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Deseråbi-ng FunebÍon Enror Bour¡ds

-bhe Non*Au&.onomoÌ.x.s Case

Tlee appliea$lon of varisus descníbi"ng furuetion

err@p estima&e teehnÈqLaes bo fi-r.sb arud seeond order systems

was i-nvesbÍ-gabed. EmpFaasås was placed on üh¡e appL$-eati"on

of these estsimatse ôeehraåques bo praebåea3- sysbems i"n bheir

no¡maL operabtmg negi.on. Experåmen&aL resuLbs by anaS.og

simul"abi.orè weg^e used ån a eomparåson of ühe warious bounds

as appÏåed bo fånsb order slnsbems. AppÏåeab$"}i-Èy of ühe

esbimaÈe bechraåqæes bo seeond. ord.er s3rs6ems was eorneLated

wieh Ëhe arnor¡nb of resonaraee ån bhe Xinear €ransfer fur¡eËion

of 6he sys&emu arsd a few experlmenban firadangs rrrer@ r¡sed

i.ra a companison of esbi.mabes for bhe seeond order eê.se ø

Resi¡LËs reveaïed bhat al-L esbåma&e teehmiqtaes eor¿sídered.

were fas" from beíng of praebi,eaL r¡ee êo the desj.gner of
noreLinear eon&ro} sysËems.
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CHAPTER I

TNTIIODUCTTOIV .qND FORMUT,ATTON OF T,I{E PROELEI'{

r " THE DESCRTBTNG FIJNCTTON METHOD

Defin-ibion of the deseri.bing {unetionl
0onsider the single-loop nonïinear feedback system

of Fågure l-" C(s) represent,s bhe bransfer funcÐion of the

línear portion of the J-oop arad IS represents a single oon:

l-ånear elemerat, wåth a bransfer characteristic

m = f(e)" (I-1)
lb ie eorlirenåenb b,o consi.der bhe nonlinear furaction, f(e),
as cortsi.süing of two parbs (a quasi.linear gaÍ.n and a dÍs*

t"orãion term ) of bhe for¡n

f(ei=Keqe+fa(e). (r*2)

lüj-th e assumed Lo be a sånusoidai- ånput, K*e* represents

Ëire fr¡¡rdamenbal- componenb of the outpub of Ehe nonlir¡earíty

whÍLe f "{e} is bhe disbsrbåon component, K^^ wi.ll be ad' eq

function of the input signal ampli.tude, and becomes the

describi-ng funeüion for f(e), The eor¡ventional- sinusoidal

deseribíng fi*nctj-on is chosen sÕ as bo mini.mize f¿( e ) in
the mean-square sen.seu and henee becomes bhe Fourier series

eeeffi-eienb of Ëi¡e fundamenbal- of bhe eru-8put of the

¡*Johr¡, E, Gibson." lsonl-i.near Å,uÈomaLic Gontrol-
(Nev¡ york; McGraw-i{f.ll- no@ffi "31+l+-
3b7 "
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4no$linearlty divided by bhe amplibu.de of the inpub

fundamenbaX,E, Thus, for a sir¡usoidal Í-npub;

e = E sin(urt) = E sin(G1) , (I-3)

the ¡gormalized fur¡.darner¡LaJ- benns,

s{ E} = :L , f " r [u stn(e1]] sin( er ]dôr ( r-l*a )
fiE -CI

and

b(Ei = =L , f 
t 

* [* sÍn( 0]- ]] eos{ or}dâr , (ï:&b )iffi- -o

are defíÍåed" Then bhe describing fu¡cbionu Kee, becomes,

K*q = g(E) + ib{E} o (r-5)

For syu"rmeüríe singl-e-val-ued nc¡nlíneari-ties b(e) vríll be

uero" Thi.s defi-nS-bíott of bhe coravenbiomal sir¡usoÍdal-

describi-reg function '¡ríLi- be implied throughoub"

Us-e of ths descriÞing funeüion i-n forced sysèenq

TÏ¡e deseribi-ng funebåo¡t ean be used under eerLain

conditions 8o predieÈ, t,he approxima0e closed-loop frequency

response aird relaLive süabil-ity of nonautonomous nonlinear

sysÈems of the form ín Fi.gure 1" For exarnPleu if r(t)
(refercíng bo Fågure L) Ís a sí¡eusoidal inpuÈr R sin wL,

and tl¡e l-inear harnonie üransfer funcbionrG(iw)ris suffici-

eitbl-y low pass, t'hen bhe error signal ,eu ean be approie-

imated as a fundarnenLal sånusoåd, êi t ), where

ô(e) = Esi.n(ure+Õ), (f-6)

.A el-osed.*loop brat¿sfer funebion relabi-ng e{b) Uo r(t} bhen

ean be wrítben as

*t*#ï = ïrr:.t*ïr*r "
(r*7)



l+

Thís yiei-d,s a magr¿j-bude relabj-onshì.pu

E = | "1 - ,l 'E lwl
and a phase relabionslrip

e <w

(r*8)

(r*9)

If 6he nonlineariby i"s syttmebri-c and si.ngle-val-ued then

Kuq = g(E) s
( r-10 )

and K^^(E) is a real fr¡:action of E" EquaÈiora' (I-8) ean bhen
ç9

be solsed readi.ly for K**(E)' The rígh+; hand sfde of the

resulbi-ctg equaÈion v¡ål-l be a f¡¡ncti-on of Ru Er Ge and w"

For gíven G(jur) and. Ru &he ri-ght hand síde can be ploôted

xrersus E for various wu The l-efb hand side plobted. versus

E ís sårnptSr bhe deseribing fi-anc'r,ion of the nonli.nearity.

Possibl-e operaåimg poin8s (nrw¡ of the syst'ern are found as

the írrbersecõions of Èhe br¡¡o ****ut"2 Wíth E known, l*ttl I

ean be plobbed versus w for given R, yieLding the cLosed

l-oop responseo

Alter¡aatåwelyu equaÈion (f-g) eould be inverbed

and revrritben as

R = nlr+Keq(Elc(j*)1. t r-11 )

For speeifi.ed Eu R and O (equaÈion I-9) ean be found quÍbe

z.eadily at any giveru frequene¡r, fn &hi-s way, Èhe operabing

poínbs ean be found i-n a stnaightforrqard eompuÊaÈional

maÍ?nerrrabher bhan by resorbing t'o graphieal beehniques"

2F"* example pl-o&s see GÍbsonu eP. -Q.i!" p ÞP' 393-39Ì+'
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Garber3 o¡.¡blines the fårst approxímabion in
Gal-erkin r s met"hod as the equåvalent to the foregoing des-

cribing fu¡rction meËhod, The resulbs are the same except

Ëhat any ambigui.ty in calculabi.ng Ëhe angLe 0 is erased

wiÈh the use of Èhe firsb approximabion in Galerkinss method"

FurLher details of the appJ-icati.on of &he d.eseribi.ng

function me&hod êo foreed sysbems can be found ín bexts by
,,q

Tnuxal-= and Gibs atto ,

Iraheren! assump&:Lons and in_aeeuLacies of 
-bhç--lqlethod

Two basíc a-ssüTlptions in bhe applåeatÍon of bhe

describing funcbion meLhod. are readÍly apparent frorn Ehe

development of bhe definitíon of Ëhe describíng function

using ühe system of Fígure l-" Fårsb of al-l-, bhe syst,em may

contaån onl-y one nonlj-near el-ernent" Seeor¿dly, Èhe nonlínear

elerient rnay not ehange it,s characteristie wrth time ' The

thi"rd assumption ås Èhat,lf Èhe ånput to the nonlíneari-ty

i.s a sinu.soi-d, bhen only bhe fr¡ndamental- eomponent of the

nonlånearity is signifíeanb ån Lhe feedback Loop" This

assumpt$.on ls }<rl.own as bhe filter hypot'ilesis, and forms

?ln illlE jio Garber, teError Es&iniation irz the ÐescrÍbing
Fr¡netion. MetÞ¡odl? u AubémaÈi.sn ê314 Remote Gontrol, VoL" 24s
116i, -pp. t+U?*Ulan-

¿e- -!r, - -r, Æ---r--^a ñ---À--.Iohn G. Tin¡xal-" Á.uËomati-c Feedbaek Gorabrol Systeru
I Nern¡ york* rvr*c*ãñffioãifffinffi .-gTfrv€

Svnuhqs i s . i Ne* York ; ¡rte çrãñ-t-TFn-offinffiõ u

tp" 581-585*
5Gib"rr*s gp" cib' ¡ pF. 389*t95,

t
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Èhe basis for the use of the describing funcbion" In-

buíbivelyn if no subharmonic componen-t's are present in

bhe system, then the filter hSrpobltesås can be jr:.stified

by bhe faeb Ohab hígher harmonics in tire outpub of &he

¡ronlineari-t¡' usually have srnaller ampi-itudes Èhan the

fundamentalrand mosb h"near el-ements exhibit low-pass

fiLter eharacteristies which Lend bo atbenuabe the hígher

harmoni-cs "

Obvi"ouslyu n.o praebical li-near elemenu will act,

as a perfect J-ow*pass filter" Some harmonic content will

slways be fed baek to bhe inpub of bhe nonlinearat,Sru tÌlus

renOeríng the describing funcLíor¡ method an approximation

onì-y,

The degree of approxi"ma&ion can only' .oe surmised

i-n a l-ot of easesc so praebical use of the deseribing

functi-on musb remai¡r suspeet, r.¡ntål some investigation ínt'o

bhe error involved in íts use has t'aken pJ-ace"

For a eompJ-ebe díseussion of bhe definÍt'ionu usee

and inaeeuraeies of the describi.ng funcbi-on, bhe reader is

referred Ëo bíbliography references (4), (5)'(6), andlt5)'

If " The Problern

Sbatement of Ëhe Problem

Sínce about 196Ona number of arbicles have come

forth yieldirug varíous teehnic¿ues for debermini-ng bounds

oï1 bhe error ínvolved,'ln usi-r¡g &he descríbing funebion"
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This invesËigalåors was origína1ly inbended as a study of

Ëhose bechniques applyi-cg -uo uon-autoilomous {forced) systems"

The &echniques were Èo be applied bo various sysiems of a

g,eneral rlrat.urerwibh the ltope thaL a eomparj-son of Èech-

niques for varíot¡s sys'bems urould yi.eld such information as

which bound teehnique should be applíed Ëo a given sysfem"

The debennj-natíon of whj-eh bound Ëo use would be made by

cor¿såderi-ng both bhe ease of appl-icatíon and accuracy of

thre bounds "

Iinæegqanee o{ Èhg s"tudY

The descri'bing fr'rncti-on pla¡rs an important role in

bhe analysis of nonLiï?eatr feed.baek systems beear¡se of iEs

analogy wj-tlt Lhe frequency response meèhods of linear systemst

and i-gs rel-abiwe eåse of appl-ÍeaLion" Hor'trewer, to be of

pracbi.eal use i¡a uhe desigp of nonlinear feedbaek sysbemst

íb is neeessary bhab some means of debern¡ining bhe error å,n

applícaLion oi &he describing funcbiora meül¡od be available

Ðo bhe designen" Johnst*6 *tug quesbioits the vati-dity of

applying bhe deseribing fi.lr¡cbion mebhod ab al-l Eo non*

au¿onomou.s s¡rsõems wibhout i-nvestÍgabíon j-ni;o bhe errors

involved" fdeally, t,he desigÊer i^iouLd like Lo be abl-e to

apply sirnpleu buÈ acci¡raberbound teehni-ques bo his probl-em,

ir¿ order bo detemine whether or not bhe descrj-bi-ng functiotl

b
E. C. Johnsonu llSinusoi-dal- ÂrealysÍ's^-of-Feedback-

Gontrol SysUens Contaening Nonl-inear Elementsttu lrani¡* 4IEEt
Vol.--7t" -Part, 'rr 

