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ABSTRACT

This thesis desc¡ibes various algorithms for solving computational problems in

cubic fields of negative discriminant.

A method for finding all the non-isomorphic complex cubic fields with discriminant

D > -106 is described. Three diffe¡ent methods were used to find the class number of each

of these fields. The speed of these techniques is discussed and seve¡al tables illustrating the

computational results are presented.

Since the above method for constructing cubic fields is not suitable for a large

absolute disc¡iminant, a description is givsn as to how all the non-isomorphic cubic fields,

which have the same given fundamental discriminant, can be computed by means of the

CUFFQI algorithm of Shanks. A description is given of the implementation of this

algorithm and its complexity is also discussed. The ¡esults of lunning this algorithm for

ce¡tain disc¡iminants are also presented.

An improved version of the Williams, Cormack and Schmid algorithm for

evaluating the regulator of a pure cubic field is presented. By using this algorithm and the

open Architecture Sieve system (oASis), some pure cubic fields which have large

regulators were found. Fu¡thermore, a brief description is given as to how OASiS can be

used to find several values of D such that the cubic polynomial x3+D has a lârge asymptotic

density of prime values. The Hardy-Littlewood constants which characterize this density

are also evaluated.

Finally, we show how the infrastructure idea of shanks can be used to produce a

fast algorithm for determining principal factors in pure cubic fields. This algorithm was

implemented on a computer and was used to test a conjecture of Mayer by determining the

existence of principle factors for certain pure cubic fields with large absolute discliminant.
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Chapter 1-.

An Introduction to ComPuting

in ComPlex Cubic Fields

$ 1.1 Introduction.

Letf(x)eZ|x]beanypolynomialofdegreen(>2),whichisir¡educibleovelthe

raríonals Q. If p is any fixed zero of f(x), denote by x = Q(p) the algebraic number field

of degree n formed by adjoining p to Q. Let f(x) have s real zetos Pt, Pz' Ps, "', ps and 2t

complex zeros ps+1, Þs+1, Ps+2, Þs+2, "', Ps+t, Þs+t, whe¡e this ordering of the n = s+2t

is fixed. If n = 2, then the algebraic numbe¡ field is either a real quadratic field or a complex

quadratic field depending on the values of s and t. Also, if n = 3, we can only have the

twocasesoft=3,s=0ort=s=l.Inthefilstcasewesaythatthecorrespondingfieldis

totally real; in the second case we say that the corresponding field is complex. Thus, if ô is

the real zero of

f(a,b,c;x) = a3 - aYZ + bx - c 
'

an ir¡educible cubic polynomíal with rational coefficients a, b, c and s = t = 1, then Q(ô) is

the complex cubic field formed by adjoining ô to the rationals. Furthermore, rve say that

f(x;a,b,c) is a generating polynomial of Q(ò). In the case when a = b = 0, we call Q(ô)

1
(ô = í/¡) a pure cubic field.

The purpose of this thesis is to develop efficient computational algorithms to solve

certain problems rvhich arise in the study of complex cubic fields. In this chapter, rve give a

bLief descLiption of the background matelial required for this thesis. In $1.2, we give a

brief description on the topic of algebraic number theory. Since we make extensive use of

Voronoi,s algorithm in this thesis, rve provide a sholt sketch of this algorithm in $1.3. We

further note that most of the problems we deal with here involve the determination of ideal

bases, the fundamental unit, and the class number of a complex cubic field. Thus, it is of
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importance to discuss some previous developments on these topics here. Finally, a brief

summary of this thesis is provided in $1.5'

$1,2 Definitions.

In this section we summarize many well-known properties concerníng algebraic

number fields. Most of these can be found in any standard text such as stewart and Tall

[ST79], Hua [Hua82] (also, see tWilS5l). If we define n mappings øi(í=1',2, "', n) of K

into the set of complex numbers by oi(p) = pi, o¡(a + B) = oi(a) + o1(B), and

oi(cB) = oi(cr)o¡(B) , for any cr, 13 € K, ttren o¡(P) = p, for some j, and the n-1

conjugatesofc¿€Karegivenbyoi(q),wherelsi<n,butí*j. In the case of n = 2 or

3, we use å or cr" o,' respectively to denote the conjugates of a. we denote the trace of cr

€Ktobe

r4a¡ = )o(o).
?=r '' '

We also denote the no¡m of o e K to be

ri(o) = flo(c).
i=1

If oi € K (i= L,2,3, .'., k) âre rationally independent, denote by [cr1, crz, a¡, "', ax]
k

the ser {).xia1 lxieZ}.If GLk(Z) is the group of all k x k matrices with ent¡ies from Z

and dete¡minant t1, then [cr1, cr2, cr3, "', qx] = [13r, l3z' 13¡, "', Fi] if and only if

(1.2.1,) A=MB,

rvhere A is the vector ((tt,oz, cg, "', ct), B = (l3r' þ2,þs,"', B¡) and M e GLk(Z)'

'We will require the following result (see [Hua82] p'376).

Theolem l,2,l, Let a be the gccl(ai1, a!2' aß, "', art), where a1i e Z 6 = 1' 2' ""

k). There is a matrix M c GLk(Z) rvhose first row is made up of the enlries a¡la, a72la,

a3la, "', a1¡/a, I
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Let O¡ç be the ring of algebraic integers in K. There exist rrl1, co2, "', tr:n € O¡ç

such that O¡1 = [o1, trl2, .", tr:¡] and the set {<r11, trrz, "' , ton} is called a basis or Z-basis

of O¡ç, By virtue of Theorem 1.2.1 and (1.2.1) we may assume tha! thers exists a basis of

O¡ç, where or = 1. If we put Yij = oi(oj) and define A[c1, o2, "', an] = (det(1¡¡)n"n)2,

then the discriminant D of K is defined to be Á[cu1, cr:2, "', ton], Also, if cr and cr'1 are

both in O¡¡, then we call a a unit of K. In fact, a necessaly and sufficient condition for an

algebraic integer c to be a unít is that N(c) = tl By the well-known theorem of Dedekind

we know that the non-torsion part of the group of units of O¡ç has s + t - 1 generators,

known as the fundamental units of O¡ç. If E1¡ E2t "'t e,*,.1 is a system of fundamental

units of O¡ç, we define the regulator R of O¡ç to be ldet(logloi(e:)l)1. In the case of

s+t-1=1, we usê rs (> 1) to denote the fundamental unit of O¡1 and R = logeo.

Since O¡ç is a commutative ring, a subset a of O¡ç is an (integral) ideal of O¡ç if

for any a, p € a we must have c + 13 € a and cÇ € a for any Ë € Or. If f3r, i3z, "', þ.

€ O¡ç we denote by (0t, f3z, ..., B') the set tËg,p, lEt € Or); we see that this set is
îa

an ideal of 06 and we say that f3r, 02, "', Pm are generators of this ideal. Furthernore, if

a is any ideal of O¡ç, then a = (13r, l3z, "', pr) for some Êi C Or ( = 1,2,3, "', *)

and m is finite. We also have the following

Theolenr L,2,2, If a is any ideal of Oç, then there exist a1 € O* 1i = 1, 2, 3, "', n)

such that

c1 = at 1o1

o.2 = a21t\ + a22Lt)2

ûn = ân101 + an2a2 + "' + annon,

where a¡¡ e Z, a¡> 0 (i = L,2,3, ..., n; j = 1, 2, "', n) and

¿ = [n1, a2, q3,..., cn]. I

Also, there exist 81,132,0¡,..', fln € Or such that



'= {)-,0, lxiez (i = 1,2,3, ..., ,)}

This set {13r, l3z, ß¡, ..., l3ni is said to be a basis or Z-basis of a.

A¡ ideal ¿ = (cl), which is generated by the single generator q, is called a p¡incipal

ideal. The ideal (1) = Ox is called the unit ideal. If a = [qr, c,z, c.3, ,.,, a¡] and b = [81,

þ2, Fy ... , ßr], *e define the producr ab to be that ideal generated by the km generarors

qiþj (i = 1',2, ,,,, k; j = 1, 2, .',, m).If a and b are two ideals of O¡ and there exist

non-zero c' B € o¡ç such that (a)a = (B)b, then a and b are said to be equivalenr and we

write this as a - b. This is a true equivalence relation which partitions the set of ideals o¡ç

into a finite number h (the class number) ofdistinct equivalence classes. If we denote these

classes by Cu C2,..., C¡ and define CiC¡ to be the class { ab la € C¡, b € C¡i, then

under this operation these equivalence classes form a group G called the class g¡oup of K.

The identity of this group is the class of principal ideals. we also note rhat if a = [cr1, cr2,

a3, '.., a¡] is an ideal of O¡ç and ÀA = FB, where À, p € Or, A = (at c2 ca ... cn),

B = (|3r, Fz, þy.,,, Br), then b = [ßr, þ2, Ft,..., pn] is an ideal and a - b.

we say that the ideal a divides the ideal b (a I b) if there exists an ideal c such that

b=ac. It can be shown that a lb if and only if a I b. If a | (c), then we say thar a

divides c (alc). If a I a-8, when a, p e O¡¡, then we say that a and B are congruent

modulo a (a = B (mod a)). If we denote by N(a) (the norm of a) the numbe¡ of distinct

residue classes modulo a, then

Å[c1, a2, ca, .'., d¡] = N(a)2D,

rvhere a = [ar, az, a3, ..., cn]. AIso, if a = (cr), rhen N(a) = lN(c)j. Furthermore,

N(ab) = N(a)N(b)' Throughout this thesis, we will assume thar the ideals rve are

considering are not the zero ideal (0).

It is an easy matter to see that we can alrvays embed 1 into a Z-basis for O¡ç. If
o1 = 1, we see f¡om Theorem 1,.2.2 that a = [a1t, ct2, ctJt ,,,t cn], where all e Z.
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This value of ai1 is unique for a and is the least positive rational integer in a. We denote it

by L(a).

we say tha! a is a p¡imitive ideal if it has no rational integer divisors except 1. In

other words, if (e) la, where e aZ,lhen e must be t1 if a is primitive. A reduced ideal

is a primitive ideal a such that there does not exist any non-zero d € a thât satisfies

loi(o)l . L(a) for i = L,2, "', n. There are only a finite number of reduced ideals of

oK.

$ 1.3 Voronoi's algorithm.

in this section we briefly desc¡ibe Voronoi's algorithm for determining the minima

in a cubic lattice. For more details the reader is referred to Voronoi[Vor96], Delone and

Faddeev [DF64], Williams, cormack and seah [wcss0] or williams and Dueck [wD84].

læt F be a cubic field of negative discriminant. In order to find the fundamental unit

of F, Voronoi's continued Fraction algorithm is often used. This algorithm, which is

particularly suited to the problem of finding the fundamental unit in a complex cubic field,

is an extension of the Regular continued Fraction algorithm, as used in real quadratic

fields, to the case of cubic fields. It should be noted that Voronoi gave algorithms for

application both in the complex cubic case and in the totally real case; however, rve rvill

focus our attention here on the complex cubic case only. Our discussion will be based on

the description of the algorithm given in [DF64] (pp'273-30Ð'

if q € F and its congugates are or and a", define the point A € R3 corresponding

to cr by

A=(c, 11o, Ëo ),

where r1o = (cr' - a") l2t,td= (cr'+ c") 12, í2 = -1' Notethat

a'cr" = lc'12 = lcr"l2 = ì1o2 + Eoz'

If À, ¡r, v c F and À, ¡,r, v are rationally independent, we define the lattice L

(R3 f L) of F with basis {À., p, v} by

¡ = { al. + bp + cv I a,b, c eZ}.
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when c¿ c F and A € L, for the sake of brevity we will often use the notation cr € L to

denore that it is really the corresponding point A that is in L. we also use cL to denote the

lattice with basis {a},, cl¡r, av}. If A (or c) is any point of L , rve define the norm body

NB(A) of A to be

NB(A) = NB(cr) = {(x,y,z)lx,y,zeR; lxl < c; vz + 22 3lo.tlz}.

Here, if l"'l = lf3'l (c, p € f), we must have cr = xþ (see p.274 of [DF6a].). We sav that

Q (* 0) is a (relative) minimum of L if NB(þ) n L = {(0, 0, 0)}. If Ô and rp are minima of L

such that

o<O<v' 0'0">v'!J"

and there does not exist a co e L such that O < o < r¡r and o't':" < 0'0', we call Q the

minimum of the first kind adjacent to !r; and we call rp the minimum of the second kind

adjacent to Q.

since the term "puncture,, is mentioned in the subsequent chapters, we define the

puncture of any Q € L to be a point o = (Eo¡tJ in the x-y plane of R3, where

Eo = (2O - o' - a") I 2, tln =(a' - a") / 2i.

Consider now the sequence

( 1.3, 1) 01,02,0t,..., o¡,...'

where 01 is a minimum of L and 0i*1 is the minimum of the first kind adjacent to ei fol

i = 1,2,3,..,. We call such a sequence a chain of minima of the first kind' If ei+1 is the

minimum of the second kind adjacent to eifor i = 1,2,3, "', we call (1'3 1) a chain of

minima of the second kind. By Minkowski's theorem (see [DF64]) it can be shown that

there always exist such chains in L. Voronoi âctually gave two algorithms, one for finding

chains of minima of the first kind and one for finding chains of minima of the second kind,

However, he pr.ovided a detailed proof for the first of the two algorithms only. In this

thesis we will confine our attention to a method for obtaining a chain of minima of the

second kind for L.
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It should be emphasized here that Voronoi's algorithm produces all the minima of

L, For example, if p is a minimum of L and |.[ > 01, lhen F = 0n for some n in a chain of

the second kind. Let OK = [1, rr:1, <o2] and let L be the lattice over F with basis {1, ot,

ro2), Since lN(")l t 1 for all nonzero cr € O¡ç (N(a) e Z), we see that 1 must be a

minimum of L. By using Voronoi's algorithm, we can find

01 = 1,02, e3,.",0n, "',

a chain of relative minima of the second kind for L, since e¡ € o¡ rve must have e¡ € L

and since N(e6) = eog''g.t' = Ê0leo'|2 = 1, e0 must be a minimum of L; thus, at Some point,

we must find a minimal k (> 1) such that N(0k) = 1' In this case we have

eo=ot

and

¡ = log0¡.

We also point out that for a given ideal a, Volonoi's algolithm can be used to find all the

reduced ideals which belong to the same ideal class as a. For a given reduced ideal a1, ive

can use Voronoi's algorithm to produce a sequence of equivalent reduced ideals

ày à2' a3, " 
" 

ân, "'.

At some point we find a1 = ai for some minimal i (i > i)' lVhen this occuls we knorv that

all the reduced ideals belonging to the same ideal class as â1 have been determined.

$ 1.4, Biblioglaphic Infolmation'

In the cou¡se of conducting computational work in any algebraic number field, three

important (and difficult) problems frequently have to be dealt with. These are:

determination of ideals of o¡ç (usually in their z-basis form), computation of a set of

fundamental units of K (or at the very least the regulator of K), and the evaluation of the

class number (and possibly the class group structure) of K. For a discussion of these

topics in the context of a genelal K the reade¡ is referred to the book of Pohst and

Zassenhaus [P289]. As it tvill be necessaly for us to deal with these problems as they relate
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to complex cubic fields, we will provide, in this section, a brief description of the progress

rvhich has been made on them. Further bibliographic information on the particular

problems addressed by this thesis rvill be provided in the introductions to the variuos

chapters. In this section we will fi¡st discuss the problem of determining the ideals of O¡.

After that, rve will recount the plevious developments on finding the fundamental unit and

class number of a general complex cubic field. This will then be followed by a lengthy

summary of the pLogress of determining the fundamental unit and class number of a pure

cubic field, a subject on which there is a surprising amount of lite¡ature. our app¡oach to

the discussion of each of these topics will be chronological.

The ploblem of determining the ideals of O ¡ can be divided into two sub-

pLoblems, The first is the factorization of rational plimes into prime ideals of Op, and the

second is the calculation of the Z-bases of the ideals of op with prime porver norms.

These two problems were completely solved by Voronoi. ln his voluminous master's

disse¡ration [Vor94] (also, see [DF64]), he worked out methods for determining the

decomposition of the rational primes. He also determined Z-bases not only for the prime

ideals in any cubic field, but for products of certain prime ideal powers as well. From this

infor.mation he was able to show how a Z-bases for any ideal of op could be determined.

Since the time of Vo¡onoi, several papers have appeared which deal with the problem of

determining how the rarional primes factor into prime ideals of o¡. In [wah22], wahlin

gave a detailed table for the factorization of any rational prime in op. This problem was

furrher srudied by Jaeger [Jae30], Hasse [Has30], Tornheim [Tor55], Arai [Ara81A] and

[ALa818]. Also, Martinet and Payan [MP67] dealt rvith this problem in a more general

context. Finally, we mention that Llorente and Nart [LN83] presented a method which is

very similar to the one given in [Wah22]. All these methods determine the factorization of a

rational prime by making use of the generating polynomial of the cubic field' We note that

there is a convenient tâble for practical use given in [LN83]'
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We now turn to a discussion of previous results on the problems of finding the

fundamental unit and class number of a complex cubic field. A theory of units in cubic

fields was outlined by Hermite [Her50] to Jacobi in 1850. His principle was applied by

charve [cha80] to the calculation of a unit for cubic number fields. charve utilized ternary

quadratic forms with a single continously vaLying parameter for the calculation of a unit of

a cubic field with negative discriminant. As a result, he was able to develop a method for

finding a complete system of reduced foLms, which consequently produces a unit of the

cubic field. However, by neglecting the principle of Hermite's idea, charve's method does

not necessarily find the fundamental unit.

In 1893 a table of fundamental units of q(h) for c s 23 was included in an

unpublished manuscript of Voronoi (see vol. 3, p.252 of [Vor52]). In the folloiving

January, Voronoi completed the work "on a certain modification of the algorithm of

Jacobi" (see Vol. 1, pp, 121.-L80 of [Vor52]). In this unpublished manuscript' he gave an

algorithm for finding the fundamental unit of a complex cubic field. In fact, his research on

finding the fundamental unit of a cubic field with negative discriminant was in a complete

srare at rhis time (see Yol.7, p.282 of [Vor52]). However, he delayed publication of his

results until 1896 rvhen his docto¡al disse¡tation [Vor96] appeared. In this remarkable

rvork he pr.esented algorithms for finding the fundamental unit(s) in both complex and

totally real cubic fields. We should mention here that these ideas were recently extended to

other algebraic number fields by Buchmann [Buc82] (also, see[Buc85A] and [Buc85B]).

Fur.thermore, as mentioned earlier, voronoi provided two methods for finding the

fundamental unit e¡ of a complex cubic field; one finds es (> 1) and the other one finds

eo-1 (. 1).

To the best of our knorvledge, the first table of units and class numbers for general

cubic number fields was given in 1899 by Reid [Rei99]. He found 161 cubic number fields

having positive ot negative discriminant. For each field, he gave the clâss number, the

discriminant, a basis, and the factorization of certain rational primes into their ideal factors,
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Units were also given for most of the fields. However, the units found a¡e not necessarily

fundamental.

In 1913, Benvick [Ber13] developed, f¡om geometric considerations, a process for

deriving the expansion of a cubic irrationality, for the case of a generating equation having

one real root, so that periodicity ensues in every case. For a complex cubic field F, he

showed that an ideal of o¡ can be linked up with an equivalent ideal by a substitution

deLived fr.om the coefficients of the expansion, and that every ideal is equivalent to one of a

finite numbe¡ of reduced ideals. He then went on to give a method for linking up all the

equivalent reduced ideals in one closed cycle, Hence, this closed cycle produces the

fundamental unit of F. We further point out that Be¡wick's method is very similar to

Voronoi's algorithm for finding the chain of the second kind; that is it computes es.

We should also mention the method discussed by Arwin [Arw29]. He presented

some results concerning equivalent ideals and the construction of units in cubic fields. He

then went on to sketch a method for finding two independent units in a totally real cubic

field.

By using Voronoi's algorithm, Delone and Latyseva (see p.303 of [DF6a])

calculated a table of fundamental units for all complex cubic fields with discriminant no

larger than 379 in absolute value.

ln lwz7zl, Williams and Za¡nke presented two tables of machine calculated

fundamental units for various complex cubic fields. Instead of finding all the complex cubic

fields rvith discliminant less than a given bound, they found the fundamental unit for those

complex cubic fields having the absolute value of the coefficients of the generating

polynomial less than a given bound. In one table they used 10 as the upper bound, and 50

was used in the other table. The fundamental unit and generating polynomial for each of the

complex cubic fields were provided in both tables. The fundamental units were found by

using Voronoi's algorithm. They also gave a description of the algorithm of Voronoi,

which is useful for the purpose of programming this algorithm on a computer. In the
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following year, Angell [Ang73] used a computel to produce a table of all complex cubic

fields with negative discriminant greater than -20000. For each of the 3169 complex cubic

fields that he found, he gave the generating polynomial, fundamental unit, and the class

number. Again, Angell made use of Voronoi's algorithm in his computations'

In 1985, Dueck and williams [DW85] presented a fast (assuming the Generalized

Riemann Hypothesis) algorithm for finding the class number and class group of a complex

cubic field. This method extends to the complex cubic case the ideas of LenstLa [Len82]

and Schoof [Sch83] in the real quadratic case. The algorithm was implemented and used to

determine the class number and class group structure for all pure cubic fields Q(h), *i¡t

2 <c<30000.

Another recent development in finding the fundamental unit of a complex cubic field

is that of Brentjes [Bre81]. By using arguments from plane geometLy, Brentjes developed a

two-dimensional continued fraction algorithm. He further showed how this algorithm can

be applied to solve the unit problem in complex cubic fields. Also, he gave a table of

fundamental units for some miscellaneous complex cubic fields'

At this point, we have listed all the paper, known to us at the time of writing, on the

topics of finding the fundamentâl unit and class number of a general complex cubic field.

We should also point out that there are se¡veral general methods for finding units in

algebraic number fields. For examples of these, see Billevich [Bil56], Buchmann [Buc86],

[Buc87], Buchmann and Pethö [8P89], Pohst and Zassenhaus IPZ'17), lPzgzl' lPzggl'

Pohst, Weiler and Zassenhaus lPWZ8zl, Steiner and Rudman [SR76], [RS78], and

Steiner [Ste76]. For the remainder of this section, we will focus on the ploblems of

determining the fundamental unit and class number in a pure cubic field'

Besides their applicatìon to charve's method, Hermite's ideas were also

implemented by Zolotalev [2o169] in 1869. Indeed, Zolotarev was the filst to develop

Hermite's suggestion in the case of a pule cubic field. in his little knorvn master's thesis

',On an indeterminate equation of the third degree" published in Russian in 1869, he
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developed a method for finding the fundamental unit of a pure cubic field. His idea is based

on the study of successive minima of a ce¡tain positive te¡na¡y form containing a

continuously varying parameter. Although Zolotarev's method is remarkable, it requires

fulther supplements in order to find all the successive minima. Because of the need to

include these supplements in his method, the practical value of Zolotarev's method is

reduced significantly.

In 1890, Mathews [Mat9OJ found a solution of the diophantine equation

F"(x,y,z) - x3 + cY3 + ú23 - 3cxyz = L

for c = 2, 3, 4, 5,'1, 1't. As

N(x+ cY + szz) = F"(x'Y'z)

whe¡e cr3 = c, this solution yields a unit of q(h) fut c = 2, 3, 4, 5,'7,11, Ho'rvever,

Mathews was unable to shov/ that these units are fundamental (in fact they are

fundamental). In the follorving year, Meissel [Mei91] derived a new method for solving

F"(x,y,z) = 1, By using this method, he found solutions for all cube-free values of c whe¡e

c < 82. Also, he admitted the uncertainly of his method for finding a solution which is

fundamental. Although he illustrated the use of congruences in determining whether or not

a given solution is fundamental, he was not able to show that all of his solutions were so.

In connection with his theoretical investigation of pure cubic fields, Markoff

l{aßz1gave several units and a few class numbers for some pure cubic fields. He gave a

table of units of Q(ÎÆ) for 2 < c a 70. With the exception of those given for c = 28 and

55, the orher unirs are fundamental. in 1900, Dedekind [Ded00] described a method for

determining the class numbe¡ of a pure cubic field Q(h) . Hr found some more values of

the class number by using Markoff's table and incidentally proved certain of the units

found by Markoff to be fundamental units.

With the exception of Volonoi and Berwick's methods, most of the othel methods

do not necessarily provide a fundamental unit. Instead, most of the existing methods tend

to find a unit and then determine whethe¡ or not that unit is fundamental. General criteria
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for a unit to be fundamental were developed by Nagell [Nag23]. In his paper [Nag23], he

gave a list of units of Q(Îac), most of which are fundamental, Unfortunately, there are a

few errors in his table; these occur when c = 41, 55, 180, 182. In the same year, Wolfe

[Wol23] pLovided the minimum positive solutions of the equation F (x,y,z) = 1 for

c < 100 which, in the case of c square-free and c * t1 (mod 9), yields the fundamental

unit for Q(h). fnere are several erro¡s in his table, namely in the following cases:

c='12,82,85,96,97.

In 1928 Pocklington [Poc28] gave a method for finding units of Q(h) which he

claimed to be practical and convenient. In his paper, little attention was given to the

theoretical aspects of his method. He presented a table, containing the fundamental unit and

its reciprocal of Q(1/õ) for c < 33. Although lte successfully calculated these fundamental

units by using his method, he was unable to prove that his method ahvays pfoduces the

fundamental unit. The basic idea of his method is similar to that of the algorithm of

Voronoi, Besides Pocklington's paper, anothel method for finding a unit of a pure cubic

field was also inrroduced at about this time. This is the method of Pierce [Pie26]. His

technique makes use of approximations to the real zero of the generating equation in the

determination of units in pure cubic fields. Unfortunately, this method does not necessarily

produce the fundamental unit.

In [Usp31], Uspensky gave a method for finding units in pure cubic fields' He

retained the basic principle of Zolotarev's method, but departed from Hermite's

requirement to consider minima of a variable ternary folm. According to the author, the

main feature of his method is that it can be applied to numerical examples with compalative

ease. However, his method does not necessarily find the fundamental unit. He pointed out,

though, that if the unit found is not fundamental, then the fundamental unit can easily be

obtained.

A complete and erro¡-free table of the class numbe¡ and fundamental unit of Q(hc)

for c < 50 was given by cassels [cas50]. Although cassels did not show that all his units
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are furìdamental, Selmer [Sel55] later veLified that the units are indeed fundamental,

Furthermo¡e, Selmer [Sel55] provided a table of class numbers and fundamental units of

Q(1Æ) for all c s 100. Later he [Sel] extended this table to c < 250.

It seems that Cohn [Coh57] was the first ¡esearcher who used a computer to find

the class number of a pure cubic field. He implemented Dedekind's method on a computer

and obtained class numbers fo¡ some pure cubic fields for which he could easily determine

the regulator,

After computers became widely available, it became possible to do much more

work in this area of research. In [Wad70], Wada used the computer TOSBAC-3300 to

compute a table of fundamental unit of O(h) for 2 < c < 250. In the same year, Sved

[Sve70] used the algorithm of Szeke¡es [Sze70] to calculate units of Q(Î¡¿) fo¡

2 s cs 199. She did not stop after finding one unit, but tried to obtain mo¡e. Her ¡eason

was that if all units are powers of the first one that she found, then it would be ¡easonable

to suppose the first one to be fundamental. Some of the big units found by Sved were late¡

checked by te Riele (see [Bre81]), and they were proved to be fundamentâl. On the other

hand, there is no mathematical certainly that the szekeres algorithm will always ploduce the

fundamental unit.

In 19'11., Beach, Williams and Zarnke IBWZTL) computed a table of the

fundamental units and class numbers tor all Q(1Æ) (1 s c < 998). We also mention that

they used Voronoi's algorithm for determining the fundamental unit and Dedekind's

formula [Ded00] for calculating the class number, an idea which they got from [Coh57].

In [BWB76], Barrucand, Williams and Baniuk gave two different computational

techniques for determining the class number of a pure cubic field. The first technique made

use of a transformation of the Dirichlet series, and the second made use of the Euler

product to estimate the Artin L-function at 1. This second technique is similar to the method

used in [Sha74]. Both techniques are much faster than the computational technique of

[Coh57] and [BWZ71]. Tbey were implemented on an IBM computer, and the class
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number for each pute cubic field Q(?Æ) for c < 9999 was obtained' The authors noted that

the second method appears to be faster than the first. However, the second method is not

mathematically rigorous. In [Wil76], Williams used the Euler product method to dete¡mine

the class number of each of the pure cubic iiel¿s Q(hd, where q (= -1 (mod 3)) is a prime

and q < 35100. He also examined the stability of the percentage of these fields having

class-number one.

In [JH78], Jeans and Hendy presented a method for determining whether or not a

known unit of a pure cubic field is fundamental. The main feature of this method is that if

the unit tested is not fundamental, then the method can be used to produce the fundamental

unit. Jeans and Hendy used this method to prove that Sved's units for c = 767, t1'l are

fundamental.

In 1978, Eisenbeis, Frey and Omme¡born [EFO78] used a modification of an

algorithm of Birch and Swinnerton-Dyer to develop a technique for computing the 2-rank

of the class gLoup of Q(1Æ). Using this method and the class number table of [BwB76],

the 2-rank of the class group of Q(hc) was computed for c < 10000. They noticed that for

those fields Q(hc) such that c = 8 (mod 9) the percentage having class numbel one was

surprisingly high (about 60vo).In order to test this fufther, williams and shanks [wS79]

used ân improved ve¡sion of the Euler product method, as described in [BWB76]' to

determineallthosepurecubicfields Q(h) naving c = 8 (mod 9), c < 2x10s and h = 1'

They also suggested a few interesting ideas for improving their algorithm. We should also

mention that these computations tve¡e extended to values of c < 106 by Tennenhouse and

Williams in [TW86]. These computations added further confirmation of the phenomenon

noticed in [EFO78].

At an AMS meeting held in San Fransisco, Atkin [Atk81] discussed a nerv

technique for finding a unit of Q(1Æ). Atkin's method, which is reminiscent of that used in

the r.eal quadr.atic case by Pohst and Zassenhaus lPZ76l, is almost entifely distinct from

voronoi's algorithm. His method is 1o factorize algebraic integers of small norm, and use
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the Chinese remainder theorem to find the positive fundamental unit less than unity. He

also suggested that his method appears to be faster than Voronoi's algorithm' However, its

main weakness is its dependence on some luck in order to obtain the fundamental unit.

Indeed, he admitted that his method did not produce the fundamental unit in a few

instances.

Although it cannot be proved at this time, the coefficients of the fundamental unit

for a complex cubic field tend to increase exponentially as the absolute value of the

disc¡iminant increases. in order to avoid the large amount of precision required for the

computation of the fundamental unit, it is now customary to compute the regulator of a

complex cubic field instead, when the absolute value of the discriminant is large. In

[WCS80], Williams, Cormack and Seah gave a modified version of Voronoi's algorithm

for obtaining the regulator of a pure cubic field a(hl. ffti. nerv algorithm has the

advantage of executing relatively rapidly for large values of c. It also eliminates a

computational problem which occurs in almost all algorithms for finding units in algebraic

number fields: this is the problem of performing calculations involving algebraic irrationals

by using only approximations of these numbers. A table of regulators and class numbers of

Q(iÆ), *nere c s 105, and the class number of a(h) i. not divisible by 3, was

computed, This method was subsequently improved by Williams [Wi180] for certain pure

cubic fields.

In [Sha72], Shanks discussed. a technique for finding the regulator of a real

quadratic field rapidly when the discriminant is large. His idea allows one to improve the

speed of the continued fraction scheme by allowing one to proceed almost directly from the

nth step to the mth step in the continued fraction, where m is approximately equal to 2n. A

ferv years later, Lenstra [Len82] and Schoof [Sch83] presented another version of the ideas

in [Sha72], Both Shanks (see [Sha76] and [WS79]) and Lenstra (in [Len82]) pointed out

that it should be possible to extend Shanks'ideas to the cubic case' In [WDS83], Williams,

Dueck and Schmid showed how Shanks'idea could be exlended to Voronoi's algorithm.
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They also discussed at length an algorithm for finding the Iegulator and class number for

pure cubic tields Q(hc). Unfortunately, there is a major deficiency of the algorithm. The

problem is that there is no mathematically rigorous ploof to show that the value of h, the

class number, produced by the algorithm is correct. on the othe¡ hand, the authors

suggested that if h is small, then their method is very likely to find h corlectly. In spite of

the slight lack of confidence in h, however, the regulator found by the algorithm is correct.

Assuming a Gene¡alized Riemann Hypothesis, it was shown that the new algorithm can

find the regulator and class number correctly in Olczls*t¡ operations. Consequently, when

h is small, the new algorithm is a significant improvement over Vo¡onoi's O(c1+€/h)

algorithm for finding R.

In [WD8a], Williams and Dueck used an analogue of the nealest integer continued

fraction algorithm to determine the regulator of a pure cubic field, This method can be used

to find the regulator in about 75 percent of the time needed by Voronoi's continued f¡action

algorithm. They implemented the method and dete¡mined the regulator oi Q(1Æ) ror c

s 91000.

Recently, Nakamula [Nak88] presented a table of fundamental units and class

numbers for all the pure cubic fields having disc¡iminant between -300 and -270000. The

merhod used by Nakamula is based on [Nak81] and [Nak82]. For a pure cubic field F with

discriminant D, we define the elliptic unit to be esh, where es is the fundamental unit of F

and h is the class number of F. The method utilizes the elliptic unit foI the simultaneous

determination of the fundamental unit and class numbe¡ of F. The significance of the

method is that no calculation in F is needed. Indeed, this method is completely diffe¡ent

from Voronoi's algorithm. In fact, it computes the fundamental unit and class number by

performing some arithmetic in an imaginary quadratic field Q(r/D) and approximating the

value of the Dedekind eta function.

Before we leave the topic of finding the fundamental unit of a pure cubic field, we

should mention some other algorithms for finding units or the fundamental unit in Q(h).
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The major weakness of these methods is that they are only suitable for certain pure cubic

fields; thus, little emphasis is placed on these techniques here. One such technique utilizes

the Jacobi-Perron algorithm on which there is a lengthy literature. As an example, we

mention the paper of Bernstein [Ber74]. The Jacobi-Perron algorithm is periodic (and

therefore useful in computing units) for certain vâlues of c only. For most other c values,

the Jacobi-Pe¡ron algorithm does not seem to be periodic. Thus, this method appears to be

of limited utility, We should also remark that the fundâmental unit of some pure cubic fields

can be found by using the method given by Stender [Ste69]. The basic idea behind this

method is some inequalities given by Nagell [Nag23]. However, it is also only suitable for

pure cubic ¡elAs Q(h) in which c has a ce¡tain parametric form. Later, Rudman [Rud73]

extended Stende¡'s results, Finally, Williams [Wil76] extended Rudman's results by

developing a method for finding the fundamental unit of ce¡tain pure cubic fields explicitly

in terms of solutions to the Diophantine equations x2 - 3y2 ='2 and t2 ' 3uz = 1'.

$1.5 Summary.

Terms used here, which have not yet been defined, are discussed in the introduction

to the relevant chapter, In Chapter two, we present an algorithm which can produce all the

non-isomorphic complex cubic fields with discriminant less than a given bound. This

algorithm is implemented and used to find all the distinct complex cubic fields with

discriminant D > -106. In the following chapter we discuss three different methods for

finding the class numbe¡ of a complex cubic field. The class number is computed fo¡ each

of the fields generated from the previous chapter. Also, the regulator and class group

structure are determined for each of these fields.

In Chapters 4 and 5, we desc¡ibe a diffe¡ent method for finding all the non-

isomorphic complex cubic field for a given large fundamental discriminant. This method is

an automated version of the CUFFQI algorithm of Shanks. Chapter 4 deals with the
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theoretical aspects of the CUFFQI algorithm. The computational aspects of CUFFQI,

including a detailed description ofthe algorithm, are discussed in Chapter 5.

In Chapter 6, we give a fast computational technique for finding the regulator of a

pure cubic field. This technique is a modified version of the method given in [WDS83].

This method was implemented and tested on some pure cubic fields with large regulators.

In Chapter 7, we present a method of finding cubic polynomials of the form x3 + c @ e Z)

which have a high asymptotic density of prime values.

In Chapter 8, we describe a new computational technique for finding the principal

factors for a pure cubic field. This algorithm was implemented and applied to some pure

cubic fields with large discriminant.
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Chapter 2.

Construction of Complex Cubic Fields.

$2,1 Introduction.

In the last 10 years, there has been a series of new developments in the construction

of totally-real cubic fields. Llorente and Oneto [LO82] first produced a complete table of

totally-real cubic fields with discriminant D < 105. By using a different method, Ennola and

Turunen [8T85] computed a table with discriminant D < 5 x 105. Recently, with an

improved version of the method developed in [LO82], Llorente and Quer [La88A]

produced a table with discriminant D < 107. Howevet, since the work of Angell [Ang73]

little work seems to have been done on the tabulation of complex cubic fields. In this

chapter, we will desc¡ibe an algorithm which was used to produce all the non'isomorphic

complex cubic fields with disc¡iminant D > -106. This method is a modification of the

method used in [LQ88A]. We furthe¡ point out that the previously mentioned table of

Angell (see also Shanks [Sha75]) only dealt with fields with discriminant D > -20000.

$2,2 Definitions,

Any cubic field F can be generated by the ze¡o of an irreducible (over the rationals

Q) polynomial

(2.2.I) f(a,b,c;x) = x3 ' ax2 + bx ' c,

where a,b,c e Z.The discliminant of the polynomial f(a,b,c;x) is given by

(2.2.2) D(a,b,c) =¿262*18abc-4b3 -4a3c'2'7 c2.

Further, the discriminant D of the field F is given by

(2.2.3) D(a,b,c) = DI2,

wheLe I = I(a,b,c) is the index of the polynomial f(a,b,c;x). We fulther point out that a field

generated by the polynomial f(a,b,c;x) is also genelated by the polynomial

(2.2.4) f(a',b';x) = x3 - a'x * b',
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where

a'=3a2-gb,

b' = 9ab -2a3 -2'7c.

The discriminant D(a',b') of this polynomial is given by

D(a',b') = 4¡3 -2762 =DI'z =D(271)2

for I given by (2,2.3).

For every prime p € Z and integer m, vp(m) denotes the greatest integer k such that

pk divides m. If there exists a prime p such that v p@') >2 and vp(b') > 3, then we replace

the coefficients a' by a'lpz and b' by b'/p3. These replacements do not change the field F

generated by f(a',b';x) but they reduce the size of the index of the polynomial f(a',b';x).

It should also be mentioned (see [LQ88A]) that

(2.2.s) D = dTz,

where d is the fundamental discliminant of the quadratic field Q(/D),

(2.2.6) T=3mTo (0<m<2),

and Ts is a square fiee integer such that GCD(Tg,3d) = 1.

$2,3 Bounds on the coefficients and the index of the polynornial f(a'b,cix).

The basis of our construction of the complex cubic fields is the following Theorem

of Angell [Ang73] (misprint coLrected).

Theoren 2,3.1,I*t F be a cubic numbe¡ field with discLiminant D < 0, There is at least

one polynomial which generates F such that if the zeros of the polynomial are a,ptiy

(c, B and y are teal numbeLs),then0<c< 1, 13>0and

s = S(a,fj,r) = (a-13)2 + 3y2 < y'lDl. ¡
Since a,b,c ale given by

a = o. + 2í3,b = 2cr0 + ll2 +'t2, c = a(þ2 + yz),

we deduce the following Lemma from Theorem 2.3.1, (2.2.2) and (2.2'3)
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Lemnra 2,3,L Lel F be any cubic field with discriminant D < 0. Then F is generated by

some polynomiat f(a,b,c;x) such that a,b,c e Z,

o < a < 3 + 2lDlrt4,0< b < (a2 + r{Dl)/3,

and 0<e<(a2-3+2llÛl)16.

Also, the index I = I(a,b,c) must satisfy 3y'31 < (124a2 + 432a + 4,/lDl + 7ZO¡tlz '

Proof. We know that

s>(a-0)2

and 13 = (a - o.) I 2; hence

S > (a-3cr)2/4.

We know that 0 < c < 1 and y'lDl > S; therefo¡e, we have

3+2lDllta>a.

By putting y2 =b -2o.þ - B2 and p = (a-a) l2 into the equation

S=(cr-13)2+3t2,

we get

s=(3q- a)212-ø2-3b).

But (3c - a¡212 > O and y'lDl > S; thus, we can conclude that

S>3b-a2

and ir{Dl +a2¡ll>u.

By using the substitutions for 12 and p, we can write

c=a(b-acr+a2),

and S >(a-B)2+12

.c2-3ar'-a2l2+3b

> 3(b - ac I ç727 ¡ 3ø212 - azlL.

However,

b - aq + az = clci
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thus we get

S > 3cla +3ctzl2-a212

and r,{Dl/3+ a2l6-1,l2rsl3+a216-112>c.

As fo¡ the index I, we know that

gP = u262 + 18abc - 4b3 - 4a3c - 2'7 &'

Since a, b and c are positive integers, we have

4b3 + 4a3c + 2l cz > loltz.

By using the upper bounds on a, b and c, we can easily deduce the bound for the index

I.J

As a consequence of Lemma 2.3.7 we see that if we wish to determine all the

possible complex cubic fields with discriminant D satisfying lDl s B, where B is some

bound, we need to examine onty a finite numbel of tliplets (a,b,c) as possible coefficients

of the generating polynomials of the fo¡m (2.2.1). The integers in these tr iplets must satisfy

(2.3.1)

0<a<3+28u4,

0<b<(a2 +,'lB)13,

0 <c<(a2 -3 +2.'/B)16,

and the index I(a,b,c) must satisfy

(2.3.2) I(a,b,c) < Ie = (L24az + 432a + 4,llBl + 12\ttz

$2,4 The algorithrn to construct complex cubic fields,

As mentioned earlier, our algorithm for determining all the complex cubic fields

with discriminant D satisfying lDl s B is, with some minor modifications, very similar to

the algorithm employed in $3 of ILO88A]. The fiLst modification occu¡s in step 1(a).

Instead of eliminating the pair (a',b') when there is a prime p with vo(a') > 2 and vo(b') >

3, we leplace a'by a'1p2, and b' by b7p3 and then return to the beginning of step 1. In the

case considered by [LQ88A] the pair (a'lp2,b'/p3¡ will alLeady be among the finite number

of pairs being considered; hence, (a'lpz,b'lp3) would be a duplication. In our case,
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however, we do not have the same situation since our (a',b') is obtaíned via the

transformation in (2.2.\. The second modification occurs in step 2. During the process of

detelmining the iLreducibility of f(a',b';x) over Z, if none of (11), (12) or (13) in part A of

f LO88A j $2 holds, then if f(a',b';x) is reducible it must have a zero tn C Z such that m I b'

and lml < y'[â'fTf6']. This change must be made because, in this instance, either or both of

a' and b' can be negative. This is not the case in [LQ88A].

Before we present our version of the construction of complex cubic fields, we first

present a theorem of Llorente and Nart [LN83] which is the basis of our algorithm.

Theolem 2,4,L. Let a and b be the coefficients of the generating polynomial f(a,b;x) =

x3 - ax + b, À be the discliminant of the polynomial f(a,b;x) and D be the field

disctiminant of the generating polynomial f(a,b;x). Also, we define So = vo(A) and

Ao = A/psn for every prime p. The value of vo(D) for a prime p can be obtained as

follows (Since in some cases not all entries are needed in the determination of vo(D), we

use '---' to denote that this entry is not germane):

For have the followi='¿we

vr(a),vr(b) S2 À2=3(mod 4) v.,lD)

v2(a)>v2(b)>1

v"lal=0 o¡ vnlb)=0

odd

even

even

yes

3

,)

0
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For p = 3 we have the fol

v"la).vllb) a=3(mod 9) 'g2 S1 vq(D)

v3(a)>v3(b)>1

v3(a)=v3þ)=2

v3(a)> 1,v3þ)=0

v3(a)=v3@)=1

v3(a)>1, v30)=0

v3@)>v3(a)=1

v3(a)>1, v3(b)=0

v3(a)=Q

yes

no

yes

no

yes

yes

*4(mod 9)

#a+1(mod 9)

*a+l(mod 27)
and

=4(mod 9)

=a+1(mod 9)

=a+1(mod 27)

=a+1(mod 27)

odd

even

)

4

4

-t

3

3

1

1

1

0

0

3 we have the followi

v"(a),v"(b) S" v-(D)

vo(a)>vo(b)>1

vo(a)=0 or vp(b)=0

v"(a)=O or v"(b)=0

even

odd

even

2

1

0
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We now present Algorithm 2.4.1 fo¡ deteLmining all the complex cubic fields with

discriminant D > -8.

Algorithm 2.4.1.

For each triplet (a,b,c) satisfying (2.3.1), perform the following steps to determine if

f(a,b,c;x) is a generating polynomial of a complex cubic field with discriminant D

satisfying lDl < B. If this is the case, the discriminant D and the index I of the field are

computed. Also, duLing the computation, divisors 16 of I and Dg of D are determined. If,

during this process, we find that 16 > I(a') or lDgl > B, then the pair (a',b') is eliminated.

1) Compute a' = 3a2 - 9b, b' = 9ab - 2a3 - 27c and S(a',b') = 271ø, where 27 Ia is

given by (2.3.2) as the bound on the index of f(a',b';x).

2) In the case of a' = 0, determine whether or not ths pure cubic cubic field

F = Q( (b)1/3 ) has its discriminant in the correct range. Eliminate (a',b') if it is out

of range. Otherwise, go to step 10.

3) Initialize Io = To = Do = 1.

4) Compute M = GCD(a',b'). For each prime factor p of M, do lhe following:

a) If vo(a') > 2 and vo(b') > 3, then replace a' by a'lpz and b' by b'lp3. Go to the

beginning of this step.

b) Compute vo(D) and vo(l) bY using Theorem2.4.7.

c) If vo(D) is even, then compute T0 - To P and Do - Do p2 lTo is as defined in

(2,2.6)).

d) If vo(D) is odd, then compute Do * Do p.

e) If p = 3 then determine T by using Theorem 2,4,1' (T is defined ìn (22,5)),

Ð Compute 16 .- Is pvn(l).

g) If 1 < vo(b') < vo(a'), then f(a',b';x) is irreducible'

5) If irreducibility of f(a',b';x) has not been established in dtep 4 (g), then test whether

f(a',b';x) = 0 for all possible values of x such that x I b' and lxl < r/þf + f6'1. If
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f(a',b';x) = 0 for some x, then f(a',b';x) is reducible and the pair (a',b') is

eliminated.

6) If 2 is not a factor of M, then do the following:

a) Compute v2(D) and v2(l) by using Theorem 2'4.1.

b) If v2(D) > 0 then Ds * Do 2v2(D).

c) Compute Io * Io 2v2(l).

7) If 3 is not a factor of M, then do the following:

a) Compute v3(D) and v3(l) by using Theorem2.4.1'

b) If v3(D) > 0 then D6 .- Do 3v3P).

c) ComPute Io * Io 3v3(l).

d) DeteLmine T by using Theorem 2,4,1,

8) Let 11 = S(a',b')/19, For every prime p where p2 >7t> p > 3, p is not a factor of M

and D(a',b') = 0 (modulo p2¡, do the following:

a) Compute vo(D(a',b')),

b) If vo(D(a',b')) is odd then vp(D) = 1 and D0 - D0 p.

c) Compute vo(l) = [vo(D(a',b'))/2] and I9 .- 16 pur(l).

d) Compute the new value of I1 where It = S(a',b')/lo.

e) lf 16 > S(a',b') then the pair (a',b') is eliminated'

9) Let D1 = D(a',b ) / 162. If B > lDll the pair (a',b') is eliminated. Indeed, in this case it

is eithe¡ lOl > e or I > S(a',b').

1O) Let D2= (DrlD¡)Tz. The pair (a',b') is eliminated in the following cases:

a) If D2 is not square free (in this case I > S(a',b')).

b) If D2 = Do = 1 (in this case d = 1).

1i) If the pair (a',b') has not been eliminated in the pLeceding steps, F isacomplex

cubic field with discriminant D = Dr. DuLing this pt'ocess, d = DoDz (d is defined in

(2.2.5)),T and I = 16 have been computed and they are t'ecotded in a data file.

12) Stop.
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After this algorithm has been executed we will have discovered all the fields with

lDl < B; however, for any given D we may have several fields which are isomorphic.

There a¡e many methods that we cân apply to eliminate isomorphic fields; for example, see

Pohst [Poh87]. However, such algorithms were not needed in our case. We found that by

using the algorithm given in $13 of Delone and Feddeev [DF64], we could effectively and

rapidly eliminate all the isomorphic fields generated by Algorithm 2.4.1.

$2,5. Computationai resutts and tables.

The entire procedure described in $2.4 was programmed in FORTRAN with some

assembly language subroutines and run on the Amdahl 5870 computer in the University of

Manitoba Computer Centre. We first tested our programs by putting B = 20000. In about

30 CPU seconds we produced a table of fields which agreed with that of [Ang73]. When

we put B = 106, it required 4 hours and 11 minutes of CPU time to find all the non-

isomorphic complex cubic fields with discLiminant D < -106, Of this time, about 63 CPU

seconds were needed to eliminate the isomorphic fields'

A large table, giving the values of D, a, b, T, R, h for each of the 182417

non-isomorphic complex cubic fields with negative discriminant > -106, has been deposited

in the UMT (Unpublished Math. Tables) file. In this table, we use the symbols a, b to

represent the coefficients of a generating polynomial of the form x3 - a* + b for the field

F, Also, T2 is the value of the largest square which divides the discriminant D of F (note

that this is not the same T as in (2.2.5)), R is the regulator and h is the class numbe¡ of F

(the computation of R and h will be discussed in the following chapter)' In this section we

witl give a brief discussion of some of the information provided by these computations.

In Table 2.5.1, we give the number of fields that were constructed for values of lDl

within certain intervals and the number of these that were non-isomorphic. The intervals

were selected in such a way that the upper bound on each interval is a pelfect square. In

Table 2,5.2 we present the number of the discliminants in our range for which there are
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exactly k non-isomorphic fields having that discriminant. In Table 2'5.3 we give lhose

discriminants that have 9 non-isomorphic fields with the same discriminant. In Table 2.5'4

we present the distribution of Table 2.5.2 for cerrain inte¡vals.

Interval for lDl Numbe¡ of Fields
Numbef oI

Non-isomo¡ohic Fields

1 - 100489

1.00490 - 200'104

200705 . 300304

300305 - 400689

400690 - 501264

501265 - 600625

600626 - 700569

700570 - 801025

801026 - 900601

900602 - 1000000

6947L

46762

42431,

41,8'.79

4L096

3941,4

38992

39049

38196

38641

17L40

r7946

18004

18329

18493

18317

t844L

L8677

t847t

i8659

t824t7

Table 2.5.1.
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k Number of Disc¡iminants

1

2

3

4

5

6

'7

8

9

>9

149204

1683

5510

321,6

0

56

0

0

1J

0

Table 2.5.2.

Discriminant k Disc¡iminant k

-2'14348

-301.6'16

-4t457r

-4296'19

-6s9263

-677487

-706547

9

9

9

9

9

9

9

-738575

-795799

-827464

-864244

-941016

-957427

9

9

9

9

9

9

Table 2.5.3.



