

i < i < 10 and its priors are À¿ - ç(a,þ) and ll - Ç?'r,ò) with ry: 1.8, ?: 0.01,

ancl ô:1. The full posterior has the form as

¡'(Àr,. .., Àrcþ|h,. ..,úro, pt,. . .,pn)
10

o ff { (f ntu) 
pi e- (ti+ P) 

^i } Brla+^r 
- 1 

"- 
6 Þ

i:t

(6 8)

This simulation study is slightly altered by adopting different priors in advance of

launching the Wang-Lee algorithm procedure. The priors are taken as a : 0.54,

)' :2.20, and ò : 1.11 because the prior information is subjective on the basis

of a researcher's conviction regarcling the problem if a true Bayesian approach is

considerecl (Dagpunar, 2007, pp. 169-170).

The numelical values in Table 6.5 from the \\¡ang-Lee algorithm are consistent

rvitlr other algorithms (See Bayes in Dagpunar,2007, p. 168; OpenBUGS in Pumps:

conjugate gamma-Poisson hierarchical model Spiegelhaltel et al., 2007b).
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NUCLEAR PUMP DATA

Table 6.5: Rates, tr4odes, N4eans, and Stanclard Deviations of Pumps À¿, d :
7,2,... . 10 from Equation (6.8)

Wang-Lee Dagpunar OPENBUS

PU\,fP RATB N4ODB N4EAI{ SD Bayes N{BAN

Àr

À2

À3

)a

À5

À6

À7

Às

Àe

Àro

0.0530

0.0636

0.0795

0.1 113

0.5725

0.6043

0.9523

0.9523

r.9047

2.0992

0.0586 0.0581 0.0249

0.0645 0.0903 0.0708

0.0775 0.0883 0.0376

0.7147 0.1135 0.0291

0.4i85 0.5509 0.3121

0.5318 0.6061 0.1343

0.2370 0.6705 0.4739

0.1199 0.6810 0.4737

2.0381 1.4448 0.6743

2.0105 r.9467 0.4044

0.0581

0.0920

0.0867

0.114

0.566

0.602

0.764

0.764

1.470

i.958

0.0598

0.1015

0.0889

0.1 156

0.6043

0.6121

0.899

0.9095

1.587

1.995

Histograms are

Gibbs sanpling by

iisted in Figure 6.5 (See also Figure B.

N,IAPLE in Dagpunar,2007. p. 170).

2. Posterior generatecl by

¡ 4.
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¿
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6.6. SLC 190 GENETIC DATA

Figure 6.5: Histograms of À¿, i : 1,2,. .. , 10 from Equation (6.8)

6.6 SLC 190 Genetic Data

The climension-free characteristic of the Wang-Lee algorithm has been compre-

hensively iliustrated in previous applications. Significant ernphasis has been placed

on the high cornputational effi.ciency of the Wang-Lee algorithm when applied to in-

stauces u'herein the number of climensions is greater than or equal to 10. For this

endeat'ot, the number of parameters to ìre estimated is 21. The computing time for

all applications in Chapter 6 are reported in Table 6.8.

This application is a follou-up stucly of the simulatecl data analysis in Section 5.2.5.

It originatecl from hvpotheses testing of two statistical models, the decision regarcling

the numl¡er of genotypes, in Roeder's 1994 study. He analyzed the SLCi9O data by

the utilization of graphical diagnostics to test and identify the total components in a

mixture model regarding difficulties arising from the generalized lilçelihoocl ratio test

and moclel selection (pp. aB7-495, data is founcl in Table 1. 492). For this data, the

Fu-!\Iang algoritirrn is zr,pplied u'ith the ecluivalent model and priors specification on

a Bayssi¿¡ hierarchical mixture model y'ith unknon'n sub-populations (to faciliate

cotliralisons itt a sinrulation study, aì.ì. notations, rrrodel specifrcation, ancJ. priol infbr-

mation in this section are icientical to those usecl in Wang & Fu, 2007, pp. 645-647).
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6.6. SLC 190 GENETIC DATA

Implementing the Wang-Lee algorithm, the statistical model and priors infor-

mation are identical to those usecl in Section 5.2.5. The likelihoocl function and

the full posterior distribritions are identical to the equation (1.2) and (1.4) resirec-

tivcly. Thc diffcrcrrt corrditions arc thc spccification of thc corrrpelct support such tha,t

¡rr{e [0,71o,o'*€[0.1,l]Kancltune [0,1]rrandtheprior y:(0.2,0.3,0.3,0.2).

Table 6.6 and Table 6.7 include the estimated marginal posterior distribution

concerning the number of component I{ and approximated posterior modes, means

ancl standard deviations are provicled respectivelv (See NIILE in Roeder, 7994, p. 492)

Table 6.6: Prior ancl Posterior clistriìntion of 1{ from Equation (i.4)

K 1 2
.)
r) 4

Prior 0.2 0.3 0.3 0.2

Fu-Wang

Wang-Lee

0 0.238 0.404 0.358

0.005 0.311 0.408 0.276

Table 6.7: Parameters, Posterior Nleans ancl Standard Deviations of p3 ancl u3 for

K :3 from the Eq""ti"r (t.Ð

K:3 Fu-Wang Wang-Lee

MLE NIEAN SD IVIBAN SD

¡fi: z.zs

Lú:3.79

Lå:5'77

2.2443 0.744r

3.5760 0.479r

5.3852 0.5785

2.2503 0.2335

3.6173 0.4878

5.4520 0.6664

wl :0.77q

u3: o'202

u!:9.924

0.7261 0.1699

0.2239 0.1536

0.0498 0.0409

0.7304 0.1663

0.2159 0.1466

0.0535 0.0648

o" 0.4071 0.0861 0.4163 0.0914
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6.6, SLC 190 GENETIC DATA

Histograms of the marginal distributions are listed in Figure 6.6 (See also Figure

9 and Figure 10 in \Ä/ang & Fu, 2007, p. 648).

¿

t

åé
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COIVTPUTING TI]UTES

Figure 6.6: Histograms of p!::t,oli:3, ancl tu,f{:3 from Equation (1.4)

Comparison of the computing time is provided in Table 6.8, Section 6.7 . In this ap-

plication it is remarltable that the Wang-Lee algorithm is estal¡lished at approximatelv

eight times faster in 21 dimensions of Bayesian hierarchical moclel when comparecl to

the Fu-lVang algorithm.

6.7 Computing Times

In real timc applications, there is little differcncc in computing tirne for cases of less

than 5 climensions between the Fu-Wang algorithm and the Wang-Lee algorithm. In

climensions greater than 5, significant compntational efficiency is founcl to be evident.

AII running times are listecl on Table 6.8.
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6.7. COMPUTING TIMES

Table 6.8: proc.timeQ in Chapter 6

Time (sec) Dim
Fu-Wang Wang-Lee

flser System Total User System Total

Bqn (6.1) 2

Eqn (6.2) 3

Eqn (6.5) 3

Eqn (6.7) 5

Eqn (6.8) 10

trqn (1.a) 21

182.310 35.790 218.099

130.570 24.110 161.694

122.570 23.290 145.854

69.370 13.090 82.445

702.940 25.240 128.202

25871.86 190.28 26063.04

18i.390 34.370 275.752

113.55 20.640 134.i9

92.250 20.220 112.473

60.580 9.770 70.348

81.850 18.0i0 99.874

3577.530 17.660 3595.237
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Chapter 7

Summary and F\rrther Research

This thesis improves the discretization-basecl \¡Ionte Carlo algorithm of Fu ancl

\Ä¡ang (2002) for a ranclom variate generation from a complicatecl form of high cli-

mensional clistributions. The essence of the Wang-Lee aigorithm is the approximation

of the discrete proltability function of partitions clerived from the cliscretized sample

space ancl the discrete inversion of multivariate cumulative density of partitions by a

tr,vo-stage sampling scheme.