" 
-- 

Áeþ:-teãeiorss and rndusÈry, Ju1y, Lg52 u

pp, 169-l-Ê1"
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me€hod- will be aeeurate enough for his work" Assuming

bhis were possibleu he could then sbudy higher order

systems by uhe approximate teehnique of reducíng bhem to

their dominant poles" The reduced system would supposedly

be much easier for applícatj-on of the deseribång function

errCIr esbimates, and Lhe esbimates would glve bhe designer

some ídea of the error ånvolved in applyång bhe deseríbÍng

funetion method. bo the oríginal sysbern, Ib must be sÈressedu

however, &hab thi.s type of design 6eehni"que wouJ.d rely

heavil-y on bhe exisbenee of fairtr-y aecurate error bound

mebhods"

Becat¿se of the need for praci;åeaÏ design teeh-

ni.qi.ees l1ke Èhe foregoingu bhe investigabion of exÍ-sting

deseribing ftenebj-ovt emor esbfmabe Èeehmåques beeones

imporbant, The Í-mportance is further enhaneed by the

facb that' the arbicles deseribÍng bhe various error bound

teehniques do nob ind.icaÈe the accuracy of their bounds,
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REVTEW OF TFIE LTTERATURE

l,iberaüure pertairuing bo rton-aubonomous sysÈems

saradbergl *akes use of funetional analysi.s &o sbudy

a wj.de elass of nonlínear coi,ãbrsl sysbems wåeh one eemoryless

nOnl-f.ruear elemeia&" An upper bor¡nd on the r¡ean'-square error

resuLÈj.ng front bhe use of Uhe d.eseríbíng functi-oru ís found''

As wel-lu eondi.tions are present"ed for bhe nonexísËe¡ace of

subha¿moni-es and sel"f-susbatned osei-lLabi-olts"

i{oïbzmars2 Í.rudi.eabes a beehni-que for verifyång

whebÌrer or nof, am exaeb periodj-e solut,iors c¡f a foreed x'r0fl-

Låi,lear sSrsbem exísbs i.m 6he neåghbourlrood of a perÍodic

s@Lubio.rÀ pnedic&ec by the deseríbír,tg funcbion mebhod' Again,

fuc?e6i-onaL anatr-ysís is used., btlb no appltcabl-e error bound

ís found"

Roøer¡v'asser3 has s&udíed bhe exacb deber"mÍnabíon

of foreed peråodåe oseilLabåoras i-n systems w'íEh a síngJ-e

pi.eeevr.Íse }íeear l?onLånearíüy" l$o error bor¡rtd.s ere obtaÍned

xI" *¡. saradhergu Î?om bhe Response of Noral_ånear control
SgsÈems ao-periodie-i*eüå^ SígnansÅi. qbq Eel-i- Svstem leehnical

"ïåñ;ä1, 
-v*1. xr,rrru No" 3,-fiãt-ÍÖo¿*æp;-9r:-;9r
2
J" M" HoÏ&ømanu lr0enbracBlom Maps aitd Equåval-enb

Li-nearízabionli, fhu Eell"ffsAem Teehnilcal-- Jo:urnalu Vo3'' XL\ru,
N;; 

- 
f o; 

- 
o éõ **n å "T96ffi'pffi *rutç"
38" lü. Roøenvassere r?on. 6Ère Aceurabe Deten'¿inatùo¡l

of peri-odic Beglmes ån See6åonai-tr-y Li-r'ear A'r¡üomatic Go¡abroL

Sysremsw, n"e"ñäbã;'";*ã-q***tã Cä,nur,¡l-, VoJ-. 21u L96A s

PF" 9O2*9LO.
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for the describíng flunebion meËhod, Ì¡ut the wonk ís impor*

õanb as a basis for subsequenb papersø

Garber& sêudies bire probl-em of d.eËerminÍ.ng the

periodic st'abe of forced oscillatíons ån nonlinear systems"

Deseråbing furebíon ernor esbimabes are found for eerbain

eonstrai-nËs on bhe nonl-i-nearity" The developmenb is errtended

bo bhe case of an aubomabie opÈJ-mizirug system described by

equatioms røith periodíe eoeffi-eients,

A jof.nt Garber and Roze**r*""*t5 arbi.ele deveJ-ops

eståmat,es for 6he foreed s¡rsEem ease essentially ühe same

as btrose glven by' Garber" The oraly i-mprovemen&s are in

¡¡obation and exber¡sion of the &eelutique bo otP¡er sys8ems "

Dårqe,Þíom o{ the invesbigA&jLorc

T'he three arbicLes ylelding forced sysbem deserib-

f.ng fr.rne&i,on error es&ímates of a usable bype were tleose by

Sandbengu Garberu and Garben and Roøerl.lrass@Fo Since the

Garber esbi.mabe and the Garber*R@ãerlwasser estinates lüere

esentåalty the samee a eomparf.son of Sandbengrs es&imabe

wåÐtz bhab of Ehe Garber-Rouenvasser arbicl-e ¡qoul-d. be suf-

fieient. This would ttre¡t be a straighbforward companÍ.son

of b"¡¿o rneËhods aitd, hopefuLlyu u¡or¿nd determine which of the

bws esbi.mabes bo use for a given systern'

4Garber, 0p, ç¿-Þ.,

5^
.Eio .0, Garber ar¡d E" l{" Rozenv'assere lrThe In¡rest-

igaÈion of Peniodíc Regj-mes of NonLinear Sysbems_on bhe
Bãsås of the Fi,Iber Fãypothesis", Au8omabioq and RemoÈe
Co:¡grQ¿u Vol. 26 , L965 a pF " 27 4*285 .
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It v¡as throught thab the ísvesbigaLion should be

sbarted. for sysbens rribh fj-rs-r, o"d**6 trinear transfer func-

bi-ons a¡¡d 6hen expanded bo El¡e second order case" Gertai-nJ-yu

ínvesbigaËåon of the secoad order ease would be of more

pracêieal val-ue, bub the fírsb order case was ËhougLrt to

offen a såmpi-e ånÈroduebion i;o bhe estimabe techniques"

One nsnlinearÍ.&y was ehosen ab bhe ouÐseb as being faårly
represerebabiire of a con'oi.nr.eor¿s7noro1i-nearåÐy of praetical

use in eontrol- sSrsÈems" Tltis was bhe unÍb saburatio& tlorl-

Linearib)r expressed mathema'bical-ly by,

f(ei
f(e) --L e e \< -1
f(e) = l- e e >/ T . (rT-1)

The Ëandberg esEi-ngqg

Sandberg Ì¡ses f'oncüíonal analysi-s and, parbicularJ-yu

the conbraebion-mapping fixed-point bheorem t'o develop his

es-uímabes" A few mathenrabical prelíminaries are given ín

the artiele, bub a nCIre exÈerssive eoverage of funetional

anal-ysi-s ira gelaeral ean he found in brbli-ography references

(9), tlo), (l-L), and (16)'

b*tr¡Ì€ ÕPd€r of a l-i,neaz" bransfer fi¡ne-t"íon is the
number of po1es.

rytAIl t,he enron esÈi-nabes eonsidered required tþs
nonlinear elememL to be conÈinuous'
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T'he space of real--vaLued. periodle fun.cbions of t
wåUh peri-od T v¡håeh are square-inbegrabXe over a period

(gne spaee is denoÈed. by K) is cor¿sådered" T'Ì¡e norm of any

fi¡neüion g exåsbirag i-ra Kr(raorm denoted Uy ll e ll ) is defined by

^1?
ll * ll" = *þ ) s-db" trr:z)¿o

Thås is reeognized as si-mpLy 6he ms iral-t¿e of g"

T'he nonLlnear eontroL sysbem eonsidered ås as shown

ån figure 2" F ie a l-ånear operabor opera&i-ng on the out,pr-aü,

v(U), of bhe nonlåraearåty Y" Tlee irupub and oubpuÈ of Ëhe

sysbem are y'a¡rd x respeetåvely. I denotes the identåby

operator and- v¿(b) ås bhe inpu'b bo biae ¡tonLi-r¡eaniby" Thus

y ås relaÐed bo x by the fui¡etional equabåon

x = FY[x+y] @
I TT-? I

3 = I,"u F*ïu FOu Fno".'Jís a eor¡nbabl-e seu of compJ-ex

eomsbanEs sueÌr thab s6p I F* | ( oo u and F* ís equal to bhe

eomplex eonjr.xgabe of F_n" IÐ ås assumed bhab the res8nlebåon

sf F bo K is a bo¡¡nded Xånear raappåmg of K ån6o itsel-f, $tri.Ëh

6he propen&y bhab nf gGK and Ìt-Fg, then h*=F*g*u where g*

and h
m

are bhe 
"ubh 

F**ri.er eoeffåeåenbs of g and h respec-

&f.veLy"

Å.n åmporbanb speeía1 easee
1**

Fg
iro

"øþ¿ere f(ü)€Lfn T is noted" ThÍs i.s blae famålíar eonvolu&ion

8u"- 
- demobes Èhe spaee of real*vah¡ed alasolubely*lR

$-nbegnabLe fune&ioras defLmed on (* oo, * ) '
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FIGURË. 2

sANDBE R6 FËEDBACK SYSTEM

F'IGI.,' RE 3
GARBER *ROT.ENVASSER FEEDBAÇK SYSTEIV

V= F(xl



1&,

åraÈegral of f and g, and henee Fn is found as F(jnwo)rwhere

F(jw)9 ís bhe Fourier bransforrn of f(È)"
The nonlinear fui.¡.ebåon ry is asslrmed bo be real-

valued, independent of örand such thaL bhere exisb real con-

starrts o( and P ( fg > O ) r,rrÍËh bhe properbies bhat

1 (o( +p)
2

( rr-5 )

and

anlr real U""fÅ-t¿

ïb ís observed ühab bhe applíeabion of the describ:
fi¿ncbion tech:ai-que &o bhe sysbem clf Figure 2 amor¡nts to

;rzJ-ng bhe approxi.ma&e sys"cem resulbimg frorn replaci-ng

ûhe operetor F, d.efiraed by,f , _jnvt¿,a

Å ([Fs]"- de=Fnsnu n=tlñ'J-' o 
= oe nltr. (rr*z)

g€K; B* is che nbh Feuri.en eoeffi.cienb of g; and T = ZTf _
krq

perÍ-od of Ðhe

The projeeb

i-nbo íbse1f def
rF,
Àt \ LPcJerfÌ ¿ro

i-¿_^ | tf,, t

f(8)e - 
d&"

+aÞ

J

o((Fr -vz)-(Y(Fr) -TVz)-< p(Fl -Fz)

for

ir¡g

anaL

Fhv

F{ere

ís the

ofK

v¡here ?1 is a set of

anpub sínusold"

ion operatoru Pe is a liraear mapping

ined by
jnweb

d6 = gnu n€ îl

= 0 u w{Ta (rr-8)
åntegez's st¡.ch thab -m€71 if m€?( u and

9p'( j*) i-s d.efined here as
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g€K" ïn bhe ease of main i-nt'eresbu ?(= [-t, IJ , and PF=F"

Sandbeng preves a r¡.¡¡mber of theorerns and corollaries"

Those direcbJ-y related to bhe error bound are sta&ed be1ow,

and Ehe reader is referred bo bhe Sandb,erg paper for theÍr
1¡lproof,*' A pretr-imånary resul-b ís given as

Tþ¡eex Cg_ls

ll ç"' r* |

rr- ll : sup f s*l'
ET

rf lpf I r * F* | ) 0, bhe openator
nr

bor¡nded ånverse or¡ K and

lltr-rl*lell - "ffip In*/(l-Fr') l,
The ma;for resr¡n& i.s

T eote¡n ÃX: FuY, andp are defined as before" T"et,

y € K" Suppose &hat

r = su,p l t*¡(t-Fnl I tB *L) (1 
"

8A

T,hen there ex$-sts a r.m$.que x€K such bhat x=FY[x

In fae&n K= Iím x* v¡È¡ere
m +o¿

5o+'=(r-F)*I p [*t* + y]-*,"J u (rr*12a]

and xg is an arbibrarSn elemenb of K" The m&h approxlmation,

xmu saEisfi-es

ll "* - " ll * =#_ 
ll "r-"* ll .