31

Inte¡val for lDl \ k 2 3 4 5 6 8 9

1 - 100000

100001 - 200000

200001 - 300000

300001 - 400000

400001 - 500000

500001 - 600000

600001 - 700000

70000i - 800000

800001 - 900000

900001 - 1000000

1,4564

14863

14870

r4893

14897

15109

14905

1s028

15000

15075

1,6'7

t70

161

t'|0

180

161

1.70

182

160

1,62

422

52L

559

528

556

569

564

576

597

624

2t6

287

29L

348

349

318

362

aa'7

348

360

0

0

0

0

0

0

0

0

0

0

2

2

4

5

9

5

5

10

7

7

0

0

0

0

0

0

0

0

0

0

0

0

1

1

2

0

)

J

2

2

Table 2.5.4,

In Table 2.5.5, we pfesent rhe number of fields of which the disc¡iminant is exactly

divided by 3n where n = 0,i,3,4,5.

n Number of fields

0

1

J

4

5

126542

41213

9'185

3247

1630

18241'l

Table 2.5.5.
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$2.6. On Davenport and Heilbronn's densities.

The total number of non-isomorphic complex cubic fields with discriminant less

than -106 is 1,82417, giving the empirical density 0.182417. In Table 2.6.L, we exhibit the

density of the non-isomorphic cubic fields for which -L < D < 0.

L Densitv L Densitv

100489

200'104

300304

400689

50t264

t70566

r748L5

t76',188

r'78240

179371

600625

700564

801025

900601

1000000

180i94

180810

1,813't6

181832

L82417

Table 2.6,1.

Davenport and Heilbronn [DH71] have proved a theorem which says that this density

should approach the asymptotic limit of (48(3))-r - 0'20798' If, however, one were to

plot the density versus L, ie would be seen that this density increases so slowly that the

first impression would be that it will not achieve the Davenport-Heilb¡onn (D-H) limit.

Thus, it ¡emains a challenging problem, assuming that the D-H limit is not in error, to

explain the origin of this very slow convergence. This problem was indicated by Shanks in

[Sha76] and [Sha75] and, on the real side, in [Sha76] and [LQ88A], whe¡e the problem is

further aggravated by even slower convergence. To date and to our knowledge, no good

quantitative explanation of this phenomenon has been given.
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Chapter 3.

Computation of the Class Number

in Complex Cubic Fields'

$3,1. Introcluction.

Once the table of complex cubic fields with discriminant D < -106 had been

constructed, the next step was to evaluate the class number fo¡ each of the fields. In o¡der

to do this we made use of the analytic class number formula

(3.1. 1) 2¡Rh = {D:lo(l),

where h is the class number, R is the regulator, and D is the discriminant of F. Furthe¡,

o(s) = (¡(s)/Ë(s)

is the A¡tin L-function at s and

o(1) = 1¡¡¡6it¡'
s-1

where f¡(s) is the Dedekind zeta funclion and Ç(s) is the Riemann zeta function.

The purpose of this chapter is to desc¡ibe three different techniques for evaluating

the class number of a complex cubic field. Two of these methods involve the use of the

Euler product to estimate the Artin L-function at 1, and the third makes use of a

transformation of the Dirichlet series. These techniques were implemented and tun on the

Amdahl 5870 computer in the university of Manitoba computer cent¡e. Each obtained the

same results, but with Lathe¡ diffe¡ent timings. We also provide seve¡al tables illustrating

some of the results of these computations. These tables desc¡ibe the distribution of the

various fields, their regulators, thei¡ class numbers, and their class group structures.

$3.2, Conrputation of the regulator.

In order to compute the class number by (3.1.1) we were required to obtain the

regulator. We adapted the algorithm of Voronoi as modified in Williams, Cormack, Seah
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[WCS80] to the genelal (negative D) cubic case with the minor modification that, instead of

using the formulae as given in $4 of [WCS80], we used different fo¡mulae for !r, 11, and

Er. Let c,r = (q, + q2ô + q3ô2)/o' where qi, q2 and q3eZ' and ô is the real zero of the

generating polynomial x3 - ax + b, and let (Ð'and <¡" denote the conjugates of <o. Also,

(Eco,îo) is the puncture of o. As in [WCS80], we note that

Eú)=(2o-u'-u")12,

I<,, = (ro' - @')lzi (i2 = -i),

and Lc,: = (r,¡' + a")12.

Hence, we have the following formulae:

E., = (-2aq3 + 3q2ô + 3qõ2)12o,,

r, = r/-_u-+lãrjq fc, - qsò)/o,,

and E, = Qqt + 2aq3 - q2õ + qõz)12a,,

where a is the coefficient of the generating polynomial x3 - ax + b. Since lDl is small

(lDl < 10ó) we found that a double precision FORTRAN program was sufficient for the

evaluation of a very good approximation to R. All of the regulators were evaluated in about

89 minutes of cPU time. The largest regulator that we found has an approximate value of

1609.6035. In Table 3.2.1, we provide the number of fields for which the regulators lie

within ce¡tain intervals.

Interval Numbe¡ of fields lnterval Number of fields

0<R<200

200<R<400

400<R<600

600<R<800

800<R<1000

137'746

31558

9042

27'.7r

894

1000<R<1200

1200<R<i400

1400<R<1600

1600<R<1800

1800<R

286

i03

16

1

0

Table 3.2.1,
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$3.3. ConrputatÍon of the class nunrber via the Eulet' product,

From (3.1.1) we see that, in o¡der to evaluate h, we need to find an approximation

to Õ(1) which is sufficiently good that we can evaluate h (an integer) unequivocally. There

are two basic approaches that can be used: <Þ(1) can be estimated by using the Eule¡

product formulâ or it can be estimated by using the Dirichlet series, In this section, we will

discuss the Euler product techniques.

We first remark that we can wdte (Þ(1) as the Euler product

(3,3. 1) o(r) = fl16¡,
p

where the product is taken over all the rational primes, and, for each such prime p, the

value of f(p) depends upon how the principal ideal (p) splits or factorizes in F. These

values are given in Table 3.3.1.

Tvoe Factorization of (p) f(p)

A

B

c

D

E

pp'p"

(p)

pq

pzq

D3

pzl(pz - 2p +r)

p2l(p2 + p +r)

P2Kp2 - Ð

p/(p - 1)

1

Table 3,3.1,

He¡e we use p, p',p", q to denote distinct prime ideals in F,

In order to determine the splitting type of þ), we used the follorving theorem of

Llorente and Nart [LN83].

Theorem 3,3.1, Let a and b be the coefficients of the generating polynomial

f(a,b;x) = x3 - ax + b, A be the discriminant of the polynomial f(a,b;x), Sp = vp(Á) and

^p 
= 

^ 
/psp,The principal ideal þ) factorizes in F as follows (Since in some cases not all
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ent¡ies are needed in the determination of vp(D), we use ,---' to denote that this entry is not

germane):

Factorization ofzation o

v2(a),v2_þ) S2 L2 Type

1,<v2(b)<v2@)

1=v2þ) < v2(b)

1<v2(a),0=v2þ)

0=v2(a), 1<v2@)

0=v2(a), 1<v2@)

0=v2(a), 1<v2(b)

0=v2(a), 1<v2þ)

0=vr(a), 0=vr(b)

odd

even

even

even

=3(mod 4)

=5(mod 8)

=1(mod 8)

E

D

c

D

D

c

A

B

actorization of (3),

v¡(a),vq(b) â b So Aq Type

1<v3(b)<v3(a)

1=v¡(a)<v¡(b)

0=v3(a), 0<v3@)

0=v¡(a)=v¡(b)

0=v3(a), 1sv3(b)

1<v3(a), 0=v3þ)

1sv3(a),0=v3(b)

1<v3(a), 0=v3(b)

1sv3(a), 0=v3þ)

1<v3(a), 0=v3(b)

1<v3(a),0=v3@)

l.<v?(a),0=vrlb)

= -1(mod 3)

=1(mod 3)

=1(mod 3)

*3(mod 9)

#3(mod 9)

=3(mod 9)

=3(mod 9)

=3(mod 9),

=3 (mod 9),

=3 (mod 9)

...

=a+ 1(rnod 9)

#a+ 1(mod 9)

=a+1(mod 27)

=a+1(mod 27)

=a+1(mod 27)

=a+1(mod 27)

#a+1 (mod 27)

odd

even,

=6,even

>6,even

= -1(mod 3)

=1(mod 3)

=1(mod 3)

l"
I

lD
lc

B

A

D

E

D

D

"i
:l
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Factolization of

v"(a),v"(b) p (mod 3l (b/p)3 (alp) S" (^Jp) f(a,b;x) Tvpe

1<vo0)<vo(a)

1=vo(a)<vp(b)

l svo(a),0=vo(b)

1<vo(a),0=vo(b)

1<vo(a),0=vo0)

o=vo(a),0<vp(b)

o=vo(a),0<vp(b)

0=vo(a)=vo(b)

0=vo(a)=vo(b)

6=yo(a)=vo(b)

0=v.(a)=v.(b)

_1

-1 ,,I

--1

odd

even

even

even

-1

_1

1

E

D

c

A

B

A

C

tl

A

B

In the case where it was necessary to dete¡mine whether or not f(a,b;x) has some root

(mod p), we used the Lucas function technique mentioned in Williams and Zarnke

[WZ7 4], with the algorithm for determining the value of the appropriate Lucas function

(mod p) being that of Williams [Wil87]. Theorem 3.3.1 was implemented in assembly

language.

Set

F(o,D) = f](q),
psQ

whe¡e the product is evaluated over the ¡ational primes. Since O(1) in (3.2'1) is given as an

infinite product, we must determine horv large to make Q such that

" We use y to denote that f(a,b;x) has some root (mod p), and n to denote that f(a,b;x) has

no roots (mod p).
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H(o,D) = ./þlF(a,D)/(2nR)

is within 112 of h. When this occurs, h = NeG(a,D)) where we denote the nearest integer

to x by Ne(x),

One way of determining Q in the computation of h is to use the heuristic of Shanks

mentioned in [Sha76A], H(Q,D) can be evaluated by using the fi¡st 500, then 1000, 1500,

2000 etc. primes until H(Q,D) is within 0.1 of the same integer H for 6 successive

evaluations. lVhen this occu¡s, it is declared that h = H. This heuristic is easy to implement

and executes fairly Lapidly; but, unfortunately, it is not a mathematically rigorous method of

computing h.

A¡othe¡ method which can be used is that of Buchmann and Williams [8W89]. The

details of the method are discussed in [8W89]; we only mention he¡e that in ou¡ case we

have D given by (2.2.5) n¿ = 6, C(t) =2e\l3, and c1 + 2c22 =3' Given a known

divisor h- of h, this technique makes use of the Eule¡ product to determine h in

O(o¡t+7,n-*rt) elementary operations for any e > 0. However, the truth of the Riemann

Hypothesis on f¿, whereZ is the normal closu¡e of F, must be assumed in orde¡ to be able

to assert that the class number is correct.

Further, in cases fo¡ which R is small, a value for h* must be found which is large

enough that our technique does not take much time in executing' To do this we simply

produced (by trial) a non-principal ¡educed ideal a in F such thât the least value of m (>0)

for which

(3.3.2) a'- (1)

is sufficiently large. We then put h* = m. In order to do this we started m at 1 and

increased it until we found a value for which (3.3.2) holds. Further, for ideals a and b,

where b is a reduced ideal equivalent ¡6 ¿j, we found c, where c is an ideal equivalent to

the ideal aj+1, in the following manne¡: If the norms of a and b were relatively prime, then

the theorem of Voronoi [Vor94] for multiplying two ideals, as given in Williams, Dueck

and Schmid [WDS83], was used to find c. However, if the norms of the two ideals we¡e
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not relatively prime, we used the Voronoi algorithm as described in [WCS80], to obtain

some âr, where a' - a and the norms of a' and b were relatively prime. The theorem of

Vo¡onoi [Vor94] for multiplying ideals a'and b could then be applied to find c. The

process of finding m was not very time consuming because the fairly small value of lDl

guarantees that h will not be large. We used the algorithm of Voronoi to find all the reduced

principal ideals in F, and the reduction technique described in Williams IWil85] to

determine whethe¡ or not (3.3.1) holds fo¡ a particular m value. In our application, we

found that a value of h* could be found such that h* > ñ/6, where ñ' is our first

approximation to h (using 500 primes in the Euler product, say). We a¡e now able to

present the entire algorithm of Buchmann and Williams which was used in ou¡

computation.

Algorithm 3.3.l.

1) Compute F(500,D) and set ñ = Ne(H(500,D)),

2) Initialize h* = 1.

3) Pick a non-principal ideal a and find the least m such that at - (1).

4) h- - h- (m/GCD(m,h-)).

5) If h- < ñ/6, then go to step 3.

6) InitializeQ=5000.

7) ComputeF(Q,D) andset fi' = Ne(H(Q,D)/h-).

8) Compute C(Q) and A(Q,D) = C(Q)(4+3logQ)/\rQ + 3/Q.

9) Computer=VfflF(a,D)/2Rn-ñ.

10) Compute v = lrl + (lDl)F(O,DXeA(o,D)-t)/2R".

11) Ifñ - Y/h- - [ñ'+ Y/h-] > 1, then stop.

12) Otherwise, set Q * Q + 5000 and go to step 7.

13) Stop.
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Both of these methods of utilizing the Euler product to compute h were

implemented in FORTRAN (with some assembly language subroutines) and run. The

Shanks heuristic method required 8 hou¡s and 16 minutes of CPU time to find all the class

numbers, whereas the method of Buchmann and Williams with the assumption of the truth

of the Riemann Hypothesis required 14 hours and 10 minutes of CPU time. The large

difference in these times is a result of the fact that the Shanks heuristic usually (80% of the

time) required that no mo¡e than 3000 primes fo¡ the evaluation of H(Q,D) and only rarely

required that more than 5000 primes be used. On the othe¡ hand the use of Algorithm 3.3.1

demanded that 5000 or more primes be used in most cases.

$3,4, Deterrnination of h from the Dirichlet Series.

As noted in [BLW87], we can write

(3.4.1) o(t) = )c()-1,
j=1

where crfi) is a multiplicative function, s(1) = 1, and the value of a(pn), where p is any

rational prime, is given in the table below (see Barrucand, l¡xton, Williams [BLW87]).

Type n cr(pn)

A

B

B

B

C

c

D

E

any

n=0 (mod3)

n=1(mod3)

n=2 (mod 3)

n = 0 (mod 2)

n=1(mod2)

any

anv

n+ 1

1

-1

0

1

0

1

0

Table 3.4.1.



47

It can be noted thât c(pn) s d(pn), whe¡e we represent the number of divisors of k by

d(k). It follows that c(k) < d(k).

Also, the formula (3.4.1) can be t¡ansformed into
øco

o(r) =)c()-1e'jc + Ðaú)E('c),

where C = 2nl{llland E(y) = f,*"'r¿*.
v

Before we proceed any further, we now must define the function M(m) as follows:

(3.4.2) M(m)=max{d(j)j-1 | mcj<3m}.

We will show how this function can be utilized in the sequel; hence, but first require some

results concerning it,

Lemnta 3,4,1, Given any integer n > 2, there exists an integer m such that

n/3 < m <nlZ and d(m)/m > d(n)/n.

Proof. Letn= ffPlai,
1=I

where cxi > 1, and p1 is the smallest prime factor of n.

l€t

h=2k+r where¡=0orL.

By using the multiplicative property ofd and the fact thât k < p1 we can easily deduce the

following:
ge¡ _ k(qi+1)d(kn/pr)
n crlpid(k)(kn/p1)'

Thus, if m = kn/pr, then

d(m) d(n)c1P1d(k)
m nk(cr1+1)

Also, since il = 2k + r, it is easy to show that nl3 s m s nlZ'

But
arprd(k) 

= 
J1¡L

k(c1+1) k(c1+1)
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2a,

(c1+1)

> 1.

So we have

P'@"' r
From this result it is a simple matter to deduce

Theorem 3,4,1. Let n > 3m. Then

M(m) = ¡¡¿x {d0)i'1 | m < j < n }.

Proof, Suppose M(m) = d(n)/n, 
"vhen 

n > 3m.

We define

S(n) = ¡¡¡Pt

as defined in Lemma 3.4.1.We also define

Sr(n) = S15r't1n¡'

since 5t-t1n)/3 s sr(n) < sr'1(n)/2,

the value ofSr(n) decreases monotonically as r grows larger. Let St(n) be the fi¡st number

in the sequence

n, S(n), s2(n), ... , S'(n), ...

such that

St(n) s 3m.

Also,
d(st(n)) 

= 
df!l_lc)= {Ð

St(n) strr(n) n

Hence the theorem holds. I
By using Theorem 3.4.1 and (3.4.2), and replacing n by 3m, rve can conclude that only the

numbers between m and 3m+1 are needed to be inspected in the calculation of M(rn). Now,

if we put
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e(m) = i.a6)j're'jc + cTqÚ)E6c),çt ¡a

then, by using the reasoning of [BLW87], we get

(3.4.3) lo(lyc-A(m)/Cl < (2M(m)e'mQ / C(ec - 1).

Thus, by (3.4.3) and (3.1.1), we get

(3.4.4) lh - A(m)/CRl < (2M(m)e-mc)7cR(ec- 1).

It follows that, if m is sufficiently large that

(3,4.5) (2M(m)e'mc¡ < CR(ec- 1)/2,

then

(3.4.6) h = Ne(A(m)/CR).

Under the assumption (later verified) that we would never require a value fo¡ m in (3.4.5)

that exceeds 2000 (for values of lDl < 106), we found by, using Theorem 3.4.1 to tabulate

M(m), that

M(m) < 7.4(log m)/m (m < 2000).

Thus, in order to determine h, we can use any value of m in (3.4.6) such that

(3.4.'1) (log m)m'1s'mc < 0.0338CR(ec - 1),

provided that such a value of m < 2000. In fact, for the range of D values that we

considered we never needed a value for m which exceeded 1109, in order fo¡ (3.4.7) to

hold. We are now able to present Algorithm 3.4,1.

Algorithm 3,4,1..

1) Use Newton's method to solve the equation

(tog m)m-1e-mc = 0.0338cR(ec - 1).

2) Compute A(m).

3) Computeh =Ne(A(m)/CR).

4) Stop.
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This technique is not only mathematically rigorous but, surprisingly, is very much

faster than both of the techniques based on the Euler product. To find all the class numbe¡s

by this method required only 60.8 minutes of CPU time, using a program w¡itten in

FORTRAN and supplemented by assembly language routines for evaluating cr(k) and E(y).

In vierv of the complexity of the Dirichlet se¡ies method (O(Ot/z+1¡, one would expect the

methods of $3.3 to be faster; however, these complexity measures have more relevance

when lDl is large rather than when lDl has the small values rvhich we were considering. It

tu¡ned out that, fo¡ these values, the asymptotically faster method was actually considerably

slower than the Dirichlet series method. For much Iarger values of lDl, of course, this

situation would be reversed.

$3.5 Results.

In Table 3.5.1, we give the number of non-isomorphic fields that we found with

class numbe¡ h rvithin a certain range. The largest class number found (162) occurs for

discriminant -885871. In Table 3.5.2,we present a more complete picture for values of

h < 20. In Table 3.5.3, we give the number of fields of which the class number is

divisible by p rvhere p=2,3,5,7,I1'J3,77,1'9,23,29.In Table 3'5'4,we provide all the

fields that have class number bigger than 100.
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Range of h Number of Fields

1-10

t7 -20

27 -30

31 -40

41 -50

51 -60

6L -70

71 -80

81 -90

91 - 100

>100

772789

6380

789'7

69r

a)¿.

148

97

36

29

14

18

Table 3.5.1
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h Numbe¡ of Fields h Number of Fields

1

)

J

4

5

6

7

8

9

10

9"Ì451,

26335

22586

7746

447'7

5950

2134

2700

293r

70'19

11

72

13

74

15

t6

1'7

18

19

)^

844

1652

601

515

843

4'17

3r¿

642

2'73

22r

172789 6380

Table 3,5.2

P Number of Fields

2

3

5

7

11

1J

17

19

23

29

48327

36322

7746

3309

1210

828

4t4

JJJ

r'19

101

Table 3.5.3
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D A B h

-386855

-456237

-499359

-529444

-6062'79

-703364

-714932

-7L99I1.

-8t45'.75

-885871

.893252

-9307L9

-960456

-968228

-968359

-978715

-983528

-99943r

7

'711

19i 1

-'726

-I77

442

-I7

5¿v

135

-91

-861

-7479

894

535

553

-528

2r7

253

2394

-7462

.35350

-700

260

-3924

4068

-¿3¿U

2170

L40

11068

21,940

32240

-4944

-5352

2149

56'70

-1596

108

109

123

704

745

118

103

1,04

129

762

103

L44

1,29

156

702

1"04

1.47

734

Table 3.5.4

$3,6. The Cohen and Maltinet heuristics.

In Table 3.6.1 we give the density of fields with lDl . L and class number

h = 3vho, where 3 / trg anO h9 < 10. According to the heuristics of Cohen and Martinet

(C-M) [CM87], we would expect the asymptotic densities to be 0.518642,0,25932t,
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0.086440, 0.025932 and 0.012349 for hs = 1.,2,4,5,7, respectively. If, once again, the

densities given in Table 3.6.1 were to be plotted then, in the case ofhg=1,2,4,^,

aggravated case of what occurred for the D avenport'Heilbronn (D-H) theorem, as

discussed in $2.6, would be noticed, and it might reasonably be conjectured that the C-M

heuristic limits are inaccurate. However, in view of the fact that we do not have an

explanation of the similar situation with D-H, we do not consider it wise to invalidate the

C-M heu¡istic limits. We do not know where they are going, or how fast, in the case

ho = I, 2,4. We a¡e pleased to put these facts before the reade¡ and urge him to conduct

his own investigation. However, it should be noted that the columns for hg = 5,7, which

seem to be increasing, have already passed the C-M prediction; this is also a problem which

needs further investigation.

L \ hn 1 2 4 5 7 8 10

100000

200000

300000

400000

500000

600000

700000

800000

900000

1000000

0.73499

0.71.31,9

0.70309

0.69635

0.69051

0.68584

0.68252

0.67957

0,67706

0.67527

0.16050

0.16955

0.77207

0.17330

0.17498

0.L7713

0,L7'.788

0.77926

0.18006

0.L80't2

0.03838

0.04396

0.04682

0.04843

0.04961

0.05037

0.05102

0.05165

0.05202

0.05228

0.02770

0.02740

0.02805

0.02863

0.02918

0.02913

0,02943

0.02943

0,02941,

0.02945

0.01209

0.01.253

0.07322

0.01359

0.01390

0.01373

0.01399

0.01396

0.01394

0.01381

0.00833

0.01018

0.01058

0.01140

0.01179

0.01,247

0.01281

0.01306

0.0L337

0.01341

0.00423

0.00532

0.00572

0.00591

0.00606

0.00635

0.00641

0.00648

0.00651

0.00675

Table 3.6.1
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$3,7. Class group structure.

Once we had calculated the class number of our 182417 fields, it was a relatively

simple matter to determine the structure of each class group. Only 3959 of these class

groups are non-cyclic. In Table 3.7.1 we give the number of these non-cyclic class groups

for a given n'rank.

n n-Rank Numbe¡ of Occurrences

2

2

J

3

4

5

6

2

3

2

3

2

2

2

3055

12

868

3

to

4

5

3963

Table 3.7.1

Finally, in Table 3.7.2 we present those fields that have the most interesting class group

structures. Here Cn denotes the cyclic group oforder n and the values of a and b are those

for which f(a,b;x) generates the corresponding cubic number field.
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D a b Class Grouo Structure

-300551

-421,423

-421423

-542251

-841304

-864023

-34441.1.

-379597

-433243

-612263

-5621,23

-694543

-894348

-936684

-936684

-280468

-393828

-532463

-555976

-655483

-7161,31,

-751819

-787663

-898175

-989156

49

453

-276

19

'741

91

739

-1,59

-229

31

228

473

0

84

-42

'795

-285

37

899

-28

-133

98

-267

r75

-1.49

-169

-5015

-3395

i51

-9110

-379

1,974

310'1

7526

606

4775

-4272

182

-350

154

-9056

2684

-165

-1,0626

145

2538

-409

-4295

7275

310

C2x C2x C2

Q.*CzxCz
C2xC2xC2

CaxC2xC2

Czx Czx Cz

CzxQxCz
C2xC2xCa

C2xCaxCa

C2xCaxCa

CaxC2xCa

C2xCaxC6

C2xCaxC6

C3xC3xC3

C3xC3xC3

C3xC3xC3

C4xC4

C4xC4

C4xC4

CaxCa

CaxC4

C4xCa

CaxC4

C^xC^

CaxCa

C¡XC¡
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D a b Class Group Structure

-359731

-37538'l

-653971

-749723

-804443

-865851

-1'73287

-304196

-383827

-746287

-641,1-96

.782648

-864243

-91,4683

-939843

44

498

-46

40

52

516

-55

2307

-240

1443

-6

79

60

-28

30

-161

-10465

99

-193

-225

-6613

32

-43508

22489

4L650

154

342

-253

L75

197

C4xC3

C4xCg

CaxCg

CaxCg

C,xCo

C,¡ x Co

C5xC5

C5xC5

C5xC5

C5 x C15

C6xC6

C6xC6

C6xC6

C6xC6

CrxC^
"Iable 3,7.2
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Chapter 4.

introduction to CUFFQI

$4.1 Introduction,

In Chapter 2, we presented an algorithm for finding all non-isomorphic complex

cubic fields with discriminant larger than a given bound. However, this algorithm is

impractical for determining all the non-isomorphic cubic fields for a given large

discriminant, D. The major problem with this algorithm is that there are too many possible

generating polynomials to be inspected; therefore, a different approach is needed. Over 60

years ago, BerwickIBer25] presented one such method for obtaining all distinct cubic fields

having discriminant D, Aìthough this method is sound, it ís somewhat inefficient and was

not really designed fo¡ actual implementation. Afte¡ Daniel Shanks [Sha72] described the

idea of the infrastructure in real quadratic fields, he (see [Sha76B], [Sha87], [Sha88] and

[Sha89]) introduced a different method, Cubic Fields From Quadratic Infrastructure

(CUFFOÐ, to construct all the non-isomorphic complex cubic fields having the same fixed

fundamental discriminant D, Unfortunately, no complete description of the CUFFQI

algorithm exists, as yet in the cunent literatu¡e. In his preliminary write'up of the algorithm

[Sha87], Shanks did not present his algorithm in a form which is suitable for

implementation on a large computeÌ. Indeed, the work done here was initiated at Shanks'

request to render his algorithm into a form which can be easily automated. We will discuss

the size of the inte¡mediate calculations whích a¡e produced and the complexity of the

algorithm. These are issues that Shanks did not address fully in his work. Thus, the

purpose of this, and the following chapter is to present a computationâl version of the

CUFFQI algorithm, As in [Sha87], we will also restrict our discussion to the construction

of the complex cubic fields having a fundamental disc¡iminant.

A fundamental discriminant is the discriminant D of the quadratic field K = O(/ñ),

where n is a square-free integer and D is given by
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o= { ï"
n=i(mod4)
n = 2 or 3 (mod 4).

Also, for c, B e K, denote the module aZ + þZby [c, B]. Put

-_l L Da2or 3(mod4)
"-12 De1(mod4).

For o = (o - 1 + y'D)/o, wehave

O¡ç= [1,o],

wheLe O¡ç is the maximal order of K,

For a given D (< 0), our task is to find a generating polynomial

(4. 1.1) x3-axz+bx-c, (a,b,c e Z)

for each of the non-isomolphic complex cubic fields having discLiminant D. AIso, it is

important to keep the coefficíents and the index of the generating polynomial as small as

possible. The number of distinct cubic fields of disc¡iminant D can be determined by using

a well known theorem by Hasse [Has80].

Theorem 4.1.1, (Hasse) If the discriminant of a quadratic field Q(r'n) is D and the

3-¡ank of the class group of Q(.'ln) is r, then there are precisely

(3Ð
m=r-?

non-isomorphic cro,.;r;. o2t oir.,i*in.nt o, r
Hasse did not provide an efficient method of determining these m fields. Ou¡

objective he¡e was to develop an algorithm which could construct all the non-isomorphic

cubic fields having discliminant D by perfolming computation in the quadratic field

Q(r'Ð.

One of the bases of Shanks' algorithm is a theorem of Scholz[Sch32], In order to

plesent this theorem, it is necessaly to introduce the idea of dual disc¡iminants. We say

that D and D' are dual discriminants if



(4.1.2)

where D and D'are both fundamental disc¡iminants. Cleatly, D'= -D/3, in the event that

3 | D, and D' = -3D rvhen 3 ,/ D. For the rest of this chapter and the follorving chapter,

D'is the dual discriminant of D. The relationship between the 3-ranks of Q(y'D) and

Q(,/Ð is given bY

Theorem 4.1,2.(Scholz) If D < 0 and the 3-rank of Q(r'D) is r, then the 3-rank of íts

dual field Q(r/D) is either r or r-1. f
The fi¡st case is called non-escalatory, whereas the second case is called escalatory.

For example, the complex quadratic field Q(.f20'27) has a 3-rank of 2 and its dual field

a(/fZOn¡ has a 3-rank of 1. Hence, this field belongs to the escalatory case.

In [Sha87], Shanks wrote the following:

"We may assume our algorithm as a constructive

version of Scholz's theo¡em with attention paid to the

infiastructure of the reâl quadratic field. "

Shanks' idea is that we can construct all the non-isomorphic cubic fields having a given

disc¡iminant D by perfoLming all the computations in the field Q(',rD) (D'>0) which has

discriminant D'. For example, there are 4 distinct complex cubic fields having discriminant

-402'1. These fields can be const¡ucted by performing the CUFFQI algorithm in the

quadratic field a(/f2081). Generating polynomials rvith coefficients a,b,c (see (a.1,1)) of

these fields are shown in Table 4.1.1.

a b index

0

1

0

1

-8

't

10

2'7

-15

-8

_1

76

1

L

1.

.,]

-3D

gcd(3,D)¿'

Table 4,1,1
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The algorithm we used to produce the polynomials in Table 4.1.1 is the CUFFQI algorithm

modifier to make it suitable fo¡ automation. Also, our approach was to use ideals rathe¡

than binary quadratic forms. In the remainder of this chapter, we present the theoretical

aspects of CUFFQI which show that all the complex cubic fields with discriminant D can

be found in the real quadratic field Q(/D). The computational aspects of this âlgorithm,

including a detailed description of its implementation, are given in the following chapter,

$4,2, Quadratic Generators,

We first mention the following simple lemma.

Lemma 4.2.1,.Giv en any cubic field Q(p) where p is a zero of an i¡reducible cubic

polynomial, thers exists an equation of the fo¡m

(4,2.1,) x3-3Qx+A=0,

where Q, Ae Z, and a ze¡o of this equation I such that a(p) = aG).

Proof. We may assume that p is the real zero of

(4.2.2) asy3 + a7y2 + a2! + a3 = 0

for some a0, ar, a2, a3 e Z, By performing the simple linear transformation E = 3aop + at

on (4.2.2.), we can easily deduce that a(p) = Q(E). f
As in $2,2, without foss of generality, we may assume that

(4.2.3 .) if p3 | a, then p2 / Q for any prime p,

It is well known that the polynomial discriminant A of (4,2.1) is given by

L =zi(4e3 - Az)

= (E)zD,

where I([) ('. 0) is the index of I in QQ). since D is a fundamental discriminant, we either

have 3 | D or 3 ll D. Thus, we can easily deduce that if 3 / D, then 9 | I@); wheLeas if

3lD, then 3ll(l).

Put
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o - J i(EYs 3 l,D and D' = 'Dl3
"=1t(EYn 3/DandD'=-3D

We have

A, = -2'7D'82,

whereB e Zand
4q3 - ¡2 -929' (B>0)'

If we put 
^ 

=../@, ,then we have À+L=AandÀf,= Q3, where Iis the conjugate

of À in the field K. Also, since B * 0, we have l, - i, * 0. For this leason, we can see that

À C OK. Thus we have proved the following lemma.

Lenrnra 4,2,2, Let K = Q (trÐ. Given any cubic field Q(p) of fundamental

discríminant D, thele exists a

^ 
=Ua+q 6,Bez)

such that À € OK, l, * Ã, Q3 = N(À) (O eZ) and Q(p) = QG) fo¡ some zero I of

x3-3Qx+A=0.

We call such a À a quadratic generalor for the cubic field Q(p). I
If we let (À) = a = (u)h, where h is a primitive ideal of O¡ç and u € Z, we can

prove

Lemma 4,2.3. For a and À defined as in Lemma 4.2.2, we have (À.) = ¿ = (u)h, where

u is a square-fiee integer, u I D' and h is a primitive ideal of O¡¡,

Proof. Here, we will show that u must be a factor of D' and square-fiee. We describe

the prime factors of u through the use of the following cases.

Case 1. p > 3. If po ll u, then we have pq ll gcd(A,B) and it follows that p2a I Q3,

By $.2.3), we can see that a = 1 or 2.

Subcase 1.1, c = 2. In this subcase, we get p2 lA and p2 | Q. Hence, we have p2 ll A

and vp(3Q) > vp(A) = 2. By using Theorem 2.4.L, we have p2 | D. (For the ¡est of this
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proof, Theorem 2.4,1. is used without reference.) However, D is a fundamental

discriminant, so we get a contrâdiction.

Subcase 1,2, a = 1. In this subcase, we have either p ll A or p2 | A. In the first case,

we have vp(3Q) > vp(A) = 1 and we must have pz I D. Once again, we get a contradiction.

In the second cass, we have p3 | D'82. Since p ll gcd(A,B), we have p ll B and it follows

rhar p I D'.

Case 2. p = 3. We have the same situation as in Case 1, a is either 1 or 2.

Subcase 2,1, o. = 2, In this subcase, we have 32 | a and 32 | Q. This also implies that

rve have v3(3Q) > v3(A) = 2. Hence, we have 35 ll D, and we get a contradiction,

Subcase 2,2, a = 1. In this subcase, we have either 3 ll e or 32 | A. In the former case,

rve have v3(3Q) > v3(A) = 1, and 3s I D follows, again, a contLadiction. In the latter case,

rve have 2'1 lD'Bz and, since 3 ll B, it follows that 3 | D'.

Case 3. p = 2. In this case, we must consider two subcases: 4 | u and 2 ll u.

Subcase 3,1, 4lu. Since 4lu, wehave4lQ; also, 2 | gcd(A,B). According to

(4,2.3), we know that a / a. Now, if 2 I A, then we get v2(3Q) = vz(A) > 1, therefore

4 | D' and 4 la. tn the event that D'/4 is even, because

(N4)z - (D'14)(B/2)2 .0 (mod 2),

rve would have 8 lA, a contradiction. In the event that D'/4 is odd, we get

N4.E.12.7 (mod 2)

As a result, we have 4tåq e O¡¡ and 4tP G Or. rnis implies that 4ll u and

4 lN(h), and therefore, since 2 ramifies in K, we have (2) lh. again, this is not possible

because h is a primitive ideal. Thus, we have shown that 4 / u.

Subcase 3,2, 2 ll u. In this case we have 2 | O, If D'is odd, then the assumption that

z / a implies tr,.t 4{Ee Oç and 2 / u. Now, we have either 2ll A, 4 ll A or
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8 lA. In the first case, v2(3Q) > v2(A) = 1 and we have zlD'. If 4 lA, we have 4 I B

and

(AlÐ2 'D'(Bl4)2 = 2(Qtz)3 '

If Q/2 is odd, then we get

(AlÐ2 'D'(Bl4)z =2(mod 4),

and this is not possible. Hence, QlZ is even. If a ll A, we get v2(3Q) > v2(A) = ! ¿¡d

2 | D'. If 8 | a, then, because 4 | Q, we get a contradiction.

Summarizing these results, we have shown that, if p I u, then p llu and p is a factor

of D'. Thus, we havs proved the lemma. I
By Lemma 4.2,2 we know that, for every distinct complex cubic field with

discriminant D, there exists a quadratic generâtor À of this cubic field in the ¡eal quadratic

field Q(r/DJ, Thus, if we wish to construct a generating polynomial of a complex cubic

field having discriminant D, we need only find a suitable quadratic generator. Hence, the

quadratic generators will be of considerable interest to us throughout this chapter. We next

show that if À is a quadratic generator, then the ideal ¿ = (À) is the cube of another ideal of

or.
Tlreot'em 4.2.1, If a is an ideal of OK, N(a) = Q3, a = (u)h, where h is a primitive

ideal of O¡¡ and u I D', then there exists a p¡imitive ideal b of O¡¡ such that b3 = a.

Proof, Certainly, we can w¡ite a as

m

u = TJpgiI J'Ít=t

where pi Q = 1,2,..., m) are distinct prime ideals of O¡ç, and oi are Positive integers. We

also have
m

q: = flNlp,¡*i,
1=l
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Now, there are 3 possibilities for each pi; where p1 is used, here, to denote a rational

prime.

Case 1, pi = (pi). In this case, we have p¡ | u, and by Lemma 4.2.3 we get p1 | D .

Since D' is the discriminant of the field K and p¡ is inert in K, this is impossible.

Case 2, pi2 = (p). In this case, we have N(p) = pi and piûi ll Q3. Hence, we get

3 | cx1. Fu*her, ai = 3 as ci > 6 implies that piz I u, which is impossible.

Case 3. pipi, = (pi). (pi * p.). In this case, no þ, * pn for any j, k € {1,..., m}.

(Otherwise, we have (p) I (u)tr and p1 | u. By Lemma 4.2.3 it follows that pi I D'ând we

get a contradiction.) Consequently, since N(pi) = pi, we know that piai ll Q3, and

therefore 3 | c¡.

By putting
m

-I^.o,/3b=Ir",
i=1

our ¡esult follows. We can further say thât b must be â primitive ideal. I
Before proceeding any further, we int¡oduce a theorem of Hasse[Has30]. This

theorem is of some importance in the proof of the second property of 1,. We should point

out that a different proof of Hasse's theorem is given in [LN83].

Theorem 4,2.2,(Hasse) Let D" be the disc¡iminant of a cubic field. If d" denotes the

discriminant of Q(y'D") we have

¡rr _ 6r32m82,

whe¡e

(a) E = p1p2...pg is a square-fiee integer (pi denotes a rational prime),

gcd(E,3d") = 1 and pi = (Ð (mod 3) for all i.

(b) 0 sms2;if 3 / d', then m - 1 and if d" = 3 (mod 9), then m * 2. I
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We have seen that, if I € OK is a quadratic generator of some cubic field, then (),) = b3

for some primitive ideal b of O ¡ç. We now present a result which gives us some

information about any À € O¡¡ such that the ideal (À) is a cube of a primitive ideal of O¡ç.

Theorem 4,2,3. Let D be a fundamental disc¡iminant of a cubic field. For X = Q(r'Ð,

let b be any primitive ideal of O¡ such that b3 = (I) for some À € O¡¡, and put

l, = Sr-€, then if e3 = N(À) and ! is a root of

g:-3aE+A=o'

then Q(l) is eíther a cubic field of discriminant D or a cubic field of discriminant -27D'

Proof, Let D" be the discriminant of Q(E). The polynomial x3 - 3Qx + A has discriminant

(4.2.4)
^ 

= (E)2D' = -2'7D'Bz = 4QQ)3 - 27 A2

where I(!) is the index of l. Since D' = -3D or -Dl3, we have

(4.2.s)

If a = (I), then a = (u)h, where h is a primitive ideal of O¡ç and u € Z.Letp denote a

prime ideal. If p is any prime such that p I u, the¡e a¡e 3 possibilities and they are as

follows:

Case I. (p) = p. In this case we have p lb3. Hence, we have p lb and this cont¡adicts the

fact that b is a primitive ideal.

Case 2. (p) = pi, (p * p ). In this case, we have p lb3 which implies that p lb and þ lb3

which implies that Þ | b. Thus, we have (p) | b and this is a cont¡adiction because b is a

primitive ideal.

Case 3. (p) = p2. In this case, we have p I D'. Also, if p2 | u, then pa I b3. thus, we have

p2 lb and it follows that (p) | b. Again, we have a cont¡adiction.

Thus, as before, we find that u lD'and u is square free. Furthermore, we can easily

deduce that the condition p2 | Q and p3 | A is not satisfied for any prime p.

By Theorem 4.2,2we know that

^ 
= I(E)2D,, =-27D,Bz = {:;"iX z'l o

3 lD.
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(4.2.6) D', - sg2ns2

where (E, 3D) = 1, E is square-fiee integer and 0 s m s 2'

Suppose p > 3. Il pz I o", then, by Theorem 2.4.L,wehave

vp(3Q) = vp(Q) > vp(A) > 1.

By 92.\,*e get p2 lD'B2 and p lB follows. Sincep lAand p lB, we get p lu which

impliesplD'. Ontheotherhand,wehaveplEanOp / o by (4.2.6). Hence, ws get

p / o'UV (4.2.5) and this is â contradiction. If p ll D", then p ll o bV (4.2.6). Similarly,

if pll o,thenpll D". Also,if p/n",tt'rnp/o. again,irp/n,thenp,/D". It

follows that

p llD" <+ p ll D'

Suppose p = 2. If z3 | D, then 23 | D" by (.2.6). on the othe¡ hand, if 23 | D",

then 23 | Dby (.2.6).

lf 22llD,rhen2lEand22ll D by (a.2.6); whereas, if 22 llD",we have eithe¡

22 llD or z I o. tt z I o, tnen z I o'. ttfollows from Theo¡em 2.4.1 that2 | A and

2 | Q; hence, we have 2 | B. Now, by (.2.$, we have N2 = Bl2 (mod 2), which means

that

þÆM=o*.
The¡efo¡e we deduce that 2 | u and 2 | D', but this is impossible. Hence,

*llD" +*llD
and 23 ll D'<+23 11 

D.

Further, by (.2.6),we see that Z I o it and only if 2lD'. Thus we have shown that

E = 1 and D" = P32m, whe¡e m = 0, L or 2.

We a¡e now left with the case of p = 3. If 3 / O, ttttn we have D' = -3D. Also, we

know m * 1, by Theorem 4.2.2, Thtts, we have
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o"= {?,o'
m=0
m=2.

If 3 | D, then D' = -Dl3 anO f / o'. We have

¡rr _ -32m+1¡r.

I1 m = 2, then 3s I D". We either get 3 | Q and 27 | A or by Theorem 2.4.1,

v3(3Q) > vs(A)> L. In either case, it follows that 3lAand 3lQ. If 9lA, then

2'7 lD'82, and hence 9 | B and 9 lu. Since u is square-free, we get a contradiction. On

the other hand, in the casewhere 3llAwe get3lB and3lu; it follows that3lD', which

is impossible. Thus, we have shown that m * 2 when 3 | D. Hence, we can only have

Jo m=u = l.-z7D' m =

We now summarize the above results. We have shown that for every cubic field of

discriminant D, there exists a quadratic generator À of this field. Also, for a given

quadratic generâtor À, we have (À) = b3, where b is a primitive ideal of O ç.

Furthermore, if À = 
&år'D'is any algebraic integer of K such that À * l" and (À) = b3,

whe¡e b is a primitive ideal , then the field QG), whe¡e Q3 = N(I) and Ç is a zero of

x3-3Qx+A=0,

has disc¡iminantD or -27D'. We will say that this ís the cubic field p¡oduced by À. Thus,

our objective will now be to find a quadratic generator fo¡ each distinct cubic field of

disc¡iminant D by searching fo¡ those values l. € O¡ç such that (I) = b3. We will also

want our values of l" to be small. (ie. lAl and lBl are small fo, l' = 
A*?Ð1.

$4.3 Quadratic generators ancl ideal classes of order 3'

Suppose that ¡.1 and À2 are quadratic generators of cubic fields of discriminant D

and that (lr) = br3 and (À) = b23, whe¡e b1, b2 are primitive ideals of 06 and b1 *b2'

We have yet to discuss the possibility that two quadratic generators, 1"1 and À2, generate

lr
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the same complex cubic field. In this section, we present a theorem which shows that À1

and tr2 generate two distinct complex cubic fields if b1*b2. Before we do so, we must

present the following results.

Lenrnra 4.3.1. (Berwick[Ber25]) Let E be a zero of the polynomial

x3-3Qx+A,

then if À is as defined in Lemma 4.2.2, we have

À(al + [)3 - iCoE + À)3 = o. r
Lenrma 4,3,2, If E is a zero of an irreducible cubic polynomial

x3-3Qx+A

and

E3-uE+bl-c=0

then we can only have a = 0, b = -3Q and c = -4, I
Let F1 and F2 be two complex cubic fields with the same discriminant D. By

l*mma 4.2.2, we know that there exists a quadratic ggnerator À1 for F1 and a quadratic

generator L2for F2,where À1, 12 € OK. We also know that N(À1) = qtl ( = L,2).

Further, by læmma 4.3,1, we know that

ÀrCQrEl + À1)3 - [1(-Q181 + ]'1)3 = 9,

(4.3.1) Xz(QzEz+ ir¡a - ir1-qr!2 + 1.2)3 = 6.

We can now prove

Theorenr 4.3.1. (Berwick[Ber25]) F1 = F2 if and only if there exists B € K, such that

Àr /0\ 3 ¡" )r,:_l: I
it \f3/ Xz ì'z

Ploof. Without loss of generalíty we may assume that Ç1 and !2 are both ¡eal. Put

pt = -QrEi and F¡ = QGi) (i = 1,2). Clearly, Q(Er) = Q(Ez) if and only if Q(pl) = Q(pr.

Also, Q(pr) = Q(p2) if and only if theLe exist p, q, r,s € Q such that

no2 + q
Pi =-

rp2 + s
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then because

and

we get

(4.3.2)

i(Ð'=i
t"(r*e1Ð

b =Gïb)'

(from (4.3.1))

(ftom (a.3.1))

ffiË(ffi)
(since P1, Pz, )'t )'z are all real).

We now write (4.3.2) as

. . tr, - Àr ll /pz+ ì'z\'*ffi t(*-t--t
If we solve for p1, we get

(Àr0 -Àtß)pz + tr112B - [rÀzß
Tr-

pz(p-Ê)+I2P-l,2P

Putting

¡=1,
À.' Ê - irpy-----7-,

t3-p
À1À213 - À1À20

r---------]-,
9-p

- À20 - À20

lt- p

we see that p = p, q = q, i= s; hence p, q, ¡, sCQ. Therefore, we can conclude that

Fl = Fz. By using similar reasoning we can also obtain the same ¡esult when
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þ/g\'7"2i' \o/ 
= 

^,
Now suppose thât F1 = F2. We must have

/-p¿:]z\3 -i,
þz+xz) 

-x2'

/trl rr\'- it
\or + rrrl -r"t'

and p, =!P2-1-9where p, q, r, s € Q and r,s not both zero.
rp2 + s

Hence,

\, = lPPr+q + À1rP2 + irt)3

'|,iöffi,
where y = 

q *,Àtt. 
Put p = (p + irr;3À, and we get

p + À1r

(4.3.3) p(pz * i)3 - pt(pz + y)3 = o.

We can w¡ite (a.3.3) as

(p - ù)pz3 + 3(pti - ùr)pz2 + 3(t y2 - itz)pzr (rri3 - ùy3) = o,

a cubic equation in p2 with rational coefficients. If pt = ir, then we must also have

vp=ip

and

I- f .

Thus, we have L1 = À1, which is a contradiction to the definition of a quadratic generator

If p * pi, then put

ui - rival=----:_,
p-t,

-', - 1
Y'[r - $ï-

l, - l.r
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ui3 - rìv3"'=l-il'
We see that a1,a2, a3G Q. Since E2 is a zero of the irreducible cubic polynomial

x3 -3Q2x + A2

and by definition p2 = -Q212, we can see that pZ is a zero of the ir¡educible cubic

polynomial

x3 - 3e23x - Azez3.

Hence, by I-emma 4.3,2wehave

at = 0, az = -Q23, at = -AzQz3 ,

Sinces=i,wehave
PY

-Qz3 ='uz -iz(t' t i) - Y'
(p/p)'1

_12(t tv) - y2

(Y/i) - 1

=-Yi.

Thus, we get Q23 = yy . further, we know

'A2Q23 =.' =!!l/IfJ
Gtltt)-t

=-Yi(Y+i).

Since Q23 = yy, we get Az= 1 + y. We can now conclude that y = ?.', or i2, which implies

that

Our ¡esult follows, on putting B = p + À1r. I
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then b1 - b2. I

6',7

Corollary 4.3.7. Let (Àr) = br3 and (À) = b23, where b1, b2 are primitive ideals of

O¡ç. If b1 .1b2, b2, then F1 . F2.

Proof, F¡om Theorem 4,3.1, we know that if Ft = F, then there exists some B € K

such that

r, /Ê\, =h o, i,:-l=i' \P/ iz xz

We may assume with no loss of generality that B € OK.lf

Àr /F\3 1"

t" (Ê/ =^;

then bt3b231B3) = È13Ë23(P3). It follows rhar we have brbz(13) = Ëttz(Bl and b1 - ú2.

Similarly, we can show that if

If r is the 3-rank of K = Q(r'Ð, then K processes precisely 3r . 1 non-principal

ideal classes of orde¡ 3. By using the above results, we can eliminate half of those ideal

classes since they are the conjugate ideal classes of the other half. Hence, the¡e are exactly
/'?r - 1\

1 * Y ideal classes, counting the principal class, which are required in the

generation of distinct complex cubic fields. In the next section we discuss the numbe¡ of

distinct cubic fields that can be generated in each of the distinct, non-conjugate ideal classes

of o¡der 3 and in the principal ideal class.

$4,4 Nunrber of rlistinct cr¡bic fieltls fronr each icleal class of or.cler 1 or 3,

'We now want to determine the number of non-isomorphic cubic fields that can be

generated from each of the ideal classes of orde¡ L o¡ 3, excluding the conjugâte ideal

classes. We divide these ideal classes into two categories: the principal ideal class and the
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non-principal ideal classes. In order to present ou¡ theorem, we introduce the following

lemmata.

Lemma 4,4,1, Let es be the fundamental unit of K. If b13 = (Àl), bz3 = (À2) and

bz-bt, then there exist ¡.r€K and i€Z such that 0sis2 and 1,1 = [i3e0il2. (For the

rest of this chapter and the following chapter, we use e0 to denote the fundamentâl unit of

the real quadratic field K.)

Proof, Since bt -bz, the¡e exist non-zero cr, B e O¡1 such that

(ct)b1 = (B)b2.

By raising both sides to the 3rd power, we get

(cr3¡btr = (ß3)b23.

Consequently, we have

a3À1 = r1P3l'2'

whereq is some unitof K, Sincerl = +€0nforsome n € Zandn= 3j + i (0 < i s 2, and

n,i,j e Z), we have

À1=(p/a¡ef;3esiÀ2.

'We can write p = ((f3 / a)e¡J)3, and the ¡esult follows. I

Lenrma 4.4.2. rrU= /l\'whe¡e v € K, then 3 | i.
êoi \+l

Proof. Without loss of generality, we may assume v eZ +,/Ú Z, Put y = + Since

c^i /"\3+=f+t
toi \u,/

rve havey =y;hencey €Q. Now

N(r)N(v)3=t1,

so we have
^ +1.,¿ _ -_.:_
' N(u)3
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Since N(v) c Z, we have lN(v )l = t2, whe¡e t €. Z and y = I I f . Put v = a + by'Dr where

a,b e.Z. rhen eoi = 1þl ano

t3l2G3 + 3ab2D,).

If ltl > 1, let pa ll t. Ifpp ll 2a and B < cr, then

az + 3bzD'= 0 (mod p3c-[]¡.

But a2 - b2D'= 0 (mod p2û) and B < o; hence

4b2D,=o(modp2d).