From the perspective of computational practice, the Wang-Lee algorithm con-

tributes to the computational effi.ciency of thc Frr-Wang algorithm by the shift of

dilection on contourization. This efficiency is amplified bv the proposition of adjust-

ment on the probability of the last partition. This is illustratecl by examples ancl

applications in Chapters 5 and 6. The dimension-free, non-iterative proceclures and

the ease of implementation of this algorithm enhances the scope of functionai applica-

tions for computational statisticians. Provision of the generalizecl R program rvith the

practical guicle enables immediate utilization of this algorithm by other researchers.

In consideration of statitstical inference, a fundamental asset of the Wang-Lee

algoriLhm is the inherent capabiiity of cletecting multimodes in a mixture model.

AcÌditional aclvantages inclucle abundant statistics of interest and the analytical func-
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tional form u'ithout the parameterization or other proper aclaptation. Particularly,

in Bavesian framei¡'ork the normalizing constant is not necessary. The independent

random variates by the Wang-Lee algorithn enable l,he constmction of a confidence

interval as well. These assets compensate for the recognized limitaLions ascribecl Lo

the stanclard I{CN,ÍC algorithms.

To be circumspect when applying the \A¡ang-Lee algorithm, a particular caution

is urged in the utilization of graphical diagnostics for a validation of the relevant

stirnple fiotrr thc significzr,rrt regiott ¿utd cst¿blishrncnt of tllc corlect sa,nrpling sp¿ìcc.

Careful attention is required in eliminating the consequences of overestimation on the

region of a la,rge proportion of low tail probability. This facilitates the more accurate

construction of approximate discrete probability function ancl contribution to the high

performance computation.

A number of questions remain for future development of the Wang-Lee algorithrn.

Further research is required in the foliowing areas:

1. The optimal numtrer of partitions k: Since the approximate discrete proba-

bility function characterizes the configuration of distribution based on the mrm-

ber of partitions, it is consiclerecl to distinguish the optimal numlter of parti-

tions to quantify the discrete probabilitv function regardless of the number of

climensions. In example 5.2.5, application 6.5, ancl application 6.6, the opti-

mal histograms of marginal distributions and samples are found when k : 106

higher up to k : n. The implication is that the number of partitions is insuffi-

cient to precisely characterize the approximate cliscrete probability function in

high dimensions (greater than ten). As previously stated, a greaLer inciclence of

partitions generates a more concise approximation though the loss of computa-

tional efficienc¡r. A designation of the appropriate weight on the last partition

is the provisional triaì for the resolution of this concern.

2. Using the parallel algorithm: Currently, computational technology is pro-
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gressing r,r'ith a multicore system or a high-performance clistributed computing

system. The performance of parallel computing ancl its impacts are clearly

shor.vn (See Figure 2 Vera, Jansen, & Suppi, 2008, p. 3g0). The optimal parallel

algorithn design is important, a majol solrrce to the utilization of these sys-

tems depending on the number of cores or clistributed nodes. A study of parallel

implementation of this algorithm should be considered for further research.

The integration with the numerical analysis on the last partition: The

prolrability on the last partition is weightecl i.vith the arbitrary constant, w, after

obtaining the approxinate discrete probability function. One of the suggestions

for the determination of this weight is the regression anaiysis between the indice

of sorted discrete base points zþl and f @til¡ in two cliurensiorrs. The coefficiert

of intercept in this regression line indicates the proportion to the height of the

last paltition. and the coefficient of slope is alwa),s negative bec¿ruse f@Al¡

is sorted in descending order. The rveight is determined in the proportion of

the area lou'er than the regression line to the size of small rectangle of the

partition. The other suggestion is to utilize the numerical analysis such as

the Rieman sums, trapzoiclal, or Simpson's rules in the iow probability region

(Robert, 2007, p.293). A study of finding closer and nore acculate discrete

probabilitv function is required for the true density function.

Quasi-Monte Carlo method: Fishman (2006) briefly introduces the alterna-

tive of Monte Carlo methods to improve both the numerical accuracy ancl the

c<-intputationa,l cfficieuc)' in high dimensions - thc utiliz¿r,tion of quasilaridonr

numbels (p. 182). The matter of dimensionalit¡, and its inverse reiationship with

th.e computational efiÊciency are the central problem in À,Ionte Carlo method.

This matter is also a consideration with the Wang-Lee algorithm despiLe com-

putational cfficiency in high climensions. The incorporation of QMC on the

17.)
I r)



Wâng-Lee sampling algorithm merits further research.
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Appendix A

R Programs

Three sample programs are provicled for the case of bounded support, the case
of unbouncled supirort, and application for a simulatecl data. R programs for other
examples ancl applications usecl in this thesis are available upon request.

,A'.1 Bivariate Beta Distribution
t f Fi,Lename : beta . wl . R I Fi.nal Thes,is Subrniss'ion Program]
2 f Date: 2009.07.15
3 f Progranl,m,er : Clt,el Hee Lee
4 f ExampLe : Beta Di,stri,l¡ution
5 f Paper' : Random D'iscretizat'ion Based on Monte Carlo, Fu k WanQ 2002
6 ff Type : Wang-Lee ALgorithm. Bounded Case
7

8 rm(list:ls (all .name-TRUE)) ;

I
10 f Vrang-Lce ALgorithm D ef i,niti.on
11 rvanglcc (- function(n. discletc . pnts:1c7, n. cnts:1-e5, n:1c3, last . rveight

:0.5, n. analysis:"TRUE') , g. hist:"TR(IE' , g. plot:)'TRIJE' , sced
:584479233, ... ){

T2

13 cat(" xxxx* Proglarn Description xxxx* \n");
74 cat (" Filename : beta . rvl . R \n" ) ;

15 cat (" Dcscliption : Beta Distlibution rvith WangI-ee Algor.ittrm\n" ) ;

i6 cat (" Af f iliation : Statistics , University of À4anitol¡a \"" ) ;

77 cat (" Supcrvisor : Dr. Liqun Wang, wangll@cc . umanitoba. ca \n" ) ;

18 cat (" Plogranìmer : Cire ì Hee Lce , urnlce@cc . umanitoba . ca , gnustats@gmail
. com \n\n" ) ;

19

20 cat(paste("Program Launching Timc : ", Sys.timeO,"\n\n" ));
27

22 ff Random Num,bcr Spccificati.on
23 set . sced ( seed ) ;

24 cat(paste("Ranclom Sccd: ", seed, "\n\n"));
25

26 ff Giuen parameters
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4.1. BIVARIATE BETA DISTRIBUTION

27 alpha (- c (2, 3) ;

28 beta (- c(2, 1);
29

30 rt Form.i,ng a di s cr eti z e d I¡ as e
31 x1 (- runif (1. cliscr.cte.pnts, 0, i);
32 x2 (- runif(n.discretc.pnts, 0, 1);
JJ

34 cat (" x*x*x Sitl¡latio¡ Couf iglr.ation x.xxxx\n" ) ;

35 cat(paste("Numbel of Disclete Base Points : " , n. discr.ctc. pnts , "\r-r" ))

36 cat(paste("Number of Paltitions : ', , n. cnts , ,'\n" ));
37 cat (paste (" Weight on Last Pa'--tition : " , last . rveight , ,'\r,') 

) ;

38 cat(paste("4 Sizc of Saurple drawn : " . n, "\n\n") );
39
40 cat (" Givcn Values on Par.amctcr-s \ri" ) ;