( rr-9 )

(r*r') possesses a

{ ïr-10 }

( rr-11 )

+y] o

( rr*12b )

.4. eonsequer&ee of Theorem If is
GorolLary II: Suppose &Ì¡aÈ ELre hypobheses of Tt¡eoremÏI

are saËåsfíed and Èhab *e n saÈåsfíes â = PF^f[**y] . Then

tño*Tnhe 
ntimbeníng of bheorems and corollarles follot'rs &hat

of bhe Sandberg arÈícle"
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ll"-*ll -<:Lfl tr-e) F(r-plYtÊ*ylll . (rr-r3)
I-r

Sandberg notes t.haL Èhe hypo6Ìreses of Theorem fI
irnply that ühere exisbs a unique âeK sueh bha8 â=PFY[*+y] "

Parsevalls idenüiby is used 1;o develop bhe bound on ffx - *ff as,

llx-*ll -( -L f > | Fe- po t ' l: (rï-ri,)'¿ Çnl Tã'=- "" I J '
where P* i-s ul¿e iath Fourier coefficient of Y [* + y] " fn the

normal deseribÍng funcbion case roll =[-f, IJ, and y(t) ís a

sinusoid of peråod T. Also, i-f ^f is an odd funcbion, bhen

po -- 0. Aeeordir¿g bo Sandberg, ib can be shoum l;haü íf
o( >- 0, Y( O) = 0, and y = Plr bheit¡

ll p"r[*+y]ll >. o(ll*+yll ;
( rr-15 )

so bha6e I
ir-plT[*+y] = t ll Y[**y] ll 2- 

llPY[**yJll 
2]=

\< rc? -"h å ll*+yll .
( rr-16 )

Then bhe bound on f l" - * lf beeornes

ll o-* ll ( I lltr-r)-¿r ll ' ll (r*p) Y [**vJ ll
1-r

\< # åir,t#fulru'
å

- æ)' llâ+yll .

( rr-r7)
As a speeial case, F' is defined as ühe restricbion of F bo

the subspace

K'= f s lseK;t
fhis gives ri-se ts

Theorem fV: LeË

and p be as defined

T *tr¡u*Jnwotdb = ou * u"u*J":- - a,o J(rr-re)

T' and K' be as defined above, l,eb Y

before hrtth the furbher qualificabion
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anSr reaL F ( í" e.Y is odd syi"ametrie ) ,rhaü Y(- Fr ) = *Y(

Suppose Èhaü

q- sråp ¡.t

m odd I l--F-
ÄÅ

(Ê -ri ( L, ( rr-19 )

valíd if K is
is replaced

( rr*21 )

it can be

equa6ion

( rr-22 )

Ehg :ËêqþeqîRos env'asser 
-e 

sti-B?aü e

Garber and Rozenvasser eonsider bhe system

x =w{p}v + t = 5[p] ,'Y + 0¡ (v=r(x] ] (rr*2o]
Ilt PÌ

as shovsn ín FÌ"gr:re 3, W( p } ås bhe bransfer funcüion of bhe

Linear parb sf Èhe sys6em, and i-s assurned Èo be a raÈ{o of

&he Èwo po}ynomåaÏsu lt(p) and Ð(plu wåbh K(F) of lower degree

Èham n(p) (for physical nealízabii-ibg')' The forcing funcbíonu

0 (tlu is a peri-odic fi¡ncti-on of bhe frequencl w" TÌ¡e non*

l-ånearíty is f(x), and- is assumed pi-eeewíse conÈi-u¡uous and

sueh bha&

Them t}¡e eonclusåen of Theorer¡ ÏÏ re¡nalns

replaeed $¡-iuh K', F is replaced wibh g, and F
É,Vfi-En .B 6

x(s+r) = x(u); x(E+T/")=*x(e),

where T=TTffw, If f(x) ås assumed odd s¡ntmeËric

*Þroo*11 üha& x( t ) is bhe solt¿Èåo¡t of bhe inbegral

++{b},x(e ) = (o' 0e n- z )r I x(rr] ] a"

where ehe kererei! 0(e-"), is gåven by

cê ., (2s+Xljva(b*t)
$te-tl =L )ur[{tu *}}i*]*\-v -'e'.'r - '. ttv-z3l

TT S--- -cc

re
eiÈ,Rgøenwassere 9ë.'



Now the i-nfinite seríes (lt-Z3i can be expressed

series by a complex variable techni-que described

The result ís
tn

r8
a finite

T2
Iqorett, l_ "

¡Å

0ir,-z]=ã KL\¿_¡.: gxp[¡¿tr-t]l; (0-(r *r r( q]
e=t D, ( À¿ ) I + exp tç\e*] (rr:z4aï

r( I¿)" ex¿[Àr(n¿w+p.-t]J ;(0( f - u -( rI ]
D' [ \r ] l- + exp [nÅ¿lw] (rr_z¡*u ] 

*
n

-- \-./
P=L

wl¡ereÀ¿(l=tu ?7,,"s n) are

n( À ) = Ou and &h¡e roots are

Appli-cati-o¡a of ähe

bhe roobs of bhe equaÈion

assi¡med to be símple "

descri-bing function meLhod üo

resulb i-n an approxímate periodic

T*26',)

is bhe

on (rr-zz)

I t rr--z?ì

6ire sysbem of Figr.lre 3 'nt:"Il-

regíme, xunr(Elu for x(b);

where

is bhe fw¡damentaL cotlÌpcne!!È of bl¡e kernul 0u

fr¡¡rd.amental componeilÈ of bhe forcing funcbion

Subt"racÈi-o,n of equabion (ff-26) from

boge6her w'íbh some bransforrnaLions yields

lo(u) - x*on(ull
I

and xu**(b) r^ri.tl satisfy
r/2

*rpr(e) =5- Q1{t -z}r[xspp(z]] at+0r(t],
o ( rr-25 )

C jw(u-t) -Jw(È-t)
0., = * I wt jw) e- + vr( *jwle

TTL
7
ìJ (r
¿0r
.1
l¿!ø

quati

d.IA

dìfv\

ç

@rtt'-tlr [oupo(t ]l at (rr-28]

r [x(z l] *r [**pp(? ,] J ulri_rn 
,

where

and

,J1(a) = Û

Jr(t) =

rfz
ô1 +$

o

0tøtt I
rl2
J
0

L2
Gino Morebbi, Ðrxryebions of-

{ E¡rglewood clirfs : prenuicõlHffinõ-
a Gomplex Variable
,-J-ffi"
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þNLÈh

kermel

If f(x) sabisfies bhe uniforin tipschi&u eondition

lrt?1'l-r(? z)l-<ml fr- frl , (M = eonsb ) ( rr-30 )

bhen a fi.slaL esbima&e ean be fou¡¡d ir¡ the form

lw - v I t "raxl$lll"- -aPPlr-' 
,æ.L -$it

Tf 2. l_3
r(vr) - S'- lö (u) | du . trr*3a¡ -

t
The eoErdi.ti.om for appl-ieabntity of esbimabe (If*31) ts

-a?
¿ \ r¡ralc lf, lx-- tt-( t <T/zt I

$fr= Ö * Þ., as bl¡e surs o,f the higher harmonics of the

0"

( rr*31 )

rshere

I : mr>0, ,f T? â I I
\ r¿-rt /

Al&hough Garben and Rozenvasser do nob give specifie

detaåls ore bhe ewal-r¡ati.on of maxl.l'(t)1, bhey say Èhat an

upper bowrld on JU(e) ean be ebbaåned nabher simpl-y. T'hey

do a slmple exampl-e ån wltieh Èire exacb value of maxf"t'{t}f

can be ealer¡lated qui&e readily, On the obher hanC, itt
Garb,errs paper Í-s i-mdiea&ed an approxåmabíon t,o maxlAt(t)f

made i-n one of his eNampì-es" TÏtre generaLizaÈior¿ of this
approximatíon i.e as fol"lows;

lal{e,f* |$ 
t 

[gta-'¡-@1(r-t¡3u[,uuo*ttl]arl

*oo(",11] $"f @{e-"¡-guta*t} | |atI

ry
T?¡ås is based cn Èhe faeb &F¡ab Þ(c*r+r¿z)=*@(t-t)"

1&"
Thås is assumírag €hab û(u¡ = S1(u) (f ,e, bhe inpuE

is sinusoid.al), Them J1(Ë) is snmply bhe- response of the
Linear par6 of blae sysbem 6o bhe híglaer hqrr¡onåcs- of the
app*o*:.fuàue ouupuc oþ utt* menlinearîty, f [x-*"^(t]l .r- a.pp' -J
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,Ç 
^un-- ¿o(t(T/2 (rr-3t+ )

and

@-=ffip
fhe opbåmum value of À e

ehosen sû as &o minimiøe

&he Ií¡tear ro&a&ion,

&Ìre esbimat"e'

note bha6 i-n bhe Prac-

(II-20) should be brans-

( rr-36 )

( rr-37 )

(rr-38)

( rr*39 )

ís bhen

lr[**rro',]l f {'t *oo}-01(u}f au,

so thab rfz

*iä-ï,r,1;rta)I 
( 

ffr?Ë 
(y{zlr["urn("']| J 

'["ltlî]_l;1"]|au 
'

Ganber ar¿d RozeTLvasser also

bical use of bhe esËímaÈe, equa&ion'

fomed to

x=wrt(ply* + 0*

where

trf*(p)= W(-pL- ,
t+ÀW( p l

yx = f(x) +rx e



CHAPTER rIT

T}üVESTIGÅTTOI\T OF HE ÅPPLTCATIÛN oF ESTTMATES

TO FTRST ORDER SYSTEMS

ïnËroducblog

For a prae6Íea1 evaluabion of bhe apprication of
err@r estimates for bhe descri.bíng fuiletion method bo any

sysbem, attention rnust" be given bo bhe praet,iear range of
operat,iora arud range of parameüer values of bhe s¡r.stem" A

basie part of bhe Ímves&igabionr¿n 'øhi.s ehapter and, bhe raext,

is a det,ermínabion of bhe usefi¡lness of the error estimates

as applÍed b,o whab are eonsidered pnaebi-eal. first and second

order s¡rsbems,

The general- mor¡linear sysbem consådered i-s of bhe

form indicabed in Figure l- The input, bo the sysbem, r(t),
is a sinusoidu Rsin wê, and bhe l-i-near bransfer funcEion,

c(s), Ís of the general form

G(s) = Ïg_; aukreal
s+a

bub ean be gaín normal-íøed bo bk¡e form

G( s) = __3_
s+a

rrritlto¡¡b loss of generali-b3n,

( rrr*1 )

( rrr*z )

The nornLim.ear fi¡r¡cbion eoi.rsídered, f(e), is a uni&

saËuration f¡¡ncbion as defined by equabi-oru (ft-t), Ib is
ehosen beeause iË represenbs a eontinuous odd symmet,rí€ non-

Lånearity, arad a good approxS-lnabioru to many' saburatj-ora type



22

The deseríbång funcbion for bhe unit saturabÍon
nonl-i.nearity Èakes bhe fonr¡l

Kuo(E) = sinl= l-[zez -sin( ^aril*#

nonl-i-nearitj.es exÍ-sbi-ng in pracËica1 control
faeb thaL iÈ i.s eonLinuous and odd slnnmebric

mosb adwaneed form of the error esbimates can

the sys&em"

AppLica&ior* of t,he descråbing funetion

v¡Ïrere

ez = are sín (yE) 
"

Thås ean be rewríbûen as Å

s(E)= z- f*** ein (t/E) + (r*r/n2þ2
TTt

The magníbr¡d.e relabj.onshåp, eqr.aabÍon (f-8¡,
J.

r* sffiT'õr5ãr
u?+*2

l- l- r
T]Bfuz{çj+ar | 

= 
þ'** s)2 + luz**z*us( nt] tl å

so Èhab Ì¡ere equaÈi-on ( f -f f ) ís romi&ben as
C 2 .2 Fa ) 't?)L

R = E lor*e(E)'+la'e+w. + ag(ElJ* t Z.
c 2 t J

a-+1"9-

The phase reLaÈj.onshåp of equa&f.on ( I-g ) becomes

- = (-*nuturrm - areüanf-rutau-] '
t *2*n2*ac(n) J

( TTT-8}

systems" The

means bhat the

be applÍed to

cos( 0, )