Lf. p t2,then p2d IbzD', and ,2aIa2. Hence, we have ps Ia and weget a contradiction.

rf. p = ), then p2c-2 | b2o', and we see that ozct-2 | a2, consequently, we have oc-l I. a

and a cont¡adiction. Thus,wehave t l2a and lv/t le O¡ç. Since egi = (v/t)3, wecan

conclude that 3 | i. I
Lenrma 4,4,3. Unde¡ the conditions of Lemma 4.4.1, if b1 is not a principal ideal, À1

and À2 produce the same cubic field if and only if i = 0.

Proof. By Lemma 4.4.1, we have

\ - P3eoiÀz

i1 t 3eoiÀz

Thus, if 3li,we see thattrl and À2 produce the same cubic field by Theorem 4.3.1. Also,

if À1 and À2 produce the same cubic field, then for some B € K, we get

l lg)'=þ",þ ,

Àr \t3,/ X2 tr2

hence,

#(Ë)'=1.'i
(pf¡)¡¡,, _ ôoil,

(pp)'Àz go'Iz

then
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9d.= "tot v3

rvhere v = ¡i B and v € K. Hence, by Lemma 4.4.2,3li.

On the other hand, if
(rrF)3rz _ eoiiz

túBl3rz eoiÀe '

then

rr'(ùt¡)3ôo' = eoiÀ22(1,13)3

of

(f)'=(i)'(rJ',
Putting p = ¡,rz¡(eoi(úfl)3), we have p = þ; hence p € Q. Since N(À) is the cube of a

rational integer, then p is the cube of a rational, i.e. p = 13 and t € Q. Putting

1 = ¡"iþt e K, we see that 13 = )'22 I eli e O¡ç. ey using the reasoning employed in

Lemma 4.4.3,we get y € O¡ç. Now

(ÀÐ2 = (.r)3.

and (À) = b23 , so this gives bzz = (ù. Since b22 and b23 are principal ideals, we know

that b2 must also be a principal ideal and we get a contradiction. By combining the above

results, we have proved Lemma 4.4.3. ¡
Lemma 4.4,4. If )' = v3,where v C O¡ç, then À does not produce a cubic field.

Proof. Let

. A+By'D'-l¡:-pfo'\'
À =- 2 -\ 2 )

Put Q3 = N(À) = N(v3). We have

^ a2 - b2D'v= 4

and

4A=a3+3ab2D'.

Therefore, we have
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x3 - 3Qx + A = (x + a) (xz - ax + (az + 3bzD) I 4) .

Since this is a ¡educible polynomial, À cannot produce a cubic field. I
Lemma 4.4,5. Only one cubic field can be produced f¡om all À such that b3 = (À),

where b is a principal ideal.

Proof. Suppose À1 and 12 generate distinct fields and (ì,1) = ¡r3, (IÐ = b23, where br

and bz are principal ideals. It follows that

trt = îtfrt3 = e0i1vt3 ,

where v1, ¡11 G O¡¡ and 0 s\ <2. Similarly, we also have

ì'z = \z4z3 = eoi2Yz3 ,

where v2, t¿z e Orand0<i2 s2. By Lemma 4.4.4, if ij = 0, where j € {i,2}, then À¡

does not produce a cubic field. For this reason, iL,ize {1,2}. We now have

If i1 + i2 = 0 (mod 3), then the fields generated by 1,1 and À2 a¡e identicâl by Theorem

4.3.1. Also,

thus, if i1 . i2 = 0 (mod 3), then the fields generated by À1 and À2 are identical. Therefore,

if À1, À2 generate different fields, we have i1 * i2or í2* -i2 (mod 3). Since Z | \ or i2,

this is not possible, hence, we can conclude that the¡e is only one cubic field produced

from all values of I such that b3 = (À.) and b is a principal ideal. I
By using the above lemmata, we have shown that the following theorem holds.

Theorem 4,4,t, Let C be any ideal class such that C3 = PI, rvhe¡e PI denotes the

principal ideal class, IfC=Pl,allthevaluesofÀ€O¡çsuchthatÀ-iandb3=(À)for

primitive b € C produce the same cubic field. Further, if C '. PI, all the values of À €

Oç such that l, * À and b3 = (À) for primitive b€C produce only 3 distinct cubic

fields. I
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Note that, in the case where b É PI and b3 = (À), then 1,1 (i = 0,1,2) produce the 3

distinct cubic fields which can be produced where

l,'' = ¡r3esiÀ (i = 0,1,2).

For any ¡,r € K such that À¡ (i = 0,1,2).e O¡¡. Of course, À. and tr always generate the

same field.

Suppose that the 3-rank of the class group in Q(VD-) is ¡' and the 3-rank of Q(y'D)

is r. By Hasse's theorem, there are exactly $! complex cubic fields. On the othe¡

hand, by Theo¡em 4.2.7 we know that we cân generate precisely

- 3f?/ - 1) 1r'+1 - 1i+---2-=-

distinct cubic fields. For this reason, if r = ¡'+1 (escalatory case), then all the fields

generated by the CUFFQI algorithm are distinct and have disc¡iminant D. None of the

fields generated in this case can have discriminant -27D'. If r = r' (non-escalatory case),

then we get all the cubic fields of discriminant D and an additional 3r'cubic fields of

discriminant -27D',In this case, a criterion for determining whether the generating

polynomial has field discriminant D or -27D'is needed. By using Theorem 2.4.1,, we have

a simple such c¡iterion. In the case where 3 | D, the generating polynomial x3-3Qx+A has

field discriminant D if and only if one the following conditions holds:
,ti) 3/o,elA,

iÐ O * t (mod 3), A2 = 3Q+1 (mod 9),

iii) Q = i (mod 3), A2 = 3Q+1 (mod 27).
.t

In the case where 3 / D, the generating polynomiâl x3-3Qx+A has field discriminant D if

and only if

Q = 1 (mod 3) and A2 = 3Q+1 (mod 27).
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Chapter 5.

Computational Aspects of CUFFQI

$5.1. Introdu ction.

We have seen in the preceding chapter that, if we want to find all of the

non-isomorphic cubic fields which have a given fundamental discriminant D, we need only

find their quadratic generators. For each given ideal class of order 3 (excluding conjugate

classes), only 3 of the generators need be computed, and for the principal class only one

need be found, Thus the problem now becomes one of determining each of the ideal classes

of order 3 and then, in each of these classes, determining 3 quadratic generators À1, t,2, À3

such that (Àt) = bi3, where b¡ is some ideal in the class, Ài is not large, and À¡ / À¡ ;. p3 for

someLr€Kwheni+j(i,je0, 1,2). We must also determine some small À such that

(À) = b3, and b is principal.

In this chapter, we show how the CUFFQI algorithm determines these À values.

We discuss an algorithm to find an ideal a such that a3 = (L) and À is small. We then

present an algorithm to find this small À when only a is given, In addition, the complexity

of the CUFFQI algorithm is analyzed. The results of running the CUFFQI algorithm on a

main frame computer for certain D, where it is known that Q(\¡D) has a large 3-rank of its

class group, including 3 fields rvith a 3-rank of 6 given in Quer[Que87], are also

presented, Since this algorithm attempts to find a small À, we also discuss the bounds on

the coefficients and the index of a generating polynomial which the algorithm produces.

$5.2, Continued fractions, ideals and infrastructure.

In o¡der to implement the CUFFQI algorithm, we require a number of results

concerning the contjnued fraction expansion of an expression of the form (P +.,rD)/Q,

where P, Q,D' e Z and D'(>0) is not a perfect square. These results are well known and

are presented here fo¡ the convenience of the ¡eader,
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(s.2.1)

As in Stephens and Williams[SW88], we let P0, Q0 C Z be such that

Oo I D' - P¡2 and put

ö=00=(po+\rD)/es.
By putting qo = [Þo]- and using the well-known fo¡mulae

P¡*1 =q¡Q¡-P¡,

Q¡*1 = (D' - P2u*r) / Q¡,

9r+r = [(Pr+r + t/D) I Qr*r] = 1 (k = 0,1,2,...),

we can expand O into the simple continued fraction

(s,2.2) 0=Qo+
1

.r I
9z + ", 

-]-
9m.r + 

Ç
where Q,n = (Pm + \fÐ / Qm. Here, we call the above fo¡mulae the Forward

Single-Step Continued Fraction Algorithm, We now proceed to int¡oduce the Backward

Single-Step Continued Fraction Algorithm for a given ô¡a1. We first require the following

lemma.

Lenrma 5.2.1.(Williams and Wunderlich[Ww87]) If, in the continued fraction of

Q 
= 

06, we have -1 < 01 < 0, then

9r=[(pr+l+llD-)/e¡]
forall k>1. I
Hence, if -1 . õr . 0, then, for a given pair (Pr*t,Qr*r), we can find Po and Q¡ by using

the following formulae;

Q¡= (D'-P2¡11)/Q¡11,

9r=[(pr+r+rrÐ/er],
(5.2.3) P¡ = q¡Q¡ - P¡*1.

If we put 0t = 1 and define

*We use [cr] to denote that integer such that c - 1 < [a] s a.
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(s.2.4) u"., = ffu, {"),

then

(5.2.5) on 6n = (-1)n'1en_1 / eo

and

(5.2.6) 0n = (-1)n'1(An _2- QBr-) = (-1)n-1(cn_2 - ,.rDtsn_2) / Qs

where

(5.2.7) G¡ = QsA¡ - PgBk = Pr,*rBt + Qr*rBr_r.

Here A-2 = 0, A_r =L, B.z = 1, B_r = 0, and

(5,2.8) A¡*1 = Qi*141 + Ai-1, B¡*1 = Qi+rBi + B¡-1 (i = -1,0,1,2,...),

If we put ç¡ = l(õ)-11 and pn = l6nl, then by (5.2.1)

Qi=11r,+\rD)/Q1_11

and
n-1 ^ n-1(s.z.s) o" = flvi = lt[*,= är.j,

Also, by (5.2.6) and (5.2.7) we have

Pn =l(Gn-z+Bn-2y'Ð/QoI

= I (Bn.z (Pn-1 + y'D) + Qn-,Bn_3) / Qe l.

It is known thât there is a connection between the continued fraction expansion of

(P + ,'ID) / Q and the ideals in the Leal quadratic field Q(fD'). Here, we briefly describe

some of the results which are relevant to our work. A detailed description of these

theorems, proofs and results is given in [WW87]. Vr'e fi¡st give an important definition.

Definition 5,2,1. We say that j is a reduced ideal in O¡ç if j is primitive and there does

not exist any nonzero c € j such thât both l"l . N(i) and lãl < N(i) hold,

With the above definition, we are now able to present some of the well-known

properties of reduced ideals,
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Theorem 5,2.L Let j be a primitive ideal; then j is a ¡educed ideal in O¡ç if and only if

thereexistssome Bej suchthatj = tNû),01, 13 t N(i), and -N(i) <F < 0. I
Colollaly 5.2.1. if j is a reduced ideal in O¡ç, then N(i) < y'DI I
Theorem 5,2.2,If j is a primitive ideal in O¡ and N(i) <^/D'12, thenJ is a reduced

ideal in O¡ç. I
If j is any reduced ideal in O¡¡, then j = IN(i),c+ol, where c€Z and

¡¡ = (o- l+y'D)/o, and we may certainly assume that 0 < c < N(i). Since N(i) < y'Dr, we

see that there can only be a finite number of reduced ideals in O¡1. We further point out

that, ifj is a reduced ideal, then the conjugate of ideal j is also a reduced ideal.

Now, given an ideal j (= jr), we can use the Forward Single.Step Continued

Fraction Algorithm, as given above, (applied to p / N(i1) = (Po + r/D) / Qe) to produce

a sequence of ideals

ii,iz,j¡,...,in
such that

ir = [Qr-l/o, (Pu-t +r'D)/o] (k = 1,2,3,...,n),

(N(ir)0J. = (t{cJIr

rvhere 1 < s s n. Also, ps = 0j1N0J, prC Or (p, > 1) andwe have

(N(ir)). = (pJr.

We mention further (Theorem a.2 in [WW87]) that, for some m = O(log Nfi)), we get jn

¡educed for any n > m.

Theorem 5.2.3. ([WW87]) if, by developing ôo = (Po + {D) lQ6 into a continued

fraction, we find the least m (> 1) such that 0 < Q¡.,-i < y'Dt then j, (= [Q'n-r/o ,

(Pr.r+y'Dlol) is a reduced ideal in O¡ç and

1 . or'1 < 2Qe / Q¡¡.1 = 2N(il) / N(iln)

ot

N(ir) < p. < 2N(ir), I
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Let j1 (= [Qo/o, (Po + rfD)/o]) be any reduced ideal. The Forward

Single-Step Contínued Fraction Algorithm applied to j1 ( Qs = €, + {D) I Qs) yields a

purely periodic sequence of all the reduced ideals - j1, with a minimal p € Z+ such that

jp+r = jr and 0p+r = N6r)eo (e6 is the fundamental unit of Q(y'DT), due to the following

results.

Theorem 5,2.4. If i = j1 is a reduced ideal in O¡ç, then -1 . Ql .0. ¡
Colollary 5.2,2. If. il is a reduced ideal in O¡ç, then so is j, for any m > 1. I

Vr'e define the distance between two equivalent reduced idealsjn andjl fn - j1) as

ôn = ôún , ir) = log fy'-p,¡p" I = lsg (p,/ vrN(iiIvfiJ ).

we note that, since Pn + y'llr > y'0-p-*1, we have ô(in*r, jr) r ô0n, jr) > 0 for any

n > 1, and ôCIn , jr) = 0 if and only if n = 1, The notion of distance was first discussed

by Shanks[Sha73] and later refined by lænstra[Len82] and Schoof[Sch83]. in this chapter,

we use Lenstra's distance definition. Notice that distance is only defined between ideals of

06 that are equivalent and reduced. Furthermore,

ôfip*r ,jr) = log eo = R,

where jo*1 is defined as above and R is the regulator of Q(y'D). We also note that

ôd",jr)=n-ôún,ir).

Let i1 (= (1)), i2, i3, .,. , in, ... be the sequence of reduced principal ideals in O¡¡

and suppose thatji is any Leduced ideal in O¡ç, Let

(u)h = j 1in,

where u € Z and h is a primitive ideal in O¡ç. If j1 and in are known, then the algorithm of

Shanks as given in Section 6 of [MW87] can be used to find u and h, Also,

h _ir.

Let h, be a reduced ideal equivalent to h = h1, which we find by using the Folward

Single-Step Continued Fraction Algorithm on h1, with m defined as in Theorem 5.2.3.
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Since hn' - j1, and h, is reduced, we have h, = j¡ for some t. Hence, we now present a

modified version of a theorem of Williams and Wunderlich[WW87].

Theorem 5,2,5 If ôs = ô0s,jr), ôn = ô(in, i1), ôr = òfi,,j1), then

ôt-òr+ôn+ï(modR)

where lql < log 2D'.

Proof. Let in = (pn), N0r))j = (p'J1, N(hl)hm = (p"*)hr. Since (u)h1 = j.in, we

ger u2N1n1¡ = NúJ N(in).

Also,

(N(is)N(in))hm = (p "ru)j.in ;

hence,

(N(is)NCI1)N(in))h'n = (pnp'.p"ru)j1,

and

(Nor))h,n = (ffi#tj),,
Also,

òr = ô(h,',ir) ='* (_u¡ïffffi)
='.r (offio) -'"r (--!-/r0Ð) * roe (7¡¡ffi.r) * roe,

where e is a unit of K. Putting

we have

ô1 = ôfi. , j1) + ò(in , i1) + r1 (mod R).

By Theorem 5.2.3,wehave p". < 2N(h1) - 2N(is)-N(in) 
and it follows that

,.'"'(åW)
Since y'ñffJ , \nTÐ < y'F, we have 11 < log(2D'), On the other hand, by Theo¡em

5.2.3,we have N(h*) < p"m , and it follows that
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'*(ffi)'n
Hence, we have log(D-l) < 11, and we have proved the above theorem. I

With the above idea we can develop algorithms of complexity O(R1/2D'e) to find

the regulator of Q(/D) and to find the value of ò(Í, , (1)) for a given reduced principal

ideal i,. Also, we can develop a fast algorithm, of complexity O(Dô)e), to find j¡ for

given values of ò andjl such thatj¡ has a distance closest to ô fromjl. In solving the first

problem, we refer the reader to [BW88B]. As fo¡ the last two algorithms, since they are

not, to the best of our knowledge, documented in the literature, we include them here.

In finding the distance ò(ir, (1)) for a given reduced principal ideal i,, we assume

that the regulator R of Q(VD) is known. We first generate a list of reduced principal ideals

i1 = (1),i2, ..,,i' ir11,..., i,, Here s and t are determined by ô(ir, (1)) = R1/2 and

ò(ir, (1)) > ò(is, (1)) + log(2D').

Ifi,= i¡ (1 < j s t), then ô(i¡, (1)) = ô(i¡, (1)). If ir=-ij(1 sj s t), then

ô(ir, (1))= R - ô(ij, (1)).

Otherwise, put im equal to the reduced ideal equivalent to i.i., where ô(i, , (1)) -
2ô(is, (1)) and ô(in' , (1)) < 2ô(is, (1)) + log(2D'). We let inu be a reduced ideal

equivalent to ir(inl)k (k e q, We note that

ô(ink'ir)-kô(im,(1))

and

ò(ini*r ,in,) - ò(ini,ini_r) . 2ô(is , (i)) + 2log(zD').

Starting k at one, we increase k until a reduced ideal inu for which inu or inu e

liy iz, ... , itÌ. If ink = ij (1 < j s t), then

ô(ir, (1)) = n + ò(ij, (1)) - ò(ink, ir).

If ink = ¡j (1 < j < t), then

ô(if , (1)) = R' ô(ij, (i)) - ò(in., ir)'

We now present this algorithm in full.
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Algolithm 5.2,1,

Given: s, t and R.

1) Initialize dist+ .- 0.

2) Use the Forward Single-Step Continued Fraction Algorithm to generate a list of

reduced principal ideals and thei¡ distances (ideals i¡, and ô(i¡,(1)) where

k = 1,2,...,s,...,t),

3) Compute u and b where (u)b = i, ir,

4) Use the Forward Single-Step Continued Fraction AJgorithm to reduce b, and

produce a reduced principal ideal irwhere (N(b)i, = (p.)b.

5) Compute ò(i.,(1)) where

ô(im,(1)) = 2ô(i,,(1)) + logl(p,)ul- tog(N(i,)) - o,5log(N(i,)).

6) If i, = i¡ (1 < j < t), then goto step 12.

7) If ir = Ï- (i < j < t), then goto step 14.

8) Compute u and b whe¡e (u)b = irir.

9) Use the Forward Single-Step Continued Fraction Algorithm to reduce b, and

produce a reduced principal ideal i" whele (N@))i. = (p)b.

i0) disr <- dist + ö(inl,(i))+ logl(p)ul - 0,slog(N(i,)N(im)N(iJ).

11) Set ir.- i., and goto steP 6.

12) DISTANCE r R+ô(ij,(l))-dist.

13) Goto step 15.

14) DISTANCE-R -ô(i:,(1))-dist.

15) Stop.

+We use 'dist' to denote the distance ô(ink, ir)
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The next algorithm is to find a reduced ideal j¡ for given values of ô and j, such

that ô(i¡ ,jr) - 6. If we have a ¡educed principal ideal in with ô(in,(i)) - ô, then, by

using Theorem 5.2.5,we can find a reduced ideal ji equivalent to i;i1 with a distance close

to ô. We then use either the Forward Single-Step Continued F¡action Algorithm or

Backward Single-Step Continued Fraction A.lgorithm, depending on wherher ô(il , jt) > ô,

to find a reduced ideal which has a distance closest to ô from j1. As for the problem of

finding in, we first find m and u such that

ô = 2mu,

where u (e Q) < 10 and m € Z. We use the Forward Single-Step Continued F¡action

Algolithm to find a reduced principal ideal iu with a distance close to u and then use m

"doubling" steps (find ium+1; see [Sha72]) to find in, The following is a detailed

descliption of the algorithm.
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Algorithm 5.2,2.

1) Initialize i .- 0 and DIST .- ô.

2) If DiST < 10 goto step 6.

3) DIST .- DIST / 2.

4) i.-i+1.
5) Goto step 2.

6) Use the Fo¡wa¡d Single-Step Continued Fraction Algorithm on (1) to find iu

(-(1)) which has a distance less than but closest to DIST.

7) Set m.- i.

8) Fori =1 tomdo

9) Compute u and b where (u)b = iuiu.

10) DoUBLE * 2ô(iu , (1)).

11) Use the Forward Single-Step Continued Fraction Algorithm to reduce b and

produce a reduced principal ideal ir.(i.e. (N@)i,n = (p,")b)

t2) Compute ô(im, (1)) .- DOUBLE + Iogl(pr)ul - log(N(i,)) - o.slog(N(ir)).

13) If ô(im , (1)) < DOUBLE, apply the Forward Single-Step Continued Fraction

algorithm on im, as given in (5.2.1), to find ideal in such that

ô(in,(1))-DoUBLE.

\4) If ô(im , (1)) > DOUBLE, apply the Backward Single-Step continued Fraction

Algorithm on in,', as given in (5.2.3), to find ideal in such that

ò(in,(1))* DOUBLE.

15) Set i, .- in,

16) End For.

l7) Compute u and b where (u)b = ijt,

18) Use the Fo¡ward Single-Step Continued Fraction Algorithm to reduce b and

produce a reduced primitive ideal j, such that (N@))in' = (p'r)b.

19) compute ôfin.,, j1).- ô(in,(1)) + logl(p'r)ul- O.slog(N(im)N(il)N(in)),
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If ô(im,j1) < ô, apply the Forward Single-Step Continued Fraction Algorithm on

j* as given in (5.2.1), to find idealju such that ô(ik,i1)* ô.

If ò(im , j1) > ô, apply the Backwa¡d Single-Step Continued Fraction A.lgorirhm on

J* as given in (5.2.1), to find idealj¡ such that ö(it ,jr) - ô,

Stop.

$5.3. Determination of an ideal a such that a3 = (À) and l, is small,

In Shanks'CUFFQI algorithm, the approach to constructing l, is to find a fixed

¡educed ideal a such that a3 = (À) and I is small. Certainly, we know that a is either a

principal ideal or an ideal of older 3. Thus, we must first produce the group G3 of all the

ideal classes of K whose cubes a¡e principal and then eliminate from G3 the conjugate

classes. Let G'3 denote this set of ideal classes. The problem of finding the generators for

G3 can be solved by using the Baby Step - Giant Step method of Shanks [Sha71] in

O(D'1/a+e¡ operations unde¡ suitable Riemann Hypotheses, as given in Lenstra[Len82].

We then divide the task of constructing a generating polynomial for each distlnct complex

cubic field with disc¡iminant D into two subproblems.The first problem is to compute, for a

given ideal 41, where a1 is an ideal class of G'3 and a1 is reduced, an ideal a, - a1 such

that ar3 = (X.) where L is small. The second problem is to find À for a given ideal a such

that a3 = (À). In this section, we describe a solution to the first problem, Since we want a

small À, it is important for us to select an ideal which can provide such a À. By Theorem

4.4.7, we need only find three distinct ideals ar in each of the non-principal ideal classes in

G'3, and only one ideal a, in the principal ideal class.

We first consider the case where a (a1 = (1)) is a principal ideal. He¡e we have

a¡ = (pr) and ar3 = (pr3) = (pr3 / eo¡.

If we put X = pr3 I e0, since

we have

lN(À)l = lN(p,)13 = N(a,)3,
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lf,l = N(a,)3eo/p,3.

In order for ltrl and lÀl to be small, we want

|[| - lÀl- N(a,)3/2,

as lÀtr1 = N(a,)3. Thus, we want

e6N(ar)3/2 / p,3

to be close to 1. Howevsr,

3ô(a, , a1) = log( pr3 / N(ar)3/2 ),

and we have

log l[l = (R + log(N(a,)3/2¡¡ - :ò1a,, a,¡.

Hence, we want R - 3ô(a' a1) in orde¡ to have l-Àl 
* N(ur)3/2. Consequently, we want

an ideal a. such that

ô(a.,a1)<R /3,

and ò(ar11 ,a1)>R/3.
We then select either as or as+1 to be a, depending on which ideal has a distance closer to

1/3 of the regulator. We can now give the algorithm for the determination of ideal ar

(a, - (1)).

Algolithm 5.3,1,

1) Use the Large Step Algorithm, as given in [SW88] for example, to compute the

regulator R of Q(r/Ð.

2) Use AlgoLithm 5.2,2 rc ftnd the ideal as (- (1)) such that

ò(ar, a1) < R/3 < ô(ar*1 , a1).

3) If lô(a'a1) - R/31 < lô(as+1,a1) - R/31, set a¡ <- ar; otherwise ser ar <- as+1.

4) Stop.

We now consider the case where ai is not a principal ideal. We let a, be a reduced

ideal in a class of G'3. If we put

(5,3.1) a12 = (u1)b1, where u, e Z and b1 is a primitive ideal,
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then

(s.3.2) (N(bl))bm = (p",)br,

where b. is a leduced ideal equivalent to b1. Multiplying bm by al, we get

(5.3.3) bn'a, = (u2)c1, where c, - (1) and ure, Z.

Let c, be a reduced ideal equivalent to cl. Then

(s,3.4) (N(c1))c, = (Þ,)c,.

Let c. be the conjugate ideal of c,. Then

cr=õ,-ãt3-(1)'

and

(5.3.5) s, = õ.= (0r).

Now, if we put

(N(a1))âr = (P',)a 1,

then we have

(s.3.6) (N(a,)3)a,3 = (p'r3)a13.

The product of (5.3,i) and (5.3.3) is

b.a13 = (u 1u2)b i c1,

and, fiom (5.3.2) , (5.3.4) we get

(p"*p,)brar3 = (uru2N(b 1)N(c1))bn,,c,,

or (p "rpr)a13 = (uru2N(b1)N(c1))c1.

By using (5.3.5), we get

(P ",nP,)ar3 = (uturN(b1)N(c1)0.)'

From (5.3.6) it follows that

(p "rp,N(a r)3)a,3 = (u1u2N(b1)N(c1)0sp'r3).

We have ar3 = (À), where

., u1u2N(b1)N1c1)0rp,,3

" = --¡;ffi[uÉ-'
Bur, since N(a,)3 = lN(À)l = lÀ 

-À1, we get
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¡¡¡ = 
N(u,)3N(ur)3P"'P,- 

.

ururN(b1)N(c1)0,p',3'

Also, N(cr) = N(c) = lN(0r)l and we now have

,r,_ N(u)rry(ulrp_p,jglr"r=¡mtlvGtr.rGl

Letting

/< ., .\ ., _ N(ar)3/2p,,n'plõrl
\J'J't) I - u1u2N(b1)N(ct)N(cr)'

we have

r,r _ 
p,r3

As in the previous case, in order to have l-Àl - l)'l - N(ar)3/2, we want

yw1a,¡3l2N(a 1)312 llp'rl3 to be close to 1. Since

ô(a,, a1) = tog( p',/y'N@)N@)),

and ô(a, a1) is monotonically increasing with r, we select that ideal a, such that

ô(a, , a1) < (log y) / 3,

and

ò(a.*1 , a1) > (log 1) / 3.

Once we find a., we chose a, = as or as+1 such that ò(a' a1) is closest to (logy) / 3,

As mentioned earlie¡, we must find 3 distinct À's in each of the non-principal ideal

classes in G's. By Theorem 4.4.1,, we know that

. lX,l=(N(a,)3N(ar¡3/2yeoi)/p',3, where i=0,1',2,

produce all the (3) distinct complex cubic fields of which the ideâl class containing ar is

capable. Thus, we must find 3 ideals whose generators produce 3 other distinct complex

cubic fields. These 3 ideals can be found by obtaining ar. such that

ô(ar., a1) * (logy + i (log es)) / 3, where i = 0, L,2.

Thus, for a given non-principal reduced ideal a1 in a class of G'3, the algorithm to find the

3 distinct ideals a, is as follows:
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Algolithm 5.3.2,

1) Compute u, and b1 where (u1) bt = at2.

2) Find a reduced ideal b* (-b1) such that (N(b1))b. = (p"n,,)br.

3) Compute u2 and c1 where (u) c1 = bra1.

4) Find a reduced ideal c, (-c1) such that (N(cr))c, = (p,)cr.

5) Use Algorithm 5.2.1 to find the distance ô, between q (= .r) and (1).

6) compute logy.- ¡et1¡¡1ur)3/2p"rp,) + ô. - log(uru2N(b1)N(c1)N(cs)1/2).

7) Initialize i .- L.

8) Use Algorithm 5,2,2 b find ideal a, such that ô(as , a1) < Qogy) / 3

and (logy)/3 < ô(ar*1 , a1).

9) Set ar*arif lô(ar*1 ,a1)- (logy)/31 < lô(a' a1) - (logy) / 3l;

othe¡wise put ar .- as+1.

10) Save ar.

11) y*y+logÐ0/3.

12) i.-i+1.
13) If i < 3 goto step 8.

14) Stop.

$5.4. Bouncls on A and B rvhet'e ), = (A+B,ID')/o.

In the previous section, we presented a method for finding a reduced ideal a, such

that ar3 = (À), where l, (> 0) is small. In this section, we determine bounds on A and B,

where À = (A+By'Ð/o. in o¡der to do so, we must first determine bounds on À and lll.
As stated ea¡lier, ar can be either as or as+1, where as and a.*1 are defined in $5.3. We

first discuss the bounds in the case where (1,) = âr3 = âs3.
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- Nla l3wra"l3/2v 
where v = 1, (as defined in (5.3.7)), or v = e0 , In thisCase 1 lÀl= -î"p -

case we know that

S9J"'N(")'/'- '
þ¡: 

> t'

so we have lll > Nlar¡3/2. Since lÀ-Àl = Nlar)3 and y'D'> N(ar), bl Corollary 5.2.1,

we have

(s.4.1) p,3/a ¡ ¡s1r.¡3/2 > lÀl = N(as)3 / l-À1.

Also, since a. is selected such that

tog(v) - 3logp, + 372 log(N(a,)) + 3/2 log(N(a1))

< 3togpr*1 - 3/2 log(N(a,*1)) - 3/2 log(N(a,)) - tog(v),

we have
p,* 13 - uNqa.¡3/2N(a 1)3/2Ñ("'-¡z'u('F'- oJ

or

M#¡GF=N(\##w>v'?'
where ri-r. = 1e, + rfD)/ Q.-1. It follows that

p"3.1,"3/2

N(a;F > v

and this gives

N('11,u,3/2 
=,, , ¡1.

N(ar*, )r/"N(ar)r/*

Also, N(ar) = Qr.1 / o, so we have

Nla )3/4 ¡p - * ¡51312(s.4.2) 
f)3_r--/2ùa*tt4j- 

> lÀ1.

But, as y'D- > N(ar), we now have

(5,4.3) 23 stet9 - 2ztzç2¡513t2 (r'Ðal+ t ,t'.
Since lÀIl = ¡.1(aJ3, we can e asily deduce that

lÀl>D'3/8/8.
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Although the upper bound for lll derived here is 8D'9/8, in most cases the actual

size of lÏ,1 tends to be much smaller. Indeed, according to the Gauss-Kuzmin Law, if

0i = (Pi + t/D\ lQ¡, then we would expect the probabiliry of Oi occurring betrveen n

and n + L to be approximately

log[1 + 1/(n2 + 2n)] I log2,

Fo¡ n = 1,2 and 3, this gives the values 0.415037,0.1,69925 and 0.93109, respectively.

Thus, about 0.678 of the time we might expect

Pi + y'Dr(s,4.4) a'--Q-.

Based on this infolmation and (5.4,2), we can say that, for approximately two thirds of the

values of lIl, we would probably get

(s.4.s) BD'3/4 > N1ar;3/4N1a,*,Pr (-,-t":ag)"" 1-ll,

We now consider the bounds in the case where (À) = ar3 = âs+13.

case 2. ¡x¡ = {(t::-tlx(tr)34 where v has rhe same definition as in case 1. In this
lP.*rl3

case we have

N(ar* r)3/2N(a r)3/2v _ ,--- tã;13-' ''
so Nlar*1)3/2 > lIl iottows. Therefore we have

(5.4.6) D'3/4 > El.

Since lÀ[l = N(ar)3, we have

lÀl > ¡':/a'

Fu¡thermore,

log(v) - 3loglp.l + 3/2 log(N(a.)) + 3/2 logQ.i(a1))

> 3toglp,*11 - 3/2 tog(N(as+1)) - 3/2 log(N(a,)) - log(v).

N(4,*t)3
Hence, we obtain

El ' Nlar¡3/4N(ar*i)314 þ s312'



90

where Vs = (Ps + y'D) / Q.-1. Since ltrIl = N1¡.*r;r, we now have

(s.4.7) Nlar*r)3/4N(ar¡3ta pr3/2 > lÀl = N(ar*r)3 ¡ lll.
Also, rf , = o(Ps + lfÐ / N(as) and we get

(5.4.8)

Again, by using the Gauss-Kuzmin Law we can expect to have a smaller upper bound for

lÀf in most instances. By Corollary 5.2.2 and Lemma 5.2.!, we know that [1þs] = qs.

Hence, by (5.4.4), we would expect that 4 > q, about 67,8Vo of the time. Based on this

information and (5.4.1), the following inequality

(s.4.e) g¡'3/4 > Niar*r¡3/4N(ar)3la þ"312 , lt l

probably holds for about two thirds of À values.

We have now determined the bounds on I and lll for both cases. Since

l2A t al< lÀl + l-À1, and l2B tol . lll¿!¡l ./D
in either case we cân say that 67.8Vo of. the time we would expect to have

4.5o9'3/4 > (8D's/4 + D,3/\@ I 2) > l{l,
4.5s9,1/4 > (8D,t/¿ + D'1/4Xo I 2)> lBl.

Also, the following bounds

4.5sD,e/8 > (8D,s/8 + D,3/4Xo l2)> l\l,
4.5o¡,s/8 > (Bo,sls + D,1/4)(o lZ)> lBl

a¡e unconditional.

It is well known that any cubic field F having disc¡iminant D has a reduced binary

cubic form F(x,y) = atx3 +arx2y +a3xr2+^4y3 with discriminant D associated with it. In

[ET85], Ennola and Turunen present a method for constructing a generating polynomial

f(x) = ¡3-¿¡¡5 f¡om this binary cubic form F(x,y) such that F(x,y) and f(x) correspond ro

the same cubic field F. Although Ennola and Turunen deal with totally real cubic fields

only, this method can also be applied to complex cubic fields because the change from

,o,era, 
o3l2(P. * .Ðl2UN(u,*r)3/a,,^,.

(s.4.10)
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positive discriminants to negative discriminants does not affect the proof of the method.

Also, in [ET85] it was pointed out that the discriminant of f(x) is DE2 where E is the index

of the polynomial f(x). Furthermore,

E.<2Du4 l,/,n
is given in [M812]. As a result, we can conclude that there exists a generating polynomial

with disc¡iminant D and index I for the cubic field F such that

(s.4.1 1) r < 2Drt4 /J27.

However, we have no idea of how to find the F(x,y) here; nevertheless, by comparing

(5.4.10) and (5.4.11), we can say that most of the generating polynomials constructed by

the CUFFQI algorithm have indices which are not much larger than those bounded by

(5.4.i1). Furthermore, we can conclude that the generating polynomials constructed by the

CUFFQI algorithm have relatively small values for their coefficients and index.

$5.5. Construction of 1,.

In the previous section we presented a method for obtaining a reduced ideal a such

that a3 = (À) where À (> 0) and lIl are small. In this section, we describe an algorithm

which can determine what this À value is, given a.

L.et

(s.5.1) a2 = (u)b

where u e Z and b is prmitive. Put b, = b. We then have

(5, s.2) (N(b1))bm = (p,))b1,

where b, = ã, for some m. Since (u)b, = 42, we get

(s, s.3) (uN(b1))ã = (p,)a2

On multiplying (5.5.3) by â, we see that

(p,o)as = (uN(bt)N(a)),

but N(a) = N(ã) = N(bIn) and lN(pln)l = N(br)N@-); hence
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a3 = (À) = (uN(b1)N(bm)0,-1) = {uõr).

It follows that

Àesk = uþn'

or

¡, = u-pm€o.k,

where k € Z. Although k could be any integer, the following theotem allows us to rest¡ict

the possible values of k, in the case where the regulator is not exceptionally small.

Theorem 5,5.1. Suppose that (N(b1))b, = (pr))b1 and À = uõ,n¿o-k hold. if
Cr . À . C2, where C1, C2e Q, and log ee > max{log(D'lC1) , log(2C)i, then

().5.4) ¡ = r.ì Pm

or

(5.5.5) 
^ = u pmêo.

Proof. Let s be the least value (1 < s < m) such that b, is a reduced ideal. Hence, by

Theorem 5,2.3, we have

Þ,n=N(bi)O,n=N(b1)0sXs

where

0t = 0sx5,

(5,5,6) 1/e6<¡.<1,

and

(5.s,7) N(b,) / (2N(b1)) < o, < 1.

On multiplying (5.5.6) by (5.5.7), we get

N(b,) / (2N(b,)eo) < osxs < 1i

thus,

N(b,) / (2eo) < N(b1)osxs < N(bl),

or

uN@,) / (2es) < uþn] < uN(b1).
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Since À = uÞreo'k, we have

uN(br) / (2eok*1) < ¡. < uN(bl) / sok.

But since C1 < À and D'> N(a)2 = u2N(bt), we obtain the following inequality

D' / Eok > (uN(b1))/ eok r Cr.

Hence,

D'l C1 > egk,

On the other hand, we know that D' I C1< s0, and therefore we have k s 0. As for the

upper bound for À, we have C2 > À and it follows that

. c2 > uN(b.) I (2eok+t¡

and

eok+1 > uN(br) l(2Cù> 1l(2Cù.

Thus, we get

2C2 > e''k"l '

Once again, we know that 2C2 < eg, and, as a consequence, we have k > -1. Our ¡esult

follows. I
In 95.4, we have shown that 3¡19/8;, ¡ ¡ ¡'3/8 / 8. Hence, we can now apply

Theo¡em 5.5,1 to find À if the regulator is bigger than log16D'9/8. In rhe case where

R < log16D'9/8, the determination of a small l, can be done by using a di¡ect sea¡ch

because there is a limited number of ¡educed ideals in each of the ideal classes. Thus, this

theorem can be used here, as we are not interested in the disc¡iminants which have small

regulators.

In (5.5.5), since es is usually very large, it is convenienr to modify (5.5.5) so that

À can be easily consructed. From (5.5.2), we have

(s.s.8) (N(bl))bm = (p,n)bl,

Putting a, = Et and at = E,,,we then get

(s,s.9) (N(al))ar = (p't)ar.
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The product of (5.5.8) and (5.5.9) is

(N(bl)N(bm)) = (p,rP'n).

But, since (N(b1)N(bm) = (prþ,n), we get

r1õm = p't,

where t1 is a unit (i.e. ïì = e6i and i€ Z). Since N(a,) < p't < €6 and

l/eo < þn' < N(br), we have

r1 = p't / i,n > w1a,¡ /N(bl).

By 5,5.1, we have N(a,)2 = u2N(br) and we ger

¡>u2lN(a,)>1/y'D-.

Since we are only interested in D'where e9 > 8D'9/8, we get

r'ì =p'r/Þ,n>1andi>0.

If p', = Þ., *r grt

À = up,reo.

It follows that

eo=À/(up'r).

Since u, p'¡ > 1 and 8D'9/8 > À, we get

eg < 8D'9/8'

which is a contradiction. Hence, we have

rl = p'r / -p, > 1 and i > 0.

If i > 2, we have

eo2 < eo l-p^ . ,oz,

and we get a cont¡adiction. So i must be 1 and p't = €0Þn-,. From this result we can find l,

by using

(5.5.10) À=uÞmeg=up't.

Unfortunately, in attempting to determine À, there is no a priori way of knowing

which of uþ. or up', is tr, The¡efore the approach that we utilized is that of attempting to
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compute both þ, and p',. The process is te¡minated as soon as the lesser of uþ, or up', is

found, which rve put as ou¡ l, value. We illustrate this idea by

Algorithm 5.5,1.( Given an ideal a, find À).

1) Compute u and b, where (u)b, = a2.

2) Initialize ar * 81,

3) Set j <- 2.

4) Pe¡form a single step of the Forwa¡d Single-Step Continued Fraction Algorithm on

a,;-1 and b¡.r to get aj and bj,

5) Compute Þ¡ where (N(br))b¡ = (O¡)br.

6) If bj = ã then goto step 11.

7) Compute p'¡ where (N(ar))ai = (pl)ar,

B) If a¡ = a then goto step 13,

9) ¡.-j+1.
10) Goto step 4.

11) 
^.- 

uÞj.

12) Goto step 14.

13) ¡, .- up'j .

14) Stop,

Before we leave this section, it is important to describe a technique that was used in

the computation of A and B where

À = (A + BrIÐ/o =u-pm or up'r.

In the first case, we know that

Þ' = N(bt)0'

and

o, = ¡-r¡m'r(o,., - r,'.r(¿äÞ)),
where the A¡'s and Bi's are defined in (5.2.8) and b1 = [a / r , (P + r/D-) / r] ,
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Thus, we have

À = u N(b r ) 0 m = u(e/oX- 1 )m' 
1 (o,., - ur -, (-.==jtr) )

since N(À) =É$ú,*"ert 
= u1-r¡''r€4¡o¿:rBn-z'68''z)'

A = u(QAm-z - PB._z) = uGr.2, B =uB.-2.
In o¡de¡ to minimize the precision required for the computation of A, we use the following
recursive fo¡mula. Letting G_2 = -p, G_t = e, we then find from (5,2,7) that

(5.5.11) G¡*1 = q¡*1Gi - Gi.1.

We now conside¡ the second case, where I = (A + Br'Ð / o = up,r. From

$5.2 we know that

o'r = (-1)t'1(A,., . u,.r(iå@)),
where the A,'s and B,'s have the same definition as in (5.2.g), Also,

(N(a1)0)ar =(N(a,))a1 and6, = a, = [e / o, (_p + rrD) /o].
Now,

q0', = (-l)t-i(e At-z + pBt-z_ B,.zfÐ,
and

Qlõ''tl = QAr.2 + pBt.2 + B,.ry'Dr.

Thus, since Ql6',1 = op'1, we have

),= up'r = 
u(OA'-t * PB,-z) * uB

o

As in the previous case, we get

A = u(QA,_2 + PB,_2) = uG¡-2,

B = uB,-2,

where G-2 = P, G-l = Q and the G¡,s (t > 0) has the same definition as in (5,5.11).
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$5.6. The CUFFQI algorithm.

Since we have now discussed all of the components of our version of the CUFFQI

algorithm, we are able to present the ove¡all algorithm. For a given fundamental

discriminant D and its dual disc¡iminant D', the following algorithm constructs all the

complex cubic fields having fundamental disc¡iminant D. We assume that the 3-ranks of the

class group of Q(r'D) and Q(r'Ð are known.

Algorithm 5,6.1..

Given: D(<0), 3-ranks of the class group of Q(.,rD) (= r') and Q(r'D ) (= r").

1) Compute the rogulator of Q(r/Ð (see, for example [BW88B]),

2) Use the Baby Step - Giant Step method âs described in [Sha71] and [Len82] to

produce the generators of G3. Use the generators to construct G'3.

3) Use Algorithm 5.3.1 to find an ideal a in the principal ideal class,

4) Sto¡e a in LIST,

5) Fo¡ each ideal class in G'3, do the following:

6) Apply Algorithm 5.3.2 to find ideals ar., i=1,2,3.

7) Store ar. (i=1,2,3) in LIST,

8) End Fo¡.

9) For each ideal a in LIST, do the follorving

10) Apply Algorithm 5.5,L to construct l"= (A + By'D) / o.

11) Store the generating polynomial x3 - 3N1a¡x + A in a data base.

12) End For.

13) If ¡' '. r" then goto step 15.

14) Use the c¡iterion as given in 94.4 to eliminate all the generating polynoniials that do

not have a field discriminant D.

15) Stop,
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$5.7. The complexity of the CUFFQI algorithm.

In this section we discuss the complexity of the Algorithm 5.6.1. It is known that

rhe complexity of finding the regularor is Olnt/z¡'1. The Baby Srep - Giant Step method

of Step 2 has a complexíty of O1p,1/4+e) under the assumption of the Generalized

Riemann Hypothesis (GRH) as noted in [Len82]. Having found the generators, we can

construct C a i" O(f O',) operations, Thus, the complexity of Step 2 is OiD,l/4+e; *
/1,r -1 \O\ï D'tl if the Generalized Riemann Hypothesis holds. On the other hand, we must

note that the construction of G'3 can be done unconditionally in O1D'o.sos*, opeÍations as

mentioned in [MW87]. In Step 3, if the regulator is known, then the complexity of

Algorithm 5.3.1 is O((ôD')t). Since the regulator is compured in Step 1, we can see that

Step 3 has a complexiry of O((ôD')0). In Srep 6, the complexity of Algorithm 5.3.2

depends on ths complexity of Algorithm 5,2.1. Since AJgorithm 5.2.1 has a complexity of

O(Rt/2p'e;, we can conclude that Step 6 can be done in O1R1/2D,€) operations. However,
?r_ l

there are -a1 ideal classes in G'3. Thus, the overall complexity for Steps 5-8 is

- /e,t -1 \O\ïRuzD'€rl, In Step 10, we must conside¡ the numbe¡ of steps in the continued

fraction expansion which are required in the determination of À. In 95.4., we showed that

lÀl is less ,¡un g¡'9/8, the¡efo¡e we have

loglÀl < log(8D'e/8).

Also, as noted in Stephens and Williams[SW88], if it takes m steps to go from one reduced

ideal to another equivalent reduced ideal, then the distance between these two ideals must

be at least (m-2)log((1+tr5) / 2). From this result, we can see rhat the maximum number of

steps to construct À for a given ideal a is approximately

mlog(gD'g/8\ 
= C)/n,¿l

(n-2)tos((1+\ß)12) - \- /'
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Since the multiplication of 2 ideals has a complexity of O(D'e), we can conclude that this
?r+1_1

step has a complexity of O(D'ê). However, the¡e a¡e precisely --7:: ideals stored in

- / 4+1-1 \
LIST. Therefo¡e, the overall complexity for Steps 9-12 is O\!jD'erl, Finally, the

crite¡ion for eliminating cubic fields with disc¡iminant -27D' has a complexity of O(1). By

combining all these results, we conclude that the CUFFQI Algorithm has an unconditional

complexity of O(D'0 508+e¡. However, if the Generalized Riemann Hypothesis holds, the

CUFFQI algorithm has a complexity of O(+¡rlz¡'e). Furthermore, the above

complexity can be improved in most cases due to a heruistic of Cohen and Lenstra[Cl84],

According to ICL84], the probability that the 3-rank of K equals to ¡ is less than 3-r2,

Thus, we would expect r to be small in general, In that case, f utso tends to be small.

Hence, we would expect the CUFFQI Algorithm to have a complexity of O61/2O's¡ in

most cases, if the Gene¡alized Riemann Hypothesis holds.

$5.8. The Tschirnhausen Algorithm of Shanks,

For a generating polynomial which is constructed by the CUFFQI algorithm, there

is no guarantee that the index we obtain has the least possible value. Although there is no

known fast algorithm for obtaining a generating polynomial ivith a minimal index,

Shanks[Sha87] pointed out that there exists a method which may reduce the size of the

index for a given generating polynomial. Shanks calls this method "Tschi¡nhausen ". Its

basic idea is to transfo¡m one generating polynomial to another that corresponds to the

same field; the only difference is that the new polynomial should have a smalle¡ index.

Although this method is basically sound, there is no concrete approach to implement this

algorithm such that the smallest index of a generating polynomial for a given cubic field is

found.

This method is based on the following theorems:
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Theorem 5,8.1. ([Sha87]) For a given generating polynomial x3 - 3ex +A with

polynomial discriminant -278?D',let Q " 1(mod3),4 = 2 (mod 9), andW= V(mod3),

where W = (O - 1) l3,V =(A-2)19. Then, by making the substitution x = 3y + 1

and dividing by 27 inthe expression x3 - 3Qx +4, we get

y3+y2-Wy+0-w)/3=0,

with polynomial discriminant -B2D', t
Theorem 5.8,2. ([Sha87]) If

f(y)=y3+ay2+by+c=0

has index I and if at¡anslation y = 2 + s gives us

z3 + A'zz + B'lz + HI2 = 0

where f(s) = 0 (mod l2), f (Ð = 0(mod I),4' = f "(s), B = f (s)/i, H = fG)/t2,

then the t¡ansformation u = HI / z gives us

u3+Bu2+AHu+lHZ=0

with index H. I
With these two theorems, we are now able to present a ve¡sion of the

Tschirnhausen algorithm,

Algorithm 5.8.1.

Given: a generating polynomial f(x) with discriminant D and index l.

1) Employ Theorem 5.8.1, ifapplicable.

2) Find the smallest positive$ s that satisfies f(s) ' 6 1¡1o¿ 12) and f '(s) e 0 (mod I).

3) Fo¡ each s', where f(s') e Q (¡16¿ 12) and f '(s') = 0 (mod I), which lies between

s + 501 + 1 and s - 50I - 1, find the corresponding H.

4) If the smallest H in step 3 is less than I, then apply Theorem 5.8.2 and goto step

2.

5) Stop.

SWe fi¡st solve for x such that x satisfies the congruences f(x) = 0 (mod I) and f '(x) " 0(mod I). Then we use the standard lifting techniq'ue to find i.
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This algorithm can easily be mod.ified if necessary. In Step 3, ths bounds are

selected by a series of trials and they can be changed if needed. Further, if there are two or

mo¡e H's which are smaller than the current index at a given round, it is possible to apply

Theo¡em 5.8.2 to each value of H . It is, however, very time consuming.

S5,9. Conrputational results and tables,

The entire algorithm of CUFFQI was programmed in FORTRAN with 16 bytes

precision and run on an Amdahl 5870 computer. The program is capable of handling any

fundamental discriminant which is less than 30 (decimal) digits. First, we ¡an the program

fo¡ 3 ofthe discriminants D which are given in Quer[Que87]. They are

D = - 408368221, 5 411,'7 4183,

D = -30823201,47 1 53282331,

D = -316165918 6633662283.

Fo¡ each of these disc¡minants, it is known that Q(r'D) has a 3-rank of 6. The result of this

computation is included in Appendix 1. lVe found that the running time ranged between 35

CPU seconds to 3 CPU minutes depsnding on the size of the regulator of Q(r/Ð.
We also ran this program for many othe¡ D values. They include all the D values

which were published in Llorente and Quer[LQ88B] and Diaz y Diaz, Llorente and

QuerIDLQ88]. We present a few examples to demonstrate the results of our computation.

In Table 5.9.1, we provide a generating polynomial, x3 + ax2 + bx + c for each of the non-

isomorphic cubic fields with discriminant -35102377403731-. Here the 3-rank of

a(r'T0tJ0?Tf;DTT133) is 4 and the 3-¡ank of Q(,/a5TúnTaß751) is 5. In Table

5.9.2, we present a generating polynomial, x3 + ax2 + bx + c, for each of the non-

isomorphic cubic fields with disc¡iminant -25093026753'7 731. In this case the 3-¡ank of

a(/83î{5W5W5n) is 4 and the 3-rank of Q('/-25095AÍTT55Tß1) is 4 (n is used to

identify the corresponding cubic field). In Table 5,9.3, we show how some of the prime

ideals split in each of the complex cubic fields which are listed in Table 5.9.2. This table
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shows that all the cubic fields in Table 5.9.2 a¡e indeed non-isomorphic. 'X' is used to

denote the cubic field in which the prime completely splits and " is used to denote the

cubic field in which the pr.ime is inert. Only primes p such that (D/p) = t a¡e used he¡e.