41 for(incl in 1:2){
42 cat(paste("alpha", ind,

Iincl], "\r."));
43)
44 cat (" \n\n" ) ;

45
46 ft De.fi,ning the target di.stribution
47 density (- dbeta(x1 , alpha [1] , beta [1] ) xdbeta(x2, aìpha [2] , beta [2] ) :

48
{9 f Compact Regi.on
50 nontc . space (- data . frame ( x1:xl , x2:x2, density:density ) ;

51 rm( list:c("xl", "x2"));

53 cat(paste("Discretiz¿rtion proceclurc is completccl at ", sys.time0,"\n\
r1" ) ) ;

54

55 cat (" xxxx* Trimming Infor.mation xx*xx \n" ) ;

56 density (- density I which(density > 0) ];
57 cat(paste("Nunibel of trimmed zclos in the dcnsity : ", n. cI iscr-cte. pnts

-length(density), "\,r" ) ) ;

58 cat(paste("Number of lemained cl isclctc base points : ", length(density
), " Rernaining Rate: (", 1- (".cliscrcte.pnts-length(density))/
length(density)," ) \r\"" ) ) ;

59
60 cat (" xxxxx Quantiles of Dcnsity After Trimming xx*x**\n,') ;

01 print (sumrnary(density ) ) ;

62 chk.quantile (- seq(O.1, 1, 0.1) ;

63 print (quantile ( density , chk . quantile ) ) ;

64 cat (" \n\n" ) ;

65

66 rt S orti,ng by decending order
67 density . ind (- order (density , decreasing=IRtlE) ;

68
69 ft Contout'ization
70 lcbclgue. rrreasurc (- hist (density, brcaks:seq(frorn-=a:nin(density) , to-nax

(density) , Iength. out:n. cnts *1) , plot:FA-LSE) 
;

77

72 # CDF
73 get . pdf (- rev ( lcbclgue . measulc$courits x ìeberguc . measule$mids ) ;

BO



4.1. ßIVARIATE BETA DISTR.IBUTION

74 get.pclfIn.cnts] <- last.rvcight x get.pclf[n.cnts];
75 nmlzcl . ccif (- c (0, cumsum(get. pdf )/sum(get.pdf )) ;

76

77 rt Sam,pli.ng
78 r'ncl . valiatcs : runif (n) ;

79 p.sample. sizc (- hist(r'nd.valiates , breaks:nmlzd.cdf , plot:FALSE)$
connts:

80 r'alicl . samples (- which(p. sample. sizc >0) ;

81

82 cat (" xx*'r.x Analysis of sarnples xxx,*x \n" ) ;

83 cat(paste("Numbel of Partitions used for- samplirg : ", length(valid.
samples), "\n\n"));

84
85 ff Searchi,ng i.ndi,ces from the samptle space
86 sample. clt (- mapply(sample, N{orcAlgs:list (replace=IR[IE) , rev(lebcrguc

. mcasule$counts ) , p. sample. size ) ;

87 cun.pnts. incl (- c(0, cumsum(rev(leber.gue.mcâsure$counts))) 
;

88 cul . pnts . incl (- cum. pnts . incl [- (n. cnts f 1) ] ;

89 sample. list (- mapplv("+", as. list (crurr.pnts.incl), sample.cnt) ;

90 sample. ind (- unlist (sample. list ) ;

91 rm( list:c("leberguc.measule", "p.sample. sizc", "rnd.var.iates", "sarrplc
. cnt" , "cum. pnts. indt' , " sample . list " )) ;

a,
93 ft Sauing the fi.naI samples
94 moìrtc.spacc (- montc.space Idensity.ind Isample.ind],];
95

96 cat(paste("Sarnpling proccclule is complctccl at ", Sys.tirneO,"\n\n" ));
97

98 rt Numerical AnaLllsis
99 numeric. analysis (- function 0 {

100 cat (" xx*xx Numelical Aanlysis **r<** \r" ) ;

101 mean\4alginal <- sapply (rnonte. spacc , mean) ;

I02 sclI,Iarginal (- sqrt ( sapply (monte . space , var ) ) ;

103 return ( list (NaEÆterneanXdarginal , SD:sdXtlarginal ) ) ;

104 ]
105
106 rt Graphi,caL An,alysis (Hi,stogram )
1.07 glaphic. hist (- function 0 {
108 paranetels (- names(monte. space ) ;

109 true . beta. shapel (- alpha ;

i10 tluc . beta. shape2 (- beta;
111

7I2 for (p. ind in 1 : ( Iength (palarncter.s ) -1)) {113 glaphic.cmd (- gsub(" ", "", paste("postscript(filc:'beta.wì..x", p
.incl , ".eps')"));

114 eval (parse (text:graphic . cnd) ) ;

115 hist.cncl (- gsub()' " 1 )i ", paste("with(monte .space, hist(x", p.ind,
" , plob:IRfIE, freq:p,{¡SE, xlÍm:c (0,1) , bleaks:30, xlab:

expression (" , p.incl , " ) , main: ")) ;" )) ;

116 eval (parse (text:hist . crnd ) ) ;

177
118 lines(density(nonte.space[,p.incl]), liv:1).
119 x (- rbeta(nrow(monte.space), t..,".beta.shapel Ip.ind], truc.beta.

shape 2 [p. ind ]) ;
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4.1. BIVARIATE BETA DISTRIBUTION

720 curve(dbeta(x, shapcl:true.t¡eta.shapclIp.incl], shapc2:tluc.beta.
shape2 [p. incl ] ) , lty:5. col:" bluc" . add:TF.tJE) ;

727 dev. offQ ;

122 cat(paste("Flistogram of ", p.ind, " is gcncr.atccl\.\r,,));
r23 Ì
724 Ì
!a¿

i26 ff GraphicaL Analysi.s (3D, Contour Plot and Surf ace )L27 gr-aphic. plot (- function 0 {128 library (UASS) ;

729 postscript (file:" beta. rvl . plot . eps', ) ;

130
131 contour.lcvel (- rvith(montc.spacc, kde2cl(x1 , x2));
L32 with (monte. spacc , plot (xl , x2 , pch:".r" , main:,',') ) .

133 contour(contour. lcvcl , add=IRUE);
134 dev. off 0;
135 cat (" Plot i s gcncr-ated \n" ) ;

136
I37 postscript ( file:'bcta. rvl. surfacc .cps" ) ;138 persp(contour. lcvcl , phi:5. thcta:40, xlâb:"x1" , ylab:"x2', , zlab:,,

density", main:':")'
139 dev. off 0;
140 cat("Pelspective Plot is gencratecl\n");
747 Ì
L42
143 rt Printi,ng Num,erical and Graphical Analys,is
744 if (n. analvsis:"ffr[[" ){
145
146 print ( r'e stlt(-nurneric. analysis 0 ) ;

147
148 mu (- 0;
149 sd (- 0;
150 for ( incl in 1 :2 ) {
151
752 nl-rIind ] <- (alpha Iind ])/(alpha Iinct]+beta Iincl]) ;153 sdIind] (- sqrt( (alphaIincl]xbetaIincl])/((alphaIincì]*betaIind]+1)*

(alpha Iind]fbetaIincl] ) ^z) ) ;

154 Ì
155

156 ff CaIcu,lati,ng dif.ferences
757 for (ind in 1:2) {
158 cat (" Theolctical TRIIE À4can and StancÌard Dcviation\n', ) ;159 cat(paste("\'Iu[". incl , "] : ", mufind], "\""));
160 cat(paste("SD[", ind, "] : ". sdIind], "\r"));
161

162 cat (paste(" Absolutc Value of Dif fercncc betrvcen theoletical
solution and simulation re sult \n" )) ;