{ TTT*3 )

( rrr-¿* )

. (rrr-5)
becomes

( TIT-6 )

{ III*7 }

"7lEJ
bhen

E_
R,

Gåbson¡ e-p." -Qåþ" p p" 36t+"
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Iu The Sarzdberg Esbi-mate

Becat¿se bþe case where bhe ireput is a siclusoj'd and

&he nor¿líneariby odd syinmetric is being eons|deredr bhe final

esaimate foim of equati-on ( II*17 ) ear¡ be used bogetrrer wibh

Theorem IV, The estimat,e form of equabíon {Il-lle) was felB

to be &oe r¡nnrieldy for praebícal È¿ser and hence Ís not con-

sidered here"

Ib nor¡r becomes necessary to rel-ate bhe

notation to tlre notatiors sf È'he sysbem of Fågure

^1., = g{ e } e a unåb saturabj-on nonlíneariby' o¿ arud É

o(=0 ", F=Z o

The l_inear Ëransfec" funeLi.on i-s identified asz

F( JW}

Then

I
I

Equabien

Sandberg

1" For

beeome

( TIT-9 }

( rrr-10 )

x , (lrl-tl)
f e n) .L
ìw-+ {}ta\'\ ?
LJ

( rrr*rz )

and ( fff *lZ ) ean be idenbífied' as t'fle
Now equatio'r¡s ( III*11)

f+ *aI [,¿ ..!-ì]

feedback sYstero,
feedback' This
( rrr*lCI ) "

(. ¡r-
q=

noted bhab Sand.berg eonsiderË ? positiyg
- 
*-lrLt* gite sSvsbem õf fígtlre L has negaÈÍ-ve

aecouttts for the mir¡us si'gn in equation
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4rlI{ curveu' l t',{tJw) | , of bhe lj.neartransfer
G(.iw)= r-/( jw*a]" Tlae crossover frequeney?

l-i-near bransfer ft¡.iae&ion F(.jw) ls defined by

slrip

lr(¡**)l = x-
I

[*,ot n *nli.

funetion

kr " of thee"

the rel-abion-

( rrr-13 )

I ++e - r t
( Ll-t-J¿Þ,

which lm.pJ-ies

2we = 'l-

**=[i

**2 
6

- .'r å

Thus a crossover exists as long as a ( l. From a pracbl-cal'-

sbandpoinb, a eross@ver wouLd always exi-s& for bhe Lj-¡tea.r

&ra¡rsfer fr:netiom, Moreover, stabi-Iåby eonsidera.bions

and pracbieal- realiza6ion ¡aormal-Iy dicbat,es b}rab a.).O'

T'herefore the range of bhe parame&er a of practical inËerest

i.e

o.( a ( L " {III-15)
Ijnder bheee eondÍtions ib ean be seen bhat 6he q defined i¡a

equaLi-on { ff f -:-Z } saeisfies bhe key i-nequal-íty of equation

(IfI-12), nan'lely q< l-, for ai-ì- frequer¡ci.es i-n the range

t ( is.( Ð . The mormal- fnequeney range of imtereet, wor¿Ld be

approximatel-y" the decad.e below *c defimed by

,John L" Bower and Peber M' Sel¡ul-b!¡ei-ss, Inbroduq-
of Senromechanísms (l{ew Tork: Johrn Wil-eyswew

k
Boru'er arzd Sehul&heiss¡ 9å'

ti.on Ëe Èhe Desien:.-
axÌ.d $on$u IIl,coe Lri

cib. ¡ Fp. 3-62-3.6$.
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w * w 1w oce*ln*

Obvi-ou-sly, i"ra bhis case 6he Sandberg

i-¡s bhe requíred frequencg Pårigêo Ï8

( III-16 }

esËimabe can be applied

is also apparent thab

( rrr-17 )

si.nee &he expreesíon of

decreasing w'iüh a" The

ídentified as

llâ + yll = lla ll

ar¡d

ll" * *ll = ll. -êll

respeeÈivel-y.

fhe fi"nal- forni

(rr*17) beeomes

åit lþql=

ll. -êll(

{c

ll"

ñ
u7T

Thís wil-l bhen be consís&enb with Ëhe norm of Ganber and

Rozenvasserç s es&$-maËe'

Numeríea1 results of' appJ-ícabion of Ëhe sandberg

esbir¡¡aêe are given at the e¡td of bhís chapber"

[r*t + {} +a }'\ ä

equabion (flÏ*fl)
norms ll* * yll and

ïf ehe wavefonri [e(a] * ô(U]] ås assumed approxímaÈely sín-

ueoidal- &hen bhe rms norm of ånequalíËy (rrr-eo) can be

transforrned Ëo a magnltud.e norr¡l ånequali.ty of the form

( rrr*19 )

of the esbimaLe as given in equabÍon

. (ttt-eo¡

monotonic
,tll - -r: .r --- xll are read]-ry

( rrr-rg Þ

( rrr*2r )

+(t+*¡2]-ã

[*,2+ir+a]t3 
-
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fI. The Garber-Rozenvasser Estimate

The l-i.near Lransfer function of Lhe Garber*Rouenvasser

system (see Fígure 3) becomes

ï/tp) = _G{p}
p+a

The kernelu ütt *t) u bhen ís v,ryitcen as

0tr -" ) = *u-a(e -t 3 ; o -< t*t <r/2¡r- 

-- 

(rrr-23)
L + e'a"T/z

and &he funcEion l{w} of equaüåen (ff-32} becomes

r (w)
A LZUI J

For bhe uilib sa-turabíon nonlinearityu the unif,orm Lipsehibs

eoradiÈion of eqtaabíon (II-3o) becomes

lrtfl) *r(fül(t'l'ft-lrl. (rrr*25)

so ühab

Mr{w} = Å Èanhl'ggl . ' (rÏr-26)
ã LZw J

Tlaerg bhe condj.Eåorc for applicabilitg of bhe estimate ís

I *l- ba¡rh[*nl>o, (rrr*??J
ã Lrl

@r

Å x banh [qt-la LffiJ
Ib should be reealled ',.hab a is considered in the

range 0 .( a ( l- se thaÈ bhe fur¡e1;ion tanh [gI I /a ís monoto¡tíc
tã-w Jl

deereasíng wibh imereasihg w, and' always greaber tþran I aÈ

w = 0" thus the estimaLe eannot be applied j-n bhe complete

range 0..( wr( oo , If, Èhe fi¡scbion banh l*1/" i* evaluated
LZvtJ'
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a6 ltr = w bi¡e resulting eNpressi-on is:
¡z

tanh lan I /aLffiJt l_r-ll*"e LaJç^z J'

Thi-s expressi"on was evaluated for O -( a ( I aÈ .01

intervals and t.he minimum of l- occ¡¡rred. at 6he upper límib

a=l-. Thn¡s, for all a Ín bhe regiorz of interestu Èhe in*
equalÍ.ty of eqi.rabion (lff-28) is nob sabisfi-ed ab the cross-

over frequency, Moreover, thås means bhat the ínequalíty

(frf-28) is not sabisfied for alì- w-(ur* andu partícularlyu
w

i-s no&, satisfi.ed in Lhe operati.ng region 1 
-( w -t w^ d.efj-ned

l-0
as bhe pract$.eal range"

.Appl-íeatåon of Líruear rotabíon

Tlee J"napplicab,l-lity of the Garber-Roøen\rasser

est,imate ín the regiol'l of $-rrL,ec'est for a first order system

necessitabes the use of the l-ír¡ear rotation concept in order

bo geÈ any esLimabe, 1-eave alone Lhe opbím[fln or]e' Applica-

tion of the li-near ro&ation concept, produ.ces a bransformed

sysbem defined ín equation { fI*3ó }, where i.n thís case

ìd*(p) - * rÍe**) 
==-L , {rrr-30)p+a -À

fnom equab,iore {ff-37} "

Now for ldx(p), ÈÌte fi¿¡tebion

Ix(w) = ___l_ x

a.-À

The new l,lpschíÈz conditioi'l

] , {rrr-3r}

4, I .Itw, wr-

eanh I
L

11 beeome

_{a - l'}ìir
Zv.t

beeonneseonsbanb
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o

\J

{.
?

( rrr-32 )

Therefore, Mxtrx (w) ås wribte& as

Mxrx(v¿) = I lÀ banh liu - xln I ; À ) o
ffi-.-'''''ã-:J

: r = fÀ| tanhks:lì)üIlJ ;-å*(\.(o
a +lÀl L 2w J 2

l¡\S1*- I'r-^ ;
tr I

= 1_lÀt ;
l\ |

= l^t ;

À>¿

-I-(^\<
2*æ \< À-<

+ lÀl 2w

lX I uanhf(a +lÀlln I ; -oo -( X -( -l- o

a +nf L7p:J 7
( rrr-33 )

I& is obvious from the form of equaùi.on (III-33 )

bhat a value of À ean always be found so bhat M*Ix

for any a in bhe rarege 0 S a ( l- and aT?F Írc Thus the l-i-near

rotaÈj-on eoneepb does make bhe Garber-Rozenlrasser estimaLes

applicable in bhe regåora of i-nt,eresb.

ApproxåmaÈion bo rnax I JúgIf
The bransformed s3rstem of equation

he eonsi-dered i-rt the ernaluat'i-ott of rnaxf J., l.
formed r¡onlinearib¡¡ 5 b**o**"

fx(x) : f(x) *Àx
and. the Ëransformed inpul; 'peeomes

tx(u) - #å[üt*r] I

Ê)
The Èransformed no¡¡lineari-bY

so Ëhab -¡,he Gar'oer*Roze&Easser estimabe

, *- ^ / \tfi*Jo, musË

T'hen bhe trans-

(rrr-3¿'.i

( rrr-3 5 )

is also odd syinmetrÍc,
can sÈill be applied"



where

and

whcere

Now bhe Èerm,
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where (p+a) / (p+a -À¡ is a linear operaÈor operating on

$ttl. T'he berm q?x _.l.tt{t} | can be approrinabed for the
olE(T/2' !

bra¡¡.sformed. systein as indLcated by equatÍ-on (fI-35)" fhe

2-l 
0-(u)-@r*iie)f au

resul& is Èhen

*îäir¡rl,rrt 
u) l( 

['ti( rrclr* [*unr(r,] | ] ï

= *& sån{ knå * ar }

( rrr-36 )

i TTI-37

{ ITT.3E

( rrr-39

r[ia*x]2 + *tJå

eÏ = arcbaia tçÀ]

max lt* [*rpp(tÐl=*ï?_. rlzl r[u s;n{w?+8$+ln sår¡(v¡z +o} | eo-(?{T/2r L@¡rv Jr o'(utT/2t - 
(rrr_r&o)

of eqraabion (fff-36) can be evaluaÈed fairly easily for given

\ and E" Al-so, 6he int,egraS. of equabíora (III-37) can be

calcrela&ed on a di-gi6aì- compteber quibe reaCa-ly. fhrough

the use of a root fåndÍ-ng subroutåneu the zeros of

[ $*t*l * $r*(u]] ean be fc¡u¡¡d i-n 'bhe inberwal- o-(u (T/2 ,

and bh¡e in[egral-s easí]y caletllabed and summed for the

i.n1;erwals in whi.clr [ü*e "l - flrn(u]] does nou change sign.
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Exacü er¡'aluabio-n of maxlJfþtf

The detaiLs of eval-uabi-on are gf.ven ån AppendÍx A"

For a sinr¡soidal Ínpub Èhe expression for Jr(t)
of eqrlabíon. (TT-2&l 

Zbecomes
Jr(al = S, 0¡*( E*vj r,t[x*r*tz]J d? . {rrr-¿år}

rhis eaia be *.*"åþE*: ""
ar(u)=l [0.tb-t] * 0r*tu-tl]r*[x"oo(t]] dt

"0

r/2 r/?
= 5o 0*(ts-rls* [oupp(t]] at- $ 0r.,,(a-t)r*þuor(r]] or .