The Tschirnhausen algorithm was programmed in ALGEB, a multi-precision

package written by David Ford, and was ¡un on a MicroVAX II computer. The reason for

using ALGEB instead of FORTRAN was that large integers (exceeding the precision that

can be conveniently handled by other languages) might arise during the computations. We

performed the Tschirnhausen algorithm on each of the generating polynomials listed in

Appendix 1., and the results a¡e also included in Appendix 1., Further, we performed the

Tschirnhausen T¡ansformation on each of the generating polyrromials Iisted in Table 5,9,2,

These newly t¡ansformed polynomials, some of which have smaller indices, are presented

in Table 5.9.4.8y inspecting these newly transformed polynomials, as given in Appendix

1 and Table 5.9.4,we found that every index is less than 29Ua¡¡77.
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s03793 - loõÕuõ I /4 191
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0 207173 7UU'¿95T84 82
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0 551U95895 829
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ro¿ó42I -2349505580 193'1

7U291 318E29188 343
U - zut\ ¿t\ 9699
U -1)vb¿1.1ð 4071256409 3ó35

42tEZg -528770874 473
r6263 ð19Õu4

U -2150872 )ððú4ð9541 5273
829881 36/6t/ /¿6 41

7453654 -¿ !ó.+u+ r 622
-339574 Lö9J545E5 119
410769 IUUUYTYUO T25
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-ltlTtht z1öð2395ö8 343.¿'U¿¿'J -¿ó¿u) I t9ó 1359
tì b7574366 64

L4 ¿6634 -II.,,IJ.f Jð I (]IJ 582
0 3691L 9523242 8

-)2 t rz9 150ó65466
3U3595E -690974804 I EEÓ
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-6E757 /UUYÓUÓ

-2728454 I¿4943t/16 426
- /x.lxt9 ¿IUUIIITO 33
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15629 3óUó9ó
79006 134¿994U4 T8

'¿¿utóó I 999ö38326 1411
U tt/u9 /39¿117L 8

t3 /31U5 -66¡120¡,t:J¡14 7.1q
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a b c rndex
tu 1ð853 - 1f)¿9l.tt\l\44 r471
t'¿ t¿'¿1 34U436754 3ó3

-666331 2937556L4 r.E1
449975 -E2410000 r'¿5
I3 IU¿T -36499524 27

-zJó)l)ll I 5268208540 44U3
r99)9 t4 -66701.35416 s71E
l -)-)tztl -887452364 11E

ZEELj5 ru396 r't4a 105
'7t8191 L¿¿4¿¿r UA 1093
-1- I frl:):) 3A t3'¿932

0 284897 tó3ó15E92 134
3667Q5 '¿a'/3'¿64 75
67104 6¿',¿2444 I

ll l9fr:)4 41ö /55
tì 2478848 I>Uö9297U3 125
0 304L12 6456U397 I

M944 L ¿UU ¿lt) \ r\ 316
-Õ1ðUU9 447749064 357

0 '¿466',¿ tA t535537399 3¿3
-rov¿ó1 744969544 I¿t
:¿466'¿9 I Ìt4lS ¿rt49t\ óö/
)9óU3ö 1225341276 i086

U 46443 23500966 8
75óE4E 526163520 512

Table 5.9.1
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n a Þ lndex
U IEUl'/U4 943737441 51

'¿
U 1539ólö 3591U43217 155

3 U 2033't7 7 41506521142 I0428
4 . zUJ 142 I3300E540 4¿
5 U r -J -1vòt J -470ti7¡,t908 ¿4
ó U 19ó873ó8 3E5E51387789 L¿ÔUó /
7 U -87843U3 26228064564 y¿tu
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9 0 I It\¿ 37E9009 3
1U -64167 11tìE646 J

U 1 /('vôôv I 66193407040 ¿:3658
z U -434874 9t70946'77 3U3

0 98E2096 13759847993 IEU3
4 1 -884512 J¿J)ðÕJ)Ô Ì6
5 0 -Jt5r/LO zJ55U4J /ó -t5 7 9r7
6 U -34óq ¿ tó 1./óô5 131 19 1UU5

U 936¿4A t 115E335E3ó2 II64
ð U t6t /5¿¿6 tu'¿u6614u493 32457
9 U -45U94',¿6 59643',/4449 23UT

¿U U J9óö9)ö 5531 49 r43 1515
U I IU T ]'13'I t4675'¿3r7'/'¿ r3t4

¿¿ U L524543414't 5UU1
U 2U1ð283ð598 t48

¿4 U 9944994 LZ4zl 5'¿1651 969
25 U L25L94TJE 17088260643 315
26 0 391549E 78241E6469 2313
21 U LU2Zï162 12630512109 315
28 0 7E44712 1114532539 465
29 0 4729743 8918380474 '¿ /4ó
3t) 0 22442889 43'783344036 51UÓ
31 I JXVI J -ô5óU/2ó1.ó 59

-9 r945tJ¿ 3
53 U 4JU9U'¿459 5'¿95
J4 U '¿993046 1U7E55Uó153 3471
35 145'¿97 r 7275486726 2311
3ó 1547976 t4ðtJ-) /-l-1ô 24E
3'Ì U 21199644 48477'197215 9363
3U U 610611 4303664704 7470
39 tì 173316 t'7307423 3
40 0 5159883 4549176954 t9¿

Table 5.9,2
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N\D ) 7 41 61 17 ?(') 89 I.UJ LU/ IU9 I /9 181 191 19 I
X X x À X

X x X x )( x X
X ,(

X X X X X X x
X X

x X X
7 X X x x
E X À x X X
9 X X x x x
10 X x À x x

X Å X x X x
X X x

X X x
I4 X À x
I) x À X x X x
IÓ X X x X X X

X X X x X X
IU x X x X
L9 À Ä x
¿U X x x X X Ã x Ã

X X X
¿'¿ x X x x
)1 .r( A À x X X X
¿4 X X
f5 X À x X x x X
26 X À x X X X X
z1 X Ã x x X
z8 h À x X Ã ,(
29 Ã x x x X Ã
l0 X X X À
31 X

x X
33 x x x x X X X
34 X X X X X
35 X X x X
3ó X X 2( X x x X X X
37 X {
Jõ À x X X

X x X X X X
4U x x X X X X

Table 5.9.3
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Table 5.9.4
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Chapter 6.

Pure Cubic Fields with Large Regulators

$6.1 Introduction.

Let ô be the real zero of x3 - ax2 + bx - c, an i¡reducible cubic polynomial with

lational integer coefficients a, b, c, and negative discriminant D(a,b,c). Let Q(ô) be the

cubic field formed by adjoining ô to the rationals Q. lf a = b = 0, we say that Q(ô)

(ô = c1l3) is a pure cubic field. Let D = D(0,0,c) be the discriminant of the pure cubic

field F = Q (ô). We may assume that c=mn2 (m,n e Z) with m, n square-fiee and

gcd(m,n) = 1. In this case, we have

when m2 = n2 (mod 9)
otherwise.

The regulator of Q(ô) is R = log€0, where e¡ (>1) is the fundamental unit of F.

In Patterson and Williams [PW85] a sea¡ch was made to find pure cubic fields with

large regulators. The search was te¡minated when c > 231-1 because, in spite of using the

rapid method of Williams, Dueck and Schmid [WDS83] (he WDS method), it was still

very time-consuming to compute R. The purpose of this chapter is to provide a modified

WDS method which executes more rapidly. We do this in order to extend the search begun

in [PW85] to find values of c which lie between 231-L and 1012, A b¡ief descriprion of the

WDS method is given in $6.3, and a description of our modifications are presented in 96,4

and $6.5. FuLther, we are especially inte¡ested in those values of c which provide a large

C(c) value, where

c(c) = P 7 (mn loglog (3D2))

as defined in [PW85]. Basically, C(c) is a measure which can be used to test the truth of

the Generalized Riemann Hypothesis for Çp. We would expect C(c) to be less than

- 1.18738 if the GRH holds (for details, see [PW85] ), We should also point out that rhe

r ^ 22
D= { -rmn^

L -Zlm n
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largest previously determined C(c) value for 28 < c < 231 - f. is 0,6'1'11,94 for c=60435383,

In $6.2, we describe a method rvhich is similar to that used in [PW85] for selecting certain

values of c for which R and C(c) are likely to be large. Finally, the results of this search are

provided at the end of this chapter.

$6.2 Strategy for finding values of c.

From (3.1.1) we have
.{Dlo(1)(6.2,t) hR=',i-"

where (Þ(1) = ¡rn @' i, given by the Euler product
s_r r g(s.)

(6.2,2) o(t)=¡¡10¡.
p

Here, the product is taken over all the rationâl primes, and for each prime p the value of

f(p) depends upon how the principal ideal (p) splits or factorizes in F. Thus, in orde¡ to

maximize R we must minimize h and get @(1) as large as poss.ible. By Honda [Hon71],

the values of c for which 3 is not a divisor of the class number have the following form:

(6.2.3)

(Ð c=3,
(iÐ c=p wherep=-1 (mod3),

(iii) c=3p wherep=2,5(mod9),
(iv) c=9p where p e 2,5 (mod 9),

(v) c=pq wherep=2(mod 9), q =5 (mod 9),

(vi) c = pq2 where p = q= 2,5 (mod 9),

and p, q are primes. In [PW85] it is suggested that the values of c of types (v) and (vi) are

likely to have smalle¡ C(c) values. AIso, values of c such thâr c * r1 (mod 9) are likely

to have larger R values. Thus, we elected to search for values of c of th¡ee different types:

(Ð c=p where p = 2,5 (mod 9),

(iÐ c = 3p where p = 2,5 (mod 9),

(iÐ c = 9p where p = 2,5 (mod 9),(6,2,4)
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wherepisaprime.

We now discuss the problem of maximizing @(1). Since

Kl= II f(p)
p..1(mod 3)

converges (approximate value 1.41.4064387), we are only interested in the primes

p = 1 (mod 3) in maximizing @(1), Hence, we see that, if ri is the ith prime of the form

1+3t (t € Z+), then c values which should give large <Þ(1) values are those for which

(-r,/, = 1 (i = 1, 2, ..', n), for as large a value of n as possible. In fact, this is the

strategy utilized in [PW85] for finding values ofc which a¡e likely to have a large R value.

However, this strategy has a major drawback due to the possíbility thât a value of c (= ct)

which has m (m < n) consecutive cubic residues might have a larger @(1) value than a

value of c (= cz) which has n consecutive cubic residues. The reason for this is that c1

might have a large number of cubic residues for the ri's > r* whereas c2 might have a

large number of cubic non-residues for the ris > rn. Hence, rve used a different approach

for finding values of c. Our strategy was first to select all the probable c values which

satisfy (6.2.4) and are cubic residues of the first 15 primes r7t t2t ...t r1 5

ti'.. (Ð, = l for i = 1,2,..,15). For each such value, we dete¡mined the number of

valuesof11 suchthat(i)r"forthenextniner¡'s(i.e. t=16, 17,,,.,24). If thisvalue

had 6 or fewer, we used the Euler product method to find a ¡easonable estimate E (for

details, see $6.a) of hR. For each pair of E and c values, rve computed

õ¡c; = g / (mn loglog(3D2¡ ot C1c¡. lf õ(c) was 0.67 or above, then rhe regulator of

Q(c1l3) was computed.

Finding values of c which have 1.5 consecutive cubic residues requires that rve find

solutions of simultaneous linear congruences, a problem best solved by using a number

sieve (see Lehmer [Leh80]). In our case, we were able to use the latest development in

automated sieving called the "Open A¡chitecture Sieve System" (OASiS) of Stephens and
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Williams [SW90]. This system features a specially-designed computer - the Open

Architecture Sieve - that is capable of testing possible solutions to a system of linear

congruences at a rate of over 200 million numbers per second. We found that it took about

84 minutes for OASiS to inspect all the probable c values between 237 - 1, and 1012, and

1251 numbers were generated. For the remaining work, we used a FORTRAN program

with some assembly language subroutines on an Amdahl 5870 computer to find values ofc

and e(c). Afte¡ 85 CPU hours, in which over 99Vo of the time was spent in the

approximation of hR, 72 numbers were found. Execution was slow because all the primes

of the form 1+ 3t (t € Z) up to 108 were used to compute a good approximation to hR for

each given value of c.

Our results are provided in the following tables. In Tables 6.2,1, 6,2.2,6.2.3 and

6.2.4 below, we give the number of c values that we found such that c is a cubic non-

¡esidue for i (i = 1,,2,.,.,9) values of the r¡'s where j = 1.6, L7, ...,24. In Tables 6,2.5,

6.2.6,6.2.7 and 6.2.8 we give those values of c for which C(c) exceeds 0.670. In the

cou¡se of our search, we found that there is only one c (c = 1,44646415187) value for

which there is a single cubic non-residue fo¡ the first 24 ri's. In 96.6. we show that this c

value gives the best C(c) value in ou¡ search.



I # of c values

7 0

2 0

J 19

4 48

5 82

6 98

7 86

8 58

9 11

113

Table 6.2,1

(c = p = 2 (mod 9) )

Table 6,2.2

(c=p=5(mod9))

I # of c values

1 0

2 J

3 11

4 62

5 78

6 L24

7 105

8 39

9 15
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Table 6,2.3

(c = 3p, p = 2,5 (mod 9) )

Table 6.2,4

(c = 9p, p = 2,5 (mod 9) )

# of c values

1

2 0

3 11

4 32

5 47

6 9'7

'7 '76

8 35

9 t2

# of c values

1 0

2

3 5

4 1)

5 15

6 28

7 24

8 12

9 4



c Õtc) Õlc)

7823785241, 0.68098 289191889433 0.67094

10389989063 0.6821,3 292277'713727 0.6'1949

23002424327 0.67234 s06642469059 0.67 443

43595987609 0.67183 576605603651 0.68446

796001,951,63 0.69223 s'784501,2L761 0.70008

9030't5281,93 0.67639 't48224663941 0.69798

179087387453 0.6'7762 800855660207 0.68013

t955t129943'1 0.68't91, 844409282933 0.67081

2L3551.90977 0.67387 988024756357 0.67365

23418',1560641 0.69329
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Table 6,2.5

(c=p=2(mod 9) )

Table 6.2.6

(c=p=5(mod 9) )

C(c) etc)

239048',10683 0.6'1078 39993362518t 0.68002

47843313959 0.67906 404698499087 0.6'7827

s7973659383 0.67477 47652004891 0.68003

58182013553 0.6'7641 464L9721,8707 0.69844

79834584857 0.6'7784 466353766469 0.67s62

11,39r3t97789 0.67652 4'71,882449219 0.67301

122089073261 0.6't1-20 4939795881,59 0.67711

13096286467'7 0.67287 530161973249 0.67061

t365447349'13 0.67739 5331836621,03 0.6'701I

21,001,8369371 0.671,'t9 760706056289 0.67246

226956644069 0.67751 778769068631 0.67084

272330743901 0.67609 7928028463't3 0.67644

32755264729'7 0.67185 902875793639' 0.67580

336949891277 0.6921,3



C(c) Õ(c)

74354863227 0.67939 293203999941, 0.6769s

99052148229 0.67581 3622642966s9 0.6'7926

1028'19790287 0.67027 41,35573321,89 0.69612

t1'1807496071 0.6'1043 4552'71781,749 0.67854

1,44646415787 0.77023 '748677032481 0.6'7041

229362553239 0.68346 9t26850'Ì41s3 0,68285

297987409839 0,68079

176

Table 6.2.7

(c = 3p, p = 2,5 (mod 9) )

Table 6,2.8

(c = 9p, p = 2,5 (mod 9) )

c Õlc) c Õ(c)

11382801093 0.67118 505919205819 0.68434

r09324288t07 0.6'7974 648369068283 0.67996

14983217378'l 0.67959 6s4007847319 0.67139

298968ss0119 0.68056 683030699469 0.67983

368636'786253 0.675L0 '147241701,597 0.67767

373't'7561,8061 0.6'1943 93'71.65977747 0.67508

433769568597 0.67296
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$6.3 Calculation of R by using the IVDS method.

In order to describe the WDS method, we must first discuss some of the results

concerning the continued fraction algorithm of vo¡onoi IVor96] and reduced ideals in cubic

fields. The brief discussion here is analogous to that in g5.2. For a detailed description, we

refe¡ the reader to [WCS80] and [WDS83].

We define an ideal a to be primitive if a has no rational prime divisors. We say that

aisa¡educedidealinOpifaisprimitiveandtheredoesnotexistd€asuchthata+0

and borh l(Il < N(a),la"l = lo'l < N(a) hold. With this definition, we are now able ro

present some of the properties of reduced ideals.

Theorem 6,3,1, If a is a reduced ideal of Op, then N(a) < r/IDT7-J.

Theorenr 6,3,2, There exist only a finite number of ¡educed ideals of O¡.

LÉt i1 ( = (1)) be the unit ideal. We can use Vo¡onoi's algorithm to generate a list of

reduced principal ideals equivalent to i1, together with a sequence of elements er(1), Or(z),

0s(3), ... of F, each of which exceeds 1. These reduced ideals can be arranged in a

sequence

(6.3. 1)

whe¡e

(ts1i*.r¡er(k'1)i¡ = (N(i¡)i¡.1.

If we define 0r = 1 and 
k-1

e*= fl or(i) 6>r¡,
i=1

we get

(en)in = o(in))i1.

We say that log0n is the distance from i1 to in, written as

ôn = ô(in , it) = logQn .

Also, we note that this notion of distance in cubic fields is the extension of Shanks,

inf¡ast¡ucture idea (see 95.2) given in Williams, Dueck and Schmid [WDS83]. Since
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Or(D t t, we have ô(in+1, i1) > ô(in, il) > 0 fo¡ n > 1, and ô(in, i1) = 0 if and only

if n = 1. The number of reduced principal ideals is finite; at some point in (6.3.1) we get

ip*r = it and op+r = e0 > 1, where eg is the fundamental unit of F. Thus, òp+t = R.

Furthermore, ín = is if and only if ôn = ¡1¡ + ô. (m € Z). Therefore, if in = ¡., 1¡.n

n = qp+s wherc q é. Z,

Suppose that in and i. are two reduced principal ideals with distances ôn and ô.. If

(u)a1 = ¡n¡'n 
'

where u e Z and a1 is a primitive ideal in Op, then we can use the reduction algorithm on

p.277 in [WDS83] (also, see [Vor96]) to find a reduced ideal ak (- a1) such that

(I-(ar)pÐa* = (L(a¡))a1

where p¡ < 1.. Since a¡ is a reduced principal ideal, we have a¡ = i, for some integer t and

òt = ôn + ôfn + r1. Here, l can be explicitly evaluated and -2loglD/31 <ï <0.Vy'enote

that, since ò, < ôn + ö,o, we can apply Voronoi's algorithm to i, to find a reduced

principal ideal ij such that

ò¡<ôn+ôn.<ô¡+r.

We now sketch the WDS method given in [WDS83].

The first step is to use Vo¡onoi's algorithm (see [WDS83] and [WCS80]) to

generate a sequence of reduced principal ideals

irG (r)), i2, i3,..., i¡

such that ô1 < T < ô¡.¡1 and T is some input pa¡ameter. At the same time we also compute

the distance ô¡ for each of the above ideals i¡ (1 s j s t). Since storing all t reduced ideals

may require mo¡e storage than the computer is capable of handling, we choose to store only

1/x of them where x is also an input parameter. Thus, we only store the reduced ideals i¡x

A = \ 2,1,... ,t/x). Here, we assume that x I t. In the case where x / t, we increase the

value of T in o¡der for x to be a factor of t. We also store the corresponding values of ô¡x.

If, during the process of generating these ideals, we find that N(i, = 1 for some j, then

R=ôj.
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If R is not found, in this step we continue the process by using the Euler product method to

find an estimate E of hR. We first note that L is an input parameter. We then find n and U

such that

E-L=2nU

where n e Z and 2U > ôr > U, We search through the list of ideals {iu, iz*, i¡*,..,, i,}

to find iu such that ôu+l > U > òu. The Doubling algorithm on pp.277-278 in [WDS83]

can then be used n times to find a reduced ideal i. with ô,n*E-L and ôm <E- L.

Starting at im, we use the Search algorithm on p.280 in [WDS83] to attempt to find an

ideal, iu, such that

E-L <ôu<E+Land iu=iu,

where iu € {i1(- (1)), iz, is,,.., i,}. If iu is not found, then we must increase the size of

L. On the other hand, if iu is found, then we probably have hR = ôu - ôu. However, we

certainly have h*R = ôu - ôa, where h* e Z. Although h*R is known, the values of h* and

R remain to be determined. The next step, therefore, is to find h*. For an input parameter

b, we find B such that (B+1)ò, > h-R/b > Bôr. Assuming rhar R > h*R/b, we use rhe

following technique to find h- and R, Since R > h-R/b, we have h* < b. We now

attempt to find all the primes less than b which divide h-. If p is such a prime, then

ôs = h-R / p for some s. If we let

h*R"í'= 2'uP

where 2Uo > ôt > Up, we can repeat the above procedure to find a reduced ideal i,u and ò*

such that òw < h*R / p and h-R / pis close in value to òru, We can then apply

Voronoi's algorithm to i* to find iru11, i,ya2,... until we either find i, such that

N(ir) = 1, in which case p I h-, or we can find i, such that ôy > h-R / p, in which case p

/ h'. If we find a prime p which does divide h*, we musr replace iu by ir, ô" by ôr, and

repeat the above procedure to determine the precise power of p that divides h*. Vr'hen this

process has been completed for all primes less than b, we probably have the values of h*
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and R. However, we cannot be certain that R > h-R/b . Thus, we must use the Search

algorithm on p.280 in [WDS83] ro determine whether o¡ not R < h*R/b. If R < h*R/b,

then R and h* a¡e calculated in this step. At the end of this process, we certainly have h*

and R. Notice that while there may be some doubt about h = h-, the value R is correctly

computed.

The algorithm described above was implemented in FORTRAN-H (extended) for

an Amdahl 5870 computer. The purpose of this implementation was to determine the speed

of the WDS method on a faste¡ machine. The extended precision allowed us to operate on

numbers of up to 33 decimal digits. For values of c < 1,012, this amount of precision is

sufficient except for two of the subroutines required in the reduction algorilhm on p.277 in

[WDS83]. (This problem also occurred in [WDS83].) These two sub¡outines rvere

modified by using special purpose multi-precision FORTRAN language subroutines, and

are capable of handling up to 60 decimal digits. Also, we found that Voronoi's algorithm,

except for the inversion process, for finding an adjacent ¡educed ideal ik to a given reduced

ideal i¡*1 (we call this process a "baby step") required double precision. As a result, the

speed of performing a baby step could be inc¡eased. This program was ¡un with q = 108,

T = 50000, b = 5000, x = 15. On running the progrâm, we found that the amount of

time taken to pe¡form a baby step was about 0.75 of a millisecond. The average time

required to perform an ideal operation (Here and in the sequel, vr'e use the term "ideal

operation" to mean the multiplication of two reduced ideals followed by the reduction

operation.) was about 37.5 milliseconds. The speed of the program was tested on a few c

values rvhich were selected f¡om those mentioned in 96.2. We found that the WDS method

was somervhat slow in computing regulators lor c > 231-1. For example, it took 21 CPU

minutes to compute R (= 3208632480642.32164235) for Q(9980247563571/3¡. Hence,

possible modifications to the WDS method were investigated. By studying the running time

of the program carefully, we found that most of the computing time was spent on

calculating E and executing the search step. Indeed, it took about 5 CPU minutes to
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compute an approximation of hR and 11 minutes to execute the search step. As a result,

modifications we¡e focused in these two sections. In the following section, we discuss the

number of primes of the form 3t+1 that are needed to obtain a reasonable estimate of hR

here. In $6.5, we present a new technique for determining h*.

$6,4 Estimation of hR by using the Euler product method.

From (6.2.1) we see that, in orde¡ to estimate a value E of hR, we must obtain a

reasonable approximation of Õ(1). Since

K1= II f(p)
p"_1(mod 3)

converges (approximate value 1..41.4064387), we can approximate Õ(1) by evaluating the

product over the primes p = 1 (mod 3) only. If we set

o
r(a) = n f(p),

p=1(rnod 3)

r(Q)= n f(p)
n"jtTo$ rl

and 
a

xz = f(3) rr I1 f(p)
n=-frioj rl

then

o(1) = rzF(a)r(e).

Hence, we can estimate hR by calculating

E(a) = 
3úclo)t(z. 

(c * 11 (mod 9))

Thus, the real difficulty lies in knowing the value of Q ro use such rhat E(e) gives a

reasonable approximation to hR.

In [WDS83], the authors used Q = 106 for c<2x701 , Q = 107 fo¡

2x707 <c < 2x108, and Q = 108 for 2x108 < c <231-1. Now
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lE(a)-hRl= L(O)

where L(Q) = (y'3c 3x2F(Q) I 1 - T(O) l) I 2n.In order ro esrimats I logT(a) l, the aurhors

of [WDS83] used the technique of Co¡nell and Washington [CW85] of applying the

effective fo¡m of the Chebota¡ev Density Theorem as given by Oesterlé [Oes79] (this is

conditional on the GRH on LL where L is the Galois closure of F). We get

I loer(a) l< B'(Q) + 3/Q

whe¡e

It follows that

rvhe¡e

B,.(o) = (1Érecq) ,"æ te - åroJ rog:'.0 - r(13Ð]

I 1 -r(0) l. l-.(a)

L-(Q) = MAX(e'B'(o)-3l0, eB-(Q)+3/o).

Indeed, we have

lE(a) . hRt = g(g!¡stiÐlva )
Consequently, we would expect that E(Q) should give a reasonable approximation to hR

rvhen Q is fairly large. In our early computations, we elected to use Q = 108. Howeve¡,

tests showed that using Q = 108 was very time-consuming. In fact, it took roughly 5 CPU

minutes to compute E(108) for a given c value. As a result, possible reduction of the Q

value was investigated. In order to determine a good value of Q to be used, we conducted

some preliminary numerical expe¡iments. In these experiments, ten o values were selected.

For each of these c values, we give (E( x 107) - h*R) / h*R for j = I,2,..,,!O and h*R in

Table 6.4.1. Also, we calculated lE(a) - h-Rl, L*(Q) and I E(Q) - h-R l/ L*(e), rvhere

Q = 2x107 and 108, for each of the selected c values. The results of these calculations are

presented in Tables 6,4,2 and 6,4,3.
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o\c 7823785241, 23002424327 57913659383 99052148229

1.x1.07

2x707

3x707

4x|01

5x107

6x 107

7x707

8x107

9x707

1x108

.o.oooo¡zs

0.0000217

0.0000062

0.0000053

0.0000166

0.0000194

0,0000165

0.0000252

0.0000151

-0.0000058

-0.0000774

.0.000042i

-0.0000330

.0.0000339

-0.0000324

-0.000016s

-0.0000076

-0.0000092

-0.0000190

-0.0000204

-0.0001353

-0.0000873

-0.0000555

-0.0000611

.0.0000453

-0.0000298

-0.0000119

0.0000039

-0.0000031

-0.0000036

-0.0000927

-0.0000357

-0.0000117

-0.0000117

-0.0000024

-0.0000057

-0.0000096

-0,0000139

0.0000072

-0,0000065

h*R 24471,813751.0 71695952039.6 t82377744503.5 3140160808i5.0
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o\c 1446464151,87 336949891277 7928028463'13

1x107

2x707

3x107

4x707

5xl.07

6x107

7xI07

8x107

9x1.07

1x108

0.0000035

0.0000260

0.0000047

-0.0000062

-0.0000084

-0.0000015

-0.0000084

-0.0000112

-0,0000138

-0,0000080

-0.0001671

-0,0000424

-0,0000547

-0.0000304

-0.00001s6

-0.0000204

-0.0000213

-0.0000138

-0.0000075

-0.0000085

-0.0001565

-0.000i204

-0.0000899

-0.0000536

-0.0000s 10

.0.0000572

-0.0000677

-0.0000454

-0.0000383

-0.0000341

h*R 483332596164.3 1104246425511,,4 2555110143668.6

Q\C 998024756357 34619128889 508595'164309

1x107

2x707

3x107

4x707

5x107

6x107

7x707

8x107

9x107

1x 108

-0.0001,723

0.0000160

0.0000122

0,0000212

-0.0000147

-0.0000120

-0.0000064

0,0000015

-0.0000021

0.0000045

0.0000625

-0.0000016

-0.0000007

-0.0000174

-0.0000450

-0.0000219

-0.0000203

-0,0000300

-0.0000191

-0.0000157

-0.0000197

-0.0000580

-0.0000238

0.0000174

0.0000039

-0.0000037

-0.0000042

0.0000100

0.0000032

-0.0000000

h*R 3208632480642.3 21894297483.9 319479555r47.'7

Table 6,4,1
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c L*lo) lEto)-h*R I L*(o)/l Elo)-h*R

182378524r

23002424327

5'1913659383

99052148229

144646415187

336949891277

792802846373

998024756357

34619128889

50859s764309

1547869338,38

46'14962978,72

1.21.97474324.31,

21305815300.59

33123650563.56

7737 5654059.7 6

t83024759t55.98

23114835701L06

1352716920,57

22624202014,28

531969.60

3015558.71

1592886t.77

11207057.58

1.2550500.37

46817702.02

307557294,28

51268820.34

1,4952',10.82

518929.04

2909.70

1550.28

7 65.7 5

1901.11

2639.23

1652.70

595,09

4508.56

904.66

43597,87

Q =2x1,07
Table 6.4.2

Q=1x108
Table 6,4,3

L*lo) IE(Q)-h-R I L*loylElo)-h*R

7823785241

2300242432't

57913659383

99052148229

1.44646415187

336949891277

792802846373

998024756357

34619i28889

50859s764309

6',70480832.74

2022324049.19

5210539966.63

9201240060.24

1.4299894299.'17

33371333212,28

78861835122.28

99583491545.35

586488640.28

9753816491.95

14i019.05

t462240.r4

655956.97

20441,19.68

3875529.37

9333186.71

87132527.82

14294790.29

225436.99

5008009.65

4754.54

1383.03

8034.89

4501,32

3689.79

3575.56

905,08

6966.42

260r,56

1947.64
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By looking at the entries in Table 6.4.1, we norice rhar E(2x101) is a fairly good

estimate of hR for each of the ten c values. Indeed, rhe value of (E(ZLIO7) - h*R¡ / h*R is

very small in all ten cases. F¡om Table 6.4.1 we can see that the approximation to hR

improves only slightly as the value of Q grows larger. Hence, this empirical evidence

suggests that Q = 2x107 would be sufficient he¡e, and there is only a minimal gain by using

Q = 108. Furthermore, the time required to compute E(2x10t) was 1 CpU minute in

comparison to the 5 CPU mínutes needed to compute E(108). Although E(108) is a berte¡

estimate than E(2x107), the difference can easily be made up by having a few extra ideal

operations. Here, the time required for those extra ídeal operations was between 2 CPU

seconds and 20 CPU seconds. Thus, we would expect the running time to be reduced by a

significant amount with Q = 2x707 in our computations. In Tables 6.4.2 and 6.4,3, we

notice that there is a big difference berween rhe actual value of lE(O) - h-Rl and L*(e).

indeed, the value of lE(O) - h*Rl is much smaller rhan the theo¡etical bound L*(e) of

lE(O) - hxRl in all ten cases. We also point out that the above phenomenon was noticed in

Nield and Shanks[NS74] and [BWB76]. Thus, this empirical evidence suggesrs that

lE(2x107) - h*Rl is much smâller rhan expected.

$6.5 A nerv technique for deterrnining h*.

In our technique for finding h*, we first produce all the primes less than b in

descending o¡der. For each prime p, where p, < b, instead of finding a reduced ideal i,

such that ôy - h*R / ps, we find a reduced ideal i" such that

h*R/ps<ô.sh*R/p.+ô,.
If p, I h-, then i, must be an ideal i¡ in the list {i1, i2,..., i,} and ô" = h*R / p, + ôj.

Thus, in o¡der to determine whethe¡ p, I h", rve first have to check if ie € {i1, i2,..., ir}.

If this is the case, say i, = i¡ where 1 s j < t, then we have to check wherher o¡ not

ôe = h*R / p, + ô¡. Hence, we have p, I h* if and only if both conditions hold. Further,

if p. I h-, then we must repeat the above procedu¡e to dete¡mine the precise power of p, that
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divides h'. However, since we only store 1/x of the ¡educed ideals {i1, i2,..., i¡}, we

have to employ a technique used in [WDS83] in orde¡ to dete¡mine whether

ie € {i1, i2,..., i,}, We fi¡st apply Voronoi's algorithm on i" to find

(6.5.1) ir, ie11, isa2, .., , ie+x.1.

We then compare each of the reduced ideals of (6.5.1) with {i1*, iz*,..., it}. If one of the

reduced ideals of (6.5.1) is in {i1", iz*,..., i,}, then irC {iyi2,..,, i,}; otherwise,

i, f {i1, i2,..., iti. As for the problem of finding an ideal ir, we employ the following

technique.

Initially, we create a list of reduced ideals

i1o, i1r, i¡r, it3,..., itn

where i¡o = it, and ir- ú > 1) is a reduced ideal equivalent to (i5.1)2 wirh ô5 - 2ôtj.r

Û = 0, 1, 2,..., n) and ôtn > h*R l2> õ\.r. For a prime ps, we must find a reduced

ideal i" with distance ôe where

h*R/ps<ôe<h*R/pr+ô,.

From the preceding prime p311, we have obtained an ideal i,n such that

h*R / pr*1 < ôr< h*R/p.*1 + ô,.

Hence, we first must find an ideal i, with dístance ô, such that

ôs-h*R/pr-ô,n

and

h*R / ps < ô. + ôn' < h*R /p. + õ,.

If i. is obtained, then ie can be found by obtaining a reduced ideal equivalent to iri,n with

distance ô" - ôs + ô,n. Now, we put h*R / pr - ö, as rô1 where r is real. Put q = þ] +1,

and we have

h*R /p, < qô,+ ô'n < h*R /ps + ôr.

Suppose we reptesent q in binary as

g = ar 2k +a¡.1 2k-1 +... + ao

where a¡=1, aj=0or1(<k). Note that k = llogz q]. Consequently, we have
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gôt = at 2k ô, + a¡.1 2k'1 ôt + ... + ao ô,.

Since ò,u * 2kôt, *e can now find an ideal i, with distance close to qô, by finding a

reduced ideal equivalent to
k

IJ 
"¡

1:U
aJ -,

We are now able to present the algorithm for finding h* when h*R is known and

R > h-R/x.

Algorithrn 6,5,1

1) By using the Doubling algorithm onpp.277-278 in [WDS83], we use i, ro creare a list

of reduced ideals i,o, i¡r, i12,..., i,n where i¡o = i1, i5 fi > 1) is a ¡educed ideal

equivalent to (i,-.r)2, ô,. * 2j 6, and ò,n > hR / 2 > ôtn _ 1,

2) Let p1, p2,..,, p. be the sequence of primes where p,n*1 > x > pm.

3) Put E.- h-R, h- .- 1.

4) Put s <- m, a * (1) and ô'.- 0 (ô' is the distance berween a and (1) ).

5) Put z* [E / p. -ô'] + l and j *- Q,

6) Put rem *- z mod 2 and z .- (z - rem)12.

7) If rem = 1 then find a reduced ideal equivalent to airj v/ith distance close to ô' + ô.,

and replace a by this ¡educed ideal. Also, replace ô'by the new distance between a

and (1).

8) Put j .- j + 1. If z> 0, then goro srep 6.

9) If a = i¡ fo¡ some ideal i¡ € {ir, i2,..., i,} and ô' = E / ps + ô¡ (the case where

p. I h*), then replace E .- E / Ps, h* - h*ps and goto step 5 (to determine the

precise power of p, that divides h*).

10) Put s * s - 1. If s > 0, goto step 5.

11) We now have R = E and h*. We te¡minate the algorithm.
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In using the WDS method, we must find a ¡educed ideal with distance close to

h-R/p, for a prime p.. Since h-R lps= 2nU whe¡e 2U t ôt t U, there are precisely n

ideal operations required. In fact, we can dete¡mine n by calculating 
f 
t"tr(üJl

Thus, the total numbe¡ of ideal operations required for computing h* is

NUM1=> t""c"Jl
On the othe¡ hand, the number of ideal operations required by Algorithm 6.5.1 is

determined by the number ofones in the binary representation ofq (see (6.3.1)); hence, the

range is f¡om 1 to k + 1 whe¡e

r< = [rog2 (tH ("H"-J] -')l

Although the upper bound is k+1, in most cases the actual number of ideal operations tends

to be much smaller. Indeed, the probability of needing only kl2 or less ideal operations is

1/2. Thus, we would expect the average number of ideal operations to be k/2. As a result,

we would expect the total number of ideal operations required by Algoritbm 6.5.1 for

computing h* to be

NUM2 =f)[,.,,(t*(H)] -r)l -rIo''l['"'(H(uË#)
" t) ['." ë,J] - ['.,,$f)] -'

" t> [,*, (ffi)] _ å) ¡,",,1*o; 1 
_ å

Pi<

Here, the b values range between 2000 and 26000 (For details, see 96.6). In orde¡ to

determine a bound on

cþ)=bl2+p(b) 12,
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where

eþ)= )['.',(+#)],
Pi< Þ

we computed g(b) for b = j x 2000 Q = 1,2, ..., 13). The results a¡e summa¡ized in Table

6.5. 1.

b b/2 plb)12 slb)

2000

4000

6000

8000

10000

12000

14000

16000

18000

20000

22000

24000

26000

1000

2000

3000

4000

5000

6000

7000

8000

9000

10000

11000

12000

13000

-954

- 1985

-3039

-4097

-5195

-6241-

-7345

-8437

-9521.

10588

71697

12818

13884

46

15

-39

-97

-195

-24I

-345

-¿+J I

-521

-588

-697

-818

-884

Table 6,5,1

F¡om Table 6.5.1 we see that the value of g(b) is either very small or negative for b lying

between 2000 and 26000. Hence, we would expect

NUM2 - å) ['." ({Å"J]
;Ft

o¡ less. As a result, by comparing NUM1 and NUM2, we would expect that Algorithm

6,5.1 is usually faster than the WDS method by at least a factor of 2, indeed, on average,
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we found that our computations were improved by a factor of two. In the following

section, we pressnt some of our ¡esults,

$6.6 Implementation and computational results.

The new technique for computing h* was implemented in FORTRAN-H (extended)

and added to our program. In this section we first discuss some of the computational

techniques which rve¡e used to get the best possible performance out of this modified WDS

algorithm.

As mentioned in [WDS83], the selectÍon of input parameters b, x and T can affect

the running time of the program. However, after a se¡ies of experiments, we learned that

the running time of this modified WDS algorithm, on this particular computer, did not

heavily depend on the values of the input parameters fo¡ the c values in which we we¡e

interested. In other words, we found that the modífied WDS algorithm can achieve optimal

performance by using values of the input parameters which are merely close to the optimal

values. In finding these values, we analyzed our program carefully, Given our estimate E,

the¡e are four major steps involved in our program. These are: generating a sequence of

reduced ideals at the beginning, finding h*R, finding h* by using the techníque given in

$6,5, and executing the Sea¡ch algorithm. We further point out that there are other cost

factors involved in our computation of R; however, these are insÍgnificant in comparison to

the four major factors listed above. Thus, we only consider the above four factors in

determining the values for b, x and T. We put t1 to be the time required for a baby step and

t2 to be the time required fo¡ an ideal operation. Empirically, there seem to be roughly T

reduced ideals with distance less than T (see [WDS83]); hence, the rime required for

finding all the ¡educed ideals with distance less than T is approximately Tt1. Here, for an

input parameter L, we attempt to find h+R in the range of E - L and E + L. In our

computations, we used L = 107. Consequently, the maximum number of ideal operations is

2LlT.In this step, x baby steps are required after each ideal operation. Thus, after
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gene¡ating all the reduced ideals with distance less than T, the total amount of time required

for finding h+R is at most

2Lt1 lT +ZLxt2lT.

The next step is to find h*. F¡om $6.5 we would expect

| ¡¡octEr(nÐ) 1=| )çoervr)-rogp))- p<b '-pã'

ideal operations to be required for finding h*. Also, it is well known that rhe¡e are about

b / logb primes less than b, and that 
oäotp 

- b. Furthermore, there are about bx / logb

baby steps involved inrhis step. Hence, the time required for this step is approximately
ÞÞ//lE¡G/n .\ bxtl
T\-Ësb-- r,l'lFeu

As for the last step, there are E/(Tb) ideal operâtions and Exl(Tb) baby steps. By

combining the above information, we deduced the following approximate cost formula:

(6.6.1) cosr =rtr +2Lt1tr +2Lxt2tr-þ+fjp- 1)

* ffi* Etzl(Tb)+ Extl/(Tb).

Put m = E / (Tb), f = t2 I t7, and s = T / x whe¡e s is the number of reduced ideals that can

be stored in memory. In our case, we used s = 15000, If we divide (6.6.1) by t1, rhen we

have

(6.6,2) cost / t1 = E/mb + 2lmbÆ + 2Lfls + fm + E(sb)

+ bf(log(bm)/(2logb) - 0,5) + E (sm logb).

By applying a simple optimization program to minimize (6.6.2), we found the values of the

input pa¡ameters T, x, b, as given in Table 6.6.1 for our computations.
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ranse of E T x b

2.5x1.012<E<3.5x1012

L.5xI012 <E < 2.5 x1,Or2

0,5x1012<E<1.5x1012

1x1011 <E<0.5x1012

1x1o1o<E<1x1011

109000

97000

80000

62000

32000

7

6

5

4

2

5200

4500

3500

2800

1,200

Table 6,6,1

n
In order to calculate logOn efficiently, we did not compute )logOr(l), i.e., a sum of

i=1

logarithms. Since we only stored Ux of the reduced ideals {\, iz, ..., i¡}, there rvas no

need to calculate the distance fo¡ each of the ¡educed ideals in {iyi2,..., i,}. Thus, since

the logarithm routine is fairly expensive, we only computed logOn, the distance ò(in,i1),

when n is a multiple of x. Our technique was to accumulate the partial product
fi+ 1)x- 1

fi or(il ( eZ), andrhen we found log06+r¡x by computing log¡ + log0¡". BI
i=jx

doing that, we made t/x log calls instead of t log calls.

The reduced ideals {i1*, izr, ,.. , it} we¡e sorted according to thei¡ norms by a fast,

general sorting routine. A binary search was then used in dete¡mining whether or not a

reduced ideal is in {i1*, iz*, ... , i,}, Also, the reason fo¡ not using the hashing technique

as in [SW88] was that a binary search is sufficient he¡e as the¡e is a smalle¡ numbe¡ of

reduced ideals in the cubic case. Fu¡thermore, the amount of time required for this sorting

routine is not sufficiently significant to put into the cost formula (6,6.1).

With this program we computed the regulator for each of the c values listed in

Tables 6.2.5, 6.2,6,6.2.7 and 6,2.8. The ¡esults are given in Tables 6.6.2,6.6.3,6.6.4

and 6.6.5. On running the program, the amount of time required to calculate R for the 72

values of c ranged fiom 3 CPU minutes to 6 CPU minutes, depending on the size of R.
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For example, we found that it took approximately 6 cpu minutes to compute a value of R

when R - 3 x r0r2 ' Indeed, the empirical evidence suggests that the modified version of

the wDS method is at least twice as fast as the wDS method. Furthe¡, we noriced that rhe

number of ideal operations was reduced by at least a half for all 72 values of c .

In Tables 6.6.6, 6.6,7,6.6.8 and 6.6.9 we give those values of c for which C(c)

exceeds 0.67. Since the largest value of C(c) which we found is 0.71,022, we have

nothing here that comes near to violating the truth of the GRH. Finally, we note the

extremely slow growth rate of C(c).

c Keg C(c)
¿Jyu+ó tuoó5
41.843313959
579t3659383
58182013553
79834584857

1739131,97789
1,22089073261.
1,30962864677
1.365441.34973
21001,8369371
226956644069
27233074390L
327552647297
336949891277
399933625781.
404698499087
41,6520048911.
4641,91,218707
4663531,66469
471882449219
4939795881.59
5301,61973249
5331,836621,03
7601,06056289
778769068631,
792802846373
9028'15793639

t+Jou tJ) I z¿.y90.+)¿)y
3309 42921, 9 2.03 6t 5 57 1.

1.302698t7 5 0.247 1 60 53
1.838 43227 20.1 80537 7 0

253 4249 53087 .7 7 13 5 657
3 61,90379 4 40 4.3 4921, 4 69

96256524295.71490745
7 03 5 6 5 80 82'7 2.07 3 829 6 r
43 49 63928 41, 5.1 6 48283 4
332851, 1, 67 47 0.67 81. 1. L 1.3

7 25 90 47 1. 451 5.3 4 61 0324
87 0 425 0 45 47 8.1. 25 49 857
5208829 01 1,9 1. 45680660
1, 1,0 4246425 5 1.,13 60257 I
322331.79 1 581.21. 09 9 5 57

1,301 5261 22837 .7 4 6 67 67 0
67 7 627 87 I 65 3. 61, 09 49 5 5
7 6938507 4481.281 6841 1

37 3 8 6 4 43 3 80 8.3 82427 21
15 07 45 5 65 19 42.82695608
1 5881 633 467 2L.7 23 5 87 85
1. 6890 42680 57 2.24 64227 5

1, 06093 62299 1,.4 4 47 407 8
243 459 0810 67 8 :Ì 67 23 680
2488810685892 .4097 0593
25551 10143668.59048090

7 27 483 484062,227 5L900

u,o lu / /¿/J
0.76976353
0.04815486
0.06764258
0.67783839
0.67651288
0.16779435
0.1682LL74
0.67737366
0.33590i43
0.67748729
0.67608950
0.3359i585
0.06921,194
0.16999830
0.67828'11,4
0.34000806
0.34922223
0.16890383
0.67299765
0.67708588
0.67060357
0.04188209
0.67244265
0.67082',193
0.67642064
0.16895244

Table 6,6,2.
(c=p=2(mod 9) )
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c Reg c(c)
ló¿J tó)¿+I

10389989063
23002424327
43595987609
796001,951,63
903075281,93

179087387453
t95571299437
21,3555190997
23478756064t
289197889433
2922'17713727
506642469059
576605603657
5784501,2t76r
'148224663941,

800855660207
844409282933
998024756357

JU5ö9 lO / Ió.8 /499JLU
L 631 68087 7 5.7 02480',1 1
71695952039.63348539
68250877078,51356758

25 8037 3 19 824.43 57 6 4 6t
7 1, 5 843837 9 t, 5'1 1 5 41,9 4

37 9 081- 65325 3.00307 91 1
63 4232 638209 .0 67 87 7 17
67 9 07 07 5 5886.1333 1 129
3833 401 1,3r 67,02583 43 0
2294197 59805.75951 183
93937 51,7 21 5 5.0481, L 47 8
405 6999 43450.7821 1 886
938078 1 84059.6257 7 7 7 0
9 625 47 107 7 5 5,3381 5249

2487 27 5 521,7 68,01 07 27 9 6
2s9 5 40087 6922.1,01,7 9 40 5

33'7 5 01024293.08 1 00605
3 208 6324 80 6 42.32L 6 423 5

u.0851.2205
0.34L05523
0.67232981
0.33591,874
0.69222350
0.16909875
0.67760221.
0.68790980
0,67385903
0.34664279
0.16773323
0.67949046
0.16860900
0.3422386r
0.35003772
0.69798231
0.68012886
0.08384916
0.67365702

Table 6,6,3,

(c=p=5(mod 9) )

Table 6.6.4.

(c=3p, p=2,5(mod 9) )

Reg u( c)
tlJ)+óO5¿Z I
990521,48229

1.02879790287
11,780749607L
1,446464151,87
229362553239
291,987409839
293203999941,
362264296659
41,3557332189
455271,781749
'7486',tr03248L

91,26850741,53

! Ló¿ IY ¿UóY+U,VUó¿'4J /
1 57008040407,5 124L7 85
7 61,7 847 24853.09 9 483 1 L

1 85498213308.43 4417 08
48333259 61 6 4,3L7 3 8229
37 0067 6267 5 6.7 686 1 08 6
9 40224 821 9 0 6.25 21 84 9 6
4 69 42690329 0.87 622223
582900527 602.539553 1 1

1365 1 8021 9088,64133022
7 3297 47 1,7 47 2,3 628'1 0 67
14939987 67 7 9.4029 65 44
7 431067 28645.801699s6

u.JJyÕyÕ3ð
0.33790086
0,335L2745
0.33520544
0.710221,19
0.34t72868
0.68078629
0.33847595
0.33963793
0.69610916
0.339261,84
0.04189960
0.1,707L284



Res C(c)
I IJö¿ðUIUYJ

1,09324288L07
1,498321,73787
298968550119
368636786253
3737756L8061,
433769568597
505919205819
648369068283
65400784731,9
683030699469
747241,701,597
9371,65977747

)ó rv)4+yó L t¿+J¿)¿J I
7204486886.90727397

15835396468.88462638
1, 59 0847 2245 6.5 53093 43
3897 97 87 839 3. 4039 219 4
1989 0 6240697 .199 4 65 9 L

29 1 65 07 421,3.283527 0 |
54359845814.67733653

17 337 889 I 67 7 .59t 48687
1,7 2692640909.5885 65 60
7 307 405263 65,5 42821. 63
I 5807 t0 66939,249 0 47 27
49 899 6299308.56052858

U.JJ)) / /U1
0.04248299
0.06795788
0.34027878
0.67509407
0.33971,471
0.04287279
0.06843249
0.1,6998872
0.t6784507
0.67982679
0.1,3432992
0.33754109

136

Table 6,6.5.

(c=9p, p=2,5(mod 9) )

Table 6.6,6.

(c=p=2(mod 9) )

c utc)
zJyu4ó /u0óJ
79834584857

1,1391,3197789
t365441,34973
226956644069
272330743901,
404698499087
4778824492L9
493979588159
530761973249
7601,06056289
778769068631,
792802846373

u,o lu / /¿tt
0.67783839
0.6765t288
0.67737366
0.67748729
0.67608950
0.67828714
0.67299765
0.67708588
0.67060357
0.67244265
0.67082793
0.67642064



c u(c)
¿JUU¿.+¿+3¿ I
796001951.63

119087387453
79551,1,299437
2135551.90997
2922777L3727
748224663941,
800855660207
99802475635'7

V.O T ¿J¿>öL
0.69222350
0.67760221.
0,68790980
0.67385903
0.67949046
0.6979823r
0.68012886
0.67365702

r37

Table 6,6.7.

(c=p=5(mod 9) )

Table 6,6.8.

(c=3p, p=2,5(mod 9) )

Table 6,6.9.

(c=9p, p=2,5(mod 9) )

c C(c)
t44646475187
291,987409839
41.35573321,89

U. / IU¿¿! !9
0.68078629
0.69610916

c (.( C)
JÔðOJÔ /ð02)J
683030699469

U.O I JUY4U /
0.67982679
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Chapter 7.

Cubic Polynomials Which Have a
High Density of Prime Values.

$7.1 Introduction.