163 cat(paste("DIFFtr,f", incl , " : ", abs(rcsult$\,,IEAN[ind]-nruIincl]) , "\n,'
));

16,1 cat(paste("DIFFSD", ind," : ", abs(r'esult$SDIiud]-sdIind]), "\n\n"
));

165 Ì
166 Ì
r67
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4.1. BIVARIATE BETA DISTRIBUTION

168 if (g. hist:"TRUtr" ){
i69 glaphic. hist 0 ;

170 Ì
177
772 if (g.plot : "TRUIB"){
I73 graphic. plot 0 ;

174 )
L75
176 cat(paste("Thc program is terminatccl at ", Sys.tirne0,,'\n\n', ));
177 j
178
179 rt Simulation on Jultl 15, 2009, Fi,nal thesis sul¡ntissi,on
180 rvanglee(n. discrcte . pnts:1e7, n. cnts:1e5, n:1c3, n. anaìysis:"TRUE" , g.

hist:"TRUE' , g. plot:"TR[IE" ) ;

B3



4.2. MUL:ilMODAL EXAA,IPLE

1

2

3

4

5

b

7

I
o

10

i1

#
#
#
#
#

4.2 Multimodal Example

Filenam.e : n¡m. mit . wl . R I Fi,naL Thesis Sul¡m'ission program ]Date: 2009.07.15
Programmer : Chel Hee Lee
Erample : Three-Com,ponents NormaL M'ixture A4od,el
Paper': Stochast,ic Approxi,m,ati,on in Monte Carlo

D ensitg
Compu,tat'ion . Fam,'ing

rt \Uang-Lee Algorithm D ef ini,ti.on
n'anglcc (- function(n. discrctc . pnts:1c7, n. cnts:1e5, n:1c3, last . wcight

:0.5 , u. a,nalysis:':TRTIFa)' , g. hist:"TRfIE" , g. plot:,'TTRUE' , seecl
:584479233, ){

12

13 cat(" x*x*x Program Descriptio¡ x***x \u,');14 cat (" Filcname : rnn. mix . wl .R \n,' ) ;

15 cat (" Dcscription : Three-Cornponent \,Iixture \{oclel Densitv with Wang-Lcc
Algorithm \n\n" ) ;

16 cat(" Affiliation : Statistics , Univcr.sity of lvla'itoba \n,') ;17 cat (" supe.visor : Dr'. Liq'' wang, wangll@cc. u'ranitoba. ca \n" ) ;18 cat (" Proglantner : Chcl LIee Lcc , urnlec@cc . umanitol:a. ca , gnustats@gmail
. com \n\n" ) ;

Li,ang 2007
# Tape : Wang-Lee Algori,thm. [Jnbounded Case.

rrn( list:ls (all .name#IRtJE) ) ;

cat(paste("Pr-oglanr Launching Tiure : ", Sys.time0,,'\n\n', ));

fi Random, Num.ber Speci,fication
set.scecl(sccd);
cat(paste("Random Sccd: ", secd, "\n\n',));

# Giuen ltarameters
nu(- list(c(-8,-8), c(6,6), c(0,0)) ;

cov <- list (matrix(c (1,0.9,0.9, 1 ), ncol:2), matrix(c(1, -0.9, -0.9,1),ncol:2) . matrix(c(1, 0, 0, 1), ncol:2));
w (- c(1/3, I/3, 7/3);

ft Form,ing a d,i,scretized base
x (- runif(n.discrctc.pnts. -I2, 1I);
y (- runif(n.discr-ete.pnts, -72, 7I):

cat ("xxxxx Simulation Configur.ation xxxxx\n,,) :

cat(paste("Numbel of Discrete Base Points : ,', n. cliscretc.pnts, "\r,,))
;

19
20
21.

22

24
o<

26
27
9^

29

30
31

JJ

ói)
,1t)

37 cat(paste("Numbcr of
38 cat (paste (" Weight on
39 cat (paste ("A. Sizc of
40
4l cat (" Givcn Values on
42 for( ind in 1:3){
43 cat (paste ("rnu" , ind

]l' "' 1\"'' ind'

Partitions : ", D.cr1ts, "\u"));
Last Paltition : " , last . wcight , "\n" )) ;

Sample clrarvn : " , n, "\n\n" )) ;

Parametels \n" ) ;

, ":',, mu[[incl]], ',, cov,'
" : ", w[[ind]], "\r,'));
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A.2. IUTULTilUIODAL EXAMPLE

44Ì
45 cat (" \n" ) :

46
47 rt Defi,ni,ng the to,rget distril¡uti,on
48 library (muormt) ;-19 density (- 0;
50 for(ind in 1:3){
51 density (- density .r 11'[incl]xdmnor.n(cbind(*,y) , rneårFmu[[incl]],

var.cov:cov[[ina]]);
52Ì
trc

54 rt Cornpact RcAion
55 monte. spacc (- data.frame(x, y, density:density) ;

56 rm( list:c("*", "y"));
57
58 cat(paste("Discretization ploccclur.e is completecl at ", Sys.time0,"\u\

n" ));
59

60 cat (" *xxxx Tlimming Infolmation *.x,rxx \n" ) ;

61 density (- densityI which(density > 0) ];
62 cat (paste ("Number- of tlimmed zcr.os in the density -- ,, , n. discr-ctc . pnts

-length(density), "\r" ) ) ;

63 cat (paste("Nurnbcl of lemained discretc basc points : " , length(density
), " Remaining Rate: (", 1- (n.clisclcte.pnts-length(density))/
length(density)," ) \n\n" ) ) ;

64
65 cat (" xxx'rx Quantiles of Density After Trimming xxxxx*\n" ) ;

66 print (sumrnary(density ) ) ;

67 chk.quantile (- seq(0.1, !, 0.1);
68 print (quantile (density , chk . quantile ) ) ;

69 cat("\n\n");
70

7I f Sorti,ng b17 decendi.ng order
72 density . incl (- order (density , ciecr.casit'rg:IRUE) i

74 fi Contourizati.on
75 lcberguc . measulc (- hist (density , brcaks:seq (from=min( density ) , to-nax

( density) , length. out:n. cnts*1) , plot:FALSE) ;

76

77 # CDF
78 get. pdf <- rev(lcbelgue. mcasure$counts ,¡ lcbclgue. rneasure$micls) ;

79 get.pclfIn.cnts] <- last.rveightxget.pdfln.cntsl;
80 nmlzd. cclf (- c(0, cumsum(get. pdf )/sum(get.pdf )) ;

81
82 f SampLi,ng
83 rnd. variatcs : runif(n) ;

84 p. sarnple . size 1- hist (rnd . variatcs , breaks:nmlzd . cdf , plot:FALSE) $
counts;

85 r'alicl . samples (- which(p. sample. sizc >0) ;

86

87 cat (" *xxxr. Analysis of samplcs *xxxx \n" ) ;

88 cat(paste("Numbel of Partitions usecl for sanrpling : ", length(valid.
sarnples), "\n\n"));

89

85
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90 f Searchi,ng ind,ices from, the sample sytace
9i sample. cnt (- mapply(sample, \4oreArgs:list (replace:iIR[IE) , rev(lebcrgue

. mcasure$cou[ts ), p.sample. size ) ;

92 cum.pnts. ind (- c(0. cumsum(rev(lcbcr-gue.mcasurc$counts))) ;

93 curn.pnts.incì (- cum.pnts.ind[-(n.cnts*1)];
94 sample. list (- mapplv("+", as. list(cum.pnts.ind), sample.cnt) ;

95 sarnple.incl (- unlist(sarnple. list) ;

96 rrn( list:c("lcbcr'gLlc.ùteasutc", "p.sample.size", "rncl .variatcs", "saurple
.cnt", "cum.pnts.ind", "samplc. list")) ;