i rrr-lez )

I{owevenu eonsíderaËiora of eqilaêíon (ff-25 } w'¿f f yÌ.eld
T/2

5 ül*(b-?)ro[o^nn{â}J at=x*pp(u}-01*(b}, (rrr-&3 }

so b'ra& 
Tlz

rt(È, = 5o 0*(e*t}r"* [**pptt]] at * 0r*(u]*xunr(a] ,

(III-41+ )

The remaånäng irutegraL of equaÈåon (III-lel+) carn be evaluabed

exacl-y for b i.n bhe range 0 -( b ( f /2" The det,ai-ls of bhe

evaluabion <¡f Jl(b) for the fårsb order sysêem are given

ån Appen.dix A aloreg wibh Ëhe fi.nal expnession for Jr{ & }

(wÌ¡ieh i.s boo eompi-ieated bo presenL here)" The exaet*

eal-euLatåom of f?ï. * ,^f "t, (e if eruet* i.ravol-ves using a digitai-
o(b(T/2' r-

compuLer'co compr*Le lJl(e)lac very small ínterirals in Èhe

ra&ge 0.< ü {T/? and fi-nd. bhe maxi.in¡¡m value. .4. eompari.son

is rnade at blee end of &hi-s chapber bebweera an exact

ewal-uatíon of nraxf.f ., I ared an approximabe oaeo

{ i , *, bo røibhin eomput er aecuracy.
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Mír¿inr:Lzaü:Lon of eryor esiü:Lmatg

Wíbh Mxfx and maxlJtl knowe for an¡r Àu bhe error

esai-mate of eqreaõi.on (II-31) beeornesu for given \u
| | ' - êl(*a*l¡,| èl*-*rppl =l* r_M,trx

(rrr-/+5 )

It is bhena maLter of fiitdi"ng bhe opti-mum value of À e \"Orn

6o miniruíze €he est,imate" fn general tlte process of finding

\opg ean be v.ery Ledious,si-rnce \"pU ean depend on a, ttr, and

exrem E for bhe firs& order case" The general procedure

rqroui-d bhen be to íterate À over the applíeable range for

gíven au w, aitd E õo fj.nd bhe minimum esÐimabe" Ib was felt
'bhat a såmp1-er approach, alühough nob ruecessarily oite yield-

i-ng \^**u mi.ghtü be ëo consÍder a miraåmtza&i-on of MxIx'sp6

rabl¡er ãro** the eomplete err@r bor¡nd' This mighÈ even yield

\ if Mx Ix changed mueh rnore rapådly wj.bh À Êha¡t did/\ oïDË

maxlJtf , Cerüaínly a mi-nimization of M*tr* is iralid in the

sense Ëh.a& i.ü wonl-d ensure bhaL 6he Garber-Rozenvasser hound

eould. be applied. .Aya j-nrresGígaEiora of bhls approach j-s dev-

eloped ín A.ppendix A"

III" A Gomparison 0f Resulbs

some typåeal fÍrst or"der sysbems were eonsidered

and bÌ:e various error esbimat,es CalCr¡Labed" Analog sim-

ul-abion was ennp! oyed for Èhe systems considered i-n order

üo measure the actuaL maximun¿ magni-tude of error encount¿

erect ira tasirrg bhe descri-bíng funeÇlor¡ approxima-t"i-on.
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rABtE Ï
FTRST ORDER ERROR ESTIMATES

w

radi.ans
petr seco

E ERROR ESTIMATES

Sa¡¡dbere G-Rl G-R2 Measured

SysËem I
a="02

we = "9998

wg:
2
l¿tr

w

2
"e'

"l+999

"9998

"1v999

"9998

L,5

L"5

5'o

5,o

L3 "82

3 "L6

&6.0S

LO"53

l+"68

.75

L&"05

2 "26

l_.1L

" 
l_8

3 "57

"57

'07

^02

"21+

,03

Sysbem 2

a=ra5

w
e = "9987

*q.t 
"fþ991+?

we 3 "9987
wc: 

"l+991+.'=
we 3 "9987

1"5

L"5

5"O

5'o

LT.V2

3 "O5

39,a6

10,16

3 "b7
"l?

l-0 
" 

l+2

? "L8

"&2

"LT

2.61+

,56

.09

,oL

.22

"O3

System 3

ê- ="1
we = "995

lÀt"e:a
wc?

tq'"e3
7
we3

"l+975

,995t

,l+975

"gg5a

l_"5

5"o

5.0

9 "l+2

2,89

3L,b2

g 
"65

2"1n8

"69

7 "lr,I+

2 "o7

,59

rIO

L, gg

"53

.09

"42

.22

"02
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The method of measuremenb in bhe analog experÍnents
was quite simpre, bub was consi-d.ered accurabe enough com-

pared Ëo the ruumbers ealcuLated for the various boundsu

fhe measurement Ëeehni-que uras to use a tr"aresfer fur¡ctÍon
araalyzer to measure Lhe arnpl-ibude and phase of bhe fund.a-

ment"al of the i.npuü üo åhe nonlineari-ty. The absorute

value of Ëhe maximum di-fference between the measured sinu-
soid and Ëhe describírag furnction approximaÈion would Èhen

y"ield Èhe measr¡red bound" 'rhe asst¡rrìpÈi-ora in bhås method.

i.s thaË the actual- i.npub bo the nonri-nearity crosely approx-

i.mat,es a sinr.asoid. T'his assurnpbÍ-on seemed to be valid. for
alL cåses bried.

Tabl-e Ï gives eal-eul-aÈed an.d measured error esLi.mates

for '&hree dÍfferenb fírst order sysbems at two frequencíes

and bwo saüuraEion leve1s" T'he most sigruificant result is
Ehe facb bhaf; Èhe ealculaEed error estimaLes exceed the

measured ones by faebors of 7 r¡p to &o0" vühile the second

deci.mal pì.ace of bhe measured estímabes i-s likery in erroru
the huge discrepamey betvreen calculabed and measured estÍ-
mates j.s sêil-l apparenb" A compari-son of €he garious esti-
mabes i.ndj-eaEes êhat the Sandberg es&imabe exceeds the

Garber-Rozenuasser wi-bh bhe approximabion &s maxf.ilf (c-nr)

by a faebor between 3 a¡ed I*"5" SimilarJ-yu Èhe Garber-

Rozerarrasser esbi.mate with approxi.maue max lJll exceeds,the

Garber-Rozen'\rasser es&imate wiBh exacb nrax f.lrf (e*nZ) Oy a
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factor of about b" Fínally, the Garber-Rozenvasser estimate

r^¡i-r,h exaet maxlJrl exceeds t'he measured results by a fac0or

beEween 7 aitd 20,

FÍ-gure l+ gj-ves a graphical eomparison of the three

ealeul ated error esLimates ower the frequency range we./O ( w

r¿. Wcu The Í-rnprovemer¿b $-n goÍng from Sandberg to G-Rl l;o

G-RZ is clearly indica&ed" T'his graph also shows the typical

decrease with frequency of the calculated estimaLes indj-cat-

ing 'bhe erpec&ed improved filËerír¡g of bhe línear part of

&he s¡rsben'l as frequency ås increased"
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TNVESTIGATTON OF THE APPLTCATTON OF ESTTMATES

TO SECOND ORDER SYSTF"IWS

fhe sy_qbery

T'Fre olzl3r ehange Èo be made irs bhe system from that
of &he prewi-ous ehapter is in Èl¿e l-ireear bransfer funeLioa,

fhe sysãera is sÈill of bhe general forrc of Figure 1 wÍÈh a

si.nwsoidal ånpubs r(&) = R si-¡t wb, and a u¡ai-t saüuraüion

noiqlinearS-ty" The l-Lnear transfer fur¡.ebion, G(s), is assumed

bo be of bhe genenaì- fom
G(si= k íâ"b,kreal (rv-L)

ffiT-fsîÐ"
b¡¡t normalizati.on w:[bh respecÈ üo b hri-]-l yíe3-d

G(s)= k u a(l (I\f-z)
TG:ETTSffiT

as a general transfer functi-on whi-ch can l¡e consider"ed"

ApEl-:Lggbion of ül¡e des_eribång_ fi¡raetio¡'¡

The deseríbång funebior¡, g(Elu for a unit saburabi.on

rzor¡lineari.by has already 'lreen expressed ån equabions (III-3 ] ,

(Tff*l*)s and (IIf-5)" T'he magnåtr¡de rel-aÈi.oi'L of equabion

(f*g) becomesu for the seeond order case

EfR _ nI--:{.æ-
..!-+ kEffi

[*t*t*r(r * a¡2 + [*2{]. *a trz*(u **2+sk)[ç1f ]] 2l å
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The phase relati-onsh5-P

^- / 'rv-1
\ t+gG( jw3

CIf equabi-on ( r-9 ) uhen becomes

=arctanf wk(r+a)s I o

f #**'ç l+a2 )+az+gk( ***2) )

becomes

Thus

(rv*l+)

I. The Sandberg Estimate

The linear transfer funetion' in Sandbergls noËatione

F(jw) = -Gtjw) . (rv_5)

( rv-8 )

l'ryh ( n ^ Q C? ä

)(r* k - w"\z+*'1r+a)'J('-- ) (rv-6)
ang

)q=sup__ ( À , ! "nodd J.r
t f(a + u - ^2,,?\2 

+ 
^2*2(1 

+a fl = 
5

( rv*7 )

Equabion (IV-6) is tt¡e M curve, f *(5*) ln of the linear"

transfer funeËi-on G(iw) , N@rmal]-y, for second order sysÐems a

resomanee peak is associabed. wi-gh Èhe M eurrre at bhe res-

oraan& frequency wr" Here wE" wouLd, be defined as

Å

wtr = [a + m - rryÆ|',
under the condåbi-on

2
ak

Alsou Èhe cc"ossov'er fneqtle@cys wc, of Èhis sysbem would be
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wæ = t-{1:afu * l1-t:-efoZ * r*2 - uzl 
n 

1 
*,

" ¿-- L--: ',J (rv_10)
subjee& 6cr bhe condÍ-t.ion

k ( rv-n ¡

F{ence inequali¿ies (IV-g} and ([V-ff } r¿'or¡ld be satj-sfied

for prac&i-eal- systems" Moreovere a reso&ånce peak,Inn{3**}l ,

greaber bhars l- is al-so desåred i-¡a a praebåcal- sys&em to

ensure reascnabl-y fasÈ respûr'l-qe' fn mosb cases w* and w*

a.re faírly c1-ose in vaiu-e so bhab tlee frequency regÍ-on of

operabion of bhe slrst,ern is normally below w'" ff w1( v'r.(w2

defines the reEierc in i^;'hÍeh

lmt;*lf = F(iw)
-.-ffi

r - F'IJw,
>/ l-e ( TY-Tz }

blzers it beeon*es apparent, bhabrfo'r a drj-ving frequeilc! wg (w* 
o

there ea¡t easily exås6 a val-r¿e of it such thab wl\< Ix%.< t%"

If ehås is 6he ease &hen bhe coitdibi-on of applieabilíty of,

bhe esËi.mabe, Q ( 1n does nob hol-d"

obvi-ouslyu as the system becomes more resonan't the

li.kel-i.hood that Èhe eortdition of appi-icab$-llty holds be¡lds

6o deerea.se, Si-rníLaril y¡ åf the slrsbem beconies less res-

onanê Ehen the eondit-i-er¡ of appì-icabil-ity has a bebter ehance

of hoLdång"

II. the Garber*Rozenvasser Esüåmabe

The linear bransfeE funict"åon of bhe Garber-

Rozenvasser sysÈen ís now written as
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w(p) = *ç(P): -k3.É--.'"-ffi(p+a](p+¿/
( rv-13 )

( rv-u*b )

t

and Èhe kernel, 0(* *?), becomes

f -a(Ë-?) -(b-t, I
0(t.*t)= *l "-*) =*Z=- t" =rZz It 

o-(t *t dr12

Ll-+e l+e 
' (rv-l¿r'a)