Let f"(x) = x3 + c (c € Z+ and c is cube-free) and let P.(n) represent the number of

prime values assumed by f"(x) for x = 0, 1, 2,3, ..., n. In [FW90], Fung and Williams

describe a method of finding quadratic polynomials of the fo¡m x2 + x + A (A e Z+)

which have a high asymptotic density of prime values. The basis of their strategy is Hardy

and Littlewood's [HL23] conjecture F. In [HL23], an analogous conjecture, Conjecture K,

is given for the cubic polynomials of the fo¡m x3 + c. Thus, this conjecture allows us to

extend Fung and Vr'illiams' idea to the cubic case.

For the case of polynomials of the form x3 + c, Conjecture K of Hardy and

Littlewood (also, see Bateman and Ho¡n [8H65]) can be given as

(7.1.1) r"1n¡-$r-.1n¡

where 
n

L.(")=3J jõ#Ð

and

(7 rz) -c) = Tl e#4Ð
ì,f

The product of (7 ,1.2) is taken over all the odd primes p = 1 (mod 3) with p I c, and c"(p)

clenotes the numbe¡ of solutions of the congruence

x3 " -c (mod p).

By using
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(7.r.3)

where

D = the disc¡iminanr of e(1/¿),

R = the regutator of O(%),

h = the class number of e(lc),
Davenport and Schinzel [DS66] computed r(2) = L29 and r(3) = 1.39, The main

difficulty of (7,1,3) is that the th¡ee infinite products shown above converge very slowly.

As a result, x(2) and r(3) were only computed to three significant figures. Further, in

Shanks and Lal [SL72], the autho¡s give a modified version of (7.1.3) as follows:

(7.r.4)

where

t={rL when c #=1 (mod 9)
when c =t1 (mod 9)'

Uo = 1.064378253083636.

By usÍng (7.1.4), rhey easily computed r(2) and r(3) to sixteen significant figures where

r(2) = 1'299539 s57 5 57 843

x(3) = 1,390543938783812.

Although the infinite product of (7.1.4) converges fairly quickly, the evaluation of r<(c)

remains a difficult problem due to the requirement for h and R. Indeed, as mentioned

earlier, the computations of h and R are very difficult when c becomes large, In fact, to the

best of our knowledge, no x(c) values other than r(2) and r(3) have eve¡ been computed.

Also, little wo¡k seems to have been done on finding polynomíals of the form x3 + c

which have a high density of prime values,

The purpose of this chapter is to find cubic polynomials f.(x) which have a high

asymptotic density of príme values, As in [FW90], we do this by determining rhose values

-,., = 
"**JJ*,äB JJ, å," il. É

(Ð='fñ'#' fl' ff#
cs(P)=3

pr 1(mod 3)

åJJ'#1

pr- 1(mod 3)
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of c for which the Hardy-Littlewood constant x(c) should be large and then evaluating r(c)

to nine sígnificant figures.

$7.2 Strategy for finding values of c.

In order to find large asymptotic values of P"(n), we attempt to find values of c
such that x(c) is large. According to Q.1,4) this means that we would want 

Ç9)a 
= -1 for as

many of the small primes p of the fo¡m 3t + 1 (t € Z+) as possible. Also, we can look at

this from the point of view of restricting the number of possible small prime divisors of
f.(x). Clearly, if 

Ç9)t 
= -1, then p cannot divide f"(x) for any value of x. Thus, if (þ3 = -1

for many small primes p, then the composite values that f.(x) can assume are considerably

restricted, It follows that f.(x) should have a relatively high density of prime values.

Furthermore, we can maximize r(c) by finding values of c which have small hR values.

Since we are interested in finding values of c that have cubic non-residues for as many

small primes as possible, we have also accomplished the task of minimizing hR. As in

$6.2, we can minimize h by searching the values of c for which 3 is not a divisor of h, In

our investigation, we elected to inspect the values of c that satisfy

c ¿ 2,4,5 or 7 (mod 9).

Here, c may be either a prime or a composite, However, c must be cube-f¡ee.

If we let Ni denote the least positive integer such that Ni = 2, 4, 5 or 7 (mod 9) and
N,

?, = -t for all odd primes p of the form 3t + 1 (t ç7+¡ and p s rj, where r¡ is the jth

prime of the fo¡m 3r + 1 (t e Z+), then N1 should be a good candidate fo¡ the kind of c

values that we are seeking. In Table 7 .2.7 we give all the values of Ni fo¡ i = 48, 49, ,.. ,

63.
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Table 7,2,1

If we put Ni,r = Ni above and define N¡,¡ ( > 1) as the least integer greater than

Ni;-1 such that N¡,¡ = 2,4,5 or 7 (mod 9) and (N¡,¡/p)3 = -1 for all odd primes p < ri, then

N¡,¡ are good candidates as well, Thus, instead of attempting simply to tabulate more Ni

values than those given in Table 7.2.1, our strategy was to find Nag,.¡ for j = 1, 2, ... , m,

where N4g,, < 1012 < N48,m+1. By doing that, we were able to find all the Ni,j values,

which a¡e less than L012, for i > 48 and j = L,2,3, '.. . To find these values of Nl,¡ , we

made use of OASiS (see 96.2) again. After 25 days of continuous use, 335 numbers were

found. Having these candidates for c, the next problem is to dete¡mine those that yield the

largest rc(c) values by using (7.1.4).

T! N I Ni

48

49

50

51

52

53

54

55

J+t

577

577

601

607

61,3

619

631.

2438812372

24388123'72

10996650403

1,0996650403

70996650403

10996650403

10996650403

1045430751,98

56

57

58

59

60

61,

62

63

643

661

673

691,

709

727

733

'739

'J,045430751,98

L04543075L98

5384871,2501,3

5384871,25073

5384871250L3

976698454244

976698454244

9'76698454244
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$7.3 Computation of x (c),

Put

Fr(a)= f],.ffiqc(p)=3
p<Q

pr 1(mod 3)

r1(Q)= fl , _ffi
qc(P)=3

o.lti"l rr

We norv have

(1,3,1) Kc)=#Fr(a)rr(a) fT'-å IJt å
,.iiJ*,, pr.1(mod 3)

By examining Q,3,1) we see that two problems arise in computing r(c): (1) dete¡mine hR,

(2) find Q such that

(i,3.2) *r.l-#Fr{o) flr.{ f|t.å
,,,tJ*,, 

' ,..f,lt, "

approximates r(c) to 9 significant figures.

Clearly,

rogri(Q)='ot 

"lJ=, 

1 - ffi = 

""à,'ot(t 
¡ffi1

o.Tri"l rr o.l<i"Î,r
Since

'*(' 
- ffi¡,) = #ip - {ffi)'. å(#,"-.C' .,, .,

we have

where

log r1(Q) = -H1(p) - H2(p),
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Hr(p)= )ffi
qc(P)=3

o.lri"l rl

"r,r 
= 

")G(ffi)' 
-'r(#.*o¡' *,..)

o.T<i"Îrr

We fi¡st point out that it is a simple matter to show that

n,rpl.#Ëfo,

whe¡e B = [O / 6], Also, we can easily deduce that
1uzþ) < F*lF.

lrogrl(e)t.fiffi*"úf
Thus, we get

(1 .3,3)

Now if

I log r1(Q) | < b,

then (7,3,2) will approximate r<(c) to n significant figures if b < log((1 + {-f +@ I 2),

wherek=I}r'nl2.Hence,by(7.3.3),if Q=108isused,then(7,3,2)willyieldr(c)to9

significant figures. To test this we evaluated (7,3.2) for a few c values found in $7.2 with

Q = 108 and Q = 2x108, In every case both computations agreed to 9 (or i0) significant

figures.

The¡e remains the problem of determining hR. For this problem we used the

algorithm given in the previous chapter to calculate h* and R. However, as mentioned

earlier, rve cannot be ce¡tain that h* = h. Thus, we used the technique as descLibed in $3.3,

with a slight modification, to dete¡mine h. Horvever, we have to assume the truth of the

Riemann Hypothesis by using this method. The slight modification occur¡ed in the process

of finding a factor of the class number. In 93.3 we determined a factor of h by finding the

least possible value of m (>0) such that am, where a is a reduced non-principal ideal in
1

Q(fü), is a principal ideal. To do this we simply started m at 1 and increased it until rve
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found a value for which am - (1). Here, since a facto¡ of h* is very likely to be a factor of

h, we check whethe¡ or not am - (1) if m I h*. By doing that we can significantly reduce

the âmount of time required in determining whether o¡ not a ¡educed ideal is a principal

ideal. We also mention that the method of Buchmann and Williams [BW88A] was used in

principal ideal testing.

$7,4 Conputational results,

The method described above was programmed in FORTRAN with some assembly

language routines (most of the routines were used in previous chapters) and run on an

Amdahl 5870 computer. Furthermore, we note that F1(108) and an approximation of hR

(an estimate of Õ(1) ) were evaluated simultaneously. For each of the c values found in

$7,2, a value of r(c) accurate to 9 significant figures was computed. These r(c) values

were computed in a total of about 42 CPU hou¡s. The average time required to compute a

x(c) was about 7.5 CPU minutes, in which approximately 5 CPU minutes were spent on

computing an estimate of O(1) and F1(108). Here, we denore by q(c) the least prime of the

form 3t + 1('t ez) such rhar (rb), = 1. In Table 7.4.7, we give ail the numbers c

found by OASiS with q(c) > 619, We also provide the corresponding values of r(c) and

q(c).
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K(c) q(c)

10996650403

1,045430751,98

1.22883799502

2371,82386'103

340870581083

381969885083

38903375283r

4022409581,23

42902881,1221,

430691,3'18353

435910653383

440467t12263

532836531'Ì69

5384871,25013

630118608667

6690065921,93

67322309s339

6744791,64343

681,6231,865't3

742170523157

787504388899

843080148857

855128785102

942297660302

954038967',l46

976698454244

1,81356011

r.82475834

1.81250056

1.78034645

1.83002720

7.79428621

1.83409736

1,.8L205265

1.,81.274409

1,.82393826

1.80811828

1.8470657'.l

1.81689408

1..831,7t092

1,.81,203407

1.76803531

1.8124'11,98

1.81,43',751,0

1,.849791,74

1.81,429693

1.7787601,8

1,78063201

1.81,28942't

1.83917524

1.82940050

1.80071119

619

661.

6L9

63L

63r

619

643

619

643

643

61,9

61,9

619

't09

6t9

631

61.9

619

673

661,

61,9

619

631

61.9

697

739

Table 7.4.I
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In Table 7 .4,2, we give those values of c from among the 335 numbe¡s such that

x(c) > r(c') for all the c' which are less than c. We also give the corresponding value of

P.(10s) and 3Pc(10s) / Lc(10s), In Table 7.4.3 we give the values of p"(106) and 3p"(106)

/ Lc(106) for each of the last three c values listed in Table 7,4.2, By looking at Tables 7,4.2

and 7,4,3, we notice that 3P.(n) / L.(n) (where n = 105, 106) ând r(c) are quite close in

each case, and these results provide a confi¡mation of Conjecture K, Furthermore, in Table

7.4.4 we give all those c values which have r(c) > 1.84.

rlc) P"(10s) 3P.(105)/L"(10s)

2438812372

7553108903

10996650403

1,30394265'13

342744L9666

3461,91,28889

1,59758632562

7.7758520L

1..78730681,

1.81356011

1.82833223

1,831.46052

1.85557534

t.8732072

246L8

24'.719

251.1.3

251,49

25334

25770

25986

1..7769806

1,.7848207

1..8134923

1,.81,62004

L.8302't'Ì0

L861,7847

1.8789978

Table 7.4,2

K(c) P^t106) 3P-11061/L^t106

3427441,9666

34619128889

159758632562

1,.83146052

1,85557534

1,8732072

47897

48558

49101

1.8293839

1,.8546347

1.8762230

Table 7,4,3
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346191,28889

159758632562

205832276347

31,2945553748

320632593626

356454347681.

44046t1,12263

446441.L75179

446947523507

4823023702L9

502621065553

508595764309

51,357288L378

573548967598

647281308887

681,6231,865L3

694044605252

7048L3954582
'716323539649

765362309177

85747 45547s9

985522446218

987450298774

994791922204

L,85551534

1,.87320715

7.8562211r

7.85221205

1.841,20352

1..867301,29

1..84706577

L.86326s89

1..84948261

1.858L7382

1.85094250

1.86818077

1..86202993

L.84042512

L.84695743

1..849791,'14

7.84121308

1..84766015

r.841,1,2544

r.84071454

1,84648899

1..84022139

i.84562855

"table 7.4.4
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Chapter 8.

Computation of Principal Factors

in Pure Cubic Fields,

$ 8.1 Intloduction,

Let c be a positive cube-fiee integer and, F = O(k) be the pure cubic field formed

by adjoining iÆ to the rationals Q. We say that any algebraic integer of F is primitive if it is

not divisible by a rationai integer greater than 1. Also, we let S be the product of the primes

which completely ramify in F. Further, we let ô3 = s = rn¡2 and ô3 = ð = m2n, where

m > n, m, n are coprime square-free integers. Note that ô2 = nô, ôz = mô . We have

5-{3mn c#t1 (mod9)and3 fc"- I mn otherwise.
Denote by cr' and c" the conjugates of any c € F, and write

' oo = (g1 + grô + gró) / I (gt, ez, ete Z).

Note that since N(es) = 1, we have Ef .27 (mod mn).

If the¡e exists a primitive F (e On) such that

eok=93/N1B¡,

where k e Z and 3 / t<, tnen each rational prime which divides N(B) must completely

ramify in F. Indeed, we know that N(13) l52. After Barrucand and Cohn [8C70], [8C71]

we call such a value of N(B) a principal facto¡ of 52. In [8C70] it is further pointed out that

there a¡e exactly six distinct principal factors of 52 if principal factors exist fo¡ F. If

principal factors exist for F, then the¡e exist the unique primitive algebraic integers ta1,

!c12, tct3t xþy !þ2, tp3 of F such that

eok = ai3 / N(a) (k= 1 or 2 (mod 3) and i = 1,2,3),

eot+i = B'3 /u(B') 0 =1 if k= 1(mod 3), j =-1 if k = 2 (mod 3)).

Here N(a¡), N(B) are divisors of 52 and are the principal facto¡s of F, These numbers are

discussed in some detail in [8C70] and [8C71].
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In fact, if o G Op, N(a) | 52, and N(a) = 3rdßzzdqdsz, where'c € Z,

0 < r, < 2, m = dtdZd¡, n = d+dSdO, then the six numbe¡s

a, ôcr / (d2dad5), õc / (d1d2d5), az I 62d5¡, òa2 / (d1d2dad5z¡,6ø2 l(d1d22d4ds)

a¡e all in Op, and each of their norms divides 52. Thus, each of the elements of the set

13a d ß zz d 4d s2, 3a d 12 fu d 5d 62, 3a d 2d 32 d 42 d 6,

3, d1z d2d az d 5, 3vd 1 d32d52d6, 3" d22 fud 4d 62 \,

where (t,v) = (0,0), (1,2) or (2,1), is a principal factor wheneve¡ N(o) | 52. Furthermore,

if one of the principal factors is calculated, then the other five principal factors can be easily

found.

Let p be a primitive cube ¡oot of unity and G be a cubic field of negative

discriminant. We put Q = Q(p) and L = G(p). Then the Galois group of the no¡mal field L

is generated by B and rþ, where 133 = tÞ2 = t and f3Q = VB2. If x € L, then rve put

x' = xÊ and x" = xÊ2. Also, we define F' = FÊ and F" = FÞ2. If rve let EJ denote the

unit group for the algebraic number field J, we see that

Eo=ErxE¡'xE¡'xEç

is a subgroup of E¡. We put

¡*=[E¡:Es].

By Berwick [Ber32], we know that r+ is either 1 or 3. Furthermore, Berwick mentioned

that r{ = 3 if and only if there exist qe Z+,'t € Fx such that

9eo = Y3'

Indeed, Barrucand and Cohn [8C71] showed that if r* = 3, then there exist qe Z+ and

y e Fx such that qeg = y3. However, they also proved that in a pure cubic field, F, the¡e

might not exist q C Z+ and y € Fx such that qeg = y3 if r* = 3. Thus, Be¡wick's criterion

in this case is false.

In [8C71], the authors proved that if H is the class number of L and h is the class

number of F, then

H = r*hz 13,
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a ¡esult that was later generalized by Moser [Mos78]. Also, using the results of [8C71],

together with a later result of Halter-Koch [Hal76] (also, see [Set?8]), we have the

following

Theorem 8,1.1, Consider the equation

(8,1.1) e¡'/e6=piò3, (òeL=F(p)),0<i<2,

(Ð (8.1.1) has no solution if and only if r* = 1,

(iD (8.1.1) has a solution with i = 0 if and only if principal factors exist for F,

(iiÐ (8.1.1) has a solution with i * 0 if and only there exisrs a unir rl € L such that

the relative norm ,

(8.1.2) Nvo(,1) = p. I
In other words, pLincipal factors exist for F ifand only if

e6' / e9 = Piô3,

where pz + p + 1 = 0, ò € L (if A e Q(p), i = 0). We further point out that case(iii) of

Theorem 8.1.1 can occur only for pure cubic fields. Thus, if G is not a pure cubic field,

then principal facto¡s exist for G if and only if r* = 3. Also, the equation (8.1.2) is rhe

cubic analog of the so-called non-pellian equation

x2 'DYz = -1,

Brunotte, Klingen, and SteuLich [BKS77] have shown that r* is 3 if and only if

gre3(modmn),

whe¡e

e6 = (g, + grô + grô¡ / I (et, gz, ete Z).

This allows us to find a method of distinguishing betrveen (i) and the orher rwo cases (ii)

and (iii) of Theorem 8.1.1. Indeed, this idea was implemented by Williams [Wil82], but

the technique is Olc) in complexity. However, we cannot distinguish between (ii) and (iii)

of Theorem 8.1.1 by using this method. Consequently, a different technique is required for

the determination of the existence of pr.incipal factors fo¡ F.
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We define e by putting e = L when principal factors exist fo¡ F and e = 0 otherwise.

For a pure cubic field, we have three possible principal factorization types:

(Case (ii) ofTheorem 8,1,1) e = 1, r* = 3,

(Case (i) ofTheo¡em 8.1.1) e = 0, rt = 1,

(3) PF Type III: (Case (iii) ofTheorem 8.1,1) e = 0, r* = 3.

In [Wil82], Williams discove¡ed and implemented an O(c) algorithm to find the principal

factors of 52. This algorithm was used to search for principal facto¡s for att Q¡fo; wirh

2 < c < L5000. Recently, this algorithm was improved by Mayer [May88], but rhis

improved algorithm is still of time complexity Olc;. for all such c < 105, Mayer has found

all fields with principal facto¡s. His results can be summarized in Table 8.1.1.

Tvpe # of fields % of. tolal

PFI

PF II

PF I]I

62068

16935

3261.

7 5.45Vo

20.59/o

3.96Vo

Table 8.1.1

In his computations, the average running time (on an IBM PS/2 with TuLbo Pascal) for a c

value at 105 is approximately 1.56 minutes. Hence, we would expect the running time

required for ç - 16tz to be about 30 years per number, As a result, a faster technique

would be needed in orde¡ to dete¡mine the existence of principal factors for Q(h) *nen c

is large (here, c - 1012),

In this chapter, we show how the infrastructure idea can be used to produce a fast

algorithm for finding principal facto¡s in pure cubic fields. Also, we present a fast

technique for determining whether rx = 1or 3. This algorithm was implemented on a

computer and was used to test a conjecture of Mayer [May88] by determining the existence

of principle factors for ce¡tain pure cubic fields tvith large discriminant.

(1) PF Type I:

(2) PF Type II:
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$8.2 Ideals of O¡.

In order to describe our algorithm for determining principal factors for F, it is

necessary to discuss a method for finding a basis of an ideal, a', where aa, = (L(a)).

We first note that w9 can factor â into a p¡oduct of two ideals, say a = a1a2, by

using the following lemma of [WDS83].

Lemma 8.2.1. If

is a primitive ideal of O¡ (P, P', P', u, v, v', o e Z), then â = a1a2 where

", = { pr, p1, (-c+ Ul, tr'#d) },

^2= {yr, pz,Gu + ô), p2"
),

P1 = gcd(P,S), Pz= P lPy

P1' = gcd(P',S), P2'= P'/ Pl',

P1" = gcd(P",S), Pz" = P" /Pr". I
Our next step is to find a1' and a2' separately. If a1' and a2' are known, then we find a' by

multiplying a1' and a2'. To find a1' we use the following lemma. Let leZbe defined as

being a solution of the system of congruences

13=c(modo2)

312"0(modo).

Lemma 8.2,2, Put 1= gcd(o,P1). If a1 is as defined by Lemma 8.2.1, then a1'= þ

where

r = { r, , Pll(Pl,r) (c + ô), (frJ (g.Pg) }
Proof. We know that N(a1) = Ptpt'pt" and ar3 = (Ð where f e Z. Since N(a1): = li]1,

rve have

ar3 = 1prpr,p1"¡.

If we multiply both sides by a1', we get
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a 13a 1, = (p1p1,p1")a1'.

But a1a1' = (P1). It follows tl.rat

a12 = (Pr'Pr ")ar'.

On the other hand, by $6 of [WDS83], we know that

at2 = gt'Pt"¡b,

where

o = { r, , P1(Pi,r) (c + ô) , (Ð (4+-,j3) }
Thus, we have a1'= b. ¡
In the case where gcd(L(a2),o) = gcd(P2,o) = 1, we can find a2'by using

Lemma 8.2.3. If

^r= {yr, 
p2,(u + ô), p2

where gcd(P2,o) =1, then

ur,= { o, e,(-u + ul,o"ë-ll3-1!3, ) i,
where

Q' = 1, Q =PzlPz"Q=Pz,

U=v',V='v-v'V',
V' = u + pP/P', p = (l-u)(P2l P2')-1 (mod o).

Proof, We first note that L(a) = L(az) = Pz = Q. Since a2a2' = @(a2)) , we have

N(a2a2') = L(az)3 (i.e. PP'P"QQ'Q' = P3). We can easily deduce that

Q'Q" = (Pz I P2'P2''). Since gcd(P2,o) = 1, then Pzr' - Qrr =1. As a result, we get

Q' = Pz I P2'. The remaining unknorvns are U, V and V'. We can find those values by

detelmining

U (mod Q/ Q'),

V' (mod oQ / Q'),

v (mod oQ / Q').
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We can see that

Q'P2"(-U+õ)

It follows that

e.*d).,,,

o'ez,' (ò2G9*ul) = r r,(Y)

q'rr' (-uv+ô(v-uÐ+ôz(-u+v)) = p2x+p2v6+ôl-rr"(&?€)

where x, y,z e Z.We get

Q'P2"(-U+v') = P22'

Thus, we have

U e v' (mod Pz I e,pz^).

Since P2" = 1, we can put U = v'.

AJso, we have

P2'Q"(-u+ô)

By using the above technique, we get

P2'Q"ff'-u) = P2¿

where z € Z. It follows that

V,-u=0(modp2/p2e,).

Since Q' = Pz I Pz'; we have

V'-u=0(mode'/e,,)

OT

V,=u*Lre'

where p e Z (here,e" = 1), Si".relJllg) e Op, we musr have

Therefore,

V' =[(modo).
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u+¡rQ'=l(modo).

Thus, if we find p such that

p = (l-u)e,-t (mod o),

then

V'=u+Fe,,

Similarly, we have

P,'o,eljrò'?) (!Ìw)=,r,
We then get

P2"Q"(v+v'V'+V) = P zoz,

where z e Z. Hence, we get

V = -V'v'- v (moa #9-l
Since P2' = 1, we can put

V = -V'v'- v. I
We now can find a basis of a' by computing a1'a2'.

In the case where gcd(L(a2),o) * 1, we know thar 3q I L(ar, where 3 | o, q e Z+ ;

also, this can only occur when c = tl (mod 9). We first f.actor a2 into a product of two

ideals, say az=blbz,such that 3 I L(b2) and gcd(L(b1),L(bz)) = 1. In other words, we

have to find b1 and b2, where L(b1) = 3c and L(b) = tçlr¡ / 3q. By $5 of [WDS83], we

know that b1 must be one of r, r2i, r2i*1, si, rs, rsi, where i G Z and (3) = rs2. In order

to determine the basis for b1, we can use the resulrs described in p.253 of [WDS83]. As

for the problem of finding a basis for b2, we can use

Lenrma 8,2,4. Given that

¡, = { pr, ps, (-u¡ +ô), p3',

is a primitive ideal of O¡ (Ps, P¡', P3", u3, v3, v3', o € Z), we can then find Z bases for

b1, b2 such that b3 = b1b2 when
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) ri = r,zl,

and

Pg = PtPz, gcd(Pl,P, = 1'

Pg' = Pr'Pz', Pt' I P1, P2' I P2, gcd(P1',P2') = 1,

P3" = Pr"P2", Pr" IPr, Pz" lPz, gcd(Pl",P2") = 1.

Proof, Clearly, P1, P1', Pi",P2, P2',P2" arc easy to find. By using the Corollary of

l¡mma 5.1 of [WDS83], we see that is is sufficient to find the values of

u¡ (mod P¡ / P¡'),

v¡' (mod oP;' / P1"),

v¡ (mod oPl / Pi").

By Theolem 5.3 of [WDS83], we have

u1 = u3 (mod P1 / P1'),

u2 = u3 (mod Pz I Pz').

Thus, we have u1 = u2 = ur.

Also, we know that

v1' = v3' (mod oP1'/ P3"),

\z' = v3' (mod oP2' / P3"),

vi = v3 * ul( v3'- vi' ) (mod oP1 / P3"),

vz= v3 + v2( \' - v2' ) (mod oP2 / P3").

'We show here how to get vi, v¡', (i = 1,2).

Since

l, = { r,, Pi'Gui + ò), P1

rve have

From thiS result we get
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Pi'=z'

P1"v¡'= oY I76,

P1"v¡=crx -YaE+zEz'

Consequently, we get

P¡"v1' =oY1P"g'

P¡"v1 = 6¡ - (Pi"vi'- Pi"E)E + Pi"E2.

Thus,

v¡'=[(modo/p¡,')

and

vi = -vi'E + 212 (mod o / Pi").

Since

vi' = v3' + r1'oP1'/ P3" = yr' * r¡,opi'/ €3.i,pi"),

where r¡' €, Z, we have

v3' + ri'oPi' / (P3_i"Pi") = ! (mod o / P1").

Put

ri'=kiP¡.i"+si',

whe¡e 0 s s¡' < P3.1". Then, we can deduce that

s;'oP;' / (P3.1"Pi") = E - u¡' (mod o / P¡").

It follows that

s¡'P¡'= P3_¡"P¡"(E - u3') / o (mod P3.1").

Since gcd(Pi,P3.i") = 1, we get

si'= €i')'1P3',G - v3') / o (mod p3_¡,,).

Hence,

vi' = v3' + si'oP¡'/ P3" (mod oP¡' / P¡").

We note that

vi = v3 + ui(v3'- vi') + rioP¡ / P3"
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where ri C Z. Again, we put

ri=kiP3.i"+s¡

where 0 s s¡ < P3.i". Vy'e now have

s¡oPi / p3.1"P¡") = -vi'E - E2 - v¡ - ui( v3' - vi, )(modo/p¡,').

By using the above technique, we can easily deduce that

s¡P¡ = P3.1',P;,,(-vi'E - E2 - v3 - ui( v3'- v¡')) / o (mod p3.¡").

Since gcd(P¡',P3-i") = 1, we get

sj = -(P)'1P3',(vi,E + E2 + v3 + u¡( v3'. v1')) / o (mod p3.¡").

As a result, we have

vi = v3 + sloP¡ / P3" (mod oP¡ / Pi'). I
Once rve have b1 and b2, we can obtain a2' by finding b1'b2'. To find b2', we can

use Lemma 8.2.3. As mentioned earlier, b1 is one of r, r2i, r2i*!, si, rs, rsi*1. Thus, by

using the fact that (3) = rs2, we can easily determine b1' by using the fotlowing table.

br br

r

Í2ì

12i+l

si

l's

r.si+ 1

fs

si

I.S i+ I

r2i

r

f2i+7

Table 8,2,1

We point out here that if a is reduced, it is not necessarily the case that a,is

reduced. This is the reason why the Vo¡onoi algorithm, starting with (1), does not possess

the níce symmetry properites that the regular continued fraction expansion does in the

quadrafic case.
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If i1 = (1), let 1< n = p (0p+1 = €0), (0nL(ir))in = (L(in))i1 and

(O¡I-1U1¡U, = (I-@¡))br, where b1 = in', bj is reduced and b¡.r is not reduced, Since

b¡ - b1 = in'- i1'= (1),

we must have b¡ = in for some q, Furthermore, we can calculate the distance between iO

and i1 by using

Theoren 8,2.1, ([wil85]) if òn = ô(in,i1), ôo = ô(io,i1) and 11 = log(L(Ín)p¡), then

òq=R-ôn+ï'

Also

-2log(,fqq) <¡ < log(,,r{Dl). f
We require the following results in our algorithm for determining the existence of

principal factors for F.

Lemnra 8,2.5. læt j be a primitive ideal. If i2 = (u) j where ueZ,then L(i)z > ul(j).

Proof. By g6 of [WDS83] we have

i = iriz

where L(i) = P = PrP2 with P1 = L(i1), P2 = L(iz), gcd(Pl,Pz) = 1 and P1 = gcd(P,S).

Now

t12 = e1,P1"I1,

i22 = (P2,)i2,

where

LÛr) = Pr'

L(jz) 3P22I P2"

P1'= gcd(P',S), P1" = gcd(P",S).

Since P1'P1" lP1 and u = Pr'Pr"Pz", we have

L(i)z =P?P22 and ul-(i) <PlPlP1P22.

It follows that L(i)2 è ul,(i). I
Lemnra 8,2,6,If 0r(t) ¡r ur defined in 96.3, then or(t) ¡ 6nrn.
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Proof. We can easily deduce this by using the results derived in the proof of Lemma 6.2

of [wCS80]. f

$8.3 Determination of Principal Factors in F.

In order to desc¡ibe our algorithm for finding principal facto¡s for F, we must use

several results ftorn [Wil81], One of these is

Lenrma 8.3.1.(Williams) LetkeZ and 3 / k. If e = 1, then there exists 1C O¡ such

that

N(Y) = 3"stz, s = s1s2, t = t1t2,

s1t1 | m, s2t2l n, t, e {0, 1., 2}

òr = ô/(szt) > 1, ò2 = ô/(s1t) > 1 N(y) < 3rmn

and

eok = y3 / N(y). f
Theorem 8.3,1 (Williams) If e = 1 and y is defined as above, then if i1 = (1), either

Y = 0r

where

0r = 0geoq

(1 .g=p,qeZ,R=0p+r)o¡

\tl3=0"
where 1 is a value of

X, + Xrò, + X3ô2 (Xr, Xz, X3eZ)

such that

-[ Xt r ms2t X2 + nslt X3 = 0 (mod 3) when t = 2
LX, = t.rt X2 = nsrt X3 (mod 3) when'¡ = 0 o¡ 1,

o<x<3,

and

F(x) < 9
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F(x) = Xr2+ ô r2xr2 + õ r?xrz -õ rx1 x2- ô2x1x3 -ò 1ô zx2x 3. a
In the case where y = 0r, we have

eok=er3/N(or)

kR /3 < log 0¡ < kR / 3 + log(9mn) /3.

If we know kR, we can find all the possible 0,'s whích sarisfy (8,3.1) by using rhe merhod

desc¡ibed in $6.3. For each of these Or's, we check whether or not N(Or) | 52. From g6,3

it is known that (Or)i, = (N(i¡)i1. Thus, if i, has a basis of the fo¡m

then we can easily deduce that N(0,) = P2 / (P'P") by using the fo¡mula for finding N(or)

as given in [Wi]821 (also, see [WCS80]). If N(Or) l52, then y = 0r. Now 0, = Oreoe,

where 1 s g s p and qe Z. Henee, by using Theorem 5.3 of [Wil81], we know that the¡e

can be at most 2 distinct values of g (1 s g < p), gr, 92 such rhat N(0g,) I 52. Ife=1

and there are exactly j such values of g (i = 0, 1,,2), we use the notation of Mayer [MayS8]

and say that F is an M3 field. If j < 2, F is called an exotic field. We note, by Theorem 5.14

of [May88], that if 3 | c, then F can never be an exotic field. In [May88], Mayer gives a

table of counts of M¡ fields for the c values upto 100000, and they a¡e as follows:

Type # of fields % of M; fields

M6

M1

M.r

591,64

281,8

86

95.32Vo

4.54Vo

0.14Vo

Total 62068 1,00Vo

Thus, we get

(8.3.1)

Table 8.3.1.
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We now consider the case where F is an exotic field (i.e. y.0r) and let 0, be as

defined above. Also, we note that

sok=0r3/l=13lN(y)

whe¡e l. € OF. If Or = X! I 3, we get

(8.3.2) zzÀ = N(y)x3.

Hence, since 0 < 1 < 3, we get

I<N(y)<3rmn<9mn,

AIso, since F(Ð . 9, we can easily deduce that

l¡,'l = lÀ' | < N(y) < 3rmn s9mn.

Put

tr=(x+yO+zò)/f

where x,y,z € Z. By using a technique employed in [Wil81], we get

lxl, ôlyl, ôlzl < l).1 + 2lÀ j.

Consequently, we have

lxl, ôlyl, ôlzl < 3N(y) < 3(3rmn) s 27mn.

Thus the values of the coefficients in À never get very large.

If we know, for a certain 0, , the value of À, our task is to determine whether or not

(8.3.2) holds. If (8.3.2) holds, then we can attempt to find the principal factors for F. On

the other hand, if (8.3.2) fails, then it is not possible to find a principal factor using rhis

particular 0r, In this section, we p¡esent an algorithm for determining the principal factors

of S2 unde¡ the assumption that 0, = Xy l3 and À is known. In the following section, we

present a method for finding 1..

By multiplying both sides of (8.3.2) by N(1)2, we get

(3rstz1¡a = 27N(y)2I = 2'7 (32as2(Ì\).

Since

X=Xr*X2ò1 + X3ô2
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À=(x+yô+zõ¡lZ,

we get

(8.3.3) 3r-31stx, + s1X2ô + srxrð¡3 = s2t(x + yô + zó; / L

From (8,3.3), we can easily deduce that

(8.3.4) 3r'2153¡3¡r3asr3mn2xe3+sz3m2nX33+6s2tmnX1XzX¡) = s2t x,

(8.3.5) 3r-11srs212ar2x 2+sts22mx1x3z+s12s2mnX22x3) = s2t y,

(8.3.6) 3r-rçsrs2¡2yr2yj+srs12nX1X22+ s¡22mnX2X32) = s21 7.

On the other hand, we have

(8.3.7) N(st1) = 33-tr2¡¡16,¡

= s3t3xr3+sl3m nzx23 +s23mznx13-3s2tmnx1x2x3.

If we compare (8.3.7) and (8,3.4), then we find that

(8,3.8) 3r(mnX1X2X3) = x- 3N(0r),

Thus, if principal facto¡s exist for F, then we have (8.3.8). Since r € {0, 1, 2}, we can

divide (8.3.8) into two cases: r = 2 and t, < 2.

We first consider the case whe¡e r = 2. For this case, we shall require a lemma of

IWil82] to limit the possible values of Xl, X2, X3. Here, we let ôn', = min(ô1,ô2) and

ô¡',r = max(ô1,ô).

Lemma 8.3,2.(Williams) Let p e Q[ô] and ¡r = st21 where I is the least posirive value

of Xt + X2ô1 + X3ô2 such that X1, X2, X3eZ, F(X) < 9,

X1 + ms2t X2 + nslt X¡ = 0 (mod 3).

If it is not the câse that

Xr = mszt X2 = nstt X3 (mod 3),

then X < 3 if and only if one of the following is true.

(i) ms2t = nslt =L (mod3),ô,<(y't5- I) l2.In this casel is one of ôr-1, ôy-ô,.

(ii) ms2t = nslt =-1 (mod 3), ôm< 2. In this case l is one ofôn,,+1, ôM-ôm,2-ôm.

(iii) ms2t = 1(mod 3),ns1t = -1 (mod 3), ôm < ('¡ti - L) l2.In this case X is ôm-1.
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(iv) ms2t =-1 (mod3),ns1t r 1 (mod 3), ôM<(y't3- l)l2or ô,n<2. In this casel is

one of òm+1, ôM-1, 2-ôm. I
We can limit the minmum value of 1 yet further. We do this in

Theorem 8'3.2. suppose that y is defined as in Theorem 8.3.1. If I is the least positive

value of X1 + X2ô1 + Xrô2 such that X1, X2, X3e 2,0 < X < 3, F(Ð < 9,

Xt + ms2t X, + nslt X3 = 0 (mod 3),

and it is not the case that

Xr E mszt Xz = nstt X3 (mod 3),

then

0 =coy/3

is a minimum of Op where o = ôn,'-1 when ms2t = 1 (mod 3) and o = ôn,,+1 when

ms2t = -1 (mod 3).

Ploof, We know that þ = Xy I 3 is a minimum of Op, where 1 is given by the previous

lemma. We note that if i,.r * 1, then by Lemma 8,3.2

1€ {ôy-ô,, ôm-1, 2-ôm}.

Also, 0 = u¡/3eOpby the reasoning of Theorem 8.3.i. But

F(1) e iôy2+ô,ô*+ô,2, 4+2ôr+ô,2, 1+ô"+ò"2¡

and

F(co) = l+lt16t2 or 1-ôt+ôt2 '

In any case, since 1 < ô,o . ôv we have F(c,.r) < F(¡). We also note that o_r < 3. lf ro * 1,

thencr¡>1and0>Q.Also, l0'l <10'1. If e is nor a minimum of Op, then the¡e must exist

a minimum q.r of Op such that

l'tt,'l .10 I,0<V<e.
It follows that

v < y, lrp'l < lv'I.

By Theorem 8.3.1 and Lemma 8.3.2, we get

v =3þ lI c {ôM-ôm, ôM-1, ôm-1, ô.+1, 2-ôn1},
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Also, since lV'l < l0'1, we have F(v) < F(co) which is not possible by the selection of c:,

Thus, our ¡esult follows. I
It follows that, if r = 2, we must have X1X2X3 = 0 and x = 3N(0r) for some 0r,

where À, = ), = (x + yô + zé¡ / 3. Also, (Xt,Xz, X3) = (1,1,0), (1,0,1), (-1,1,0),

(-1,0,1). From (8.3.5) and (8.3.6) we can de¡ive that

(8,3.9) 3ms23x1x33-s1s 22X3y+s12s2X2z-3ns13XrXr3 = 6.

Here, we have two subcases.

Subcase l, X2 = 0. In this subcase we have X1 = -1 or 1, X¡ = 1, and ô1 > ò2, By

(8.3.9) we get

(8.3,10) 3ms2 / s1 = Xty.

Also, by (8.3.6) we obtain

(8.3.11) 3s2t = z.

Since X2 = 0, we must have

ò23 = ð3/(.it)3 = mzn / (s13t3).

If we divide (8,3.10) by (8.3.11), then we get

X¡lz=m/(s1t)'

If we raise the above equation to the 3¡d power, we have

xrY3 lz3 =m3/(sr3t3).

It follows that

nX¡3 I mz3 = m2n / (s13t3) = ô23.

Since ô2 > 1, we can conclude that

(8312) lå|/H=u,,'
Furthermore, we can easily deduce that

sr = m/gcd( n,y l3),

s2=gcd(n,yl3),

t= z I 3sz,
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Xl = s8n(z)'

Subcase 2,X3= 0.ln this subcase we have Xr = -1 or 7,X2= 1, and ô2 > ô1, By using

the same technique as in Subcase 1, we get

3ns1 /s2= Xtz

and

3tst = Y'

Since X3 = 0, we must have

ôr3 = ô3 / (s2t)3 = mn2l 1sr3t3;.

Again, by using the same method as in the previous case, we get

mXp3 ¡(ny3) = *n2 / (sz3t3).

This means that

ô/(s,t)=u,= líl/F
Thus, since ô1 > 1., we must have

l- l3(s.3.13) líl/F"
Also, we can deduce that

s1 = gcd( m,z l3),

s2=n/gcd(n,zl3),

¡=y 13,

Xr = s8n(y).

Since the product of ô1 and ô2 is one, we see that only one of (8.3.12) and (8.3.13)

can occur. Thus, we can distinguish between Subcase 1 and Subcase 2 by determining

which of

lrliç "' lí1fr' '
Once we know which case, we can determine s1, s2 t and X1 by using the above formulae.

We now have the values fo¡ N(y) = 9srs2t2, X2, and X3, and can determine whethe¡ or
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not (8,3.2) holds. If (8.3.2) holds, then 9s1s2t2 is a principal facror for F. Othenvise, we

cannot find principal facto¡s for this given À. We now summarize our algorithm as follows:

Algorithm 8.3.1. Given: 0,, Àr=(x + yô + zô¡l3andx=3N(0r),

1) Compute tem r.- 1, I Vl fu.
2) If temp > 1, then goto step 5.

3) Compute sr = m /gcd( m,y l3), s2 = gcd( n,y l3),t= z l3sz, Xr = sgn(z).

4) Goto step 6.

5) Compute s1 = gcd(m,z I 3 ),s2 = n/gcd( n, z I 3),¡ = y / 3,Xr = sgn(y).

6) If (8.3.2) holds, then 9srs2t2 is a principal factor; otherwise, (8.3.2) cannot hold.

7) Stop.

We now conside¡ the case where ¡ < 2. In this case we have XrXrX, = -1 and

x = 3N(0r) - 3rmn. The equations (8.3.4), (8.3.5), (8.3.6), together with (8.3.7),

become

sr2x13 + srmnzxrlçsr2t) + s2mznXy'(s12t) = 33'"N(0r)-3mn,

s1tX2 + s2mX1/s1 + mnX3/(s2t) = 3l'ry,

s2tx3 + slnxt/s2 + mnX2/(s1t) = 31-rz.

Put pt = s2tX3, Pz = srnXr/sz, Ps = mnXz/(srt), Here, by using the last two equations

above, we have

Pr + 9z+ Pt=31''2,

PlPz + PrP¡ + P2P3 ='n31'rr,

(8.3,14) prpzp¡ = -mn2,

It follows that pl, p2, p3 are the three distinct roots of

(8.3.15) O3 - 31-'c"r2 - n31'"yp + mn2 = 0.

Also,

'rrl Qs= st2x1 / (mn),

-Pzlrr= spx2l(s22t),
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(8.3.16) -ps I ez = s2mX3 / (s12t),

Thus, we see that

3rl mnpl lcal,i"lmnp2lpl l,3rl mnp3/ p2 
|

are principal factors for F.

By using the above equations, we obtain

-mn(p1 / Qs + pz I Qt + Qs lp) = 33'"N(0,)-3mn

and

ptzpz + pot2 + pzzpt = n( 33-rN(or)'3mn ).

Furthermore, since

(pr + pz + p¡Xpipz + prp¡ + pzp¡) - 3prpzp¡

= (ptzp2+ prp¡2 + pzzpù + (pûzz + ptzpt+ pzp?),

it follows that

(p p zz + p t2 p s+ p zp sz) = 32'2r' nr t a 3 mn2 - (p 12 p 2+ p fi ? + p z2 p z)

= 42-2r'nr"- n33-rN(0r) + 6mn2.

if we define

E(x,Y,z) = xzY + zYz + zzx,

then we have

E(pr,pz,p¡) = E(p3,p1,pt = E(p2,p3,p1) = n(33'"N(0,)-3mn).

On the other hand, we have

E(pl,p¡,pz) = 42'2t'n t- n33-rN(0J + 6mn2* E(pl,pz,p¡)

and

E(pr,p¡,p) = E(pz,pr,p¡) = E(p¡,pz,pr).

Ler p,p',p" be the roots of (8.3.15). If E(p,p',p") = n(33'"N(er)-3mn), then

3rl mnp / p" l, 3rl mnp'/ p l, 3rl mnp" / p' 
I

are principal factors of 52. Further, by the conditions of Lemma 8.3.1, the least of these

must be I (tnpr) / ps I = .t2. If E(p,p',p") # n(33'rN(0r)-3mn), then we replace p' by p"

and p" by p'. This is because if E(p,p',p") '. n(33-rN10r)-3mn), then
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E(P,P",P') = n(33'"N(or)-3rnn).

Also, in the case where E(p,p",p') = n(33'"N(0r)-3mn) we have

lmnp / p" l= lmnpl / p3 I or I mnp2l pt l or l mnp3 / p2 l.

Again, the least of these is I mnpl / p3 l.

If p, p', p" are the ¡oots of (8,3.15) and p, p', p" eZ, it is a simple matrer to use

Newon's method to find one of them, say p. When p is determined, we then have to find

the other two zeros p' and p" subject to

E(P,p',p') = n(33-"N(e,)-3mn)),

If this does hold, since E(p,p',p') É E(p,p",p') , we get

g = (p - p'Xp' - p"Xp" - p) = E(p,p",p') - E(p,p',p' )

= 9(mn2 - 3-2rnyz - 2(3-9N(0r)).

Now,

p' - p" = (p'2-p'(p + p") + pp"Xp"'-p"(p + p') + pp')/g.

By (8.3.14), we can deduce that

p'2 - p'(p + p,,) + pp" = 3prz - 2ç3t-r¡r'z - 31-ryn

and

p"2 - p"(p + p') + pp' = 3p"2 - 2(3r'rp{z- 31'ryn.

This means that

p'-p" = (9(p'2p'z - 213't171p'zp '+p'p' 2) - 3''yn(p'2+p '2)

+ 4(3'zt1p'p'72 +2(3'2-)nyz(p'+p') +3'2ry2n ) IE.

By using the fact that

P'+P"=31-rz-P

and

p'p', = -¡31-r, _ p(31-tz _ p),

we find that

p'-p" = w = (3.Ì)mn2z + 3(3-3rnyz2 + 4(3-21n2y2

+ 6 Q' 
3)23 + 7 Q'21 ny z - mn2¡ p - 1z(3'2\22 +2 (i'a) ny ) p' .
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Since

p'=(p'+p,' +p'_p,)lz,

we get

(8.3.17) p'= ((3L"Ez- p) +w) 12.

Also, we have

(8.3.18) p" =31'rr-O -O'.

Once p, p', p" are known, the least of lp / p"l, lp'/ pl, lp" / p'l gives us lpi / p3l as

noted above, We proceed to find p2. With the values of pr, pz and p3, we use (8.3.16) to

find the values for X1, X2, and X3. We verify our solution with (8.3,2). He¡e is a detailed

description of the algorithm for t, < 2.

Algolithrn 8,3.2, Given: 0,, À, = (x + yò + z6) /3 and x = 3N(er) - 3rmn.

1) Use Newton's method to find a root, p, of (8.3.15).

2) Use (8.3.17) and (8.3.18) to find p'and p".

3) lpr / p3l .- min{lp I p"l,lp' lpl, lp'/ p'l}.The remaining root is p2.

4) Use (8.3.16) to find X1, X2, and X3.

5) If (8.3.2) holds, then 3rl mnpl / p3l is a principal factor for F; otherwise, (8.3.2) does

not hold.

6) Stop.

$8,4 Construction of À's,

Note that if e = 1, 0r = Xyl3 and

eot'= f /N1y) = 0r3 /À forÀ e O¡,

it is important that we determine the upper and lower bounds fo¡ 0, in order for us to find

À. Since 0r3 = y3X3 127 and 0 < I < 3, we get

or3 ' Y3'

Bur, as e¡k = y3 / N(r) it follows that
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er3 < Nly¡eok.

By Lemma 8.3.1 we have

er3<N(y)sok<gmneok

and

3ôr < kR+log(9mn).

0'r=1'1'/3,

lo',12= lv'l2lv'12/9.

But l0'rl2 = N(eJ / 0, þecause l0',12 = e'r0",) and ly'12 = N(r) / u hence, we have

N(er)/er<N(y)/y

0,>N(0,)1 /N(1).

or3>N(er)3eok/N(y)2

Also, since

we have

OT

It follows that

and

3òr > kR + 3logN(0,) - 2log(9mn) > kR - 2log(9mn).

Thus,

(8.4.1) (kR - 2log(9mn))/3 < ôr < (kR + log(9mn))/3.

Since

ò,>((r-1)/4)log2

(see [Wil86]) (einpirical evidence suggests that ô, = 1.12r), there are only O(log(mn))

values of ô, to check if kR is known.

Hence, for each 0, which satisfies (8.4.1), we need to find the corresponding À,

such that

eok=o'3/r''

We fi¡st note that
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Lr*1 = 10r(r)¡3)','

If À, is known, then all the subsequent Àra1, Àra2, I¡13, '.,can be found by using 0r(r),

eg(t+1), eg(r+2), ,,,. Thus, our main objective is to find an initial Àr.

By $6.3 we know that, for any r, there exists a reduced ideal iu such that iu = i'
1 <u 3 p, ôu = ôr - jR, and 0. òu . R. In fact, if

N(0r)3e6k / N(y)2 < e,3 < N1y¡eok < gmne'k,

we have

N(0u)3esi/ N(r)2 < 0u3 < N1y¡eoi < 9mn€0i,

where i = k mod 3 and can only be 1. or 2. If k = 2 (mod 3), we can replace k by 2k and

therefo¡e we may assume without loss of generality that k = 1 (mod 3), Hence, we may

assume that

(8.4.2) N(0r)3es / (9mn)2 < 0u3 < N(y)€' < 9mnee.

Suppose we have any u and iu.We can use the technique given in $8.2 to compute

iu', and then use our reduction algorithm to find Q. ( < 1) such that

(8.4.3) (Qsl-(iu))is = (L(is))iu'

and i, is reduced. Here, we know that òs - R - õu by Theorem 8.2.1. We next compute

(8.4.4) i.2 = (v)a1 Q eZ).

We now use ou¡ reduction algorithm again to find au and yu such that

(8.4.5) (yul-(a1))au = (L(au))a1

and au is reduced. By using (8.4.4) and (8.4.5) we get

(8.4.6) (vyul-(a1))au = (L(au))i.2.

On the other hand, by squaring both sides of (8.4,3) we get

(0s2L(iu')2)is2 = (L(is)2)iu'2.

By using (S.4.6) to replace ir2, we have

(vyvL(a1)Os2l-(iu')2)uu = (L(av)L(is)2)iu'2.

It follows that
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(*i#Gr)au = (L(au))iu'2'

Initially, since L(ir)z > vl-(a1) by Lemma 8.8.1, we know that

('.¿:@,.,r' ) =L(iJ2'

1 e now continue to increase the value ofv and 1u until we have

(..@r.'r' )=L(iJ2

and

(*'ff-)'L(ir2
In that case, we have

t*W,,),#,#
by læmma 8.2.2. Hence we now have

ß.4.T tflì, . vyvl(a1)o_s3l-(iJ2 < Lti,,)2.bmn L(iJ,

Since i, - (1) and au is ¡educed and principal, we have av = ir. Put

(8.4.8) r = 
u,|,"L(ar)0.3r(iJ2.

L(iJ2

Since (o) ir = (L( ir) iuz = 1L1 i¡0u2¡, we get

(rrrl-(i,)) = (L(ir)ereu2).

It follows that

(8.4.9) 010u2 = goi(D,

where j € Z, Although j could be any integer, the following theo¡em allows us to restrict

the possible values ofj in the case when the fundamental unit is not exceptionally small.

Theot'em 8,4.1. Suppose that 0,0u2 = €do and 0, < (9mnes)1/3. If e6 > (9mn)5, then

j = 1.