97
98 fi Saui,ng the fi,nal samples
99 rnonte.spacc (- monte.spaceIdensity.ind Isample.ind],] ;

i00
101 cat(paste("Sarnpling proccdure is completcd at ", Sys.time0,"\n\n', ));
102
103 ft Numerical Analysi,s
104 numeric. analysis (- function 0 {
105 cat("*.*.xxx Numerical Aanlysis *xxxx\n,');
106 mcanÀ{alginal (- sapply(montc. space , mean) ;

707 sd\tlarginal (- sqrt ( sapply (montc. space , var) ) ;

108 rnoclc\dalginal <- rnonte. spacc [1 : b , ] ;

109 return( list (NtlÐAlËrlcanL4arginal , SÞsdÀ'Ialginal , \4ODES-mocleNdalginal) ) I

i10 Ì
111

II2 ft Graph,i,cal Analysis (Histogram)
i13 glaphic . hist (- function 0 {
II4 palameters (- names(r-nonte. spacc ) ;

115

116 for (p. incl in palarneters ) {
777 cat(paste("Gcnelating histoglam of par.amet€r ", p.incl , ',\r"));
118 glaphic.cmd (- gsub(" ", "''', paste("postscript(file:ln¡.mix.wl .",

p.ind, ".eps')"));
119 eval ( parse ( text:graphic . cmd) ) ;

120 hist.cmcl (- gsub(" " , "" , paste("s,'ith(montc.spâce. hist (", p.incl ,

", freq:FALSE, bleaks:30, xlab:expression(", p.ind, "), maiu:"))"));
727 eval(parse(text:hist.crnd));
t22 dev. offQ ;

723 cat(paste("Histograrn of ", p.iud, " is gcncr.atecl\n\n"));
724 )
125 )
126 f Gral:hical AnaLgsis (3D, Contour PIot and Surf ace )727 graphic . plot (- function 0 {128 library (\'IASS) ;

129 postscript ( f ile:"rnl. mix. u'l . plot . cps" ) ;

130 contour. lcvcl (- rvith (montc. spacc , kde2cl (*, y)) ;131 lvith (nrontc. spacc , plot (*, y, pch:"+" , main:" " ) ) .

132 contour(contour. level . add=fRUtr);
133 dev. off 0;
134 cat (" Plot is genelatcd\n" ) ;

135
136 postscript ( f ile:"nn-r. mix. rvl . sur-f acc . cps" ) ;

137 persp(contour. ievel . phi:50, thcta:25, xlab:"x", ylab:"v" , zlab:"
clensity", main:""):
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138 dev. off0 :

139 cat (" Pelspe ctive Piot is gcner.atccl \n" ) ;

140 Ì
141

142 rt Pri,nti,ng Numerical and Graphical Analysi,s
143 if (n. analysis:"fQffi" ) {I44 print (results (- nurneric. analysis O ) ;

145 Ì
146
I47 if (g. hist:"TRIlE" ){
148 graphic . hist O ;

14e )
150
151 if (g. plot : "TRUE' ){
I52 graphic. plot O r

153 )
154
155 cat(paste("Thc plogram is terminatecl at ", Sys.time0,"\n\n', ));
156 Ì
157

158 ff S'im.ttLat'ion on July 15. 2009. Fina,l thcsi.s subm'ission
159 lvanglee(n. discrcte. pnts:1e7, n. cnts:1c5, n:1c3, n. analysis:,,TRlIE' , g.

hist:"TRlItr" , g. plot-"TRIJE" ) ;

87
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,A'.3 Analysis of Simulated Data

7 ff Fi,Lenarne : s,im. . wl . R I Final Thesi.s Subm'ission prol¡r.am I
2 rt Date: 2009.07.15
3 fi Program,mer' : Chel Hee Lee
4 rt Etam,Ttlc : Si,rnulated Data Analqs,is
5 ft Paper : A Practical Sam,pli,ng A2tproach for a Bayesi,an 14ixture lltlodet

ut'ith unknown number of components , Wang & Fu p007
6 ft Tl1pe : Wang-Lee Algorithm , (lnboundcd Case, Weillht on the Last

p art'it'ion : 0.01
7

8 rm(list:ls (all .narneflRUE)) ;
ô

I0 rt si,rndatal . dat from Dr. Li,qun Wang i.s ol¡tained.
li y (- c(
12 3.i915, 2.9r72, r.9725, 2.506. 2.59g5 , 7.7248, 5.r74, 2.7769, 3.115g,

2.9531. 3.861, 5.7723, 9.4547, 5.790g , 5.6474, 5.8743, 6.7627,
73 r.74r5, 4.3249, 3.0679 , 2.4946, 3.9713, 2.4585 , 4.973, 3.4631, 1.7466,

4.4775 , 2.4463, 6.0181 , 6.3941 , 5.0767 , 6.24, 5.2774, 6.0573,
14 3.742I , 1.0362, 3.2593 , 7.7827, 3.g634, 1.7535 , 2.9279, 3.2525, r.6263,

4.487 I, 3.351 , 6.9189 , 5.2242, 6.0306, 6.5917, 6.0615 , t0.2r77,
15 2.4285. 2.208, 5.4t72, 3.6766, 1.5599, 2.987r, 2.7607, 1.1206. 4.4464,

3.3576. 2.247r, 5.0953, 6.9116, 5.7103, 7.ggg1, 6.4244, 17.1226.
16 3.9134, 1.2488 , 4.9344, 2.0437, 3.9133, 2.4067, 2.0549 , 2.2965, 1.831,

2.8951 , 2.2239, 5.405, 5.9909 , 6.4079, 5.731, 5.265, 9.4229,
L7 2.II57, 3.3802. 2.18,tr6, 2.6896. 2.1b16, 1.6863 , 2.6114, 2.5205, 8.4408,

0.9359, 7.0336 , 6.5752, 5.2029, 6.5696, 6.3673, 6.9g36, g.g344,
18 3.9715, 2.894õ , 3.0672, 3.9539, 1.7031 , 4.g339, 3.9571 , 3.g157, 3.462,

2.8373, 6.7627, 5.1299, 7.6193, 4.939, 5.0319 , 4.7349, g.7945,
19 3.5875, 3.79gg, 3.0324 , 3.5942, 3.6g14, 2.gg3, 2.9602, 2.g2lr, 2.9g14,

4.6747 , 7.4499, 6.2629, 6.4936, 5.7563 , 4.7399, 5.7749, 10.2g41,
20 2.8289. 1.9612, 3.5162, 3.9315, 3.45. 2.797 , 3.7g03, 2.g03, 3.07g6,

4.4199 , 6.4474, 5.r275, 5.0069, 6.3206 , 6.5225 , 5.3424,
21 4.1786, 2.0207, 4.0041. 4.1895, 3.8442, 7.3753, 2.7g33, 2.9003, 4.3425,

2.0897, 6.1193, 6.7926, 5.9599 , 4.6238, 4.6644, 7.7007 ,

22 2.593, 3.1973 , 2.9382. 3.4159, 2.2244, 3.873 , 3.2114, 2.7942, 1.825,
4.6523, 7.3492, 5.9559, 6.091 , 5.02, 6.9515, 7.0g05,

23 2.8709, 4.3749, 3.4252, 3.6591, 2.49g2, 3.7074, 3.5931 , 3.3729, 3.1594,
0.1834 , 6.4623, 5.3437 , 6.2259, 5.3119, 6.9g11, 4.31g4

'J 
ì.