-r/a -q c-zl I
fftl*e J

o(t*t<t/z

^aT12 -a( u*t)
ee

l-*e

The fune&ion f(w) beeomes

where

( *T/? ^ -tÀt
r(w)= k \yte _*_-ee -

L l+e

-aT/?

a(1"+e )

***J
?

J9
V-T5 }T¡\À

**-å r* [t r**-Ñ/2] / (l-**-rlt,l . trv*l-6)
l--A

TÞre eondåblcon for appl-i.eabiliË}r of bhe estímaLe is bhen

( -r./2 -u* -af/Z ^ -â1å* 7
r(o,r)= =E- \"* " =,ur*u 

- -"*" -=eñ7ç - \ ( t'L-a Lr*e-'Ë/z a(r-*e *) J (rv-tz)

trnorderêoi-n'vesÈigateËhecond'íbùor.tefapplíc*

abili-byu va.Lues of Ï(v¿e) were debenmined for sysËems itl

apar.ameEergriddefine'dbyo(a-(}ar¡d1-(k(100.The
rninirri¡,¡æ *g" 1{vcu} was fotrnd'rand &urned oub bo be L"0l-'

whi-l-e noË concl-usåve, &his i-revesLigatio¡t seemed bo suggesb

bhra6rfor the pracbieai- range of sysÈem parameber vaLues

^2e
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and for Þr ( w-,Èhe eondåtion of applicabåIit"y of the Garber-
e

Rozenvasser esbÍ-mabe ttrorål-d r¡ob hoLd" fb should be noted

EhaL Èk¡e function f(w) kias for¡nd bo be a monoto:'¡ic decreas-

ång func&i-on of w, so Ëhab the foregoing conelusion would

at. l-easL be vaiíd for the parti.eul-ar vah¿es of a and k

6esbed 
"

4BplteaÈion of l¿lleer rotat,i-og

Onee agaín bhe li-r¡ear robabÍon conee¡:t musL be

aFFl íed ín orden 'bo bry Ëo make Ëhe Garber-Rozenvâ-sser

eståmat"e appliea.ble ån bhe regioru **/^-( u!'-(l{"r as well as
/Lt]

bo minírni-ze bhe esti-mabe" \$hen t"he lår¡ear ro&4.Ëioru eoncept

i"s a-ppliedu bhe l-i-mea.r êrarrsfe¡" fur¡ction of bhe bransformed

system beeomes

-k
p2+{i. * a}p +a- Àk

( rv-18)

( rv-19 )

T'hås ean be wribben as

wx(p) = :E

where

(p-ptl(p*Êzl

+ [¿*Àk +(r * *]2j þ
( rv-eoa )

( rv-20b )

Trøo cases can be eonsåd.eredrdeperrding on Ehe val-r¡e of À '
ïf õtre condibion,

F., = -ÅÅlêI - t&¡,"+tl - u)1] 1 .&22

Þ"n = -(1"+a)__Ã- T ,

a
À>-[f r=ai',

lek
{ rv*21 i
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holds, then F, and P2 are real-e and bhe function tx(w)

ear¿ be fot¡nd i-n exaebly bhe same ilßanner as f(w) of equaÈiora

(IV*15)" The resulb is

r poE/Z pctsx þnT/Z ÞrE* )
T"(iç) = __k_ ) l- +_e_= *ze a * I Ìe * *2e 'L (

p' -%tffiffiJ)

h.olds, then

ear¿ be fot¡nd

{rv-221
where

,"*tÃ

Pl*Pz

llor,oeveru i-f the condíÈ.iorut

\ ( -{À:-elz,
¿Þk

hol-ds u Ehem p1 and P, are

Pl-= -A+Bi ç

where

A = GlcI
2

9

i ilr-26 )

,* [qr*u*rr/Z] / (routrzr/'Å .

I

The kernrei-u

Õo(*) = ke

) u is bhren wribÈeru as

*Ãr/2
sí BT

0*{ o

-o* [

eomplex eomjugates

WZ= -A - EJ 
2

Et¿

( rv-23 )

( rv-24)

of the form

{ rY-25 }

*Lrfz
x slnBT

eoslw/zj * *-o't ]
;CI-au-(Y/2 t

( rv-27 )

or more sueei-r¡ebX-5u as

-Au
Q*t*)= t__Êå4Br¡+t)

Ç*;elr+ee ; eos{BTlz} +e L' ( rlr*28 ¡
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where

d--arebanl*-1tl's+Eir, , I +rr.¿ru,5 ßv-zs)
The zeros of 0*(*i ln Lhe ir¡terval O-( r¡ ,<T/? are the set

["-3 defíned by

rå, = ff*ð ; TT- dr- :*

tn + l-)n*ð;

( rv-30 )

0nee t,?re æeros cf 0o(o) are knowr¿ in CI (u <T/2 tþ¡e¡n I*(v¡)

cara be ercpressed as

: 2TT- U
.g'.¡_

tf
oo

øo

@@

uå+1
m C rc r

tr*( w)
i.=O *.7

( rv-31 )

wl¡ere ** = 0 i un+Ï
The lntegral from one øero &o the reexb ís bhen a standard

babul-ated åntegral { in oiri-s ease eonsb -!u-u*urn{ Bu + ü} dr¡ } r

arrd ean be ealer¡l-at"ed rat"her símp3-y"

The tipselni.bz conditiqn corasbant, Mo, remaÍns the

same as Ëhab gívera by equatÌ-en (IIf*32), so thaÈ MxI*(w)

is now defined for al-l \rbreb in a- rather eomplicabed

lïlê.ftfiêI'ø
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A.pproxåryration Þo max lJ1-(t)_L

The Ëransformed nonlir¡earibyu f*(x) , remaÍns as

in equabion (rrr*3&)" The bransfo¡med iitpu.t, 0*(tlu becomes

0*(r) =$s+alÞ-+å) .- [0tol] . (rv*33)
ffi

fn a Ìnanner símilar to that empl oyed ín thapter fII' 
å?{*rl,

l"l'(e)l ean be approxåmabed fon gì-ven À ' T'he result, is
d.erived from bhe general- expressio¡r of equabi"on (fff-36).

For À saaåsfying i.nequal-iby (IV*21)r bhe kernelu $n{o)u

beeomes

@*(u)=-Ì<=fd1-- ,1'?- l-{r\r-31}w¿;w ffipp¡ '

where p1 and p2 are as givera i.n equaäíons ( fV*tZa ) and

(IV*Ïzb ) " The f¡¿rad,amenual appnexímaÈion tso bÌ¡e keri,rel u

01{*}, ås wrí&ben as

0,(,t)=-.kksi-n(wu+dL * '*'¡-* 
c 2.c o.

T l(F1F2*w*i'+!r-{F1+P2, , (rv_35}

-v*here

çf = areban f 
out' * *t I '

L=ferçp;"}æ I " (nr-36)

T,fhen À sa&i.sfies åmeqinal-iby (fV-zLlu bhen 0*(") ås as

gi.ven in equation (¡v*26), ar¿d 01n(o) beeomes

0l*(u)- * ¿+k sår¡ (im¿ +d,) 
-*. å

r [taz+ n2 -,'&]2+ua?*z ( 
z 

(rv-32]
where t' )

4
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and. A amd. B are as given i-n equation (fv-26), rúüå6h 0*(u)
and 01*t") knovrnu bhe inËegra]- of equauion (III-36) can

be found by agai-n usíng a roob finding procedure on

[ 0*t"¡ * 0r*("]]ra¡acl debemriníng bhe íntegrals between

6he zeros" The debails of evaluation are omittedtsince

bhey cLosel;r parallei- those gi-vera iia A,ppendix A for bhe

firsb order casee

Exaet eyalua6ior¡. ot_maxlJ, (å}J

T'lae express5-oru, max l¿, tt) | , eould l¡e evaluaÈed
0_(&(?/2' .

exacblg, in a manner sími-l-ar to wÞ¡at was do¡ae for bhe fÍrst
order case, Feeause the debai-l-s of evah¡abion woul-d be much

more compLi-eat.ed tÌ:an bhose for tl'¡e -firsb order case, ib was

fetÈ &hau an Íruvesbågaüi-on of bhe approxir:naBion Ûo l"lritlf
sÌaor¿i-d be made first. The resi¿lts of bL¡is invesbigation

(bogebher røi"bh bhe kreoinrn improvernenü from an exacb eval-

^t-uabion of lJl(b)l for bhe fårsõ order ease) would ir¡dieaüe

whether sr noË Èhe amount of vrork i.r¡volsed in aEl exact

evaLuabåon rsxould be just''ifåed"

i{ínímizabíqn of erron esÈåmabe_

.A gemeral- method of rninåmizíng bhe error esüimafe

wol¿ld. tnvol-ve an åberatf on of À or¡er a suitable range

through the use of a dågitaì- eomgruberu As i-n the fírst

order case, ib was thot¡ght Ëhat periraps a minir¡izabion of

Mxl* weuld aLso fåel-d bhe n¡inj"mum bor¡nd or some8hing elose
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bo iÈ" Also, ib was felb bhab Èhe firsü poin& of investiga-

tior¡ should be tlr.e evaluation of m:.nfirtxtt] bu"*o"u, if ib
À

turned out 6hat rninfnq* l*l >t í¿a all cases, then bhere
À' ¿

wouLd be no poinÈ ira pursrei.ng bhe invesbigat'ion for the

second order case" The evalr¡ati-on of mín[M*frtJ woul"d also
À'"

have to be done on a digi"Èal eompuËer, sínce &he eNpressi'on

for Mxf* is boo complåcated for analybicaL procedures' The

resulbs of Èhi.s invesbigati-on are debailed in Appendix B"

III" Nr¡nerícal Resr¡lbs

Correlatiore of res ce w'åth aPPLicabília of the estimates

For the Sandberg est'imateu íb Ís

6he degree of resonenee of bhe linear part

quil;e obvious that

of the sysbem

(as defi.ned by Mj, bhe ii[ peaki d,eaermines whebher or noÈ the
p"

esbi_maLe can be applied, rn eases where €he M peak is mueh

greaËer than I n6 is very uni-ikely Ehab the inequality g < I

(see equabion fl-fg) uri"lL be sabisfied"

As a eheck bo see horq applícabi-liuy of the sandberg

estimat,e is relabed to resonanse for a bypi-cal seco¡td order

sysbeme lvl peak was varíed from L,L55 dovrn to .9 and the

applieabilåLy of bhe sandberg bound. was besõed j-n the range

wc ( k \< wæ ab we i&tervals " The M peak was varied by

M- ç Tö'
taki.ngasJrstemw.ieh!k=]-an-dvaryirrgafrom0ao"20"
T,he resul-bs showed 1;hat bhe boilnd eor¡ld' nob be applied at

any of bhe ben frequ.eneies besbed until Mo= 1.0ó90 where

bhebor¡ndapplÍ.edonlyaË.lEWe'Theboundcouldbeapplied

¡Lo,
tvÌ I mt;**l | ø
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over about hatf Ëhe range only when I'{o came down bo 1,01'

Finally, the bound became applicable over the whole range

only for Mn less 'uhan I'
The results of Appeitdíx E seemed to indicaÈe bhat

bhere was a similar correlation bebween resornance and applie-

abÍtiby of the Garber-Rozenvasser estimat"e" To invest'igaf e

bhis, min [nf*f*f was plotted versus Mn aË the frequencies
-À

*.u *uu'and w"" % was varied by taking a system wibh k=l-"5
rõ'" a" '\

and varyÌ-ng a over the range 0-+"/p so thab I{n varied bhrough

the rarege 1,35+,9" The resultsrploLbed in Figure 5u indicate

that miiafgxl*f ," monotonic ir¡ereasing wiüh Mp (for min[l4*f*]

Ëhe Garber-Roøenvesser esbi-mate cait only be applied over abou&

half ÈÌre frequeney range of inEerest'" As MO íncreases above

1"15,Ëherengeofappiicatíonofthebounddecreasesbelolv
one half"

A furbher graplr was made of m:.n[u*l*J versus Mo,

bhås €,$-me for a sysbem ín whj-ch a remained fixed at a value

of "5 and k varåed over bhe rå'r'tge L+5"5" Figure 6 shows

Ehepl.obsuwhieharequítesj.rnilarbothoseofFigure5"
ïb is notedu however, thab for bhe ease of Figure 6 it takes

anMoof].'25befo.rebheGarber*Rouenvasseresbimateean

onlybeappli.ed'overhalfthefrequeTlcyrangeoiirrüerest'.