Proof, Since

0u2 > N(eu)2 = N(ir)2 
= 

L(iu')2 = L(iu)2 > ro,

we have Ou2 lcl>1,Thus,j>0,
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Suppose lhat j > 2. We fi¡st note that

412'o

'or.ï
Hence, we get

e6 s esj-l . tl. (9ï,"ì9"' 
< 6mn(9mnes)2/3.' o L(iu)'

It follows that

ee < (6mn)3(9mn)2.

Consequently, if es > (9mn)5, then j = 1. I
We can use the method we are about to describe here to find Àr, if eg > (9mn)5. In

the case whe¡e eg < (9mn)5 , the determination of 1., can be done by a di¡ect search method

because there is a limited number of reduced ideals in the principal ideal class. Here, we are

especially interested in those pure cubic fields which do not have small regulators, We have

0¡0u2 = ¿66¡'

Ifp=6,/0u,then

Pou3 = tot'

Put

Àr=to/P,

and we have

0u3/Àr=eo'

Since (see [WDS83] p.242) we know that L(iu) < 3mn and that L(iu) | N(0u) for

any reduced iu and in our case e9 > (9mn)2, we knorv that we can find 0u and iu such that

0u3 < qi;2e¡l(9mn)2 < N(0)3e6/(9mn)2,

ou+13 > L(iu*1)2es / (9mn)2,

For this iu we have the following

Theorem 8,4,2. For the selection of iu above, we have

1<p<(9mn)7.

Proof, Since p = oeo / 0u3, we get
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p > (9mn)2oes / (L(i)2es) > ((9mn)2 / L(iu)r(Lçòz /6mn) > 1.

p = cus0/0u3 < r,:(9mn¡20r(u)3 / L(iu+1)2

< i-(i)2(emn¡216mn)3 (by Lemma 8.2.2 a (8.4.?)

< (3mn)2(9mn)2(6mn)3 < (9mn)7. I
Before we leave this section, it is important to describe the technique that was used

in the computation of À, , where tr, = (x + yô + .8¡ I L In the process of finding l"r, the

coefficients can get fairly large. Thus, in orde¡ to eliminate the precision problem, rve

elected to compute À, modulo p where p is a large prime. The main difficulty in computing

À'. is to calculate yv, 0s and p. To solve this ploblem, we applied a method of Williams as

given in g5 of [Wil82],

We note that

(yul-(a1))au = (L(au))a1,

where a1 is not reduced and au is ¡educed. In using the reduction algorithm of Vo¡onoi to

reduce a1, a sequence of ideals aI, aZ, À3,, '.', av is found. Fo¡ each ideal a¡, Voronoi's

algorithm generates the integers o¡, M1(i), Mr(i), ur0), Nr(i), ¡r(i), N3(i). J¡ *r out

fr(i) = ltvtt(') + M2(i)ò + Mr(i)62¡ 7 o,

1n(i) = 1N,(l) + Nr(i)6 -¡ N3(i)62¡ 7 o. ,

then the module Z +,¡r(i)Z + y¡(i)Z is the fiactional ideal (1 / L(a))ai. Thus, if we define
j- l

yl = 1, yj = il*,',,
Yl+t = Y'0)Yi' E¡+r = Yl'(i)r¡'

then {y¡.1, yr, (r.} is a basis of (1 / L(a1))a1. It follows thar there exist rational inregers

x1(k),y1(k),21(k),xr(k),y2(k),22(k)suchthat

y¡*1 = x1(k)y¡ + y1(k)1n-, + z1(k)gn,

(¡*1 = x2(k)y¡ + y2ß)yn-, + z2(k)çn.

Thus, if we put
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we gel

(8.4.10)

yk = (c1(k) + Gr(k)6 + G3(k)62¡ ¡ or,

Ek = (Hl(k) + urG)6 + HrG)62¡ 7 o,,

ci(k+l) = x1(k)6,(k) + yr(k)6,ß-1) + zr(k)¡¡,(k),

Hiß+1) = xr(k)G,(k) + yr(k)6,(k'1) + zr(k)¡1,(k) e = 1,2,3)

Also, G1(1) = s1, Ç2(1) = 0, c3(1) = 0, c1(2) = M1(1), GrQ) =¡¡r(t), cr(z) = Ur(t),

Hr(2) = ¡r(1), H2(2) = ¡r(t), Hr(2) = ¡r(1).

If we start with k = 1 in (8.a.10), we can use (8.4.10) as a pair of congruences

modulo p to find yu (mod p). However, we do need to show how to find xfk), yiß), zi(k),

k= 7,2,LetMr*(k), Mr*(k), Mr*(k), ¡r*(k), Nr*ß), ¡.¡r*(k) be defined by

1 / 1r(k'1) = 0\41-(k) + M2*(k)¡ + M3-(k)ô2¡ 7 oo,

yh(k-1) /ye(k.1) = (N1-(k) + Nr-(k)6 + N3*G)62¡ ¡ oo.

Again, by using the method of [Wil83], rve have

E¡*xr(k) = ¡4rß)¡r-(k) - Vr(k)Nr-G), E¡-xr(k) = ¡{r(k)¡.¡r*(k) - Nr(k)¡vr*(k),

E¡*21(k) = yr(k)¡4r-G) - Mr(k)¡4r-G), Ey*22(k) = Nr(k)¡4r*(k) - Nr(k)¡4r*(k),

o¡x1(k) = Mr(k)-yr(k)¡4, 
-(k)-zr(k)¡, - (k), o¡x2(k) = Nr(k)-yr(k)¡r*(k)-7r(k)¡r*(k),

where E¡* = ¡4r-(k)¡r-(k) - Mr-G)Nr*G).

Similiarly, we can apply the above technique to find Q. and p. if1u, Q, and p

(mod p) are known, we can easily compute I'- modulo p. Hence, we can dete¡mine Xr, Yn

ZþWteZlpZ such that

1", modulo p = (X, + Y,ô + Zþ2) I Wt.

Once rve find the initial À, modulo p, we can use

Àr*1 = 10r(r)¡r),, modulo p

to compute the subsequent Àr*1, À¡12, Àr*3, ..' modulo p. If principal factors exist for F

and F is an exotic field, then one of the above À's satisfies (8.3.2). In that case we convert

(X, + Yrô + Zþ2) lWtto (x + yô + zA¡ ll by finding'W¡'1 (mod p). From g8.3 it is known
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that lxl, lyl, lzl < 27mn. Thus, if p > 54mn, then the coefficients x, y and z can be

computed exactly. We further illust¡ate the above idea for constructing À, by

Algorithm 8.4,1. (Given thât kR, p is a prime and p > 54mn.)

1) Use the method discussed in g6.3 to find h*R where h* eZ.If.3lht, wewill have

a reduced principal ideal io such that ô(io,i1) = h*R / 3 and io = i1. In this case,

replace h* by h* / 3 and repeat until we find that 3 / tr*. lut k = h* and we have

kR.

2) Find a ¡educed ideal i, such that 3õ, < 3log(L(i,)) + kR - 2log(9mn)

and 3ô,*1 > 3log(L(ir)) + kR - 2log(9mn). Now, we have iu = ir.

3) Use the method presented in $8.2 to Compute iu'.

4) Use the reduction algorithm to find i, such that (Qsl(iu))is = (L(ir))iu'. In the

process of finding i., we also calculate logQ. and Q. modulo p by using the method

discussed above.

5) Compute f and a1 where ir2 = (f)a1,

6) Use the reduction algorithm to find au such that (1ul-(a1))au = (L(au))a1. In the

process of finding av, we also calculate logyu and .yu modulo p by using the method

discussed above.

7) Inc¡ease the value ofv until

2logl-(iu) - log(6mn) < log(v1ul-(a1)Q.2t(iì') - 2logl-(ir) s 2logl-(iu) holds.

8) Use (8.4.8) to find o modulo p.

9) Set j <- 1 and bj <- iu.

10) Use Voronoi's algorithm on b.¡ to find b¡+r.

11) Use the technique above to compute 0¡+r modulo p where b1 = (0¡ar)b3+r .

12) If b¡+r = av then goto step 15.

13) j--j + 1.

14) Goto step 10.

i5) Find À, modulo p (= (X, + Yrô + Zrôz)/W,) where À, = ru / 0¡+r mo{ulo p.
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16) Stop.

$8.5 The overall algorithm,

Since we have discussed all of the components of the algorithm for determining

principal factors for F, we are now able to present the overall algorithm. Fol a given pure

cubic field F, the following algorithm determines whether or not principal factors exist for

F; in the former case, then this algorithm will also find the principal factors.

Algorithm 8.5.1.

-.3-.Given: Q(Võ), p is a prime and p > 54mn.

1) Apply Algorithm 8.4.1 to find kR, \ modulo p (= (Xr+Yrò+Zrô2¡ / Wr¡, erc), ¡,

and ôr,

2) Set count = 1.

3) Seti=randdist=ôr.

4) Use the formula presented in $8.3 to find N(0)

5) If N(0) I 52, then N(0) is a principal factor for F. Print the principal factor and goto

step 20..

6) If Xl a W1N(0) (mod p), then convert (X, + Yrò + Zrõ2) l Wr to (x + yò + zô)/3

by finding W,-1 (mod p) apply Algorithm 8.3.1 and goto step 9.

7) If X1 = W¡(N(0)-31'1mn) (mod p), then convert (X, + Y,ô + Z,ò2) / Wr to

(x + yô + tO| tlVy finding Wr'1 (mod p), apply Algorithm 8.3.1 and goto step 9.

8) Goto step 10.

9) If a principal factor is found, then print that principal factor and goto step 20.

10) Compute À¡*1=(er(i);lÀt (modp) where li¡1 mod p=(X¡*1+Yi*1ò+ Ziryõ?)lW ir1,

11) Apply the Voronoi algorithm on 0r(i) 16 find er(i+l).

12) Compute dist .- dist + log0r(i).

i3) Seti.-i+1.
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1e)

20)
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14) If dist < (kR + log(9mn)) / 3, then goto step 4.

15) If count = 2, then goto step 19.

16) Set count <- count + 1, kR .- 2kR.

17) Apply Algorithm 8.4,1 (except step 1) to find 1., modulo p

(= (Xr+Y,ô+Zrô?) tw),0r(r), i, and ôr.

Goto step 3.

Print'Principal factors don't exist for Q({Æ)',

Stop.

Befo¡e we leave this section, it is impoltant to discuss the complexity of the above

algorithm, In step 1 of Algorithm 8.4.1, it is known that the computation of kR is

O¡czls+t¡ if the GRH for l¡ holds, If we do not assume the GRH, there is an algorithm

for finding R of O(R1/2ce¡ (see [8W88]). As for the remainder of Algorithm 8.4.1, it is

known that all those operations involving ideals have a complexity of O(cs), Thus, the

complexity of Algorithm 8.4.1 is Oqc2/s+e) under the truth of GRH. We further point out

that Algorithm 8.3.1 and Algorithrn 8,3.2have a complexity of O(ce). Since there are only

O(logc) values of À to check, we can conclude that Algorithm 8.5.1 has a complexity of

Olczls+e¡ if GRH holds. Also, Algorithm 8.5.1 has a complexiry of O(ctlz)

unconditionally.

$8,6 Determination of r*.

If e = 0, then rt can be either 1 or 3. In [Wil82], we have seen that the value of r*

can be calculated by using the Vo¡onoi algorithm. However, this method is very time

consuming if eg is large. In this section we describe a new theorem for detelmining r*. In

order to develop our criterion for finding r*, we have to present the following results.

Denote by A,/3 (mod mn), where A e Z, the value of A,/3 (mod mn) rvhen 3 | A or

the value of 3'14 (mod mn) when 3 / mn,
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Lemma 8.6,1. If ¡1 = (a1 + a2ò + a3é)/3 e OF, B = (bt + b2ô + b3ô) / 3E OF,

y = ql3 = (c1 + c2ò + crô¡ /le Op, then

c7l3 = (a113) (b1/3) (mod mn).

Proof. We know that

3c1 = ¿16, + a3b2ôõ + a2b3ôõ'

If 3 / mn, then since 3c1 = at6t (mod mn), we get

c1l3 = (a113) (b1/3) (mod mn).

If 3 | mn, then 3 | gcd(41, a2, a3) and 3 | gcd(b1, b2, b3). It follows that

. 3c1 = at6t (mod 9mn),

Thus, we have

cl3 = (al3) (b1/3) (mod mn). I
With this lemma we have the following

Theorem 8,6.1. Let eo = (gr + grô + gré)/3 be the fundamental unit ofF. If3l k

(k € Z) and

11 = eok = (G, + G2ô + crð¡/t,

then 91 = 3 (mod mn) if and only if G1 = 3 (mod mn).

Proof, By the previous lemma, we have

G1l3 = (g113)k (mod mn).

Also, since N(es) = 1, we have

g13 + 923ô3 + g33é3 ' 3õõgrgrgr= 21'

Hence, we have

(grl3)¡=1(modmn).

Consequently, we have

G/3 - (9113) (mod mn) or G1/3 = (g1l3)2 (mod mn),

If G1l3 = (913) (mod mn) , then

G1 = 91 (mod mn).

If G1/3 = (gy'3)2 (mod mn), then
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(c1/3)(g13) a 1 (mod mn).

Hence, we have

GrBr-9(modmn).

It follows that gt = 3 (mod mn) if and only if G1 = 3 (mod mn) . I
We know that r* = 3 if and only if gi = 3 (mod mn). Consequently, it is important

to have a criterion for determining whether or not gl = 3 (mod mn). We can cletermine that

by using

Theorem 8,6,2,Leteok = 63/1., where 0, ¡"e OF, | = (x + yô + zô) I 3, ke Z,

3 I k. If gcd(N(o),mn) = 1, then we have g, = 3 (mod mn) if and only if x = 3N(0) (mod

mn).

Proof, Let eek = (G1 + c2ô + c3ó)/3, 0 = (tr + t2ô + t3ô) I 3.Weget

27N(e) = tr3 + tr3ô3 + t33ô3 - 3ò6t,trtr'

Thus, we have

(trl3)3 = N(0) (mod mn).

Also, Àesk = 03, and we obtain

(t1l3¡3 = (c1/3)(x/3) (mod mn).

Hence,

(8,6.1) N(0) = (Gr/3)(x/3) (mod mn).

Here we divide our proof into t\¡/o cases; when 3 / mn and when 3 | mn.We first

consider the case of 3 | mn. In this case, if x = 3N(0 ) (mod mn), then

x/3 = N(0) (mod mn). By (8.6,1) we get G1 = 3 (mod mn). Thus, we have

8r=3(modmn)'

by Theorem 8.6.1. On the other hand, if Bl = 3 (mod mn), then G1/3 = 1" (mod mn).

Thus, we can easily deduce that

x = 3N(0) (mod mn).

In the case where 3 | mn, if we have x = 3N(0) (mod mn), then

x/3 = N(0) (mod (mn/3)).
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By (8,6.1) we get

N(e) = N(0Xc1/3) (mod (mn/3)).

This means that

G1/3=1(mod(mn/3)).

It follows that

gr=3 (mod mn).

On the other hand, if gt = 3 (mod mn), then Gt = 3 (mod mn). Hence, we get

G1l3 . 1. (mod (mn/3)) which implies that

x/3 - N(0) (mod (mn/3)),

Thus, we have x = 3N(0) (mod mn). t
Lemnra 8.6,2, Let 0 c OF. lf p I mn and pc ll N(0), then po I (0), where (p) = p3,

Proof, Let y = 0'0" € Op; we have

p3o I (oXY).

tf pÊ ll (0), where B < q, then p3"-0 l(y). It follows that N(p)34-f3 | N(y). Since

N(p) = p, we get p3q-f3 lN¡0¡z,5in"r B < a, we have 3cr.B > 2o. and 3cr - 13 > 2a + 1.

Thus, we have p2c+1 lN(0)2 and p"*1 lN(e), a contradiction. I
Colollary 8.6.2,If 0 is a minimum of Op, then p3 ,{ N(e) if p lmn.

Proof, In this case we have p3 l(0). Hence, we have Q = py, rvhere y € O¡.lt follorvs

that e cannot be a minimum. I
By using the above ¡esults, we have the following theorem for determining whether

or not g1 = 3 (mod mn).

Theorem 8.6.3. Let €ok = 03/1., where 0,Àc OF, 3 1 k, À = 1x + yò + rõ¡l3. we

have

91 = 3 (mod mn)

if and only if

x/f = 3N(0)/f (mod (mn / 3i))

where 3i ll mn, f = gcd(N(0),m2n2).
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Proof, Since

Àe6k = 63'

we get

(8.6.1) t,3 + tr3ô3 + t33ô3 + 6òót,t2t3 = 3(xGr + Grzôò + cryôô)

where 0 = 6, + t2ô + t3é) / 3. Also,

27N(O) = t13 + tr3ô3 + tr3$r - 3ôôtrtrtr'

Further, if p I mn and p I N(0), we have d ll N(g) for j = 1or 2 by Corollary 8.6.2. Now

pl ll f and gcd(N(0)/f , mn) = 1. Since p l(0) and p3j l(1,), we have À = du; hence, À =

fv. Putting y = (r1 + rrô + 13õ) / 3, we get x = f¡r, y = frz, z = fr3. Now if pl I N(0), then

p ltt. Further, ifj = 2, 1¡tn p ltrtr. Thus, f lttt2t3 and

tr3 + tr3ô3 + t33é3 = 27N(0) (mod 3fmn).

By (8.6.1) we have

27N(0) = 3xG1 (mod 3fmn).

It follows that

9(N(0yÐ = (x/f)G1 (mod mn).

Since m and n are square.fiee numbers, rve have either 3 / mn or 3 ll mn. We first

consider the case where 3 / mn. If g, = 3 (mod mn), then we have Gr = 3 (mod mn) by

Theorem 8.6.1. Consequently, we get

x/f = 3(N(0)/Ð (mod mn).

On the other hand, if x/f - 3(N(0yÐ (mod mn), we get

e(N(oYÐ = 3(N(0)/ÐGr (mod mn).

Thus, 3 = G1 (mod mn) and 91 = 3 (mod mn).

We now consider the case where 3 lmn. In this case we have

3(N(eyÐ = (x/f)(c1/3) (mod (mn/3))

Here, 91 = 3 (mod mn) implies thât G1/3 = 1 (mod (mn/3)). Hence,

x/f = 3(N(0/f) (mod (mn/3)).

On the othe¡ hand, if (x/f) = 3(N(eyÐ (mod (mn/3)), we get
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3N(eyÐ = 3(N(0yÐ(c1/3) (mod (mn/3)).

This means that G1/3 = 1(mod (mn/3)). Hence, we have Br = 3 (mod mn). I
Hence, we can use the above theorem to determine r*. However, the amount of

precision required to compute x can get quite large. In orde¡ to reduce the amount of

precision rve can use the following technique to find r*.

'We note that

0u3/I=eok

where 0u,Àe OF, I= (x + yò +zé) I 3, ke z, 3 | k.If 0u3 -srk, then I should be

small. Thus, we select 0u such that

0u3 t rok

and

ou-13 < eok,

Consequently, À > 1.. Since 0u = Or(u'1)eu-r, we have

I < (0s(u-1D3'

It follows that

i" < (6mn)3.

N(À)=ÀlÀ'12=N(0J3,

lÀ'l < N(eu)3/2.

F¡om 98.3 we have deduced that lxl < I + 2lÀ'1. Since N(0) < 3mn, we have

lxl < (7mn)3.

We now select three distinct primes p1, p2, p3 such that

p1p2p3 > 8(7mn)3

and p1, p2, Ps - 14mn.By using these three primes, we find

x/f = rt 1¡¡¡o¿ Ot¡,

x/f = 12 (mod p),

Since

we get
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x/f = 13 (mod p3).

Put P = p1p2p3 and P¡ = P / p¡ (i = 1,2,3) By the Chinese Remainde¡ Theorem, we know

that if

l1P¡ = 1 (mod pù (i = 1, 2, 3),

then
3

xlr = )(EiPirù (mod P).
i=1

Here, our objective is to find x/f (mod mn), We note that lx/fl < P/8 and
3

x/f=)(EiPir)_jPA
l=1.

where j G Z. Thus,
3

-P I 2 < 4xlf =)(+ËiriP) -  iP <P I 2.
t-1

Wedefine4Ei¡i=ki+pisi,where0skicpi.Notethat0<s¡<4pi.Hence,rvecaneasily

deduce that
333
)(4EiriPù = )(Piki) + Pls¡.

4Ur=t i=l i=l

Thus, we get 
3 3

-1 / 2 < t(PikJ/P + )s¡ - 4j < 1. I 2.

Ê1 l-t

Since

we have
333

-712 < -112- )(PikiyP . )ri - +j < 1/2 - )(Piki)/P < 1/2,
L¿ L¿ L¿

Hence, we obtain

3

o<)(PikJ/P<3,
Ê1

o.(å', +lz)/4-i<1,

Thus,
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1

t=lQi'i- z) I a]

We can now compute j by using numbe¡s which do not exceed 56mn. Once j is known, we

can find x/f (mod mn) by computing
3

Xg'P¡ù - jP (mod mn).
l=l

$8,7, Computational Results,

Algorithm 8.5.L was implemented in FORTRAN-H (extended) fo¡ an Amdahl 5870

computer. The extended feature is sufficient for c values which a¡e less than 1.1x1012. We

further note that this program is a modification of the program used in Chapter 6, along

with some additional sub¡outines. A glance at Table 8.3.1 of $8.3 reveals that tliere seem to

be very few Mg fields; nevertheless, Mayer [May88] has conjectured that there exists an

infinitude of such fields. In order to test this conjecture and our program we decided to

sea¡ch fo¡ Mg fields for large values of c. To find such c values, we used a theorem of

IMay88].

Theorem 8.7,1. If c = mn2 - t2, *4 (mod 9), m > n, m = -n (mod 3), and Q(1Æ) has a

principal factor with norm 3n2, then Q(ÎÆ) is or type

M2<=m>8n'

Mto8n>m>on'

Mooontt
where cr * 1.400805873 and 1.40080587 is an approximation of a positive zero of the

polynomial x4+x3+x-8¡e Z[x] I
To simplify matters, we elected to examine values of c (= x2, t4 (mod 9)) for rvhich m and

n are the distinct primes p, q respectively, In this case the only possible pLincipal factor sets

are

51 = i 3q2,3pq,3p2,9q,9p2q2,9p)
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52 = { 9q2, 9pq, 9p2, 3q, 3p2q2, 3p}

s¡ = { q2, pq, p2, q, p2q2, p}

Sa = { 3,3pq2,3p2q,9,9p2q,9pq2}.

If N(a) is a principal factor for o € Op then

a=x+yô+zô

and

"3 
+ pq2y3 +p2qz3 - 3pqxyz = N(a),

Thus, if q = 1 (mod 3) we must have (N(a)/q)3 = 1. We fu¡ther restrict our c values by

insistingthatp=-1 (mod 3), q= 1(mod 3), (9plq)3 = iand (3/q)¡ * 1. Ir follows that

since (9plq)3 = tand (3/q)¡ Þ. 1, we must have (3pl$3 r 1 and (p/fl3 r 1;lience 52, 53, 54

cannot be principal factor sets for these c values. It follows, then, that if we select a c value

where c = pqZ = t2,t4 (mod 9), p r q, p, q are primes, p = -1 (mod 3), q = 1 (mod 3),

(9plfl3 = 1., (3lq\* L and e = 1, then 3q2 is a principal factor fo¡ Q(iÆ). Furrhermore, if
aq > p and the above crite¡ia hold, then by Theorem 8.7.1 a(1Æ) is of type M9.

We tested our program by finding all the c values where

c = pq2 = t2, t4 (mod 9), 1x10tz < c < 1.01x1012,

ctq > p > q, p, q are primes, p = -1 (mod 3),

9 = 1 (mod 3), (gplq)¡ = l, (l/Q3 * 1,

There were 185 c values found. Fo¡ each of these c values, we determined whethe¡ or not

principal facto¡s exist fo¡ Q(iÆ). Curiousty, it turned out that e = 1 for every one of these c

values. All 185 pure cubic fields were computed in about 3.5 CPU hours, in which over 3

CPU hours were spent on computing kR. In fact, if kR is knorvn, then the average running

time required fo¡ a c value, whe¡e c - 1x1012, is approximately 6 CPU seconds. In Table

8,7.2 below, we give the fi¡st 18 c values (all the c values which lie between 1x1012 and

1.001x1012) and the corresponding principal facto¡ found by our program,



188

m n principal factor

7000776144971,

1000178086007

10002030s8121

1000267680551

7000312204757

1,000331866217

i000344830099

1000399868177

10004291'7925'7

7000564085237

L0006'75948847

1000733088683

1000738466033

1000740540089

10007'102940'77

t000'194654569

1000862291183

1000882120313

76697

1.4543

12329

10s59

13397

1,4033

L1171.

10457

10193

t4957

L3127

16883

14657

12809

1'7237

14489

10247

7777'7

'77 4l
8293

9007

9733

8641,

8443

9463

9'781

9907

8r79

8731

7699

8263

8839

7621,

8311

9883

9463

32x'7747

3x82932

32x900'7

3x97332

3x86472

3¿Xó443

32x9463

32x9'181.

3x990'12

32x8L79

3x87372

32x7699

3x82632

3x88392

32x'7621

3x83112

32x9883

3x94632

Table 8.7.2

As we we¡e easily able to find i85 Mg fields for large values of c, our results

provide some nume¡ical confi¡mation of Mayer's conjecture. It is ¡enalkable that every

field tested did have principal factors. If it could be proved that the Diophantine equation

x¡ + pq2y3 + p2qz3 - 3pqxyz = )p

is always soluble when the primes p, q satisfy the conditions that pqz = 12, t4 (mod 9),

p=-1 (mod 3), q = 1(mod 3), (9plq), = t, (3/q)¡ * 1, aq > p, then Mayer's conjecture

would gain even more confidence.
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Chapter 9.

Conclusion

$9.1 Open Problems.

In the previous chapters, we discussed a number of computational algorithms for

solving various problems in complex cubic fields. These problems include: the const¡uction

of all non-isomorphic complex cubic fields for a given bound on the absolute discriminant,

the computation of the class number and class group structure of a complex cubic field, the

determination of all non-isomorphic complex cubic fields for a given fundamental

discriminant, the calculation of the regulator of a pure cubic field, the search for cubic

polynomials of the form x3 - c which have a high density of prime values, and the

computation of principal factors in a pure cubic field. In this chapter, we conclude ou¡

thesis by discussing a few unsolved problems that are ¡elated to it.

In Chapter 2, we discussed an algorithm for finding all non-isomorphic complex

cubic fields for a given bound. As v/e mentioned earlie¡ in Chapter 4, this algorithm is

inefficient when the absolute value of the given bound is large. Furthermore, it is of some

interest to continue the investigation of the Davenport and Heilbronn densities by extending

the upper bound on the absolute discriminant. In order to do this, we need an efficient

algorithm for counting the numbe¡ of non-isomorphic complex cubic fields for a given

bound on the absolute discriminant without actually finding the generating polynomial for

each field. Although we do not have such a fast computational algorithm for solving this

problem, it may be that the paper by Davenport and Heilb¡onn [DH7i] could be used to

shed some light on this problem.

In Chapters 4 and 5, we presented a computational ve¡sion of the CUFFQI

algorithm of Shanks. Unfortunately, this algorithm is ¡est¡icted to disc¡iminants which a¡e

fundamental. Hence, the next logical step would be to generalize the CUFFQI algorithm

such that it can produce all the non-isomorphic complex cubic fields for any given

discriminant. Although we do not k¡ow how to implement such an algorithm at this point,
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it is possible that some of the ideas in [Ber31] could provide some techniques for solving

this problem.

In Chapter 6, we gave a fast algorithm for computing the regulator of a pure cubic

field. Since parallel processots are widely used at the moment, it would be of some inte¡est

to see if it is possible to implement a parallel algorithm for finding the regulator of a pure

cubic field or indeed any complex cubic field. If such an algorithm exists and rve have

access to a parallel machine, then we should be able to find some pure cubic fields with

large regulators.

Let c be a positive cube-fiee integer. In Chapter 7, we investigated cubic

polynomials of the form x3 - c which have a high density of prime values. It would be of

some interest to investigate more general polynomials like x3 + bx - c.

The problems mentioned above represent only a sample of the many open problems

related to this thesis. The¡e is much more work yet to be done in the development of

algorithms for solving problems arising in cubic numbe¡ fields,
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(281) A=

(282) À=

(283) À=

(28¡¡) A=

(2Ss) À-

(285) À:

(287 ) À=

(288) À¡

(289) À=

(29O) À-

(291) À-

(292\ A-

(293) À-

(29¿) À'

OB:

OB'

LB=

-f5f4664o9 c-
O b,=

l!97 2263f)9927 íid, -
-6868Oa55 Cã

0 b, -
223tO3607OJ,l. i¡¡d, -

26ru¡o38 c=
].24i b'=

7O75232O80O ind, -
It359a5O8 C=

I b,=
828915535t12 ild, -

1411600 c=
1 b, =

-89a53880L i¡d'-
-L69531.¿2a C=

1 b, =
-4702873{4489 i¡d'-

7394776 c-
I b'-

14324¿5a4O ind':
12?9{3561 c-

o b,E
234O86O55O67 isd,=

-112788098 C=
I b'=

-5I8988264O91 iDd':

-2079t53O C=
1 b'-

?6308027275 i¡al'-
-19546I05 c-

O b'=
484986662¿9 ind':

-1,03425634 C-
I b,-

-5085{7020768 in¿'r
927 47 442 c-

1 b,-
27 4661704496 í'là.'-

-83l7rs98 c-
1 b'-

291942641187 ind'-

-166537202 C=
1 b,=

1046507723I53 iD¿l'-

-214114334 c=
L b'-

-15713728Oa?15 i¡d, -
14963876 c-

I b'-

1B=

lB-

lB-

lB-

OB-

¡r97226309927 INDEKT
-15r4669O9

7793

2231O3607O11 INDEX¡
-686SO8ss

3{3

25814991I63528 ITTDEX'
-1o53a60

s80

82a9155357J.2 Il¡DEx=
i.13598508

7732

-899638801 INDEX!
1411600

9

-9702a7344489 rNDEír-
-16953142a

t53t
l¿32¿458¿O INDEX¡

7394776
64

23{086055067 INDtlr
127943561

4913

-5L898826409t IIDEiX¡
- 1¡.27 aaO9a

1937

76308027275 INDEX:
-207 91530

545

{8498666249 rNDsf-
-195¿6105

247

-60854702O76a rNDEx-
-Lo342563¿

3 694

2?{661704496 rl{DEX=
427 41 442

3246

291942641I87 ItrDEX-
_43171598

27

1046507?23153 MDEIE
-t66537202

5213

-1.571372808715 II|DEK=
-21411433S

al91

-868369U175 Ir¡DEtr-
L{963g76

lB-

lB-

lB-

lB-

lB=

'17 93

2to322

7732

9

t53t

64

4913

l.937

5{5

247

3694

3246

lB=

IB-

1B-

27

5213

I t9l

729



(295) À-

(296) À-

(297 

' 
A-

(298) À=

(299) À-

(3o0) À-

(301) À-

(3O2) å=

(3O3) Àã

(3Oê) À:

(3Os) Àr

(306) À-

(3O? ) À:

(3O8) À-

(3o9) À-

(31O) À¡

OB-

La-

-86836911Us ind'=
3631.?9 c-

o b'-
895992Ot iBd'¡

214024A06 C-
19089 b,=

1{2608933291 ind'=
840173 C=

O b'=
746531O51O ind,=

-4938435 C-
O b'=

8932981522 ird,:
27 072494 C-

1 b'=
10071574a344 ind,-

t6¡¡1386¿5 c-
124{3 b'-

5O8976011264 ind'-
-22443638 c=

I b,-
-22{281051633 ind, -

13393527a C=
27 43A b'=

547492053 i¡d,,
¿3428OIt c=

o b'=
2467Ia9O2693 ind, r

-2311.59{ C=
I b'-

-1359093203 ind, -
-1.71055261 c-

0 b,-
47651.8579059 inal.-

-213633234 C=
-)-2t34 b'-

32087 053J.t 19 ind'E

-376O¿{s6 c-
I b,=

-1516?g99B4OO iDit,-

-77064592 c=
f b,-

-26792442ra68 iÍd'-
147879750 c-

26405 b'=
3603296a79 i¡¿I, -

-27 472847 4 c=
I b,=

-1796928604353 init, -

OB-

OB=

0B-

lB-

lB=

729

49599201 IrùDEx-
363179

1

-7285lot62553 InDBx-
_13057300

3529

78653tO510 I!¡DE:X-
440173

64

8932981522 IùDE:Íz
_{9 38a35

64

L0O71574834¿ IrfDEr-
21 07 2494

930

r5{{1250{O998 IùDEX-
-36329496

5992

-22¿281O51633 IlfDEÍ!
_22443634

17 93

-147337609607 rnDEtx:
-1o58:.55

3{3

2¿67L89O2693 INDEX-
43428011

2r97

-1359093203 I¡aDEil'
_231,1594

f
8765la579O59 II{DEX-

-171055261
t33l

-2202166233013 rllDEX-
L 1t2 317 37

54r3

-151.6749984OO Ir¡DEx-
-3760¿¿56

looo

-267924421a68 II{DEX-
-77064592

312

-l,50060222la1 InDEx-
2803304

79r

-1796928604353 INDEÍ-
-27 47 2A47 4

32L9

1B-

OB-

LB-

lB-

1B-

L

tl45l

64

64

930

I4176

1793

4997

2r97

lB-

1B-

I

1331

10951

LO00

5t2

57 59

3219



(311) À-

(312) À-

(3r.3) À-

(314) A=

(3rs) A=

(316) À-

(3u) À-

(3r8) Àr

(319) À-

(32O) À-

(321) À-

(322) 
^-

(323) A=

(32¿) À-

(32s) À-

(326) À=

(327 ) À-

OB-

1B-

1B-

-323924395 C-
-868r b'-

34526O556299 ird, -
-8659aO9O c-

I b'=
37334¿9s1488 i¡d,=

-422O6s2 c=
1 b,=

39349456U.3 in¿I,-

-2].5294934 c=
-465a b'=

2123834O2O51 in¿I, -
-26633680 c=

I b'=
-529137978I1. ild'-

9668721{ c-
I b,-

-195858858861 ina¡, -
-133256587 C=

O b'=
59228O561209 inat's

63231854 c'
L b'-

23307887605 ind'=

-2369O0O88 C=
36953 b'=

33533s4739 ind, =

-22277527 c-
-IOa4 b'-

759a921.8{1.9I in¿t, r

-219891712 C-
1 b'=

-1246s72803152 ird, ã

-17092358 C-
1 b, =

-28124356528 ittd, -
2194),8295 c=

6S23 b'=
43240427 47 44 irLd, -

6799s89{ c=
1 b'-

-21375¿O89256 in¿l,-

3327 1162 c=
I b'=

I{l9{OO92251 iÀd'=

6177a314 c=
t b,-

-3422394236'. ííð,' =

-31496498 cå
I b,-

1B=

lB-

1B-

OB-

IB-

46125260884A6 rNDE.f-
35349726

3246

3733{{951¿88 II¡DEX-
-46598090

1690

383¿9{56tL3 It¡DEx=
-4220652

303

I421OO8043135 rNDEX=
r{1305?6?

5959

-5291379781.1 InDEx-
_2 6633680

1

-r9s858858861 I[Dsx-
966a7214

337 5

592280561209 II{DEX-
_r3325658?

L25

233O7887605 II¡DEI'
6323185¿

t 5a5

3¿9{050661115 INDsr=
_2\527794

3s9

2¿24450l?5t15 IllDSXã
70263477

6209

-1246572803152 IrlDEx'
-218891712

-28124356528 rNDEr(=
_17092358

58

3753881807{48 II¡DE)K=
2056626

3666

-213754Oa9256 Il{DErE
67 995894

247 0

t4l9¿O092251 ll¡Dtt=
3327¡f62

1301

-34223942361 Ir¡DEx=
6l?78314

15,¡5

2387588aO655 INDEx-
-3149649a

Ia-

OB=

lB-

1B=

OB=

1a-

327 6a

1690

303

59gl

I

3375

L25

1585

26019

19711

5S

32L7 4

247 0

1301

1.5 45

ls6r

lB-

1B-

lB-



(328) À-

(329) À-

(330) À=

(33I) n-

(332) À=

(333) À-

(334) e-

(33s) A5

(336) À=

(337) À-

(338) À-

(339) e=

(34O) À'

(341) À-

(342) À-

(3{3) À-

1B-

lB-

238758880655 i¡d,-
21970932 c-

t b,-
-125458975503 ind,:

-198219918 c=
-10478 b'=

56931.2530291 i¡d,-
514975O1 c=

0 b'=
13292719O723 ínò' =

-171504066 C=
_s03{ b,=

433169349405 itrd'È

{6814¡¡?6 C=
t b'=

-392968383145 i¡¿I,-
-168{{6152 Cr

I b,ã
1OOO189517563 ind, -

115g¿3265 c=
o b,-

262290627 93t irLd. -
7358039 c=

0 b,=
76973716749 í'¡ò'=

l.l.125O3a C=
I b, _

4797 67s6A27 í^ð,' -
212{J.8860 C-

I b,=
3a¿07t072188 in¿t,-

-498555?9 c=
o b,=

l¿9¿10093302 iDd'-
21052726 C=

1 b,-
91494019960 ind,-

-L1945612 C=
1 b,=

1O1ll45OO172 ind'-
150231566 c-

I b'-
-63057738r760 ind,-

-75735576 C=
f b'=

318038623524 ín¿I, =

-3609768 c=
1 b,-

28t595aa52 iDd, -

0B-

lB=

IB=

lB=

OB-

OB-

la6r

-1.254589?5503 IÌ¡DEX-
2),97 0932

ro73

19239O1O51535 It{DEr=
90490049

6623

132921?90723 I¡{DEXã
sl49?501

l5 83

-4198266209241 II¡DEX=
tt40{367

3601

-392968383145 INDEX-
4681447 6

33{9

1000189517563 INDEX-
-r68446152

¿39?

262290627931 It¡DBt'
115843265

4447

76973716749 INDEX'
7 3 58039

629

47976756927 r!¡DEX=
11¡.25038

t01

34407LO721a8 IIDEX-
212{18860

lot80

J.49{1OO93302 IùDEX¡
_{9855579

5L2

9189¿O19960 IÌ{DEX¡
2),O527 26

806

lolll.¿5OO172 MDEX-
-119456r2

at2

-630577381?60 rr¡Dtf,
150231566

7714

31803862352{ IxDEx-
-75735576

1560

28L5958852 rNDEf¡
-3609768

I

1B-

OB-

lB-

lB-

¡B-

107 3

L2979

r583

33405

3349

4397

4447

lB-

lB-

629

407

10180

512

so6

a]-2

77].4

1560

I



(344) A-

(3{5) À-

(346) À=

(347) À-

(3aB) À=

(349) À=

(3so) À=

(351) À-

(3s2) À-

(3s3) À-

(3s4) À-

(35s) À-

(3s6) À-

(3s7) À-

(3s8) À=

(3s9) À-

(360) À-

OB-

lB-

Oa=

t620{{993 C=
O b,-

539214992450 ítLd, â

-1O81O9196 c=
t b,=

91618055{057 i¡d,,
145704857 C=

1769 b'=
1662t995O925 ir¡¿t, !

332a33931 C=
62024 b,=

11O9844065 ind'-
139336414 C=

3046 b'=
311.495794{25 ind'=

80108200 c=
1 b,=

4242327 t4gi 3 inà'-
94453{70 c-

I b,=
2o98032{1ss9 í¡d,r

-23622237A C=
_771L b,=

430947973043 i\A'=
-23384815 c=

o b,=
9679515¿991 ind,=

-2152J.8436 c=
38265 b,=
2{165 i¡d,-

-338346286 c=
_67s8 b,=

26r05926o333 in¿l,-

-5{6,¡0908 C=
I b''

272401855325 iDd'!
Ì5O934394 c=

25235 b'z
26692775505 í¡¡ð,'-

-80341906 c-
I b,-

-7312483670O8 i.nd, -
-15793088 c=

I b,=
25,¡O1958¿OO ild. !

2977 6La67 c-
37193 b,¡

23i2927 Agg LrLd,, -
898?5926 C!

I b, -

1B=

1B-

IB-

lB-

539214992{50 IùDEX-
162044993

7804

9161.80554057 rNDtx-
-loalo9l95

6567

10635298638O95 INDTX=
-6606450

l3 85

5221056717713 r¡aDEx=
15041.ao?

67r

565352¿3t3a27 rNDEir=
-5618175

2s95

{2423271¿873 rxDEÍ¡
80108200

4115

2098032¿J.559 IIDEX:
9a{53¿?O

3501

3611934a77457 INDEXT
36t56296

3989

96?95154981 rNDEX:
_2338{815

703

32¡.O675718935 rNDtx-
58 ¿78

t
-591302A572L73 IIÌDEX:

27 t-2!37 3
2437

27240t855325 rr¡DE:X!
-5{64090a

1819

23310tO19369 rNDEX:
-64o2642

209L

-731248367OO4 IllDE!!
-803{t906

s502

254O1958{00 INDB-
-15793088

64

9918a4239O6a INDEXã
t6422400

512

471O4O97472 It¡DEr-
89A7 5926

OB=

lB-

IB-

lB-

1B=

lB=

740{

6567

86653

4651.3

46257

4115

3s01

27 0A3

703

24t65

43957

1819

6t05

5502

lB-

OB-

lB-

64

r.7990

2694



(36r ) ¡.- I B-

(362) À- I B-

(363) À- 1 B=

(364) À- t B=

47 !O4O97 472 L\è'-

-444792 C=
I b,=

-86877166? i.!d, -
-1l7693oa6 Cå

1 b,=
575969478557 ind,=

66473402 C=
r b'=

504240J.14349 ind,=
122044622 c-

4787 b'-
467 r'1547 L269 ítld'-

2694

-86477J.667 rNDEX'
-4447 92

7

575969478557 rXDEX:
-t 1.7 693085

2443

5082401J.43{9 ¡r¡DEX=
66473402

4467

33¿3133495455 INDE¡-
_227627 38

412t

7

2443

4467

27 509



coefflcie¡ts of ths gorerùtl,¡¡g lrolyr¡onl.ats *t* *'* 
"* 

+ c for å¡.1 tbeallsti¡ct cubic fiôLals witb ¡egativã fi¡¡¡darertãl discEi-Ei¡¡ant D.

l¡ote: l) À, B a¡¡d C åre Èhe coefficie¡ts of å geÃerÃtLt¡g poly¡¡o¡ûiåI of ac@plêr cubl,c fLeld before TschirDhauaeE tra¡eio;ÐÂitor ts åpptleat.2, A', B' ã¡d c' àre rb€ coeffj,cieÃts of å gêÂerår:t¡g porynomiai- of acoúpl€r cubic fiel¿l afèer TscbirÀhause¡ tra¡storD;t_ior_ iB ÃppllGil.
D - -30a23201/¡? 153282331

(1) À- 1 B-

(2) À- I B-

(3) À- O B-

(4) À- o B-

(s) À- I B-

(6) À- I B-

(7) À- I B-

(8) A- t B-

(9) À- I E-

(1O) À- I B-

(r1) À- I B-

(r2) À- 1 B-

(13) À- 1 B-

(r¿) À- o B-

30583620 C- -1o61209577493¡r7?2a lt|DÊ:E¡
365 b,- -586369314Oa2516 iÀ¿1,- I

-!22253ÃaS C- 1293463363500 rÙDEx-
I b,¡ _122253¿1s

1293463363500 i!a¡,- 3SOs

-1815{1786 c- 92{031624?55 ltrDEif,-
O b,- -rgls4178697403162{755 iaal.- 739

1991.74866 c- 543071246255 rNDBx-
o b,- 199179966

5430712{6255 i¡d,- 3583

-25553Oa12 C' 559969ICO62O4 rNDEx-I b,- -255530912554969140620{ i¡d,- l.5g26

662699077 c- t664958lo6t?6 IIDEjx-
49244 b'- 494A73216

5O2977I242a29 íb.è'a ISa39

95545603 C- 232845{366?50 rxDEix-
1 b,- 95545603

2324{54366750 fÃal,- 6973

-25742A924 cr ta6t736ua224 It¡DEx-
1 b'- -257 42a924

1461736Ua22¿ IÃd,- 2A6a

-22251776 C- 182908537536 rNDEf-I b,- -2225'.i76
142904537536 LDal,- 52a

337848395 c- -20056??392250 rxDEx-
I b'- 33?g{839s

-2oos6773922so i!d'¡ 9235

-3O957OaO6 C- 21353392331Oa INDEX-I b,¡ _3095?0806
2135339233108 iDa¡,- tz,2

-812973o3s c- t63ooOO46/¡OOs8 rNDExr
-9101 b,- lg3964asg

10223363¿4000 i!¿l'- SO32

1O{99a529 c- -423e292O6322 ,NþEx-r b,- 104998529
-423429206322 l-!d'- lZ53

-75553784 C- 5t58a3825229 rxDBx-
O b,- -755S37a4

314082516

3505

739

3583

15976

20049

697 3

2a6a

528

9235

1202

40375

1753

t33l



(rs) À-

(16) À-

(r7) À-

( r8) À-

(19) À-

(20) À-

(2r) À-

(22) À-

(23) À-

(2{) ¡'¡

(2s) Àr

(26) À-

(2? ) À-

(28) À-

(29) À-

(3o) À-

1B-

1B-

5l5aa3a2s229 iÃd'-
-2O9a05¿59 C-

I b'-
-1a70a1221{69{ l¡d'-

-590L97229 C-
1 b,-

.59s8323630596 ild,-
-124493505 C-

I b''
56736?621356 i.¡tl'-

-741591399 C-
-12649 b'-

1585207723968 i¡d,¡
-la229loo7 C-

I b'-
3133068o353?4 i¡il'-

-494465845 c-
1 b, _

10415182217652 i¡¡al, r
18922r83 c-

I b,-
-376O6a77711O i¡d'-

L46724169 c-
1 b'_

19471260429{ i¡d,-
-1.6201429 c-

1 b,-
267O125367A i\.l''

7540962 cr
o b'-

1393112055{9 ilal, -
6O7a9Ol C-

o b, -
208403525O6 iÃit'r

-464194439 c-
-434 b,-

1146580O9{73 ird.r
-546360312 c-

r b,-
491s3sss97524 iÀal'-

-5379{OOO2 C-
1{4817 b'-

{16860622638 iûl''
-56343145? C-

I b,-
-5498036344594 iûd'-

-100{92019 C-
I b,-

-?29OO7893642 iDar'-

IB-

lB-

1B-

1B-

1331

-187081221¿69¿ IBDEa-
-2094o5459

432r

595a323630596 I¡¡DE:X-
-590197 229

6649

567367621356 Il¡DEx-
-12a493505

259

-1756I6OOO76692 rXDEx-
1237 95864

5432

3133O68035374 IxDEx-
-la229roo7

8839

tO{1S142217652 ¡rlDsx-
-894¿65845

3009

-376068?7?11() r¡¡DEX-
18922183

tltT
19¡l7126O¿294 INDÊX-

t46724769
2r05

26701253678 II{DEX-
_16201429

27

139311205549 rxDEX-
7saog62

{13

2Oa{O352506 Il¡DEx-
607a90r

64

3294324O234474a r¡[DsX-
4421956

343

4915355597524 IxDEx-
-5¿6360312

64

6{76521262860 IIDEXT
4S3r25059

5 693

-5498O363¿{584 ll¡DBX-
-56383r857

567f

-729OO74935¿2 INDEX-
-1004920t9

ta2?

lB-

lB-

OB-

OB-

lB-

IB-

4321

6649

259

¿660?

4839

3009

1117

2l05

27

413

64

97 457 7

64

72a62

5671

La27

IB-

1B-



(3r) À-

(32) À-

(33) À-

(3{) À-

(3s) À-

(36) À-

(37 ) À-

(38) À-

(39) A-

(d0) À-

({1) À-

(42) A-

(43) À-

(44) A-

(4s) À-

(46) À-

(47) À-

la-

1B-

OB-

-69672446 c-
I b'-

12a663l3OaOo4 i¡d,-

-321635760 cr
71115 b,-

6435{9712416 ind'-

-266940662 c-
o b,-

23017631.1a213 in¿l'-

-26t731665 C-
201823 b'-

r2663558144 iDd'-
221547565 C-

I b,-
454¿5949135a idd'-

494122521 c-
24306 b''

1936814{22023 Ltld'-

-245367257 C-
o b, -

18825881OO228 iÃd,-
27 6464784 C-

1 b,-
-2045a566¡¡95ao iÃd.-

-30{6599 c¡
1 b,-

-9350{51432 i¡¡d'-
-572A7742 C-

1 b,-
?308572O¡l?56 iEd,-

4O3{33183 C-
43683 b'¡

37933056 ilal'-
72440974 C-

I b,-
-370263640492 i¡¡¿I, -

118953691 c-
I b,-

2044726901r¡4 i¡¡d,-
285163966 c¡

5{303 b'-
3o329099r2sO L¡d'-

J.273ola9 C¡
o b'-

12726546510 l,ûat, -
770541745 C-

91319 b'-
2¿551s365836 i¡d, -

5s7rO502 c-
o b'_

IB-

1B-

1B-

OB-

lB-

12a66313oaOO¿ rxDEr-
-69672446

37 50

-tOaO7268Ol32¿a INDEX-
396901297

{53?