ÐK

26 rvl .basc (- function(data:v, ¡.d.p¡ts.crnp-2.5e6, ¡.ctnps:4. n.c¡ts:lcb, n
:1e3, prior.k:c(0.25, 0.25, 0.25, 0.2b), seect:190b042700, ) {

27
28 cat (" xxxx* Proglarn Dcscr-iption *xx** \n" ) ;

29 cat (" Filenamc : sim . rvl .R \n" ) ;

30 cat (" Dcscliption : Ba1'6si¿11 Norrnal lvlixture rvith equal variancc ancl
unlçnorvn nurnbcl of components fol Simulated Dataset 'n'ith Wang-Lcc
Algoritlim \n" ) ;

31 cat("Affiliation : Statistics, Univer.sity of N,Ianitoba \n");
32 cat (" Supelvisor : Dr. Liqun Wang, rvangll@cc. umanitoba. ca \n" ) ;

33 cat (" Progranìner : chel Hec Lce . umlce@cc . umanitoba . ca , gnustats@gmail
. com \n\n" ) :
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35 cat(paste("Pr-oglam Launching Time : ", Sys.timeO,"\n\l', ));
36
37 cat ( " \n'r.x*** Data Analysis **xxx\n\n,' ) ;

38 data.length (- length(data);
39 data.min (* min(data);
40 data.max (- max(data) :

41 data . range (- data . nrâx - data . min;
42 data . sum (- sum(data ) ;

43 data. SS (- sum(data ^ 2) ;

44
45 cat( paste("Nlinirnum: ". data.min, ", À4aximum:',. data.mâx. " Rauge :

". data.range, "\n\n") );
4b

47 cat ( " Sct H1¡pcl parametcrs fr.om Data Analysis . \ n,' ) ;

48 1r . mtr (- ( data . min * d,ata .rnax) / 2;
49 h - var (- data . range ^ 2;
50 h. alpha 1- 2;
51 h. beta (- ceiling ( ( data. range/6) " 2) ;

¿!

53 cat( paste("Hvpel X4u: ", h.rru, ", Hypcr. Var.iance : ',, h.var, ',\n") );54 cat( paste("Alptia : ", h.alpha. " Beta : ,', h.beta, "\n\n") );
55
56 nin.min (- data.min;
57 mu.ûÞx (- data.max;
58 ì11u. range (- nru. max - mu. min;
59
60 var.min(- 0.1;
61 var.Íuìx (- 5;
62 var . range (- var . rnax - var . min ;

63
64 t,.min (- 0;
65 w.rrìax (- 1;
66 w.range (- w.max - \\¡.min;
67

68 set . sced ( scccl ) ;

09 cat(paste("Rardom Sced : " , secd, "\n',) );
70 cat(paste("Number of N4ixtui.e Componcnts:,,, ü.crnps, ,,\r"));
77 cat(paste("\,Ican: Lower- Limit : ". ütu.rnin, ", Upper Limit : ',, mu.max,

"\a"));
72 cat(paste("Variancc : Lowcr Limit: ", var.min. ",

var.Ílâx, "\t"));
73 cat (paste("Wcight : Lorver Limit : " , w.min, ,, , Uppcr.

"\n\n"));
74 cat (paste (" Total cliscrcte basc poiuts (n. d. pnts ) : ,, 

.

.cnlp, "\n"));
75 cat(paste("Nrulbe of contour-s : " , n. cnts , ,,\1" ));
76 cat (paste (" \n Prior- for. Number. of Componcnts \n,')) ;

77 print (prior' . k) ;

78 cat(paste(" Size of samplcs clrarvn : " . n, "\n" )) ;
7c¡

80 cat (paste("Data Analysis and Initi¿rl Valucs are sct
0, "\u\r."));

81

Upper Limit: ",

Limit: ", \4,..ÍrâX,

n.cmps x n.d.pnts

89

up at ", Sys.time
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82 cat ("Norv the plogram is starting a cliscretization\n\n" ) ;

83
84 rt Defintion of D'isc¡'ete Base Po,int Generator
85 generator (- function (add. pnts ) {
86
87 f Generating Ro.ndom D'iscret,ized Points
88 rnu.on.li (- matrix(runif (add. pntsxind .cmp, mu.min, mu.max) . ncol:incl .

cnip) :

89 if (incl .cmp !: 1){ rt mu1 I m,u2 < rnus <
90 rru.on.l(<- t(apply(mn.on.h, 1, sort));
e1 )
92 var.on.k (- matrix(rep(runif(add.pnts, var.min, var.max) , ind.cmp) ,

ncol:incl . cnip) ;

93 w.on.k (- log(matrix(runif (add. pntsxind.cuip, w.min, .rv.max) . ncol:ind
.crnp)) ;

94 rv.on.li (- rv.on.k/r'orvSums(w.on.k) 
;

95

96 rt ForrnuLa Settin¡¡
97 cnrp.garrrrrra (- log(incl .crnp'igamma( ind.cmp) ^2) - 0.S*incl -cmp*log(2*.pixli.

var) + log(plior.kIind.cnip]) 
;

98 if(irrd.cnrp:1){
99 log.likclihood <- (-0.5)xdata.lengthxlog(var.on.k)-0.5/var.on.hx(

data. SS -2xdata.sLun{cmr.t.on.k + data. lengthxnru.on. k^2) ;

100 log. posterior' (- log.likelihood + cmp.ganmla - 0.b/h.varx(rlu.on.k-h
.n'm) ^2-(h. alpira*1)*log(var.on. k) - h.betafvar.on. h ;

101 )
102
103 log.likclihood (- (-0 5) x data.length x log(var.on.k[,1]);
104 for( d.incl in l:data.length){
105 norn.dcn <- 1v.on.kr,exp( -0.5f var.on.h x (dataId. ind]-mu.on.k)^2 );
106 log. likelihoocl (- log. likclihooct * log(rowSums(nolm.den)) ;

707 Ì
108 log. posterior (- Iog.likelihood + cmp.gammâ - 0.5/h,varxrowsums((nlr.

on. k-h.mu) ^2) - (h. alpha*1)xlog (var. on. k [, 1 ] ) - h. beta/var.on. li
['t];

109 return (data . frame (X,lEAt\alu. on. k , VARIAT\CËvar . on. k , \4/EIGFIX=u'. on . h ,

log. Iikclihoocl:log. likelihood , log. poster.ior.:log. poster.ior ,

postclior:0, I:ind.cmp) ) ;

110 I # generator0
1ii
11-2 tr Data Structure f or Compact Regdon
113 litrrary (R. ut ils ) ;

114 rronte. space (- data. frame 0 ;

115 urontc . tmp (- data. frame 0 ;

116
717 for ( ind.cmp in 1:n.cmps){
118
119 s.itcr'(- 0;
120 add. molc (- n. d . pnts . cmp I

L2I
122 while (add. mole > 0) {

724 s.itcr' (- s.itcr'*l;
125

90
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126 ft Fi,rst gencrat'¿on
727 spâce.cmcl (- gsub(" " , "", paste("s.spacc". incl .cilp, ".", s itcr,"

(- gencrator'(add. pnts:adcl . nìole) ;" )) ;

L28 eval (parse (text:spacc . crnd) ) I

r29
130 f In.f Iating log. posterior to posterior
131 inflate.cmd (- gsub(" " , " ", paste("s.space", incl .cmp, ".", s. itcl

,"$postelior <- cxp(s.space", incl .cnrp, ".", s itcr, "$log.
posterior') ;" )) ;

L32 eval(parse(text:inflate.cmd));
1tD

134 ff Filteri,ng i,n the si,gnifi.cant, region
135 f iltcr.cmd <- gsub(" " , "" , paste("s.space", ind.cmp, ".", s. itcr ,

" (- s.space", ind.cmp, ".", s itct, "Iwhich(s.space", incl .cmp
, " ." , s. itcl' , "$postcrior > 0) , ] ;" )) ;