Figures 5 and 6 seem to suggest a monobonj-c Íncrease of

min [M*r*f wíbh Mp tas long as min [nn*l*]i" less than one]"
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TABTE TT

SECOND ORDER ERROR ESTTI{ATES

1{

radi.ans
per sec"

ñ
u ERROR ESTTMATES

Sandberg G.R Measured

SysÈem I
tr<='7

a = "01-
we =,600

M.*=1.t275

we;.30o
2
weå,600
*e: .3to

we: "600

L"5

1,5

5.O

5,t

HA

NA

NA

I$A

35,75

"6L

LO7,26

1. s&

"O7

,02

"13

"03

SysÈern 2

k ='7
e _@v)

wc = "5996
M-="9969

P

T¡Y'"e:z
weå

kt

2
ür:.'e-

"2998

"5996
.2998

"5996

ìF
Lø)

L*5

5,O

5"O

L96,O7

2l+"Ab

653 "56
80" 12

7,39

"57
22 "\8
1.71

.03

.01"

"02

SlrsËem 3

t- -'l Ã
Ã 

-gO -¡,

ë.="3

wc = l-"011-2

M* = .9831tr

tñ
"'e åa
làt

l4I'"e å7
1ÂI"e"

'5056
l_"ol_12

,5056

1.011_2

1"5

1-,5

5"0

5't

25,2L

30,06

8l*'06

r00"i-8

2 "!+5

,Ul+

7 '71+

I "33

,L4

,02

"15

"07
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They also seem to índicaüe thaÈ if the I4 peak of the system

is froru 1,1-5 to I"25 or greaber, then the Garber-Rozenvasser

esÈímabe is J-i.keJ-y bo be appli-eable over l-ess than half of

Ëhe frequeÐcy range wc \< w
Tõ

Comparisort of errq{_ e¡i-r,imates

Error estÍmabes were cal-eulated for cases in whish

Ëlre Garber-Rozenvasser awd/or Sandberg error estimaües eould

be appLied" This neeessi.babed inves8i-gatfuog low resonance

sysbems whi-eh are nob corasi-dered boo practieal, A practieal

secored order system woul-d probabS-y have arc M peak of l-'2-1"&

in order bo ensi.lre reasonably fast response. Systems con-

sidered for bhe esLt-maLe comparisons had bo have M peaks of

one or Less in orde:: bo ensure thaL bobh Ëhe Sandberg and

Garber-Rozenvasser esbimaües eould be applied.

Analog simtlLaÈion uras used for ihe sysËems eonsidered

i-iq Èþre esbirnabe eonparisora so Èhab aebi¡al maxj-mum magnitudes

of erro-e inrrolved in usi-ng tire describing funcbion could be

compared 6o Èhe esËi-maues of &he errorø T'!re measuremenb

beePuaf-qrae used was the same as Èhe one descrj-bed in Chapter

Iff " fable fI gives ealcr¡l-ated and measured error estimates

for bhree di-ffererut seco¡"¡.d order syst'erns ab two frequeneies

and two saturatiort levels" T'he Garber-Rozenvasser esbíma&e

fon approxirnaÈe maxl"ill tC-n) ls seest to be a subsbantial

improvemertb over bhe Sandbeng esLimate " fn sorne cases bhe

Saradberg esËÍmabe exceeds the Garber-Rozenvasser one by
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faeËors as hi-gh as 75 ' For system 1, Èhe Garber-Rozenvasser

estimate yåe1-ds a resulL where bhe Sandberg estimate fails"

Nevertheless, the Garber-Roze-¿?vasser esti¡nate stilÌ exceeds

Èhe measured estiruabe b¡¡ faetors a,s high as 800! rf the

first ord.er resulbs are indícati\¡e, then an improvement by

a fac.üor of four or fi-'re can be expecied by using the Garber-

Roøenvasser estimat,e w'i¿h exaet maxlJll. Ib was felt that'

tF¡ís improvement r¡ould noü be subsbaitLial eraough bo warranb

Bhe amounÈ of v¿ork inr¡ollued i-n an exacb ealculabion of maxl,fll

Fi-gure ? shows a graph of bhe sandberg and Garber-

Roser¡.vasser esti-mates \rersÌlg frequeney for a ôypieal system'

An inberes-t,ing observabiom is El¡¿a1uu whi.l-e the Garber-

Rosenwasser esbj-inate is monoboníc decreasing wibh frequencyu

Èhe Sar¡d.berg esbj*rnate experåences a resoruanb peak ab the

resonanÈ freqmeney of Ëhe linear parb of the system" This

ís due to bhe díree6 relaLi-onship beËr'¡een the M curve and

the error esËimate'



CHA.PTER V

CONGLUSTONS AND REGO}frVIENBATTONS FOR FUTURE I¡JORK

For the firsÈ and secoc?d order sysbems studiedu it

was foui?d bhab bhe Sandberg and Garber-Rozeclvasser esbima&es

were really of liÈ"ble or no use bo a practical design'er. In

bhe firsb ord.er caseu boÈh bouilds could be appJ-ied, but' the

esti-mates vtere much LooliberaL bo be of pracbieal value. The

Sandberg esbi-mabe uras foi¡¡td to be the easiest 'i;o appl-y, but

yi-elded bhe mosb 15-beral 'pound" The Garber-lìozen\rasser

est,irnabe wj-û,h Ëhe approxåmatåon bo max lJt I became nlore com-

pli-eated. Eo applyu bub redueed &lee liberal-iby of bhe esbimate

subsbantíalJ-y. F"inaJ-i-y, 6kre Garber-Rozenvasser estímate witlt
. r. Iexact max l.f , I was Lhe mosb difficul-L bo aPPITe but gave the

bes& esti.maie "

fn bhe seeond order case it rsas found bhaÈ tLre degree

of resonaråce of bhe l-inear part of the system deLermi-ned

v¡hether or nob the estÍ-mates cor¡l-d be appli.ed at all' Ït

was foused thabs âs &he M peak íner"easedu the range of appi-íe-

ability (ur¡.ttr¿n bhe freqiåency regÍ.on of interes"u) of bhe

error esËi-rnabes decreased" T'he Garber-Rouenvasser estímate

was found &o åpply over a s|íghtly uråder range of M peak

values bham dj-d 6he Saradberg eståmaLe' Also, for Lhe eases

ín which ühe esLj-mabes could be appì-iedu bhe Garber-

Rozer¿vasser es&irmabe wi.bh the approxinraÈlon üo max l'f 1 | was
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found Ëo be much bebt,er ÈL¡a¡a Èhe Sandberg esbimate, bub more

diffieulb bo apply' Eve¡t urith the added i.mprovement' of an

exacË caLculabion of naxl,fll (ae proiected from the first

order case) i-t was obrråous t,ha& bhe Garber-Rozenvasser

esti-mate woul-d sbill be boo liberal for pracÈíca1 purposese

and bhe cornpl-i.eations of an exact ealeuLation of max lJ1 |

wor.¡ld nob be jusbífied'

some interest,lng findings were not,ed ín the appli*

cagion of l-inear rotabíon bo the Gar'oer-Rozenvasser estimaLe"

First of all, fon bobli firsÊ and seeond order cases ib was

found bhab l-inear rot,aaioia l¡ad to be used if bhe esbimat'e

was Èo be appli-ed Ín bire region of ir¡.teresto seeondly, a

minimizabion of Mxr* alway's pnodueed bhre minimum esËj-mate

acÌd Xopt was always *"5" This meanb Lhab the bou¡rd u¡as

minj.mum for Ðhe minimum slope eondítíon on f*[x]" These

observations made bhe job of appLying bhe linear rotation

much easier bhan firsL thought'

rtshou]-dbeno&edËhab,alËhoughonlyaunit

saburation nonli-nearÍby was cortsidered, mosb of the conelu-

sions rril-l- F¿ol-d regardless of bhe bype of ruonlinearÍ'by"

fhe major pibfal-l-s of boEh t,he sandberg and Garber*Rozenvasser

estirna&es are seem bo be relafled ts Lhe l-ínear bransfer

funeðioia and noË bo the nonlíneari-ty" Thís is possib}y bhe

maís¡ deakness of the meÐhods * bhe deËails of bhe nonlinearity
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are olrerlookedu and oraly sonie Èype of slope eondition j-s

used t,o deseribe the nonlinearåÈy" Perhaps future work

shoul-d be deiroüed bo a Tuore thorough eorasiderabion of the

nonlinearS-by. For examplep in bhe case of bhe Garber-

Rozenvasser esLimatee a leore exact calculaËi-on of the term

JZ (see equabions TT-27 ar¡d fI*29) should lead bo a better

estimate" This would i.nvolve a detaÍled analysÍs of bhe

nonlinearíüy'u as was d.one for the exacb calculaËion of J1"

Á, furÈher possibiliby for future rsork lies in the

Sandberg bour¡d. expressi-on of equation (II-1&)" This ís an

infini.te series expression involving ühe Fo¿¿rj-er eoefficienbs

of &he Ïrigher harnonies of êhe approxj.maËe ( describíng

fi¡nc&ion) outpreb of the nonlineariby" Perhaps a fÍnite

series w'ål-L give an adequaEe error esbimate Lhat can be of

prae€ícal i.mPorbâtlcê "
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APPENDIX A

Approximabion to me4 Jt(c)

Frorn equabio*s (IIf-3?) and (fff-38) ghe expression'

[00t"] * 01*{u}l u beconees

-(a- À )u
$ot*) - Ou*(uï = æ 

+ ¡*-erq(vqrq^I: g o

L+e r[t"- x]2+*2] "

{A*1)

Gonsider an irauerval-, [ut, *21 , ín whi'ch [$.t*l - 01*("]]

ås posi.Båve and' does not change sign" Then

i'10-*u)-@rn(u)lau = $t[ü.*t"l - 0r-*(ui] aur

Ilr ' r'Ä1

Yz( -(a-\)re I
= ff I--" _rã_ , --+4- -çint.rqu +¡, ) , I u"

-r- (j-+* Tl(e.-X't}*nZJ')

-( a- À )rat -( a- À )u1 +
= 

------=q"-------.- 
J + - 2 - 

xrffi
r
leos(wra1 * t_)

= -! f*.**r l + _¿_
zL. r-J 

-nw

* e@stwra *t)] ; ÀÉa.

[eos(*r]-eos{*e}]; À= a .

(A*2i

sími:-artl-yu in ar¡ åraÈerval, [*3, *&lu i$ wirieh [f,*t*l*01*("]]

$-s negati-ve and does not ehange si-gre, ühes

1År. , | -(a-À)u? *(a*À)ut 2/n 
x

["101{u}-f,1x(u)lau: 
. ; ljia=xrrzzi -,-ffi*3 
(a-À) lr**-'* I f(a-À)i*'\

[eos(*,*+%] - eos(*3 * i)] i À+ a
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= tfo, - o.l +2. -feos(*l)- coslttu3)] ; À = a .
Ttt* JJ mrL +

(A-3)
r

The zeros of L$x{u} - $:-*tu}] can be found in the rnbervaL

[0, f /Z) by using a rootfind.ing subnoutine on a dígital

compuber; and then equagions (A*2) or {A-3} can be used

{depending on ,che sigal of [0*(*r) - $f*(u]] ) to determine

bhe integral- in bhe ínterwals beü'¡reen su.ccessive zêr.os'

A sr¡mrnaÈíon of Í.nÈegrals r^ril-l then yield '5-l 
Qnttr)-$1x(u) lau'

ALsou equa6ion ilrr*&O) ean uu *t?t'ten as

- rya-rc . é u^l** [**no(t]] I = l- * ÀEs À>o; E ), I
O-<t<T/2r Lqr,'É- rl

- l- - lÀ1, À(o; l--( E-< [r*2(1 - lÀl]/lÀlj

= lÀ | E - l- , À(o; E) [l +z(1 * | 

^liflÀlJ "

( A-e)

F{erace an approxj-mabi.on to rya.x . ^ è^lat(u} ltt found"
o.( b < r/?