230176311a213 fltDEX-
-266940662

4661

2l7OO5{95¿542 IXDEX-
-r000598{o

t7 2e

45445989135a IüDE](T
221547 S6s

3995

-5485194556426 INDE¡-
-85?9308¿

9503

la8258aloo228 rNDE:X-
_245367257

3446

-2045a565495aO INDEI-
27 61647A4

aooo

-9350451432 IdDEX-
_3046599

27

73Oa57204756 INDEXT
-572A7742

2to6

2518098a2274 INDEX-
_1r7056

64

-37026364O492 INDEX-
72r¡80914

1302

2O447269O144 II¡DEX-
118953691

7597

-19r¡59361a3?24 INDsx-
t2957 0025

617 5

t272654551O INDEX-
12730189

64

-1312311261051a I¡rDEx-
270630373

59{l
4O7226486753 IùDE|E-

55?10502

IB-

lB-

lB-

lB¡

3750

31264

4661

OB-

1B-

0B-

4241

399s

27447

3146

aooo

27

2106

9267

1302

r597

7954

64

45851

r295



(¿8) À- I B-

(49) À- 1 B-

(so) À- o B-

(sl) À- o B-

(52) À- I B-

(s3) À- I B-

(54) À- 1 B-

(ss) À- O B-

(s6) À- o B-

(s7 ) À- 1 B-

(s8) À- I B-

(59) À- 1 B-

(60) À- r B-

(6r) À- 1 B-

(62) À- O B-

(63) À- I B-

4072264A67 53 i!d,' -
?89041331 c-

30519 b'-
1867275539792 í\è'-

3O923882s c-
1 b,-

-2O1OO30782784 l,¡¡il,-

-4055654 C-
o b,-

3161793O{1 iD¿I, -
-831942938 c-

-23433 b'-
175632613l74O iÂal'r

1037427 6 c-
I b'-

-7453135a{¿ iDit'-
18738951 C-

1 b.,
-176668121Á84 i¡d'-

-t94547627 C-
1196{3 b'-

t9572772g27s2 Iú.A'-

7421914la Cr
93963 b'-

l?035330576 iÃd, -
-866549532 C-

-25940 b,-
1979324a42211 ild,-

7O4A4a22O c-
19f55 b,-

3t5030395089{ ild'-
?59551t341 C¡

19242 b' -
1942818382653 i¡d'-

1O929O825 C-
1 b'_

-479s7246277A íÀd'-
254309743 c-

s6632 b'-
363048498153 iDd, -

-20913837o c-
I b, -

1¿15943602596 i¡d,'
-639087203 c-

o b,'
6531485795506 iÀal,-

-224764037 c-
I b,-

3O765145623?0 l,Âal'¡

1295

32824O6639768 If,DBX-
470429i,6

8308

-2O10030782784 ITDEX-
309238a25

85 89

316l?93041 rNDEX-
-4055654I

1113636O120063 IIDBX-
32254L6a2

97 66

-74531358{4 lllDgr-
lo37 427 6

44

-1766681214a4 II{DEX¡
18? 38951

53t

-7237{2{360¿3O IIDEX-
933a6154¿

10648

¿346418239527 rìDEx-
-7 6371449

l33l
12199187799637 INDEix-

29467 6902
9613

109a7a64619956 IXDEI-
9S5699s1

9001

-1O7t17t6lao436 IùDEiX-
t1435720

6973

-47957246277a 
'NDÉf,-ro9290825

t799

-2270283499490 Ir¡DEix-
16565653¡t

6647

1415943602596 IXDEX-
-209r38370

2386

65314a5795506 Il¡DEx-
-6390A7 203

5912

3O7651¿56237O rtrDEx-
-2247 64037

4257

8589

1

1a{15

¡¡¿

531

t7 263

2644t

2r419

3aa8t

39957

t7 99

4277

2386

5942

4257



(64) À-

(6s) À-

(66) À-

(67) À-

(68) À-

(59) À-

(7o) À-

(7r) À-

(72) À-

(73) À-

(7{) À-

(7s) À-

(76) À-

(77) À-

(78) À-

(?e) À-

(so) À'

1B-

lB-

lB-

-1962OlaSl C-
1 b,-

169493899622{ i¡¿l,-

-243939{lO c-
I b, -

-1{66713713468 iÀ4, -
-36273259 c-

I b,-
-26O24o995464 iÀd,-

77444422r C-
5133{ b'-

6sa{984333797 iÀd'-
2r3211369 c-

1 b,-
3833{75O?4718 iÃal, -

272056301 c-
I b,-

66821¿252656 trd, -
-ro279739s C-

1 b.-
13OO3539aO172 i¡d,-

361295383 c-
r b,-

2O857196?82aO Í!d,-
-a74232O7 c-

I b'-
344223490264 itrà'-

73541703 C-
o b, -

67886s78sso8 iDil'-
5L71315O3 C-

1 b, -
413327414a26 ir¿t,-

-86362Oas9 C-
-6143 b'-

772OS2LA7 O72 iÃð,' -
-522211436 C-

-106S8 b'-
20240649a5553 i¡d,-

-33669151{ c-
o b,'

23779152s912r iÀal'-

36¿914r C-
o b,-

327s'7721O i\à'-
-1O27O9384 C-

1 b,-
-?O4129575152 iEô,¡

24041319 C-
o b,-

lB-

IB-

lB-

lB-

lB-

169a93a996224 TXDEXT
-196201851

3935

-1466?13713¿6a MDEX-
-243939410

66

-26028099546¡t INDEx-
-3627 3259

129

-2295982545932 D¡DEX-
64120a4t4

16023

3833475O78718 IXDEX-
21321r369

ttaaT

56821{252656 INDEX-
272056301

5 48t

13003539401?2 lr¡DEr-
-LO27 97 39s

3 66r

20867196782aO rsDs:f-
3612953a3

9967

344223¿90264 INDEX-
-814232lJ7

5al

6748657855Oa INDEX-
73581703

2L34

813327aU826 rñDuX-
517131503

r36l I
-34903953?97756 rXDEX-

60986072
2632

I0492899266573 II¡DEX-
208740606

4321

23?7915259121 rt¡DEI-
-336691sr¿I

3275?7270 rNDEX-
3649141

a

-?08129575152 I¡{DE'-
_l02?09384

r7 2A

82181832428 INDE:-
2{Oal3l9

lB-

Oa-

1a-

lB-

OB-

OB-

3935

66

729

25493

rr887

5¡¡a I

3661

9967

581

2t34

t 3611

111453

29233

1

I

L7 2A

278

OB-

IB-

OB-



(81) À- 1 B-

(82) À- I B-

(83) À- I B-

(84) À- I B-

(8s) À- o B-

(86) A- 1 B-

(8?) À- o B-

(88) À- o B-

(89) ¡.- I B-

(9o) a- 1 B-

(9r) À- 1 B-

(92) À' I B-

(93) À- I B-

(94) À- I B-

(95) À- I B-

(96) A- I B'

42181a32428 Lril'-
-559360576 C-

-26647 b',
3770661231152 i[d'-

-1?O326aa4 C'
I b'-

14{957572a336 in¿I, -
-31050600 c-

1 b,-
98749335a12 i¡tl'¡

6007247 r c-
I b,-

-6343{7901994 iud'-
l8069aOa C-

o b,-
8442015013 ilat, -

{16053313 c-
424g6 b'-

32166s89539 iEa¡'-

5723O4Ot c-
o b, -

9rA9OO26l906 iÀit'-
-83399446r C-

O b'-
93os737677968 iÃal'-

-5a2OO3419 C-
-21494 b'-

3081663ro13r3 iEat'-

-1L1389O12 C-
t b'-

115a333155664 i¡d'-
-500¿46787 C-

I b,-
-6O14755893236 i¡d,-

134324291 c-
? l6a3 Ìr'-

11823208512 iDd,-
35393426s c-

4?57r b',-
92741369036 LEd'-

134729795 c-
1 b, -

1616{6411345O t¡d,r
-¿84459369 C-

a3269 h'-
64oooo00 iÀal'-

121237029 c-
I b'-

-172513754O4¡t6 i¡al,-

274

-9517320971072 ItlDEx-
244819527

t3553

1449576?28336 rñDsf-
-r74326884

3396

98789335812 Í!¡DEX-
-31o50600

276

-63¿3{79O199{ Il¡DEiX-
600724'1t

l95l
4442015013 INDEX-

t4o69808
9l

-779394469726 IxDEx-
-77 68082

L7 99

914900261906 rxDE:X-
5?230eO1

2764

93O573767796a TNDEIX-
-83399446r

24l)2

88698I1775O2¿ II¡DEX-
24Ã459364

r2167

115a333155664 ltDgf-
-111389012

3156

-6014755a93236 INDEX-
_500446787

12{19

-62045r¡223852 INDEX-
-26006920

2!52

-911597Oa6358 IIDEX-
3L68977a

339C

1616464113¿50 IttDEX-
t347 297 95

5105

-26667OO9141714 lXDEir-
3748125

125

-17251375{0{46 T||DEXT
324237 029

a3a5

2052A

3396

276

195 t

9l

9939

2764

2402

20877

3ls6

''2419

2553

8051

5r05

7796r

a3a5



(97) À-

(98) À-

(99) À-

(loo) À-

( ro1) À-

(r02) A-

(ro3) À-

( rO¡¡ ) À-

(los) A-

(106) À-

(1O7) À-

(1O8) À-

(ro9) À-

(r1o) À-

(rlr) A-

(1r2) À-

(113) À-

lB-

OB-

OB-

37823264 c-
I b'-

144033126656 i¡d,-

-101455763 c-
o b,-

503016522414 i¡d, r

-191609084 C-
o b,-

2532378781899 ild'-
592789{¿ C-

I b'-
90¿449{75716 ild'-

549747619 C-
37564 b'-

13446843{375 i¡d, -
250559331 c-

I b'-
558s8952s926 Ln¿1, -

-345310949 C-
I b,-

-3044670134024 iÀd'-
-3886?897 C-

I b'-
-2577 12938226 íià'¿

-253990341 c-
I b'-

1725734266926 íùð' -
328846366 c-

5O211. b'-
23O964¿5¿O18 iÃd, -

451406232 C-
7272A b'-

1OO342O322253 iIril'-
3432369{ c-

I b'-
-2702562007964 i\à'-

-101996249 c-
I b'-

1r7348?917346 i¡d, -
-297133269 c-

1 b,-
-2O722434a4494 i^A.'-

-23446046 c-
0 b'-

436983979os L¡d'-
-243023922 C-

I b, -
-530{973129716 i¡¡d'-

-13a849249 C-
1 b, _

LB-

IB-

1B-

1B-

lB-

14aO33126656 IxDEx-
37A23264

5t2

503O16522414 INDEr-
_r01{55763

92A

25323?8781a99 INDEX-
-191609084

6859

904849475716 I¡¡DEX-
59279944

27 2a

18032550a24¿ rNDEX-
7794t50

3025

558589625926 INDEf,-
250559331

¿g 1t

-304467013{02{ rrfDE:x¡
-3¿5310949

5269

-2577 A2938226 tNoE'[.-
-3aa67a9?7tl

172513A266926 LNDE]{-
-253990341

2r97

2472{31286828 II¡DEA-
lt?595029

4607

2]:592624462469 ]:NDËX-
-40557{56

37 A9

-2702562OO196¿ MDE[-
34321694

8002

1173447917346 IrIDEA-
-1or9962¿9

3269

-2O7 2243484494 ÍNDtx-
-291133269

r889

43698397905 lt{DEX-
-23446046I

-5304973129716 MDEX-
-243023922

1473r¡

93O345514614 IIDE'(-
-134449249

¡.B-

OB-

lB-

lB-

512

924

6859

27 28

1{695

{ 8ll

5269

711

2497

10882

69893

aoo2

3269

La89

OB-

1B-

lB-

I

14734

2027



(rr4) À-

(rrs) À-

(ìr6) À-

(117) À-

(118) À-

(1r9) À-

(t2o) À-

(121) À-

(122) À-

(123) À-

(12{) À-

(12s) À-

(126) A-

(r27) À-

(128) Àr

(129) À-

lB-

93O345514619 i¡al'-
296510379 c-

6t72 b. -
23631a26?5317 iE¿l'-

-{2oO9750 C-
1 b,-

22s2031007{8 in¿¡'-

232463475 C-
1 b,-

3a964s90227 6 íÃd' -
-364O7938s c-

r b,-
-5O75860999928 ird'-

-{485287O C-
1 b,-

1999367r1132 iLa¡'-

391834863 c-
I b,-

ro2597135606 iuat'-

-65182O5s5 c-
-18091 b,¡

17O967a3ra436 i¡¡al'-

-149945376 c-
t b,-

1O626a4O6744O iÃil'¡
-1994936 c-

I b, -
-2913!2a924 i\d.'-

-2456{39a3 C-
o b, -

rss6764671934 iÀil'-

-256273664 c-
I b'-

174405224?169 iDd,-

-9o663aa25 C-
_4i2 b'-

s9678956?19 i¡d'-
1I551.O5¿a C-

I b,-
-413356016004 iÀd'-

-U5C0759 C-
1 b,-

297O55121O4 i¡d'-

-t2666795 c-
I b,¡

-24692606731a ild'-

-26095?867 C-
O b'-

1788125293798 tÀal'-

1B-

1B-

lB-

1B-

1B-

2027

16t24436591558 IùDEX-
5706954

7 011

2252O31oO74a INDEr-
_42009750

590

3496459o2276 INDEX-
232463475

4199

-5075460999928 lr¡Dtx-
-364079395

l27 69

1999367ltI32 IxDEr-
-44852470

446

1O2597135606 INÞEX-
39r834863

8441

4784t2987?856 INDEX-
309rr7706

97 98

LO626a4O6744O INDEX-
-189945 376

1000

-291312892{ MDEX-
-1994936I

15567646?1934 INDEX-
-2456439A3t4t2

U44O522a716a INDEX-
-256273664

2192

643?Oa647403a16 Ir¡DE:f:
840750

L77

-{133560:.6004 rt¡DE:Xr
ll.65ro54a

r88¿

2970551210¡¡ II¡DE:X-
-17 5407 59

27

-2¿6926067318 It¡DEix-
-12666795

729

178S125293798 INDEI-
-260957 461

2224

1B'

lB-

OB-

lB-

LB-

lB-

1B-

la-

590

4199

727 69

4{6

484 t

17809

rooo

8

1{12

2),92

t90{91t

1aa4

27

729

2224OB-



( t3o) À-

(r31) À-

(I32) À-

(r33) À-

(134) À-

(r3s) À-

(136) A-

(r3?) À-

(138) À-

(r39) À-

(14O) À-

(141) À-

(r42) À-

(143) À-

(144) ì.-

(r45) À-

(1¿6) À-

lB-

lB-

16693491 c-
L b'-

2¿491395¿436 iltal'-
¿l{638434 C-

19935 b',-
¿60577,¡983382 tlrd'-

246357779 C-
1 b'-

-37a199878O7O i¡d'-

-29242459 c-
o b'-

6¿710069646 i¡¡d'-
4087249 C-

I b, -
-2202273142 í8.à'-

-9232A4302 C-
-93s7 b'-

968616128ta2 i¡d'-

-746L6172 c-

-324236836724 i¡a'-

-105196554 C-
I b,-

1?5998a539?oa ¡¡d'-
-36a3O7539 C-

I b,-
-277J44923Oa62 ítÃ'-

501227457 c-
6367 b'-

1372021¿a534o i¡d'-
-1974O721s c-

t b,-
-3{884175178?a itil'-

-7547 424 c-
o b'-

42993?36323 in¿l'-

7?8525005 C-
50622 b'-

1130093481.3?7 iû¿l'-

-9oO527 49 c-
I b'-

-ao7630326606 ll¿l'-
3351.04402 C-

48686 b'-
Ur3671o937s iD¿l'-

-15619944 C-
I b'¡

32a22s27796 íîà'-

-265L2Â929 C-
I b,-

OB-

lB-

IB-

1a-

1B-

244913954{36 Il¡DEx-
16693491

729

-62456¿5?5576¿ I!¡DEX-
22553239

1{867

-378199878O7O INDÐ(-
246357179

4545

6¿710069686 I!¡DEÍ-
-29242459

6¿

-2202273142 I'NDE[.)
aoa? 249

-27 247 022665940 rNDø[,-
95L16249

3617

-328236836724 INDEI-
-74676372

636

L759988539709 MDEX-
-105196554

5 062

-2773449230862 rNDEÍ-
-364307539. 1593

263r9a6a65O142 INDEX-
_4492253

4t69

-34aa4l7517a78 IxDEix-
-197 4012t5

9429

42993736323 IlfDEX-
-7 587 428

125

12462a5a42292 IlrDEx-
-452960224

7 447

-807630326606 Il¡DEtr-
-900s27 49

2 ta3

2717642354097 ILDEX-
79218000

3 375

32122527796 INDFS.-
-1561994¡¡

64

-r962997238182 IrDEX-
-26s124929

OBr

lB-

OB-

lB-

J. B-

729

20938

4545

64

27

74034

636

5062

r5 93

749{O

9829

t25

25019

2143

10655

64

3093

OB-

1B-

lB-



(1¿7) À-

(14S) A-

(r49) À-

(lso) À-

(rsl) À-

(152) À-

(ls3) À-

(154) À-

(15s) À-

( ls6) A-

(1s7) À-

(rs8) À¡

(rs9) À-

(160) À-

(16r) À-

(162) À-

OB-

lB-

-196299723S182 i¡d''
204263677 c-

o b,-
2¿5437935897a l¡al'-

194631501 C-
56706 b'-

3{87632913 i¡¿l, -
-767558419 C-

I b, -
82Oa84a594738 i.!d, -

-3146966s6 c-
1 b,-

214970947O5OO idd, -
-44433?5 C-

I b,-
-4J.182oa828 LÀil'-

-84490987 C-
I b,-

947449927724 í^à, -
25O5729L9 c-

O b'-
I19275a6655OO iE¿l'-

2840671 C-
1 b, -

-8933632716 iÃal,-

229557026 c-
1 b,i

16732476769a9 iÃal,-

-22312723a C-
84114 b,-

16o38438a2a3 l¡d'-
-22033247 C-

1 b,-
-4O446869510 ilat, -

322970699 c-
1 b,-

53220222A136 íÈð., -
4{7189734 c-

I b,-
t23302570¡t436 lÂd'-

-3201{8311 C-
49237 b'-

7S93?648309 ind'-
-5799{oo C-

I b,-
-?3180794364 iÃ¿l'-

517090345 C-
669s b''

rrr566301?98o iDit, -

IB-

lB-

IB-

1B'

OB-

3093

2¡¡5837935a978 If,DEX-
204263677

8000

-2143069914392 INDEa-
17456896

?03

82088{8594738 INDEIT-
-?675S8419

1863

2149?09¿70500 IIIDEX'
-3t{696656

200

-{118204828 IIDEX-
-{8{337sI

94?44992772¿ INDEXT
-8{4909a7

266r

I 1927596655OO Il¡DEl(-
250572919

57 34

-8933632716 INDEX-
2840671

27

t6?32{76769aa rNDrX-
229557 026

6342

4733226461019 INDSX-
224426430

3449

-4og46a695lO U¡DEX-
_22033247

27

53220222A7 36 rNDEx-
322970699

67 97

1233025?04{36 rt¡DEX-
44?199?3a

11374

-52793a4O86622 IIIDEX-
-16270435a

2358

-73r80794364 Ir¡DEr-
-5799400

276

283tll¿733o67a IxDEx¡
-44457246

3626

IB-

1B-

OB-

lB-

1B-

lB-

aooo

705?

r863

200

I

266).

57 34

27

6342

134 g3

27

67 97

113?{

1419?

2L6

44855

lB-

1B-



(163) Àr

(r6c) À-

(165) À-

(166) À-

(167) À-

(168) A-

(159) À-

( 17O) À-

(r7r) À-

(172) À-

(173) A-

(174) À-

(17s) À-

(176) À-

(u7) À-

(r78) À-

(179) À-

lB-

lB-

lB-

-6O{O5233r C-
-t9237 b'-

3009064938{32 i¡¿I, -
653{7¿051 C-

58077 b'-
a9a95269414a ibd, -

24832{03 c-
133827 b'-

2985984 iDd'-

-3065a3892 c-
I b,,

-2536898131344 ind'-
-3os468O33 c¡

201269 b'-
1lO12034125o iÃ¿l'-

-303813864 C-
-1193 b'-

4{a6442a0129 i¡d'-
171921 C-

I b,-
-336?O2s54 inil'-

a55a9a C-
o b'-

145a4731.3 iÂd'-
113373298 C-

r b, -
4879O6a93364 i¡d'-

1a533745 c-
t b'-

-!.3{?29263O28 I¡¡d, -
1OL664307 C-

0 b,-
2234{a{313aô ind'¡

15O616a76 c-
50a? b'-

38318OO6499a¿ ird'-
-140914{3 C-

o b,-
2O53a8O?234 iDal'-

-387447729 C-
1 b'-

-3369422479346 íDjl'-

-5r.7478160 c-
1 b,-

-{537909O6Oa44 iDd'-

-14IO392 C-
1 b, -

2778356aOO iDal'-

-150975129 C-
1 b,-

lB-

1B-

1B-

OB-

10?48026051506 INDTX-
169500152

ro56a

-732675814196 lXDEix-
-4402t7 479

6859

2{1670719844 IIDEX-
-945344

64

-2536a9a131344 INDSX-
-306583892

¿ 356

26283L9O16732 INDEX-
-29546335s

47 65

4559O52335032r¡ IùDEJX-
2996081

1331

-336702554 Tl¡DEiX-
17 r921

I
145847313 INDEI(-

a55a9a
1

¿87906493364 II{DEX-
I13373298

t994

-134729263O2a IxDEx-
r8533?4s

¿o9

223{48431384 IùDEX-
101664307

1,342

997883loa9321 II¡DEX-
-1262736

11376

2053480?23{ IÌ¡DE)(-
-1¿O91¿¿3

a

-33694224793{6 IxDEx-
-347 r47 7 29

49r3

-45379O906084¿ IltDEx-
-517478160

736

2778356400 Il¡DEiX-
-1.{1o392

-466172378894 IùDE:Í-
-r509?5r29

lB-

lB-

OB-

OB-

tB-

26943

t9 t53

729

¡¡356

,¡850

25324A

I

I

1994

409

l3{2

29609

a

4913

?36

1{51

lB-

lB-

lB-



(r8o) À-

(r81) À-

(182) À-

(r83) À-

(18{) A-

(l8s) À-

(186) À-

(187) À-

(188) À-

(l8e) À-

(r9o) À¡

(19r) a-

(r92) ¡,-

(193) À-

(r9¿) À-

(l9s) À-

lB-

OB¡

-86617237aa8d iEal'-

63205653 c-
I b,-

14932a27O896 l.!¿1, r

-41612807 c-
o b,-

3OO767687318 l¡d, -
-6't 4223977 c-

O b'-
7142503615576 i¡d,-

-49077992 c-
I b,-

-2s23844347o2o í¡d''

-232032942 c'
I b'-

-23596ss7382¿4 i¡d'-
108866566 c-

o b, -
ros3o429r971 i¡d, -

-508829o37 c-
-3f48 b',-

70052928{499 i¡¿I, -
-3O4118810 C-

I b,-
-3636926593308 iDd'-

90?045{6 C-
1 b,-

18¿92o633396 iÀi¡, -
467 32795 C-

96399 b'-
814694{ iûd'-

-86958304 c-
I b''

312097765764 LBd'¡

-5677249 C-
1 b,-

23995957076 ibat'-
Á9467223 C-

I b'-
-1293554125074 iDit'-

36638oa c-
1 b, -

-1407{8560 Í!d, -
3OO2{479 C-

1 b'-
1220?9395a96 iÃd'-

-26472394\ C-
o b,-

175¿?288982,¡8 i¡il, -

OB-

lB-

1B-

OB-

1B-

1¡¡5t

1893282?Oa96 fl¡DE:r-
63205653

ao1

3OO7676a73la IllDEf,-
-4161.2aO7

435

?1425036155?6 Ir¡DE:X-
-67 42239t7

?oro

-2523a{¡¡347020 ItrDEif-
-49071992

7404

-235965573824{ Ir¡Dtf,-
-232032942

5706

105304291971 INDEX¡
108866566

1331

538O2052515736 IùDEÍ-
r1063866

2lol
-3636926593304 lxDtx-

-304118410
4826

144920633396 rlfDEx-
90704546

L t26

-660673aO24O8 I¡¡DEÍr
13348{g

64

312097765?64 rtrDEiX-
-86958 3O¡¡

I
23845857076 Ir¡DEx-

-5677 249
69

-129355¡¡12507¿ INDE¡-
49467 223

3A¿9

-14O74a560 IxDtf-
3663808

r22074395896 ¡NDE:X-
3002447 9

407

1754724498248 Ir¡DEx-
-264723941

t7 02

1B-

1B-

lB-

lB-

1B-

1B-

1B-

aol

436

70lo

7408

57 06

1331

158699

482 6

1!.26

1989

a

59

3849

8

lB-

OB-

407

L7 02



(196) À-

(r97 ) À-

(198) À-

( 199) À-

(2OO) À-

(20r) À-

(2o2) À-

(2o3) À-

(20¿) À¡

(2os) À-

(206) À-

(2o7) À-

(2O8) À¡

(2O9) À-

(2ro) À-

(21r) À-

(212) À-

lB-

OB-

lB-

5887673a3 C-
{0552 b'-

2327199333075 i¡d,r
24296496 c-

o b,-
10037O573865 i¡d, -

-15at37?1 C-
1 b,-

-25872131I24 ird'-
5837sI753 c-

r¿6156 b'-
16133606027 i¡d'-

2a7929OOA C-
58433 b'-

289899192552 iÀ4,-

-426303616 c-
I b,-

3?283ss335348 i¡il, -
-971552077 c-

-156?6 b'-
1732691186829 iÃal'-

-3748¡¡0752 C-
o b,-

28735{{043{{3 iÃit,-

-4252183r.5 c-
1 b,-

-4746490606584 iEd'-
-2O339659 C-

73963 b'-
230160719809 iÃd, -

28959a315 c-
51664 b,'

1323s13os3?5 iÃ¿l'-

-34?66815 C-
t b,-

1362444895OO i¡al'-
-518289539 C-

O b'-
5?939o898rs5o iÃil'-

70797733 c-
o b,-

248169361126 iÀa¡'-

546496 C-
o b'-

299956591 ild'-
-{9O832753 C-

-13885 b'-
2634300641662 iDd'-

-312444894 C-
I b'-

IB-

1B-

lB-

1B-

OB-

17a29a235?30 rÙDEX-
175140750

11955

lOO37O573a65 II{DEX-
24296496

343

-2587213t12{ IxDEx¡
-15813?71

27

753?39697744 Ir¡DEiX-
95658970

1331

2?06228896420 rNDE:f,-
l7l174a69

5737

37283553353¡¡8 IFDEXT
-¿26303616

4608

191378586674l{ INDEX-
to9¡¡75490

s97 9

28735{¿0434{3 If,DEr-
-37Aa40752

13 31

-47{6a90606584 ITDEX-
-42521A315

987 9

-228668¿¿05216 ItrDEx-
-230533128

5432

32al¿546050 IIIDEX-
6049330

4855

1362444895OO I!¡DEI¡
-3876681s

295

57939O898155O Ir¡DEx-
-5182a9539

lo6{8

248169361126 IlrDEx¡
70797733

1000

299966591 INDEX-
s46496

I
990144?990436 IIIDEX-

190738¿79
996'1

3358502389436 lDEl-
-312444494

lB-

lE-

1B-

OB-

162a3

3{3

27

)-622L

8808

4604

{8{69

ì331

987 9

67 67

5615

295

OB-

OB-

IB-



(2r3 ) À-

(2r¿) À-

(215) À-

(216) À-

(217) À-

(218) À-

(2r9) À-

(22O' 
^-

(22r) À-

(222' 
^-

(223) À-

(224> A-

(22s) À-

(226) À-

(227) À-

(228) À-

IB'

33585023a9a36 i¡il'-
-24207 426 c-

I b,-
-25752aO96{60 l,Ã¿l'-

51726?365 c'
24159 b'-

3395163?40416 iÀd'-
2555aO293 c-

1 b,-
-767179a81956 i¡¿1, -

6s36506o9 c-
28013 b'-

1935a60713772 ild,¡
2X3262922 C-

O b'-
89OaO475539 i.Àd'¡

-{19931587 c-
1 b,-

33r¡299356?88O i¡il, -
-65437635 C-

I b'-
32Oa32759746 i¡d'-

67O93a223 C-
5453{ b'-

S4oss6723825 ind'-
-19767146I c-

1 b,-
19?r¡?28793556 ind, -

427124429 cr
45839 b'-

390883688712 il.l'-
-477152696 C-

-4692 b'-
2Ol7{a15ó7023 iDd'-

134936356 C-
o b,-

7¿o46128889 ilil'-
2581¿9366 C-

t b'-
-375566143564 ilat'-

-1O63a2 C-
o b,-

33a139567 i¡d'-
77553a921 C-

11394 b'-
1673771447167 iÀal'-

-1139345 c-
1 b'-

576915712 ir¿I, -

1B-

OB-

OB-

IBr

lB-

7646

-257524o95460 I¡¡DEX-
-2420?426

750

56454?4267022 rt¡DEK-
960?696

42592

-?67r798at956 INDEX-
255580293

5179

459O9a2555038 II¡DE:X-
r62 9989r

9101

49080475539 InDEx-
233262922

4067

3342993567880 IlrDEx-
-4r9931587

1343

320432?59?46 rlfDEr-
-65a3?635

729

-994Oa76657530 INDEE-
-3127 29A90

9035

197{72a793556 INDEX¡
- r97 6714 61

4913

1904{2352r18t8 IllDEl¡
101512359

5423

la53a2?2932¡¡17 rùDtX-
36122342

6r.37

74O45128889 IùDEÍ-
1349363s6

1799

-3755661,¡3564 IllDEX-
254149366

485r¡

338139567 IXDEX-
-t06382I

-21904723942356 INDEr-
32465104

4913

576915712 INDEI-
_rr393¿5

l

OB-

OB-

OB-

OB-

750

2t4t9

517 9

23372

4067

13,¡3

lB-

1B-

729

35463

49t3

1152a

5356?

1799

4854

I

69343

1



<229) A-

(23o) A-

(231) À-

1232' ^-

(233) À-

(23¿) A-

(23s) À-

(236) À-

(237 ) À¡

(238) À-

(239) À-

(24O) 
^-

(241) Àr

(242) À-

(243) À-

(24¡r) À-

(2{s) Â-

lB-

1B-

5¿348I846 C-
L42655 b'-

66577774374 í\ð'-
67557575 c-

I b,:
-{2t587358r2a iftl'-

4349S6s9r C¡
42479 b'-

28954837812 ind, -
-297a2142 c-

o b,-
454Or¡28¿1O53 iÀal, -

669454 c-
O b,-

264o29rO5 i¡al,-
-53628Ìt C-

1 b'-
102973381O9 iÀil'-

-18267s982 c-
1 b,-

-1302038983116 iÀil, -
152200463 C-

1 b,-
-7 62266798a4A i\d' -

-27036? 47 4 C-
40209 b,-

313OaOO{4O414 iÀ¿¡'-

-2L94879 C-
I b,-

1.294971636 i¡d'-
-27181a62 c-

I b''
55734011956 iÀd'-

a7dl73o45 C-
134315 b'-

839137s398 ilat'-
-s44967 624 c-

I b, r
573950{035524 ilat'r

13o6s2o03 c-
I b, -

-2!.94oo997794 iÃit'-

-77249365 c-
I b'-

116986636758a i¡d'-

-26524L915 c-
I b,-

a71220?37 4726 ínà'-

-62951409 C-
I b'-

OB-

IB-

1B-

1B-

47r¡6363992611 IrùDE:f -
-792773523

2973

-42154735a129 lxDt-
67 557 S7 5

1399

-686a81565142 IrlDEl(-
94700?4

1658

{54042a41053 INDE:X-
-297 42142

13 31

26¿029105 IIIDEX-
65945¿

I
1O29733a1O8 fiÌDEr-

-5362a11

-1302O38983116 Il¡DEx-
-ta26759A2

2634

-762266798844 rltDtx-
152200463

3r09

7263898254516 IlfDEX-
-70653A279

t224r

1294971636 IùDEX-
-2198879

1

55734011956 ll¡Dtf,r
-2714),462

34

18925316{17952 rlIDEX'
6422a27 3

r471

5?3950403552{ INDEI-
-s44967 624

5368

-2194OO99779¿ ItrDEit-
130652003

1821

1169866367588 lrfDtx-
-77 249365

337 5

L7l22O7 374'126 xñDEl-
-265241915

1211

-52410867 6222 ÍNDEK-
-62951aO9

lB-

1B-

lB-

lB-

tB-

20141

1399

1o533

1331

t

lB-

la-

lB-

27

2634

3t09

20494

I

34

63279

5368

1821

33?5

1211

1443



(246) À-

(2(¡7) À-

(2¿8) À-

(2c9) À-

(2so) À-

(2sl) À-

(2s2) À-

(2s3) À-

(2s¿) a-

(2ss) À-

(256) À-

(2s7 ) À-

(2s8) À-

(259) À-

(260) a'

(26r) À-

lB-

OB-

-5241l)867 6222 IÃò'-
loal3{98o c-

I b,-
-2529710622864 lnrl, '

-J.4863227a C-
o b, -

694?351a7277 i¡d'-
-490888547 C-

O b'-
4409054I{2S62 i¡ô'-

5O7971099 C-
92995 b'-

2¿a57531296 i¡rd, -
2322770 c-

I b,-
3O926O4a2a i!d'-

-725192699 c-
rolo5l b,-

33O6a7¿3O12a iE¿I, -
-160460591 c-

I b,-
tdaTo{35a1638 iÀ¿l. -

-2577207 47 c-
1 b,-

261279571161{ iÀ¿!, -
-!627544 c-

O b,-
867672961 iÃil, -

366717560 c-
I b,-

67Á8400400 iÃil'-
-LO2OO8471 C-

I b,-
?2685494a7()6 i¡d'r

24¿700330 C-
55363 b'-

2AA4a7 023694 i^à''
-351114095 C-

100306 b'-
756544a12361 ilal'¡

243108949 C-
{9867 b'-

s3oo3656o0 iÃal'-

-J.137{6469 C-
I b,-

-60r7or987056 ind, -
-65so6s2r c-

I b,-
2083?o82480{ ilal'-

0B-

lB-

1B-

lB-

1B-

1{{3

-2S2971062296{ rf,DEX-
lo8l3¿980

?596

698735187277 IIIDEXT
-74A63227A

t25

44O905{142562 ItrDEXr
-4908aa547

4096

1a993{73348088 IùDEI-
867 92L2i.

2749

3O92604828 INDSX-
23227 7 0

to

-107072139a4056 MDtl-
-363495396

3 824

t4a7O¡¡358163a IllDEX-
-r60460591

37 43

261279571161¿ INDE¡-
-2577 207 47

6131

8676?296I I¡¡DEf,.
-1627544

1

6748{OO¿OO IllDEX-
366717 560

8000

726a5494a706 INDEI-
-10200a471

1803

3087924O23756 MDEX-
1512467 05

49L3

-59946{07529O9 rtrDEr-
526510558

6859

3526?75909850 rrDErr
2r230205

68s

-601701987056 Il¡DEl¡
_113746869

1123

2O837O824804 IlIDEf,-
-65506521

r25

1B-

OB-

1B-

lB-

lBr

1B-

OB-

7596

125

4096

517 07

10

22567

37 43

6131

1

8000

1AO3

lol26

16081

I1296

1123

t2s

lB-

1B-



(262' A-

(263) A-

(26¿) À-

(26s) À-

(266) À-

(267) À-

(268) À-

(269) À-

(27O) À-

(27r) À-

(2721 
^'

(2?3) À-

(2?4) À-

(275) À-

(2?6) À-

(217 

' 
A-

(278) À-

IB-

OB-

lB-

-303525617 C-
I b'-

2!,9¿74¿3rr6464 ind'-
-2274183{ c-

0 b, -
3O662Ola9a69 i¡d'-

210?81180 c-
I b'-

2L425O2297 296 í\ò' -
653263 c-

I b'-
-26970646¿ iDi¡'-

-628907609 c-
1 b,-

-611598144O302 itrd,-
398721a{ C-

907a5 b'-
2O41200 lDa¡'-

-200106924 c-
I b.-

-244tO94352772 í!,ò' -
2O4{f65O5 c-

54038 b'-
129609375 itrd'-

-62a6A2257 c-
65469 b'-

1o768a9792{4 ir¡al'-

-227790352 c'
I b,-

1606{1937{244 LÃa¡'-

-265474335 C-
46310 b'¡

169941os73s9s lnd'-

-6aOOO8Il C-
7431.0 b'-

267O264a1023 i¡d'-
-343007584 C-

0 b,-
3293o92s¿3269 íDd'-

-535657367 c-
-7226 b'-

U643864¡l{325 iÀat'-

333?1{73 C-
I b,:

2O2O427 22850 í'.ð.'-

-722627342 c-
I b'-

-8r76589319236 iEit'-
148LO6979 c-

10803 b,-

1B-

lB-

lB-

lB-

219{744346464 IltDEix¡
-3035256r7

2431

306620149869 IlfDEX-
-227 atA34

899

2742502297 296 rñDÊx-
2Lo78t190

7236

-26970646C IIIDTX-
653263

1

-5115981440302 rrsDE:Í-
-624907609

2r97

-9410624564aO ll¡Dtf,-
-684639

21

-24430943527 7 2 AñD".X-
-2001o692{

? 772

-25669¿626305O IltDEf,¡
3380750

125

1348?143600956 rl{DEX-
-763853426

1734

160641937{2¿¿ If,DEx¡
-227 7 90352

2696

76f5693991OOa INDEilt-
-545622206

a7 91

2413649872124 INDEÍI
-257 077 7 72

5671

329309251¡3269 rr¡DE:r-
-3830o75S,¡

4699

23O¿139128Ì290 IùDEf,-
5938?060

4685

2O2O427 22A5O INDEJ.-
3337147 3

637

-aI76549319236 ItrDEx-
-7226213a2

9794

-61209¿499269{ IlÍDEr¡
-94552646

tB-

lB-

1B-

IB-

OB-

2 {31

899

7 236

2197

2aoo

7772

4295

35 651

2696

2r995

4303

4699

667 r7

637

9794

18353

lB-

1B-

lB-



(279) 
^-

(28O) À-

(28r) À-

(282) À-

(283) À-

(28¿) À-

(2as) À-

(286) À-

(287) À-

(288) À-

(289) À-

(29O) À-

(29r) À-

(292) À-

(293) À-

(29¿) À-

lB-
534293262422a l^.t'-

-3609{399O c'
115237 b'-

66930507525O i¡d,-
1242?381 C-

1 b,-
-35750552772 iDd'-

3904?8834 C-
1 b,-

-7690505916 i¡d, ¡

-154161t79 c-
I b'-

23295?01556 i¡d, -
633¡140194 C-

I b'-
-29207 2246412 íad, -

-98180?79 C-
I b':

25{4505297016 i¡rd, -
353oll¿18 C-

t b'-
1665951251820 iDd,:

-73a992 c-
o b,-

417070977 ild,-
65{320205 c-

2775Ã b'-
151?632305749 iÃd, ¡

l7 35a2974 c-
o b,-

124675163aO37 inal, -
-571612797 c-

I b,-
6ll1353ooao84 i¡d'-

3Or¡O44154 C-
965 b'-

353OtO841602 i¡rat. ¡
276334141 C-

51773 b'-
6996S4s99s2 iDal, -

-59195262 c-
I b,-

-901781126s¿O iD¿l'-

-531{2O269 c¡
o b,-

4743675634816 i¡d,-
1128a5522 c-

o b,-
414aa22a9731 l,¡¡d, -

IB-

IB-

lB-

lB-

tB-

17 f26

-¿365237263812 INDEX-
-s49379735

ao65

-35?50552772 ItlDEr-
!2427 3at

It7

-7690505916 IIIDEX-
39047 aa34

87 90

232957O1556 rl¡DEX-
-t5¿164?9

L

-292072246A12 rñDú-
6334¿O194

181a2

25{{505297016 IùDEÍ-
-9alao?79

7 449

1665951251a2O DtX-
35301I418

9022

41707097? ItfDEr-
-734992

1

{6929221396{6 Il¡DEx-
_4438092

a021

12¿6751638037 IxDEx-
77 35A297 4

4577

611t353OOaOa4 rNDEx-
-57 46¡27 97

9209

1o4372099932676 r¡rDEix-
-4272577

1049

2¿77363196930 I¡IDEX-
66545199

27 A'1

-9017a¡126540 rNDEX:
-s9r.95262

26tA

{74367563¿al6 Il{DEix-
-531420269

2346

4l¡¡8a22a9731 INDtr(-
112aa5522

ta37

OB-

OB-

lB-

1B-

OB-

1B-

10290

117

8?90

I

r8r82

1449

9022

OB-

OB-

I

235a9

1¡517

9209

3204O2

9004

2 618

2346

r8 37



(295) À-

(296) À-

(297 

' 
a-

(298) À-

(299) À-

(30o) À-

(3or) À-

(302) À-

(3O3) À-

(3O¿) À-

(3os) À-

(306) À-

(3o7) À-

(3o8) À-

(309) À-

(3ro) À-

(3rr) À'

OB-

tB-

lB-

705329461 C-
90960 b'-

2o3a9OO453{3 iDd, -
2957834{s c-

I b,-
24530242927 22 i\d' -

167389Oa5 C-
1 b,-

-{509267s9500 iÃ¿l, -
-892854272 c'

-1782r b,'
133oo¡1298314O iE¿I, -

-278015 c-
1 b,-

3112461686 in¿l'-

-382601992 c-
I b,¡

31955896609¿4 ind'-

-11935121.9 c-
O b'-

5565455¿15?O ir¡i¡, -
-126316750 c-

r b, -
-laa9?5?757308 lnd,-

-27939151.9 C-
I b'-

-1833120¡¡46162 ind, -
58{610938 C-

37 637 b'-
299890o9s2754 iEd'r

29947t3Ia C-
1 b, -

16032O715O{0{ iD¿l,-

-1322425 C-
L b,-

-67629407 4 í\ò' '
-522226736 C-

-1a832 b'-
37a¿O35171875 iÀd'-

-30197 72a7 C-
1 b,-

4389124568274 i¡¿l'-
124444779 C-

75775 b'-
l38O4A ird''

raa560399 c-
I b,-

525a8426519O i¡¿!, -
!323s732 c-

O b'-

OB-

1B-

lB¡

0B-

lB-

7345916259974 ¡l{DE¡<-
-259514¿86

4913

245302Á2927 22 tñDÉX-
295743445

70247

-450926759500 rnDE:x-
1673S908s

2ao5

14¿7283650596r rlrDIrxr
2t660¿578

6638

3{2461686 IxDtÍ-
-2780t5I

3f955896609¿¿ rNDE:X-
-342607992

4096

556545541570 INDtr-
- 11935!.219

172

-1889?5775730a I¡rDEr(¡
-1263167sO

5354

-143312O486t52 INDEÍr
-27939tst9lo63

-146222147a396 IÌ¡DE (-
75222426).

r34 Ì1

16O32071sod04 I¡¡DEix-
2994?1318

7574

-67629{0?{ INDE(-
-7322425I

9835147550965 INDE:K-
12a622000

72125

438912456a274 Il¡DEx-
-307 971237

11439

495659596446 rNDEI-
-86536

52544426519O INDEÍ-
188560399

33 35

1136o83a3a3t fNDEx-
15235732

lB-

1B-

1B-

lB-

Oa-

1B-

30454

1o241

2805

30185

1

¿096

,,?

535¿

1063

1667 A

7574

I

257 39

11{39

2r57

3335

343

lB-

lB-

OB-



(312) À-

(313) À-

(314) À-

(315) À-

(316) À'

(3r7) À-

(318) Àr

(319) À-

(32O) À-

(32r) À-

(322) À-

(323) À-

(32{) À-

(32s) À-

(326) À-

(327) À-

lB-

113608393831 i¡d,-
1112377{5 Cr

5¡1245 b'-
1a38O704{04 inil, -

272009579 C-
62160 b'-

2092Ls6149483 i¡¿t'-

-47933]O1l C-
o b'-

4127 463752962 iià'-
-155522399 c'

I b'-
8714s{6o¿136 i¡¡l'-

-1O1a55216 C-
o b, -

2r71388772655 ¡¡il, -
-5186212¿ C-

o b,'
r.{37s5s96799 l¡d,-

-219525945 c-
1 b,¡

-2667395{33004 i l'-

-247 44L95 C-
I b'-

-1608?607{aOO iÃd''
144034144 c-

o b''
798a59236987 i¡td'-

-86060I561. C-
-7160 b'-

88s713271.93? inal, -
U2O5a25l C-

I b'-
-527I9356636¿ I¡¿l'-

-37lO2a3OO c-
I b, -

-2?622609961oo i¡d'-
14565012 c-

o b'-
111726756521 iDd'-

-59796615 c-
I b'-

56752OO1725O i¡d'-
525952545 c-

1 b'-
28988o5096S46 ird'-

373691a33 c-
I b,¡

124A77937 657 6 íL.l'-

OB-

0B-

OB-

tB-

343

3473225536922 rÌ¡DEXr
-49595334

1262

5917t556a2a38 IlfDE:X-
54457406a

r0709

¿127463752962 IxDEx¡
-¿?9331011

2512

471454604136 InDtx-
-tsss22399

133 r

21?1388772655 r[Dtr-
-1o1855216

63 t9

1¿3755596799 ItrDE¡-
-5186212¿I

-266739543300¿ Ir¡DEx-
-2795259As

5829

-160476074800 I!|Dll(-
-247 44L95

{s5

798859236987 ItrDEX-
14403{1{4

3077

26860079032168 InDEI-
10a764134

3457

-527t93566364 IXDEx-
14205a251

2487

-27 62260996100 LNDEIF
-371028300

740

111726756521 ItrDE¡-
18565012

343

5675200I725O Ir¡DEl-
-s97966ts

1595

28984o5o96a46 IIÍDE¡-
s25952545

r6r99

1248779376576 INDEf,-
373691433

9o2i.

1B-

OB-

IB-

lB-

la-

OB-

l15r¡1

1a2¿3

2572

r33l

6 319

I

s829

{55

307 7

74113

2447

740

343

1595

r5r99

90241B!



(328) À-

(329) À-

(33o) À-

(33r) À-

(332) À-

(333) À-

(334) À-

(335) À-

(336) À-

(337) À-

(338) À-

(339) À-

(3{O) À-

(341) À'

(3¿2) À-

(3¡¡3) À-

(344) À-

lB-

OB-

1B-

-lloaaal65 c-
1 b, -

111r544a59o42 i¡il'-
3936712a¿ c-

o b,-
3IO752O95O7a7 iDd, -

211714733 c-
1 b,-

-589881845656 iÃd'-

-ss69r7og c-
o b,'

l6s¿{97oa157 iDal'-

-27166801 C-
1 b'-

689{1131324 ird'-
-l6t{U5a9 C-

45364 b'r
48205341{83 lE¿!, -

s06r1756 c-
1 b,-

-76122367r52 ind'-
-634223819 c-

o b'-
61501231351rO iq¿l'-

-5¿2319284 c-
o b,-

4861O56690¿31 iÃd'-
4412759 c-

1 b, -
851.3666396 Iûd'¡

29584346 c-
721227 b'-

998 i¡it'-
-¿a?55092 C-

1 b, -
-3763O9{rO736 ÍEil'-

6¿7846894 C-
5l/t37 b'-

2371420673600 LEd,-

163836305 c-
I b,-

-68898r430998 ira¡'-

-77545989r c-
-23151 b'-

1O3O053792soo LEal'-

-1?3120661 C-
1 b, -

-7427 2459O1a7 4 íD,il',

365513377 cr
10181 b,-

LB-

lB-

IB-

OB-

lllt5¿4859042 INDE]I-
-t10898r65

3009

31O7520950747 InDEr-
3936712a4

127 9''

-5498414{5656 I}¡DEX-
27t774733

3927

165449?08157 rNDEiX-
-5569170a

t2s

689¿1131324 ¡NDEX-
-2716680r

125

34654O8147¿28 INDEX-
-12117333a

2L97

-76122367152 rNDIIf,-
506 LL756

¿6a

6r50123r35110 IXDEI-
-634223419

512

4861056690431 IXDEX-
-542319244

I

a513656396 rNDE:f,-
4r727 59

27

331.4?2944324 rNDEX-
- 16559

I

-3763094IO736 INDEf,-
-44?55092

10¿¿

4466O659149OS INDEÍ-
-66650a955

13315

-68898t{3099a IÌÍDEE:
163436305

3141

-909{7r4228980 rlIDE:X-
3a{444O30

9710

-14272459O1874 INDEr-
-173120661

3333

12724342572626 I'NDP'Í.-
-69727 905

OB-

lB-

1B-

1B-

OB-

lB-

3009

t27 97

3921

L25

1B-

0B-

t25

998?

464

5t2

I

27

998

1044

22969

3141

1o925

3333

38a92



(3{s) À-

(346) À-

(347) À-

(348) À-

(349) À-

(3so) À:

(351) À-

(3s2) À-

(3s3) À-

(3s¿) À-

(3ss) À-

(3s6) À-

(3s? ) À-

(3ss) À-

(3s9) À-

(360) À-

tB-

OB-

2365330359132 i¡d'r
296786905 C-

I b,-
-104221056043{ i¡¿t'-

-363940093 c-
o b,-

2a3505¡¡424024 iûal'-

-4O34a5a95 c-
-5 126 b'-

1429a?9434665 iDd'¡
462372420 C-

50935 b'-
1{8840s979980 i l'-

707986999 c¡
6661r b,-

4179902720 í\ð.'-

-77 6251759 C-
L b, ¡

153¡¡966275876 iBd'-
252968503 C-

? 1586 b'-
38184885999 ir¡d'-

6U7{53{8 C-
12126l b',

240231744 iÀil'-
-710079262 c-

f b,-
-739?514132316 iBd,-

586?3077 C-
o b,-

16824793s4 tld'-
!.777¿60g C-

194599 b'-
aOOO iÃd'-

294498460 c'
t b,-

11.579812924OO i.!d'-

-459047527 c-
I b,-

4248a64139374 i¡d'-
3491338¿ C-

I b'-
1.06018s82848 iÃd'-

-8705O5766 C-
-5158 b'-

649732197143 i¡d'¡

-4541-67227 c-
o b,-

3740680995846 tri¡'-

lB-

1B-

OB-

1B-

lB¡

7839

-lO{221O56083{ MDEX-
296746905

6591

2835054424O24 INDEx-
-3639aOO93

27 9a

-26399186552532 rNDE:X-
r7 484 6 38

4293

-34o946441J.172 rNDEX-
313454829

9651

120439O13918O Iti{DEX-
326394a8

5t2

153¿966275876 II{DEX-
-77 62sr759

3679

1¿2995O19886a6 INDEX-
-9L223434

2r97

15553684a72O16 INDEix¡
-IO33{952

276

-7397514132316 IIIDEX-
-7 700'19262

3834

168247935{ II{DEI!
54673071

512

30451285501 rNDEI-
-36't 92

11579812924OO r¡rDllx-
294494460

6700

424886{139374 INDEXT
-459047527

5 711

10601858284a IHDEX'
34913384

392

5423315{O089?7 IIDEX-
26405406

2029

37{0680995846 INDEX-
-454167227

looo

1B-

lB-

OB-

OB-

1B-

1B-

6591

2794

77585

159aO

27754

3679

42569

49244

3834

st2

725

6?00

57rt

392

L57 823

looo

OB-

0B-



(36r) A- o E-

(362) À- 1 B-

(363) À- 0 B-

(36{) À- 1 B-

-566t662 c-
o b, -

{2551571059 iÃa¡'-

229OO2O9 C-
t b'-

-2135254615 iûd,:
-r34?14 C-

o b'-
334411279 iÃd,-

135557015 c-
I b,-

-572678466284 ind'-

¿2551571059 INÞEr-
-s667662

125

-2r3525¿616 IxDEix-
22900209

725

3384I1279 rllDtx-
-1347 74

1

-57267a{66288 ft{DEix-
13555?O1s

2/¡7L

725

125

I

247 7



32
coefflcie¡ts of tb6 ge¡oràri¡g toty¡oDiàIs x + Àx + Bx + c fo! aII tb€diati.Ect cubic fiêlds rrith Eêgåtive fu¡danel¡taL discli-Di¡¡a¡t D.

Note: 1) À, B åÃal C srê t'he coefficie¡ts of a geDeratiÃg poly¡oEiål of a
coElrl.e¡ cublc fL€Ial b€fore TschirÀhåuser transiorDâiion i6 applied.