136 eval(parse(text:filtci'.cnicl));
737
138 molc.cmd (- gsub(" ", "", paste("add.morc (- acld.mor-e - nlorv(s.

spâce" , ind.cnp, " . " , s. iter ," ) ;" )) ;

139 eval (parse ( text:more . cmd ) ) ;

140 Ì
147
742 pnt.cmd (- gsub(" " , " ", paste("spacc", incl .cn1p, )'<- data.framc0"))

143 eval(parse(text:pnt.cmd)) ;

744
145 ff Creating the sample space i.n the significant reg,ion
146 for( i in 1:s.itcr){
747 spacc.cmcl (- gsukr(" " , "" , paste(" space" , incl .cmp, "(- r'bincl (spacc

", ind.crrp, ", s.spacc", incl .clf1p, ".", i,")"));
148 eval ( parse ( text:spacc . cmd) ) ;

r49
i50 rrn.cmcl (- gsub(" " , " ", paste("rm(s.space", ind.cûp, ".", i,");"))

151 eval ( parse ( text=rn. cmd) ) ;

752 Ì
153
154 c.cnld (- gsub(" ", "", paste("n.r'orvs (- nr-or'(spacc", ind.cmp,")" )) ;

155 eval (parse (text:c . cmcl) ) ;

156
L57 cat (" \n" ) :

158 cat(paste(n.rowS, " basc points in " . incl .cmp,"th coutponent arc
cumulatcd in thc signif icant r-cgion\r" ));

159

160 # I'ILE anrl AMLE
i61 cat ( paste (" \nxxx*x The À,trE and Atriittr in " , ind . cmp, " th componcnt xx

xxx \n"));
162 search.cmcl (- gsub(" ", "", paste("max.incl (- r.vhich.max(spacc", irrd.

cmp, "$log. likelihoo<1 ) ;" )) ;

163 eval (parse ( text:search . cmcl ) ) ;

164 rnlc.cmd (- gsub("') .'", paste("spacc",ind.cmp," [max.ind,];"));
165 print(eval(parse(text:mìe.cmcl) )) ;

166 cat("\n ")I
r67
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168 ft Mode of Log- Posterior Esti,m.at.or and its Jo'int m,ode
169 cat (paste(" \n*.'r.*xx The Nlodc of log-postcrior in ,' , incl .cnìp, " th

componcnt ***** \r" ) ) ;

170 search.cmd <- gsub(" " , "" , paste("max. ind (- u'hich.max(spacc" , ind.
cmp,"$postcrior ) t" ) ) :

777 eval (parse ( text:search . cmd ) ) ;

I72 mlc.cmcl (- gsub(" ", "", paste("spacc",ind.cmp,,' [max.incl,];"));
173 print(eval(parse(text:mlc.cmd))) 

;

174 cat (" \n '' 
) :

175
776 fi Adding I(EY i,nder f or search,ing and quergi,ng
777 kcy.crnd (- gsub(" " ., " ". paste("space", ind.cmp,', (- data.framc(

spacc': . ind.cüp, ", KEY:seq(nror'(spacc", ind.cmp,"))) ;" )) ;

778 eval (parse (text:lie y . cnid) ) ;

779
180 rt Sau,ing Objects
181 size.cmd (- gsub(') )1 . " ", paste("object.sizc(space',,ind.cmp,',);,,));
182 cat(paste("Ol:jcct sizc of spacc ", ind.ct-up, " is ", eval(parse(text:

sizc.cmd)), "\n" ));
183 save.cmd (- gsub(" ", "", paste("savcObject(space", ind.cmp, ", fite

:'spacc", ind.cmp, )'.RData') ;") );
184 eval(parse(text:save.cmd) ) ;

i85
186 ff Creating ltlonte Compact Space
187 montc.cmcl (- gsub(" " , "" , paste("montc.tmp" , incl .cmp," (- data.

frame (cvaluates:space", incl.cmp, "$log. posterior., ctltp. id:space",
incl .cmp, "$I , KEY:space", inci.cmp, "$KEY) ;"));

188 eval (parse (text:nionte . cmd) ) ;

189
190 save.montc.cmci (- gsub(" " , "" , paste("savcObjcct(ilontc.tmp",incl .cmp

,", filc:'rronte.tt-np",ind.cmp," .RData') ") ) ;

191 eval ( parse (text:save . monte . cmd ) ) ;

L92
i93 cat(paste("Object Sizc of tr4onte Space", ind.cüp," is ", object.sizc(

moìlte. spacc),"\n" ) ) ;

194
195 ff Remoaing Objects for saui.ng nternorA
196 rm.cmd (- gsub(): )) , ')" . paste("r.rn(spacc" . ind.crnp," )" )) ;

L97 eval (parse ( tex<rn. cmd) ) ;1e8 Ì
199
200 cat(paste(" Discrctization ìs complctccl at " , Sys.time0 , "\r, MLE anci

AX,ILE are found. \n\n" )) ;

20I rrn(list:ls (all .namefIRUE)) ;

202 j
203

204 rvl . sampling . control (- function (u. cmps:4, n. cnts:le5 , n:1e3 , control:1,
p. last:0.01, ...){

205
206 library(R.utils);
207 rnonte . spacc (- data. frame 0 ;

208
209 cat(paste("\n Proportion uscd in last contour : ", p.iast," \n\n" ));
2r0

92



4.3, ANALYSIS OF SIMULATED DATA

21,7

212

274

.L¿

216
217

218
279
220
227
222
z z.)

224
225
226
227
228
229
230
!ù!
teq

zóJ
234

236

238
239

for(incl .cmp in 1:n.cmps){
load.crnd (- gsub()' )) . ' ", paste("montc.trlp",incl .cmp,', <- loaclObject

('monte.tmp", ind.cmp,".RData,) ;" )) ;

eval (parse ( text:load . cmcl) ) ;

nrontc.spâcc.cmcl <- gsub(" ", "''', paste(',monte.spacc (- rbincl(montc.
spâce 1 rlonte.tmp",ind.crnp," ) ; " ) ) ;

eval (parse (text:rnonte . space . crnd) ) ;

Ì

n. cl . pnts (- nrow(monte. space ) ;

n. pnts . cnt (- n . d. pnts/n. cnts ;

chk . quantile (- seq (0. 1 , 1 , 0.1) ;

rt P o steri,or Inf ormation
cat (" x*xx* Quantilcs of Log Poster-ior. xxx*.*.x\n" ) ;print (surnmarl¡(montc. space$evaIuatcs )) ;

print (quantile(monte. space$cvaluates, chk. quantile) ) ;
cat("\n");

rt Inflate Log ualue to the ori,ginal ualues (taking exponent)
montc. space$cvaluates (- with (montc. spacc , exp(evaluates ) ) ;

ft P o steri.or Inf ormat,ion
cat (" *.xx'rx Quantiles of Posterior. x*.xxxx\n,') 

;

p r i nt ( sumrnary ( r'nonte . s p ac e $ e v a I u at e s ) ) ;

print ( quantile (monte. space$evaluates , chk . quantile ) ) ;

cat (" \n" ) ;

f Sorti.ng aII log-posteri,or po'ints Ity tlescencli,ng orrler
monte . spâce (- rvith (monte . space , trroüte . space Iorder ( evaluatcs ,

dccreasing=fRUE) ,] ) ;

240
247 fi Saui,ng mode i.nformati,on
242 mode. inf o (- montc . spacc [1 , ] ;q^2

244 rt Contourization
245 lebcrguc. rncasule (- rvith(monte. spacc . hist (cvaluates , breaks:seq(flom:

min(c'aluates), to=+nax(er,'aluates), length. ont:n. cnts*l), plot:
FALSE) ) ;