Evah¡aÈion of J " 
(ø)

In order to eval-uate J1(b)u eonsj-deraÈion must

be gíven bo bhe eval-uaËion of the Èerms, 01* (u ) and

rl2-S - 
0-(t-zlr¡ix*nn(t)] at , of eqi.eabj-oit (rrI-I+&)" lühen bhe

o
iäpu6.Le the systemu Qt6lu is a sinusoåd, t'hen t,he operator

equabioia (III-35) becomes

þx(u) = 0xxtt) = Þt?_--. [n ":"t*u - t]ip +a - À -
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sín (wt' - O + %l ,

o(e *t <r/2

z r* [*upp(t)]at

o[*ï*'] å

t-t- ,
(A-5)

v¡Frere

*=arctanl*/^l arcban[*l(u - À]]' {A-6}

fb ís no&ed tha& the bin,e variable has beer:t eonsidered

sl¡i.fbed so LhaE the input si.nusoid of êhe original sysõem

Ìras a pþase angle of -e (O 1s expressed in equation (III-8) )t

and &he describång fwae&íora approximabion bo the ínpub Eo

rbhe itonll"nearibY is wribt"em

**pp (t)

now vrÍbÏe rrerÕ Phase arug1-e"

The kernel of bhe transfornied sysbem, $o(a *?) 
e

5-s expressed as

sot
rr¡ !

I
0

l-*e

-ia* >,1r/2 -ta* x )tt* 
")

I *e 
(A-B)

hat the integral $-n equabíon (III-&,+) car¡ be wribten as

'q*i **r) ro [x*on{ t } ] at =

r/2 -( a- 
^br/z 

*( a- x) ( e- z)
+\ e- -* et *tffi

l- +e

4-

5
o

þ

î

Í
tÀ)a*t

+Á

*?)

** [%rr( vlat .

(A*9)
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Idow th.e bransfornred r¡onlíneari.by i-s simpl-y

- r- " .1 - f .1fx[x"or("]l = g*LE sin(v¡?]J = (r+À]E sin v¡? i o(? r(arcs]-n(l,rE]
w

= L * ÀE sin vr7 ; arcsirr(Å/E) 4 f -a n:_ercsin(1/q)
ww

= (1+À) E sån wt; rI: ares!ry(-]-/E]- 1T tP/z c

w

( ¿*rtr )

The ínüegral- represented by equation (A-9) can bhen

be evaluaèed. for each of bhe three cases O (e.(êrcs¿rå(-l,/E ,
vr

C_reqÍ"-ry (yE) *( b ( nrgqcsiry(L/4)u and n* anesín -G/E) -<t, -( T/2"
whrw

The resul-È :i-s
Tfz

5 Q*{u-t}ro
o

[**pp( t]]*t - Ee
*e*b 

[ 
* -'1*ri [.-"-?+"-*?# [.-f;*?1

(ux2+*2){L+e
*axTf 2,

-(f +¿þ¡-q sísÌ wb +LL + À)l¡¡E eos wü ; 0 -< t ( GÅ

2.2 2,-?axlur ã.¡ fw

-axË t w eos(wrrl [u*tt*u-*u]* *' ¡*t1, ^
= Ee_ _ [ * L J. le *+e

ê D -æw ã '
{af+w-} { L+e }

*å - ÀEa*. sån urb + ÀEw eos urb ; t -' b1( b (%

-"hl 
1

a*22
âx*W

22
A.xtl{

- -axb [* .o"{w?. ,f *tr '.k1 z¡ a+t, .*trl 
1= çc ;- - ;a;r/Zî eosiwt',)[e *u 'J+--s'*þ r -ê *J

( afr+w- ){ l-+e }

-f¿J¿IC"u sin hrt + LrtÀ)Ew eos wb;
2Z

å¡ *W

tz ! t'{r/z
{ A-lx }

2. 2å¡+W
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where

?1 = **#UÐ î Tz- - arcs-år¡{l/Ei í ax = a * \ .

( A*12 )

Appl-ieaeion of equabåons (A*5)u (n*7)u and (¿*fl) to equaiíon

(Im-&&) aheil yietr-ds an ercpressior¡ for .I., (t) i-n 'i;he i-nterval
o-(t ( T/2,
MinígizaUþn_o.f MrIx

fhe expressions for M*fxare gåven ín equa&ion (III-33).

Sinee

li.m fearor, [{a +lÀl}nll= :.
À->-æ( L:ãrr:- J)

( A-13 )

(A**Li+)

ar¡d

Låm I t¡¡ ]
À__> _oo ( a +lXl )

ln; ås eas$.Ly seem êhaB in,

mínímr¡nn for À = *å. TÏrus

Effi"remal poiitbs for M¡l*

sati.sf¡r

bite range - oo-4 À -( *åu MxIx ís

åË is slrffieien& üo find mÍn f i'A¡f xl "*å't \< *" )

in Ëhe ån&,er¡raL *å -( À S oo must

Also,

t-i.m Çr*¡
\-+oo la=;

I& is obvious tha& bhe

be less than I so Ëha&

minimr¡m wåtl- ahuays be

ranhzf(a - x ]-:f l + f {l +al?w JeanhfLa-r)d -l=CI .L*-ffi-i ¿ffi" L-ff-J
( A*15 )

Èanhf.t'rÀbl?= 1.r_ffir)

val-ue of

&he \
fini'be,

ry{ry [ r,i*r-]will
*$slS,o

eorresponding to the

A di.gibaL eomputer

( A*1ó )

always

absoLuüe
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een be used to solve eqti.aÈion (A*15) for all- extrema} poinbsu

and eaeh one eait be Ëesbed bo find the À eorrespondirag bo

mira I MxrrtJ,

EesulËs of M¡rtrx ínvesb.i-gaBÍott

A nurnber of bypi-eal first order sysËems in the range

O -( a -( ,l- were ira'resbigabed br fi&d nin [MxIxJ . One lnterest-

ing resr.eLb of Elre i-nvestågaËion v¡as &he faet bhab for every

sysbem s&r¡died Èhe val-ue of \ eorresponding to min [nn*f *]

was found to be -'5" T'ltis o'ccurred for al-l frequenci-es in
wr'/f

Èhe range tf inberest, :] -( i'¡ :\ wen
1Õ

I& Èhus appears bhat a minimåueui-on of Mx is suf-

fi-eienË bo miniraize MxIxp åb l-eas$ in bhe regíora of ir¿berest.

Obvi-t¡usl3r themu ,Èhe ehamge of I ¡+ wi"bh 
^ 

ås qr'aåt,e slovr eOü-

pared to the lf.near ehange wi-bh \ of M*" Fig.lre I shotqs

a plot of MT and mi-nl¡n.fd versus frequeney ín the regS-on

þre \< &Íme
nesr¡l-bs when bhe Li-near robabi-om is appli'ed'

Tnvegbigåbj.on of qrtorr esÈima'be minimiuabíon

fb was sråspeeted thal; t,he ¡¡atrt¡e of X yieldi'ng

^ c-- * ) .
mån iMxIxJ miglxb al-so y5-ei-d tlae mj-¡ti.mi¡m boi.xnds' fhis ídea

was pursued- by i.nves&Í.gabing seireral- firse order sysbems and

aetuai-ly ealer¡labi-ng bhae bound (for bobh approximaËe max f "r*(t'if

and exac6 max l"frtUl [ ] as À xtras i-berated slowly bhrougïr the

range ån r,¡hi.eh eie mLr¿¡.rnwn bou¡¡.d was known to li-e. rn all
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eases, fon frequeileies i"n Èhe range :i: \ w \ we, Ëne
to

mår¡j.mt¡m bound oecurred for \ = *"5s as suspected' It was

noõedu howe?er, bhat for frequer¡.cåes larger bhan W"lwhere

a T¡ound woul-d exåst even withor¡b bhe use of bhe linear rofa-

Èion, ÍË was noÈ necessarily t,rue ühab Ehe À to ¡nínimize

bl¡e bc¡¡,nd was alvrays -'5" ft thus appears b}¡ab in t'he region

of ån6eresbe ICTõç
deêermi-ning bhã bound and rausÐ ehange mueh more drasbi-ea1ly

w'i.Eh À Ëha¡t dses max l"l1( u ) | '
The foregoÍ-rag observaõioras årudicate that &he process

of deber¡¡rinlng bhe minimtm bou¡ed for bhe flrst order ease ån

bhe regíor,I ôf ånteres& is nol; as diffi.eul-t as fårsb was thought"

ForÈu¡ratenye \ op¿ is aLr+ays tþ¡.e sålne ar¡d bhe calculaLj-on of

Ëire mírui-mt¡¡r¿ boulad heeomes reLa+*ixrely strai.gh&forward'



APPENDTX B

I'{ínÍql_zqb:þr¿ of Mxfx

Mxfx was nsiníinized for a variety of second order

systems in the parbÍ-cular range O -( a \< 1; ,5 \< K -( 10"

T'L¡e rnosÈ Ímportanb resulb was the fact thab the minimization

díd nob aLways produce *T IMxl¡r!<f ' Ás a naiter of fact,

it, was only for a few systens investågabed that min [m*f*J < |
).

ån the compl-ete range k -( v¡ S we " It should be noted
I

rhab ^l-Ím ln{xr*l = 1, å3 thab min ft,c¡l*j i, al'vays 1 or
lÀl+oo À

Less" Þfloweveru in a ease where m{n [u¡IxJ=1, &he Garber-
À

Rozenvasser bor¡nd obviousLy cannob be appl-ied' sínce Í'ú vril-l

approach infinÍ.t¡r-"

Ib iças also nobiced bhaÐ in eases where min[mxfnJ(l

Ëhe r¡alue of À prod.r.eeÌ-ng bhe mini-mum was al"wags *o5. Sínce

a si-rnålar res-r¡lb had been found for firsL order sysôems, this

bended Èo eoirfirm 6he idea Èhab a mini.måzaÈi-on of Mxwould

al-so mÍni.,nåze Mxfx ¡.mder eertai-n eondiüiot¡s"

Figures 9 a¡rd to show plots of ffi and mj.n[iU*f*l

versus frequeney to indicabe bhe Large deerease eau.sed by

bhe applieabi-on of linear roÈat.i-on" Figure 9 i.s an eNample

of the ease where mÍn ffiofxj ( I for bhe complebe range

k -( w -( wc a so bhab an error bot¡nd ean be found in this
TO
enti-re range" 0n frhe ot,her hand.u Fi-gure lO is an example of

the ease where min []I*rtJ ( t onl,tr over parb of the range'

thus a bound eanr¿ob be fo¡¡yld over the whole range of interesb

ín 6his in.sbanee"
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The ease where bhe Garber-Rozenvasser bound could

not be applied over any of Èhe frequency region of j-r¡.berest

was found bo occur mosb ofben irc the investigabion of min{nn*f¡J

for öypi-cal sysbêTTrso fhe ease norroally occurred as the par-

ameter k was beÍ-rag increased whi-Le a remaj.ned eonstanb, or

while a was beånE deereased rshile k rernained coil.sbant "

@ry!.imíøabåon of errelr estimaÈg

For those cases in rîrhich bhe Ì¡our¡d eould be applÍed,

a¡¡ i.nvesbigation rqas made bo di-seover whebher or not the

mi,nimizabj"on of MreÏx v¡ould al-so minimi-ze the bouttd" This was

found Bo be correct, and sinee À = -"5 was always the opbímum

wal-ue u meanb çÌrab bhe caleulabi-on of &he bound was reasonably

straighbfortuard.