246
2¿17 cat("\n*x*.'ix Analysis of Contours xxxx*\n");
248 cat (paste (" Hcight in a contoul in toG : " , log ( lebcrguc . n-rcas¡rc$micìs

[2] - lcbcrgue. mcasLlrc$micls [1]) ,,'\r" ));
249 cat(paste("Height(Nfidpoiut) in a contour : ", lebelguc.mcasurc$micls

[2] - lcbergue . mcasule$nicls [1],,'\n" ) ) ;

250 cat (paste("Nr-rmbel of poiuts in last contouL : " , Icbcrg¡c .l¡easurc$
countsIcontrol]," \u"));

25L cat (paste("Thc proportion to bc climinated on points if necccssâ.r.1, : ):

, lcberguc.measur.e$counts Icontrol]/nrow(nonte.spacc)," \rr',)) ;
252
253 rt Norm,ali,zed CDF
254 get . pdf <- rev ( lebcrguc . measurc$counts r. lebclguc . rneasurc$mids ) ;o:<

93



4.3. ANALYSIS OF SI]VIULATED DATA

256 ft Consi.der Low probabi.li.ty i.n the tails
257 get.pclf In.cnts] <- get.pclf In.cnts]+p.last;
258 nmlzd. cclf (- c(0. cumsum(get.pdf)/sum(get.pdf)) ;

259
260 rt SampLi,ng fron the range couering aII components
26I lncl . variatcs : runif (n) ;

262 p.sample. sizc (- hist(rnd.r'ariatcs . brealcs:nmlzd.cdf . plot:FALSE)$
counts i

263 r'alid . sarnples (- which(p. sample. sizc >0) ;

264
265 cat ("xxxxxAnalysis of sampÌesxxxxx\n" ) ;

266 cat (paste("Thc number of contou¡s containing sarnplc points - " , length
(r'alid . saÌnples), "\." ) ) ;

267
268 rt Scarching i,nder frorn original sample space
269 sarnple. cnt (- mapply(sample, X{orcAlgs:list (replace=fRfIE) , rev(lcbcrguc

. measule$counts), p.sample. size ) ;

270 cum.pnts. ind (- c(0. cumsum(rev(lebcrguc.rneasurc$counts))) 
;

27I crun. pnts . incl (- cun. pnts . incl [- (n. cnts+1) ] ;

272 sample. list (- mapply("+", as. list(cum.pnts.ind). sample.cnt) ;

273 sample.ind (- unlist(sample. list) ;

274 rnontc . spâcc (- montc. space Isample. ind , ] ;

275
276 cat(paste("*xx*.x\{arginal Postelio¡ Distributiorr of Component K*r.r.*,*"))

277 print (table (monte. spacc$cmp. id )/length(rnontc. space$cmp. id ) ) ;

278
279 ft Matchi,ng and Queryi,ng
280 qucl'y. space (- split (raonte. spâcc , monte. spacc$cmp. id ) ;

281
282 for ( ind.cmp in 1:n.crnps){
283 load.cmd (- gsub('1 '. ' ", paste("spacc", incl .cmp." (- loadObject('

space",ind.cmp, " .RData') ; " ) ) ;

284 eval (parse (text:load . cmcl) ) ;

285
286 if(mode. info$cmp. icl : ind.crnp){
287 p.rnode.cmd (- gsub(" " , "" , paste("p.mode (- space ",mode. info$cmp.

icl , " fnocle . info$KEY, ]" )) ;

288 eval ( parse ( text:p . rnode. crnd ) ) ;

289

290 f ll[ode of Iog-postcrior ancl, its joint m,od,e

29I cat(paste("\n x*.xxx Joint À4odc for Log-Posterior is found at "
mode.info$cnip.id . "th conponent. *)krc*r< \r"));

292 print (p . mode) ;

293 cat (" \n" ) ;

29,1 )
295

296 qucly.cmd (- gsub(" " , "" , paste("spacc" , ind.cr-np,"(- space", incl .

cnlp, " Iquclv. space$"' , iücl .crrrp, "'$KÐy.]" ));
297 eval (parse ( text:quer-y . crnd) ) ;

298
299 rt Saai.ng samples from, spaces
300 save. saillplcs (- gsub(" " , "" , paste("sample " ,ind.cmp," (- savcObjcct

(space",ind.cmp,", fiIc:'sanple",ind.cnìp," .RData') ;") ) ;
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4.3. ANALYSIS OF SIIUTULATED DATA

301 eval(parse(text:save. saniples) ) I

302 Ì
303 cat(paste("\nQucrying proccclure for all spaccs is completed.\n" )) ;

304 cat(paste("Sampling procedulc is complctecl at ", Sys.time0,"\n\n" ));
305 r.rn(list:ls (all .name#IRUE)) ;

306 Ì
307

308 rvl . ar.ralysis(- function (n. cilps:4) {
309 library(R.utils);
310
311 ft Numerical Analg si,s
3I2 for(iucl .cmp in 1:n.cmps){
313 sample.cmd (- gsub(" " , "" , paste("sample. incl (- IoadObjcct ( 'samplc"

, ind.cmp,".RData')" ));
314 eval(parse(text:sample.cmd) ) ;
D1Éùfd

316 if (nrow(sample. incl )::0){
3I7 cat(paste("Thcrc is no drar.vecl sarnplcs in this ", ind.cmp, " th

component in a mixtule\n" ));
318 Ì
319 else {
320 mcanNlalginai <- sapply(sample. incl , mean) ;

321 sdl'Ialginal (- sqrt ( sapply (sample. incl , var) ) ;

322 cat (paste (" \nxx***, Numerical Inforrnation o¡. " , ind . cmp, " th
component xxxxx\n"));

323 print (list (N'lEfurtmcaniVlalginal , SÞsclN{arginal ) ) ;

324
325 vâr's <- names(sample. ind ) ;

326 \¡als <- vars [- (length (vars )-3):-length (r'ars )]
327 print (vâÌ's ) ;

328
329 for ( v. ind in vals ) {
330 file.cmd(- gsub(" ", "", paste("postscripi(fi1e:'sim.rvl .K.", ind.cmp, "

.", v.incl , ".eps');"));
331 eval(parse(text:file .cmd)) ;

332 hist.cmcl(- gsub(" " , "" , paste("irist (samplc.ind$", v.ind, ", frcq:FALSE
, brcaks:40, main:' ', xlab:' Componcnt.K:" , ind.cmp, " ." , v. iud ,"
');"));

333 eval (parse ( text:hist . cnid) ) ;

334 dev. off0;
335 ]
336 cat (paste (" All Histograns ale clcatecl in " , ind . cmp, " th

component \n\n"));
337 rm(sample. ind ) ;

338 Ì33e )
340 cat(paste("\nNumerical Analysis for all spaccs is cornpletccl at " , Sys.

time0,"\n" ));
341 cat(paste("Thc program is completccl at ", Sys.time0,"\r\r" ));
342 rrn(list:ls (all .name#IRtlE)) ;

343 Ì
2,1 ,1

345 rt Simulat'ion on July 15, 2009, F'inal thesis subrn'ission
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4.3. ANALYSIS OF SIMULATED DATA

346 t'l .base(data:j, 11 .cl .prÌts.cmp:2.5e6, n.cmps:4, n.cnts:1c5, n:1c3, pI'ior.k
:c(0.25, 0.25, 0.25, 0.25));

347 rr'1. sampling.control(n.cmps:4, n. cnts:1e5. n:1c3. p. last :0.01) 
;

348 rvl . analysis(n.cmps:4) :

349
350 rm(list:ls (all .name-TRUE)) ;
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