2) A', B' ô¡d C, ãro tbe coefficiê¡ts of a ge¡eratiDg polyaooia-I- of ac@plex cubic fie].d afte! rschir¡hauseE transrornãtio¡- is applieat.
D - -316t6591866336622a3

(r) À- I B-

(2) À- I B-

(3) À- o B-

({) À- 1 B-

(s) À' O B-

(6) À- t B-

(7) À- I B-

(8) À- ! B-

(9) À- I B-

(rO) À- I B-

(1r) À- o B-

(r2) À- I B-

(r3) À- I B-

(r¿) À- 1 B-

746967997 c-
1 b,-

1132558335310 iÃal, -
-88889¡r29 c-

I b,-
-3225993o362O i¡al'-

-sr3a68??8 C-
o b,-

4927790697 473 íD.d,, I

-ls8249958 c-
-3879 b'-

24640585s6322 tlar'-
-114999487 C-

O b''
7668s3693966 iÃil'-

-{50844689 c-
-2263r b' '

4a8459{O9?776 i¡d, -
117434120 C¡

I b.-
262s3818630¿ iD¿l, -

1r9r9795 c-
I b,-

3973?6213so iDil, -
115092107 C-

1 b,-
¿82¡1a2a5a176 inal, -

-6U¡¡4o13 c-
I b,-

1a559I57a782 fDal, -
-8211064s2 c-

-27AOO b'-
1678831438471 tld, -

-534772945 c-
90396 b'-

876699992435 i¡¿l'-
-9705{9149 C-

-9896 b'-
115s1,08895831 i¡it, -

I28999s2 c-
1 b,-

113255833531O rl¡DBx-
146967 997

3469

-322599303620 IIIDEX-
-88889429

1

4927790697473 tXÞE\-
-513868778

5975

l3??o0559742¿4 rt¡DEr-
226s2s69

84¿3

766853693966 INDEX-
-118999¿a7

1700

-692990363772O IlfDEX-
23L454340

r6876

26253a1863O4 rtrDEI-
117,¡3412O

1624

39737621350 IxDEf-
r1919795

125

4824828581?6 IìDEX-
115092107

79.t9

1455915787a2 INDEX-
-614{40t3

27

r0295512361855 lltDtx-
38595r854

1083r

79572779052Ia IrDEx-
-559666964

6859

34528392Or2202 INDsx-
33324772

3447

12716930836 INDE¡-
r2499952

3859

I

5975

4017 S

1.700

r7151

L624

125

t919

27

1¡¡31I

186 35

94999

64



(r5) a-

(16) À-

(1?) À-

(18) À-

(r9) À-

(2o) À-

(2r) À-

(22' a-

(23) À-

(2¿) À-

(2s) À-

(26) À-

(27) À-

(2s) À-

(29) À-

(30) À-

1B-

lB-

12716930836 ir¡d'r
-505{18189 C-

I b,-
562343a65331o ind, -

-36867713J. C-
I b,-

2921931O14044 i¡d'-
-389460156 C-

_7095 b'-
21217692331OO i.Ãd,-

-45821903O C-
o b,-

43813r¡12O9319 i¡¡il,-
-15426543 C¡

1 b,-
-25089869736 i¡¿i,-

-].92444729 c-
1 b,-

-17665aO213O18 LDd, r
3{92901 c-

o b,-
10867489O2 i,rd. ¡

LL27 392 C-
1 b,-

-21a95357184 i¡d'-
37ora2527 C-

44159 b,-
1911OO571¿2a ird'-

14613379 C-
I b,-

-18552221168 i¡il'-
207614604 c-

56219 b'-
3272Aa7 r22O í\d'-

14115U5 C-
I b,-

-6ors72865826 iDd, -
-515?78sO C-

o b,-
379255538379 ind, -

250275770 c'
527oi b'-

aO26738O3O i¡rd, -
-5r35375sr c-

0 b,-
498059543¿494 iDd'-

-1068?2485 C-
0 b,-

427L6s367464 iÃal'-

IB-

OB-

lB-

1B-

64

562343a653310 INDEX-
-505418189

10331.

292193101{0{4 rùDEr-
-368677 t31

3085

1571391Ot90OO0 r¡rDEX-
990233a3

6a5 9

{3813¿12O9319 INDEXT
-4582r9030

6497

-25O89869736 IFDEX¡
-15{265{3

27

-17665a02l3018 ItrDEit-
-t9244A7 29

4199

IOa67¿89O2 rxDtx¡
3492901-

-21895357184 INDE:Í-
]'27 392

64

1430658412024 INDEXT
74649126

445{

-18552221t6a IrDE:f,-
146r33?9

83

154OO56377640 I¡IDEX-
_43092993

239L

-6015?2a65a26 IÙDEjX-
14r1.5175

1759

379255538379 INDEX-
_515?78sO

!o27

-16990632¿{t0O IllDEif-
-1912r807

109?

4940595{3{494 IrDEx-
-513537551

6364

42716536746¿ INDEX-
-106872485

118

lB-

1B-

lB-

OB-

lB-

L033r

30a5

451O0

6497

27

{199

a

64

96 33

a3

5620

r759

lo27

6670

6364

1la

OB-

OBr



(3r) À-

(32) À-

(33) À-

( 34) À-

(3s) À-

(36) À'

(3?) À-

(38) A-

(39) À-

(4o) À-

({1) À-

(42) À-

(,¡3) À-

(r¡{) À-

({5) À-

(46) À-

({7) À-

1B-

OB-

OB-

-334929168 C-
I b,-

26s7628420s16 iÃd'-
9426393s2 C-

12331 b'r
L2828698214¡r0 i¡d, -

341623930 c¡
45949 b'-

659008 ird'-
-446033577 c-

1 b'-
¿OIl529526OOa ilit'-

173637982 c-
I b,-

-208783230498a ild, -
801.aa125 C¡

I b,-
-8Olal2167?6 i¡d, ¡

671920897 C-
55544 b'-

6431O3a797O41 ittd,-
4439A2449 C-

24335 b.-
519373??9a94O ird,-

¿763O5aa5 Cr
17026 b'-

41919460624a1 iDit'-

-777093224 C-
-8729 b'-

1155713699400 ind'-
410222183 c-

7O4e b'-
97909233os63 iuat'-

876313339 c-
5333? b'-

336127256064 iÀd, -
571741214 C-

8365 b'-
1650575243358 i¡¡d, -

23976a197 C-
I b'-

-452658922376 L¡d, -
-113563a3 C-

I b, -
-3O78998357O i.Eil, -

424452347 c-
1106S7 b'-

rOO22sr38s296 ind, ¡

-2723O73s1 c-
I b'-

lB-

1B-

lB-

1B-

2657628{20516 IùDEjÍ-
-33492946a

3576

2367644OO27303 IrrDtX-
3551232

¿o96

2551292835919 IxDEx-
15890{

8

4O11529526008 It{DEx-
-446033571

501?

-2O878323O{989 INDEX-
r73637 982

6622

-8Or81216776 II¡DEX-
aola8125

841

-32l¡1554a52O5O Il¡DEx-
649909272

l.7r9r

-51713023{9a26 INDEX-
5923243a

t6794

4977097539234 INDEX-
74563932

12081

22¿57O4675744O I¡¡DEX-
118111.955

4355

3836217{56{C6a rlfDBx-
2a tt98a

2917

-529293784¿390 II¡DEX-
-233201783

4931

22aOO9756191?2 Ì!¡DEX-
¿456091

4913

-452658922376 rùDEX-
239764t97

4863

-307a998357O INDBX-
-rr356383

79

4954137?45660 rxDEx,
-665363972

77 56

-2950456926626 I¡{DEX-
-27 2307 3St

1B-

lB-

lB-

lB-

1B-

1B-

357 6

76465

ro297

50r7

6622

a{l

2r761

18415

247 2L

60936

t15067

33025

64342

4863

79

17581

69a5

lB-

lB-

1B'



(48) À- I B-

(49) À- I B-

(s0) À- I B-

(sr) À- I B-

(s2) À- 1 B-

(53) À- I B-

(s{) À- 1 B-

(ss) À- J. B-

(56) À- 1 B-

(s7) À- 1 B-

(s8) À- I B-

(s9) À- o B-

(60) A- 1 B-

(61) À- I B-

(62) À- I B-

(63) À- o B-

-2950{56926626 ilat. -
-27{13{a3 c¡

I b,-
56OO332O5¡12 ind, -

lOBaOagaT C-
I b, -

1288688s804O iÀ¿l'-

3872?9993 C-
6¡tr7 b'-

1498Oa15?1392 i¡d'-
l41o{t361 C-

1 b, -
-5617559a2470 iDil'-

57 4795327 C-
2{OO9 b'-

3086{oo851568 i,¡¡ô'-

3505O054{ C-
r b,-

1284228332r44 iEd, -
-4r¡6OOO549 C-

-16057 b,-
33122{823406{ LDd'-

292a5\240 C-
t2945 b'-

4437279607504 iDô'-
329729341 C-

L b, -
65{750725512 iEd''

-2693i¡4888 C-
1 b,-

2204317729236 íD.d'-

-337384634 c-
I b,-

-2s4999447 242A í\d' -
511997692 Cr

o b,-
47 6209492407 !Èil, -

1991156a9 c-
54962 b'-

ro2S6slls43 tÀal'-

-747939 c'
I b'-

-{23¿3335a iDd, r

-13O113215 C-
I b,_

-27O5a697950?6 i¡rd,-

-3o5533631 c-
O b'-

296296L959L5,¡ i¡d,-

69a5

56003320542 II¡DEX-
-274134a3

27

l2aa6aasaO{o rllDEx-
IOa80a987

r331

20{433r9519302 rxDEx:
-701000

5604

-56175598287O INDEX-
r41041361

2499

-6255133OO¿058 If,DEX-
155aO804

l13il8

128{22833214¿ IIIDEI-
35O5OO5¡¡¡t

a28o

-781432791?200 r[Drr-
24394t332

t2796

-?5a2374844976 INDEX-
-42642791

13931

654750725512 Il¡DÊx-
3297 29341

7001

2204317729236 INDs,r-
-269344Baa

4096

-2549994¡¡72¿28 II¡DEX-
-33734¿634

2634

4762O9482407 IIDEX-
s1r997692

13105

2959250{7a{92 rùDEX-
3207350a

1057

-423¿33358 IHDEXT
_7 41939

I
-2?O5a6979S0?6 rNDBX-

-130113215
7729

296296195915¿ Ir¡DSx-
-305533631

6236

27

1331

60353

2499

23967

8280

20229

22864

7001

4096

2634

13105

9207

I

7129

6236



(64) À-

(65) À-

(66) À-

(67) ¡,-

(68) À-

(69) À-

(70) À-

(7r) À-

(?2) A-

(73) À-

(7¡¡) À-

(7s) À-

(76) À-

(77 ) À-

(78) Àr

(79) À-

(8O) À-

1B-

1B-

-581979a C-
I b, -

43452151956 i¡¡d'-
1065601.27 c-

82369 b'-
4425973488 i¡d,-

-637313O9O C-
o b'-

6240624327 597 i\d'-
-399453a16 C-

I b,-
411532527O4a¿ ind, -

-69909273 c-
I b'-

993183771754 i¡tl, -
-382166636 c-

I b, -
3oo794238966o tÀ¿!, -

-232643o3t c-
1 b, -

-U45?2628¿O9A iEd,¡
8g1O8O c-

o b,-
125564727 i¡¡d, -

-26734Oa69 C-
I b,-

2307357760462 íD.d, -
18133219 c-

o b,-
315477r26a56 ind, -

-96o9s802 c-
1 b,-

{4657¿431052 ird,¡
-4O968a227 cr

103779 b'-
38081658aa iDd, -

269772005 C-
52259 b'-

42410695424 iDA'-
1120¿0?64 c-

t b,-
soo74493396¿ iÃ¿I, -

-73{831798 C-
_4093 b,-

1189501783¿Og lÃd'-
-484096942 C-

1 b,-
-602OO57564732 i.¡¡d,r

-5229].232 C-
I b,-

1B-

lB-

lB-

lB-

OB-

43452151.956 IUDS.X-
_58r9798

t26

469303106302 INDEX-
18rOO764

¡54a

6280624327597 rñDsjß-
-637 313090

3061

¿115325270484 INDEX¡
-399¿53816

ao00

99318377175{ rXDEX-
-6990927 3

2427

3007942389660 ItrDEx-
-382166636

25aO

-1?4572628409a Ir¡DEX-
-232643037

3777

125568727 rxDEX-
441080

I
23O1.35776O{62 rtrDEx¡

-267340A69
4599

3154?7126856 ItrDEt-
r8133219

926

{46574431O52 IxDEx-
-96095aO2

762

-59O7671921088 IÙDEif,r
_34430592

512

-959762{11406 INDEX-
_2556244A

27 36

5OO744933964 INDEX¡
7720407 64

l9ao

1891385621¡¡695 INDSX¡
1.51? 17t88

4852

-6020057564?32 I!{DÊX-
-488096942

127 42

227753158912 INDEX-
-5229L232

OB-

1a-

lB-

1B-

t26

ta47

3061

8000

2A27

25aO

3177

I

4549

926

OB-

IB-

lB-

762

74527

5719

l9ao

50527

t27 42

512



(8r) À-

(s2) À-

(83) À-

(84) À-

(8s) À-

(86) À-

(87) À-

(88) À-

(89) À'

(9o) À-

(9r) À-

(92) À-

(93) À-

(94) À-

(9s) À-

(96) À-

1B-

lB-

22775315a9)-2 íÃil'l
3268?5a31 c-

I b,-
395429526662O iE¿l, -

405{917{7 C-
r b,-

-294717135O334 I¡d,,
-4430os96 c-

1 b,-
302668719so4 in¿l'-

-14438455r c-
o b,-

?832120058¿6 ilal, -
924477559 C-

\7749 b',
2o6326823s386 iÃal,-

-2s765513 c-
I b'-

-5t 188661718 t¡d,-
-244566356 C-

I b,-
-18o66252957oo iÃat,-

-7 66272A75 c-
-16414 b'-

18O2303931131 iÃa¡,-

5{0676838 c-
1 b,-

-239?75O3OO612 iD¿l, -
-352492{O C-

O b'-
80552063273 i¡d'¡

3733?1139 C-
50723 b'-

551.624319332 i¡¿t,-
-1302L3O8{ C-

18s769 b'-
2596 iÃd,-

-2476633a5 c-
-4693 b'-

22s336S322900 iÀal'-

359349237 c-
I b,-

4437541OO42O i¡d,-
-21s912938 c-

131571 b'-
145839191a98 ind'-

357372940 c-
10451 b'-

27a7 Al7 684692 íD.ð,-

1s-

0B-

OB-

1B-

lD-

572

395a29525662O ruDstx-
32687s831

13341

-294717135O334 INDEX-
40549t7 47

12591

30266a719504 INDEX-
-44300596

420

?a3212005846 Iì¡DEX-
-1443a4551

1196

1492356a31160{ rf,DEx'
602{9915

6189

-5U88661718 INDEX-
-25?65513

21

-18O662529570O INDEX-
-244s66356

3060

-142392355O6226 ItDExr
187062442

727 a

-2397750300612 IùDÊx-
540676838

t5?82

405520632?3 rlrDEX-
_35249240

I
3O219a1{26332 INDEX-

1aoo55318
67 A2

-1O56564399{08 INDEX-
42465

1

166944{56¿236¡¡ IìrDEx-
52266750

6a 10

{{375{lOO420 r!¡DEX-
359349237

777L

-24O1312733356 ItrDEX-
-27 0ss3997

4913

1180789634¿909 INDEX-
-53052186

aaa2

1B-

lB-

OB-

1B-

lB-

1B-

r3341

1259 r.

820

1196

53466

27

3060

34091

157 82

1

11993

25 96

48549

777t

6042

3533 3

lB-

0B-



(97) À-

(98) À-

(99) À-

(r0o) À-

(r01) À-

(1O2) À¡

(r03) À-

( ror¡ ) À-

(rO5) À-

(106) À-

(10?) ¡,-

(ro8) À-

(1o9) À-

( rlo) À-

(11r) À-

(rr.2) À-

(rr3) À-

lB-

OB-

72734r24t C-
o b,-

971943595498 iEd'-

-8O42{r{O3 c-
I b, -

87866{0{21122 IDd'-

-14420555 C-
o b'-

2I2s4631434 iEit'-
583441834 C-

65996 b'-
35863{9287r i¡¡d' -

43925361 c-
I b'-

-1226442727970 í\d'-
611.830037 C-

25510 b'-
37 2A2329).4487 L\d' -

879607 c-
I b,-

1278666?0 i¡it'-
3t3I51547 c-

1 b,-
-4A2O32924943a iÃ¿' -

-46560683 C-
O b'-

2136s9913510 inal'-
12345072 c-

1 b,'
-1{O?3923180 iril'-

92502694 c-
o b,-

31968s5647sr t¡d''

-342792310 c-
_1169 b'-

399697ss¿126 iDd'-

-17a44O848 C¡
o b,-

1333261O13955 iDd'-

-9667ss36 c-
o b'-

365866955{79 l,Àd' -
-224592429 C-

1 b,-
129543522O13o iD¿l'-

Itl3a635 c-
I b'-

16t916070150 ittd'-
494702907 C-

20535 b'-

OB-

lB-

1B-

1B-

1B-

9719¿3595498 rxDEir'
L27 34t241

326A

47866{O{21122 rùDEf,-
-80¡¡241403

1113

2125¿631434 IXDEX-
-r4{20555

8631466031271 II¡DE(¡
-86¿93548

1759

-t2264427 27 970 Î\ÍDEL-
43925351

3599

-6061392923O3a ItrDEx-
42290920

12319

12786667O IIDEX-
479607

I

-442032924943A ÍEDÊX-
3t3151547

143{3

213659913510 nlDEX-
-465606a3

5].2

-1407392318O rltDEil¡
12345072

64

319685564?51 rrDSX-
92502694

1369

-99775530847476 Ir¡DE:f r
2900567

l1? 1

r333261013955 rNDEÍ-
-17a440848

2427

355866955479 Il¡DEt-
-96675536I

1295435220130 trDE:r¡
-224592429I

r619160?0150 rllDEX-
1113a635

475

7r5ro{1959990 lf,Dtf,-
-29613300

1B'

OB-

lB-

OB-

3264

I113

a

297 97

3 599

24567

I

143¿3

512

1B-

lB-

lB-

64

1369

29r¿86

2427

1

I

475

24349



(u¿) À-

( rls) À-

( r16) À-

(r1?) À-

(rr8) À-

(119) A-

(r2o) À-

(r2l) À-

(r22) À-

(r23) À-

(12{} A-

(r25) À-

(126) À-

(127) À-

(r28) À-

(129) À-

OB-

LB-

3131a945O9136 iÀd,-
7379aa628 C-

45529 b'-
277734s8986 ird,-

-119923{54 C-
1 b, -

-51142339058O iÀd,¡
28930141. C-

1 b'-
-3470112279760 ird, -

720298042 C'
1{275 b'¡

2281106353r98 inil'-
-73{969366 c-

52939 b'-
4611795934s6 ild, -

2O57{9a37 C-
I b,-

-13735913608¿O i¡d'-
18283882o c-

o b, -
1¿8209320213r i¡d'-

-206275723 c-
1 b,-

-13928{74?s{16 i¡d'-
26475AA74 c-

11525 b,-
5096461282898 ib¿r'-

277811809 C-
1 b, -

L7424s5222962 i'¡d' -
sr3599957 c-

33335 b'-
I8¿60762255L5 i¡d,r

-6{2390753 C-
I b,¡

75092395{1916 i¡¿l, -
962{20068 C-

4275 b'-
643786176436 iril'-

-1250?1023 C-
1 b, -

-2305512868940 i,Àal'-

-49235032 C-
1 b,r

-219966765552 iud'-

-3s4{3873{ c-
o b,-

41977621{Ol13 t¡il'-

IB-

lB-

OB-

1B-

0B-

lB-

1f332

189?0777A51215 tNDEr-
46746567

2797

-5118233905aO l¡¡DEr-
-11992345{

234

-387OJ.12279760 I¡¡DEX-
2893014r

rr3l I
16012513O5OO8{ lt¡DE (-

46443265
6649

16{958O4412991 rtfDEXr
-4257 4726a

s492

-137359136O840 IllDEX-
2057 49437

5209

1482093202131 Il¡DEr-
1a2a38a20

5r47

-1392847475r¡16 IllDEiT-
-20627 5723

2337

-77364831753O4 Il|DEjE-
337 47 237

1484?

1r42a58222962 I¡{DÐ(-
277 atl809

61a7

27a7382419780 IIIDEX-
_118?2070

1O9/¡2

75092395¿1.916 INDEÍ¡
-642390753

12091

42132307¿30605 INDEf,T
-3?64s206

2246

-23055128689{O IxDEx¡
-125071O23

6551

-219966?65552 Ir(DSr-
-49235032

5t2

4197762140U3 INDEX-
-35¿438734

9703

lB-

1B-

1B-

OB-

1B-

59849

234

r1311

sr59s

42679

5209

5r47

2337

23722

6la7

15{19

t2 091.

L27 621

655r

512

9?O3

lB-

OB-



(r3o) À-

(131) À-

(r32) Ar

( 133) À-

(13{) À-

(13s) À-

(136) À-

(137) À-

(138) À-

(139) À-

( l.4o) À-

(r¿r) À¡

(r¿2) À-

(r¡¡3) À-

(144) À-

(r45) À-

(l¡¡6) À-

1B-

1B-

-L6A96A267 ca
I b,-

1535?63951222 iÀal'-

402674347 C-
6{517 b,-

4399{72II3904 i¡al, -
92222a c-

o b,¡
29952425 í\d'-

-35522922L c-
47236 b'-

{54111958295 iDd,-

-216146s87 C-
83267 b'-

9S134rss20O iDal'-

-1449932a1 c-
I b,-

672016199772 íÀè' -
-168391a51 C-

_4790 b'r
33I9C4O714855 i¡¡¿t, -

219023183 c-
s777 6 b'-

s?S009537 i¡d'-
-431597s79 c-

-20074 b,-
4366521at9225 t\è' -

-659152042 c-
I b,-

700864523¿58a i¡¡ìl'-

-a17O76761 c-
-15975 b'-

164a545692115 ilil, -
560?11740 C-

51485 b'-
3?{O513a98176 iDat'¡

-12869345a c-
0 b, -

563559053557 iEd,-
57369747 c-

I b,r
-24o8?4061648 iBi¡, -

16862r{80 c-
679O5 b'-

{86116338{ iÀil'-
-19O38o9 c-

1 b,-
-10680{7720 ilal'-

-3O2OlOO8 C-
I b,-

ID-

lB-

lB¡

lB-

1B-

1535763951222 IùDEI¡
-t 6896a267

37 47

584O605152620 I¡.DEX-
76036aa92

15044

29952¿25 IlùDEx-
92222a

I
56503l7902?54 rNDEX-

-389585838
5559

-¡¡339520{6r758 IlÍDEX-
-4724646A0

2440

672016199772 I'NDEK-
-1{4993281

27

12025093454424 tNDEx-
11657 7 38

97 31

1126976I22182 rttDEr-
-4743¿78

343

69653l77a1560 rr{DE (-
234333690

15715

700864523458a INDEX¡
-659152042

7 562

15671842257764 IÌ¡DEX¡
!694239A2

6629

23016?r.475533 rNDEE¡
4399858aO

15112

563559053557 IlfDÐ(-
-128693858

12s

-24O87¿061648 IIDEX-
573697 t7

8s7

¿1407t386084 If,DEX-
970L659

1331

-1O6gO{772O Ir¡DEx-
_1903aO9

1

-41829O537296 ItrDtI-
_30201008

lB-

1B-

1B-

OB-

0B-

lB-

37 47

19439

I

14695

L2),67

27

35055

¿913

r?6s1

7562

37515

16379

125

ss7

27 44

I

1208

lB-

I'B-

IB-



(1¿7) À-

(1¿8) À-

(149) À-

(]so) À-

( rsl) À-

(1s2) À-

(1s3) À-

(1s¿) À-

(Iss) À-

(rs6) ¡,-

(1s7) À-

(rs8) A-

(1s9) À-

(160) À-

( 161) ¡,-

(162) À-

lB¡

OA-

-41929O53?296 iûd'¡
-2L2294A5 Cr

I b'-
-289568osoI96 iÂð,-

89362270 c-
O b'-

969768a7O7 47 j-Àd' -
20a59392? C-

5430? b'-
90873969984 ind'-

-2177474 C'
t b,-

-rs79o276868 iÃd,-
26{17085a C-

I b,-
-471183244452 ir¿1, -

-77 709256A C'
I b, -

-86r0861s841s6 i¡d'-
-1171190 C-

0 b'-
595902023 ind''

302394205 c-
0 b, -

899079841394 iE¿¡'-

-175125607 C-
t b,-

1865162103762 itrd'-
s967¿s c-

I b,-
292801924 iÞ¿l, -

111970087 c-
5695r b'-

15OO¿430255O i¡d, -
-7132024L C-

I b, -
-423897l7¿5la iÃd,r

-2995514 c-
1 b,-

118415663172 iÃal'¡

40253s1? C-
t b,-

t 17207388944 i¡d'r
47{901130 C-

724234 b'-
1493320178421 i¡rd, -

183853471 c-
I b,-

90732660¿42o tÃ¿l'-

1B-

lBr

lB-

lB-

OB-

OB-

r208

-289568050196 IllDEX-
_21229{85

439

969768a7O747 rl¡DEx-
49362270

2989

-396377O760204 INDEX¡
100466072

27 44

-15790276a68 INDEX-
_2177 47 4

46

-{71143244852 ItrDExr
264170858

5022

-86IOa61544156 rNDEx'
-7 7 ro9256a

7 2AA

5959O2023 INDEX-
-I17 t 190

1

899079a4139{ It{DtÍ-
302394205

647 2

1865162I03762 INDEX-
-77 51-25607

47 a7

292801924 lrlDEixr
596745

I

56{{962175212 Il¡DEx-
1503000a7

30tt

-42349717{S18 rNDEX:
-7132024r

1037

tlg{15663172 II{DEX-
-2945514

346

rU207388944 IIIDEX-
40253517

447

-5974¿30696796 rNDE:r-
836031572

9261

907326604{20 II{DEK¡
r83853471

3859

lB-

lB-

OB-

LB-

1Br

1B-

s39

29a9

12069

46

5022

7 2SA

1

6472

47 A7

I

r6550

1037

346

447

lB-

LB-



(163) À-

(164) A-

(165) À-

(166) À-

(167) À-

(168) À-

(169) À-

(r?0) À-

(17r) À-

(172) À-

(r73) A-

(174) À-

(r7s) À¡

(176) À-

(l77) À-

(r78) À¡

(179) À-

IB-

lB-

¿3O7t2oa2 c¡
r b,-

21547301922O iDat, -
193666115 c-

I b,-
-r398683s32636 iE¿!, -

aO8542O C-
1 b,-

18529620300 iEd. -
3978971o3 c-

44207 b'-
2709r832S32 i¡d,-

525626740 C-
15619 b'-

J.a{499O27461,O i.¡d,-

-100064376 C-
I b'-

-7os787321968 ibil'-
-¿0855382 c-

o b,r
68{625572{45 i¡¡d, -

-634722009 C'
52804 b'-

1439902253{75 i!¿l, -
743542146 c-

2)-349 b''
r1755a442O1O6 i¡¡d, -

4685919a7 c-
40584 b'-

6621852953{3 iDd'-
506777582 C-

28435 b'-
585O9O23{5026 i¡id, -

645a91O34 C-
lol.54 b,-

I210561595001 iÃd,-

-524246720 c-
t b,-

-529305144/1796 iDd. -
-859426777 c'

o b,-
10382999363604 iDd, -

40305341 C-
I b.i

229209123242 ind, -
-645237664 c-

_14817 b,-
1362222s7 6964 íad'-

-1077930¿8 C-
I b, -

1B-

lB-

OB-

lB-

215473019220 Ir{DEÍ-
4307 420A2

10074

-1398683532636 INDd-
r93666r15

so89

185296203OO IxDErr
8085{20

60

553975650552 IIDEX-
_53481.60

J,7 2A

116376959487aa II¡DE:Í-
-43562329

7 099

-705?8732196a rNDEX-
-100064376

l72A

6846255724¿5 Ir¡DEx-
-40855382

L97 9

13{95769672212 r[Dsx-
-5533653aO

6¿05

-9507405720588 Ir¡DEX-
-¿835{ 145

57t9

68372OO36244 INDSx-
rs999076

75 6l

-46799129951¿O IXDEX-
157465645

17663

22722489882191 INDEX-
-53309520

4r9l

-529305144{796 INDEX-
-5242467 20

7 544

103a2999363604 rrIDEX-
-4s9426777

10790

229209423242 !ñDEX-
403053¿1

729

9307977a96656 rXDE:r-
304863121

8641

43{91287O356 lxDtx-
-ro7793048

lBr

lB-

1B-

0B'

1B-

OB-

lB-

5049

60

9073

366rO

t7 2A

1979

35099

35946

II5A3

18754

68921

7544

10790

729

t4244

776

1B-

1B-



(r8o) À-

(1Sr) À-

(182) À-

(183) À-

(184) À-

(185) À-

( 186) À-

(r87) À-

(r88) À-

(r89) À-

(r9o) À-

(r9r) À-

(192) À-

(r93) À-

(194) À-

(19s) À-

lB-

lB-

¡¡34912a70356 i¡¡d'-
-51922380? C-

_10006 b,-
203786a663r43 i¡d,-

-29121a654 c-
I b,-

31{238505534o i¡d, -
291295986 C-

I b, -
-19{51O8904220 iÀat, -

22s652963 c-
I b''

-159546rr928 iÃi¡'-

-15559?993 C-
I b, -

-220¿54556985{ I¡it' -
s833883o6 c-

79377 b'-
r06514o8o6080 i¡al, -

2O2749a9 c-
I b'-

-11I9a329a168 ird, -
61a9a6o9l c¡

106531 b'-
3138650112 ild'-

-217539530 C-
0 b'-

¿3OaO3a30l653 iEd, -
-440?1879{ C-

I b,r
-35732692109OO l¡d,-

63a514550 C-
96459 b'-

9a51161989OO itld,¡
33112¿856 C-

1 b'-
1247a80O57652 i¡d,-

4042247 c-
1 b,¡

-1O12O557a9O i¡d,:

-4t2595722 c-
I b,-

3758571419892 iDd,-
488091946 C-

o b,-
328a1O101647 i¡¡d, -

?503619A5 C-
1166 b''

181476020781 l,Ãal, r

1B-

lB-

lB-

1B-

lB-

!76

-1118293165¡¡842 rlIDEx-
2\2557 4t2

4263

31423a5O55340 ItrDEl¡
-29r21865¿r

72A6

-1945108904220 rlfDE:X-
29r2 95986

7974

-1595C611928 Ir¡DE:r-
225652963

3al3

-22O45d5569854 Ir¡DEl-
-1sss97993

6061

-6242398O11464 II¡DE)!-
518601928

4632

-11198329816a r[DEr-
2027 4989

343

1O25392r692OO Il¡DEa-
-35600496

s72

¿308O383O1653 InDEx-
-21.7539530

12061

-357326921O9OO lr¡DEr-
-4407147 94

854

363163137867 IIDEX-
-60a6t¿o10

8990

1247AaOO5?652 MDEX-
33t 124856

7696

-lOl2O557890 IxDEx-
4082241

3r.

3?5a57Id19892 II{DEX-
-412595'122

5638

324810101647 rñDEl¡
488091946

t2),67

22O1O3OO5a9962{ IIDEX-
-290988

531

lB-

lB-

OB-

lB-

29447

7256

7974

3 813

6061

24L66

3{3

11579

r2061

a5¿

18179

7696

OB-

1B-

3l

5638

).2167

643621



(196) À-

(197) À-

(r98) À-

(r99) À-

(2o0) À-

(2Or) À-

<2O2' ^-

(203) À-

( 20¿ ) ¡,-

(2O5) À-

(206) À-

(207) À-

(208) À-

(2o9) À-

(2ro) À-

(2r1) À-

(212) À-

1B-

lB-

1a-

-10a35a3 c¡
I b, -

-5531s9764 i.¡d, -
-4O03463s C-

1 b'-
-1o34969960916 iÀd'-

215821059 C-
60137 b,-

6325939200 iÈd'-
-344832760 C-

-6797 b'-
225O97652250O i¡d,-

16869383s c-
O b'-

?¿2862¿8848 i¡il'-
2O77424s3 c-

I b'-
5708a4O89O2 i¡¡al'-

-401309171 c¡
1 b,-

-3165956962946 i¡¡d, -
1a1{9O693 C-

52954 b'-
2¿9618O49O3 i.Àit, -

s4973577 c-
62774 b'-

592777111475 ir¡d, -
7129224oa c-

35397 b'-
3737235a26912 ird, -

7 60292940 c-
8859 b'-

134r36082s08{ i¡d, -
13764a29 C-

I b,-
3¿aa41a8742 ind, -

-337712960 c-
1 b'-

-2413243091600 in¿t'-

329297515 C-
48419 b'-

27{47567498 iÃil'-
160639697 c-

58a7t b,-
268209214332 iÀil'-

-27630962 c-
o b,-

562807r4395 in¿t, -
-659a6Ia5O C-

I b'-

OB-

0B-

lB-

IB-

-55315976¿ INDE:Í-
_ro83583

t
-1O34969960916 INDEX-

-4003463530ll
-30357a725266 ItrDSX-

-5r?3216
1312

L56993t4ì46a97 rNDEi¡(-
79t91550

7050

7{2862¿8848 INDEX-
168693835

247 4

57088¿089O2 IllDEix¡
207 7 424s3

3373

-3165956962946 IIDEI-
-{or3091?1

1955

-3021o48117942 rf,DE:X¡
-¿9957058

1643

6643281207296 INDEix-
326505¿OO

5525

25726{1487632 INDE:Í-
233457163

t2151

-244303379¿6356 Il¡DEif,-
14 96 397 7

3941

3488¿1aa7{2 Ir¡DEI-
1376¡¡829

117

-24132r¡30916OO Ir¡DEr-
-3377I2960

1000

58869s60682{ Il¡DEx-
-9872929

1989

{3953777988O4 INDEX-
19355r 92 6

4534

5628071¿395 Il¡DEix-
-27630962

19

?44838751124¿ II¡DEX-
-6594618sO

1B-

lB-

lB-

lB-

OB-

I

30tl

3 675

45289

247 4

3 373

r.955

9247

t9{19

253t2

86364

117

r000

6938

1304?

19

1O53/¡

lB-

OB-

lB-



(2r3) À-

(214) A-

(2rs) À-

(216) a-

(2r7) À-

(218) Àr

(2I9) À-

(22O) À-

(22r) À-

(222' 
^-

(223) À-

(224) À-

(225' A-

(226) À-

(221' A-

(228) À-

lB-

OB-

744838?51124{ i¡d'-
21657aO55 C-

r b, -
-¿1105¿03¿796 i,Dd, -

-15293é575 C-
o b,¡

163¿3111639O2 i!¿!,-
493966422 C-

-9I9201467444 ird'-
851971407 C¡

7379 b',
993091915009 iu¿l'-

1558O37s6 c-
o b'-

69999s98173 iÀal'-

491226089 C-
70666 b'-

35aO32560977 LDi¡, -
72265360 C-

1 b,-
285676794{4 Ldat'-

-2932l'7 43 c-
1 b, -

-L9326420¿0136 iÁA'-
2{8307013 C-

0 b, -
2286087949O34 iÀd,-

-43806878 c-
o b'-

2047667851873 iD¿l, -
-94227329 c-

I b,-
37{678565382 inil'-

7a7a4ta3 c-
I b,-

-147s29417152 iq¿¡'-

-878o55938 c-
17lao3 b'-

177709043aO34 iût'¡

-242312434 c-
I b, -

-176758{3545oa i,¡it'-

-16880702 c-
o b'-

5042122¿l?1 iÀA'-
298175437 c-

1 b,-
a6452316392¿ iDal, -

1. B-

IB-

OB¡

lB-

lB-

ro534

-411.O5403¿796 Ir{DEX-
2r6578055

3781

163{3tI163902 INDEX-
-r52934575

427 6

-91920146?4{4 rNDSX-
r93866422

4054

34466323339O44 INDEË-
847070¿

2924

69999598173 INDEX-
155803756

2197

¿535{9178891{ IlfDEX-
-30321O708

{913

285676?9a{4 rr¡r}Ex-
72265360

696

-1932682O¿O136 INDET-
-293247 7 43

27

2286Oa7949034 Ir¡DEx-
244307013

gooo

2O47667951873 I¡rDEx-
-43806878

5975

374674565342 INDEX-
-94227 329

I

-147529{17152 Ir¡DEa¡
787841a3

89?

1l2l9a65O36LOO II{DEX-
-111019012t

10963

-176758{35¿508 IxDEx-
-242372a34

2946

50{2122¿l7l INDEX¡
-16880702

125

86852316392¿ ll¡DEI'
294175437

6323

1B-

0B-

OB-

1B-

tB-

Ia-

1B-

37 8r

427 6

4054

115837

2797

1804s

696

27

OB-

lB-

8000

5 975

I

497

14786

2946

i.25

6323



(229) A-

(23o) À-

(23r) À'

(232) À-

(233) À-

(234) À-

(23s) À-

(236) À-

(237) À-

(238) À-

(239) À'

(24o) À-

(2{1) À-

(2¿2) À-

(2¿3) À-

(241¡ ) À-

(2¿5) À-

OB-

OB-

7 436?5422 C-
41977 b'-

ê13386305aO9{ i¡¿l'-
-115U5924 C-

o b'-
49O0275O9L37 iDd, -

26S5277ls c-
53117 b'-

9803818574 i¡il'r
-l{484563 C-

0 b, -
213939s9o7o ild'-

75]'234237 c-
1 b,-

76566?9313s2 ird'-

-420574222 c-
-109s7 b,-

1267265?36438 t!ô, -
-21230{131 c-

t b,-
1575400558794 iEd'-

-123lOl9O c-
o b,-

16O6691735O9 ilal, -
-94776264a C-

-26672 b'-
2421478165887 i¡d,-

-49O6s61r c-
1 b, -

648395871610 LÀd'-

91{31832 c-
o b,-

238312603133 iEat'-

99252694 C-
o b'-

2501910633O1 iÃd'¡
12OO573¿0 C-

o b,-
1512477523203 i,ral'¡

-55306565 C-
1 b, -

-244648336262 i¡d''
6171a15 C'

1 b, -
106261430454 l¡¡al''

25969664t c-
1 b, -

83{226650162 I¡d'-
-60g1769 c-

1 b,-

OB-

1B-

IB-

IB-

Oa-

-1226564OO924 rl{DEf,-
341061357

134 6l
49002?509137 ¡DEir-

-11517592¿
343

8¡¡7113845O32 II¡DEI-
-17623623l33r

21393959070 rNDE:X-
-14484563

76566?931352 IXDEX-
151234237

3063

209?5a1455?5¿a IXDE!-
12147012s

47 87

r575400558794 ÌùDE:X-
-212304131

30L5

16O66a1735O9 INDEX¡
-12310190

467

14378¿7/¡9489O5 IrIDEt¡
25229I794

9537

648395971610 rrIDEX-
-49065611

ta55

238312603133 rBDBX-
914 31832

r205

250191063301 INDTI-
992s2694

1331

1512{77523203 IlfDEX'
120057340

46 6t

-24464a336262 Ir¡D¡lx¡
-55306565

545

106261430454 ItrDEl-
6 r7r8t 5

311

834226650162 IFDTX-
259696641

530r

rr¿78654300 rùDE:'
-5041769

OB-

1B-

OB-

OB-

OB-

lB-

22874

343

5534

3063

55302

3015

lS-

1B-

lB-

461

26623

r855

r205

t3 31

{661

5A5

311

5301

29



(2¿6) À-

(2{7 ) À-

(248) A-

(249) A-

(2so) À-

(2sl) À-

(2s2) À:

(2s3) À-

(2s4) À-

(2s5) À-

(2s6) À-

(2s7) Àr

(2ss) À-

(2s9) À-

(260) À-

(261) À¡

1B-

lB-

114?8654300 iÀal,-

85251t377 c-
7793i b'-

2¿60816{39o56 iDd,-

-115925694 c-
I b,-

1468056s784s2 iÂil, -
-70{546679 C-

-8991. b'-
1336307691396 i¡¿l'-

151.t9737 c¡
I b'-

45¿9O6U829O i¡d,-
724426942 C-

21747 h' -
892821825I98 iÃd'-

92437 c-
1 b,-

-341992374 iEd, -
1056245¿6 c¡

1 b, -
-317762587o98o i¡d'-

52AO6a{55 c-
o b'-

172860866a492 i¡d'-
60?73961s C-

2604 b'-
48763872Iss9 i.¡il'i

44100574 c-
I b, -

-576¡¡1133a5O i!¿l. -
-3302{4659 C-

-156a6 b'-
5319254827971 i¡al, -

-5914¿1923 C-
o b, -

554682288a622 itrat'¡

593683388 c-
21777 b'-

24244a7 538)-32 i^d.' -
-6?90s57 C-

1 b'-
11{76130472 iDd, -

-la?130OO C-
o b,-

311s9{24727 iD¿I, -
-357l7sr6l c-

I b,-
-29987689f¿a90 i¡d'-

lB-

lB-

1B-

1B-

29

141964O9955{06 Ir¡DEx-
8166a764

7 0!2

f4680565?a452 INDER-
-rr592569,¡

{o5{

-2312151063118O IllDEX-
89r46042

4562

{5¿90617a290 INDEiT-
15tt9?37

t33l

-4OO29889677aa INDEiX-
-554i-3777

5277

-34199237¿ ItrDgX-
92A37

1

-3177625a7099O IIÍDE:X-
1o56245{6

9366

172460866a{92 INDEif,-
52 80684ss

14554

40154128{56544 It¡DEiÍ-
-4853288

14¿l

-576¡¡1133860 Il[DsiX-
44100574

370

-7317772428130 I}¡DEX-
96984090

16191

5546822aaa622 IXDEX-
-59t441923

1000

-4?7126957358a r¡{DE¡(-
6052453

10637

11476130¿72 IxDEx-
-6790557

27

31159¿24?27 lllDtr-
-18713000I

-2998?6891Aa90 IXDEX-
-3571?5161

4375

OBr

lB-

lB-

IB-

OB-

LB-

1B-

50049

4054

64209

133r

32062

I

9366

r4554

234839

370

2029t

1000

2t424

27

I

43?5

OB-

lB¡



(262) Àr o B-

(263) À- I B-

(264) À¡ o B-

(26s) À- o B-

(266) À- r B¡

(267) a- I B-

(268) À- I B-

(269) À- 1 B¡

(27O) À- o B-

(2?1) À- I Br

<272, A' O B-

(273) À- I B-

(274) Az J. B-

(27s) À- O B-

(276) À- o B-

(277l 
^- I B-

(278) À¡ I B-

99064a1OO C-
23053 b'¡

292{Z02oo47a4 i¡d,-
25a351 c-

I b,-
338529430 ilal,¡

-302672 c-
o b,-

348146995 ind,-
5O227O C-

o b, -
3r3s7o727 i¡d,_

343142945 C¡
44727 b,-

t4{30Oa3¿gl6 iÀd,-
-10639153 c-

I b, -
-177a2267{936 i!¿r,-

31338{42 c-
I b,-

70852315060 ild, -
13198896 c-

1 b'-
lt7935a62¿O ind,,

375744 C¡
o b,_

33O5toO39 i¡¡d,-
-3189tO7 C-

1 b, -
9{9472O83A i¡d, -

-664940 C-
O b'-

¿0081.6?27 i¡il. ¡
6a5629¿86 C-

496i3 b'-
599496025321{ i¡d'-

457 459737 c-
3738t b'-

796992ooo0oo iûit, _

-3r9815i¡7 C-
o b,-

3492O56a9514 iÞal, r
s5730{136 C¡

3t723 b, -
2912990989889 iE¿I, -

-27aO99O27 c-
I b,_

2470864514032 iDd'-
34981s63 c-

I b,_

lr5224aaao2013 n¡DEX_
t532563r6

7756

338529430 INDEX-
25a3s1

I
34a1¿69a5 rNDEt(-

_302672
I

31357072? IÌIDEiX¡
50227 0

t
57{63021¿OO4 rNDE¡(-

_869s808
4096

-777422674836 ]:XDE:X-
_10639153

5l.?

7O8523t5060 IXDEX-
3133a442

286

117935a6240 Ir¡DEr-
t3198896

64

33O510039 tùDE)[!
3757A4

I

949472Oa38 rNDEx-
_31a91o7

27

40081672? ItlDEX-
-66C9r¡O

I
1197221932612 rr¡DEX-

540250893
l7to9

t99a328a64234 IùDEX:
_39304000

aooo

3{9205689514 It¡DEf,-
-31981547

1000

3331132892633 rNoEE-
47666808

t2a24

2470864514032 r¡fDEI-
_278099027

4993

71637O94372 ÌÙDEX-
3¿9a1563

{86r9

1

I

I

a60l

577

286

64

1

I

20494

t2453

1000

777 73

4993

313



(279) À-

(28o) À-

(281) À-

(282) À-

(283) À-

(28¿) À-

(28s) À-

(286) À-

(28? ) À-

(288) À-

(289) À-

(29o) À-

(29r) À-

(292) À-

(293) À-

(294) À-

0B-

lB-

71637O94372 inal'-

-¿12060175 C-
_13807 b,-

3363{87592036 iE¿t, -
255479629 C-

I b, -
25897261S13o i¡d'-

-375589 C-
I b,-

-3536O4a7O iÀd,-
658497419 c-

36447 b'-
r892393480528 iDd,-

94932544 C-
0 b,-

2840758671O9 i¡d'-
-2193a75 C-

0 b'-
3O0975a¿34 i¡d,-

-43s246959 c-
1 b,-

-550299717755O ibd'¡
68107990 C-

48943 b'-
a52072444 i¡d, ¡

-6189O55O8 c-
_13299 b'-

2295832861452 iÃ4.¡
-255739a86 C'

O b,-
22852O913{369 i¡d, -

5{O46a853 c-
32633 b'-

3025046s33968 tad,-
200246197 C-

I b'-
127 9482aO247 4 íD,à, -

-33414157a C-
I b, -

287921s30656{ ilat, -
-13304599 c-

I b,-
-r8686¿¿83¿8 i¡d,-

-641477949 cr
I b'-

-779713223s430 i¡d,-
-279to6394 c-

1 b,-
-14230?¿6O17aO ild, -

lB-

lB-

OB-

OB-

lB¡

3t3

478172937439a rxDE:f-
186616287

11469

25497261a13O IxDEx-
255419629

¿655

-35360¿g?o rxDEr-
_375589

1

-1t00at5802?3a IrÌDEX-
r13951908

9908

2a4O75a67lO9 IxDEit-
949325L4

1331

3OO975A¡¡3{ INDBX-
_2r9387s

I
-5502997177550 Ir¡DEf,¡

_435246959
,.242I

?32r45236063 rt¡DE:x-
122197 74

618

-1593Os70437136 IllDEX-
8396r991

7 289

2245209134369 Il¡DEr-
_2s5739886

4841

3055553Oa1638 rrIDB:Í-
523955{O

l3¿52

1279{a280247¡t I!¡Dtf,-
200246197

¿913

287921530656{ IllDEI-
-33414rs78

4858

-1468644a348 IÙDE¡-
_1330{s99

I
-7797132235{3O rtrDEx-

-6{1471949
r3609

-18230?{60r?80 rnDEx-
-279706394

934

OB-

lB-

OB-

lB-

lB-

lB-

IB-

234'1 6

4655

1B-

lBr

1

79211

L3 3l

t242L

432t2

4a{ 1

t67 77

4913

485S

I

13609

93¿



(295) À-

(296) À-

(297) À-

(298) À-

(29e) À-

(3OO) À-

(3Or) À-

(3o2) À-

(3o3) À-

(3o{) À-

(3O5) À-

(306) À-

(3o7) À-

(308) À-

(3O9) À-

(3ro) À-

(311) À-

1B-

lB-

lB-

r¡9OAl9519 C-
I b,-

24959922aa752 iEd,-
-430?70a{6 c-

-24467 b'-
l64590Ola¿122 itrd'-

164{73513 C-
I b,'

-2159a2711654a i¡d'r
90219927 c¡

I b,-
3170915113a¿ i¡d,'

133863s95 c-
o b, -

a3r¡930712704 i.Ãd, -
485130211 c-

38221 b'-
640572707 662 ínà' '

-59940599 C:
I b, -

-30la4906750B iEd,-

-9625713 C-
1 b,-

14744429874 iÃd'-
-24A9r7A29 C-

I b'-
263540?85647O ild'-

114571332 C-
1 b'-

so8758360624 iÃd. -
-{671113{3 C-

1 b,-
42337304800{4 Iûd,-

6168237{3 c-
12907 b,-

1564820626612 iÃd,-

-672at6554 C-
-9427 b'-

15O5OI27C2608 iEal'-.

-238aO3523 C¡
1 b.¡

r9o41sAi 62926 í\d'-
-5586230 c-

O b'-
l8a3é951219 l¡al, -

-36t61488 C-
I b,-

J.l16s2688496 i.d, -
8238314 C¡

I b'-

1B-

OB-

OB-

1B-

2895992288752 INDEX-
4904t9519

14873

r1096129083212 rnDtÍ-
326r.15973

9547

-215982711654a rùDEf,-
164{73513

67 43

3uo9l5ll384 INDEX-
902t9927

1337

434930?t2704 I!ÍDEX-
13386359s

2998

142317329172a IxDEx-
_4207 t997

7 097

-3ota{90675Oa II¡DEX-
-599405997lt

l¿744429874 INDEX-
-96257 t3

27

263540785647O IllDEix-
-2449t7429

6309

50875836062¿ INDSÍ-
1145 7 t 332

2024

423373o88OO4¿ INDEX-
-4671113{3

4 913

161.6867I160492 rNDE:X-
-54915410

5574

233047348OO523 IUDlrÍ-
63398 38a

¿80{

19O475a762926 ¡I{DEX-
-238aO3523

3709

18834951219 IllDEX'
-5546230

53

111652588496 r¡{DE¡(-
-3616199a

216

-1194197{0636 II¡DEX-
9238314

lB-

lB-

1B-

!. B-

OB-

lBr

14a73

lao5a

6743

t3 37

OB-

lB-

¡. B-

2994

12718

71r

27

6309

202A

4913

50293

65213

3709

53

216

350



(312) À-

(3r3) À-

(3r{) À-

(3rs ) À-

(316) À-

(317) À-

(318) À-

(3r9) À-

(32o) À-

(321) À-

(322) À-

(323) À-

(32¡¡) À-

( 32s) À-

(326) À-

(32?) À-

Ia-

lBr

-119419740636 iDal'r

-t61O66153 C-
73961 b'-

1745792000000 iDd, '
-1315I49t c-

1 b, -
-35807o676666 ilit'-

74249904 C-
1 b'-

237 627 437lO4 !D.d, -
522489700 C-

44272 b'-
20277 O74L267 7 íb.d'-

6156443 c-
I b,r

7129175222 !!.à'-
-68329560 c-

I b'-
2r84783099o¡r i¡d, -

-9¿{4204¿ c-
o b,-

3?2{63tO7217 t¡d'-
258752060 C'

I b'-
-¿9488s319600 iDd'-

-200793338 c-
o b, -

1152O5O115213 i¡¿1,'

7so695920 c-
52469 b'-

96S19{s{{s38 trd'r
-35431588 c-

o b':
92979092613 iE¿t'-

-965270027 c-
77453 b'-

4350O34O2aO iEd'-
-558133325 C-

-2247 b' -
47661254405O iril'-

63101239 c-
o b,!

1703909Oa44 ira¡'¡

-5123994{a C-
I b'-

534Oa92425{Á¿ i¡d'-
-266952115 C-

f b,-
r68r?40255288 i¡d'-

lB-

OB-

lB-

IB-

OB-

350

-9540725062496 rr¡DEx-
653576000

aooo

-358O7O676666 IñDEX-
-13151491

lo4s

237627437104 IllDE:!-
7 4249904

1000

5191¡77646937 rtrDEx-
r84954194

t2247

7 !29775222 fñDE'.-
6r56443

27

218{7830990{ I DEx¡
-68329560

64

3724631O72U lf,DEir-
-94492044

3{3

-494885319500 rNDE:X-
25A7 52060

4900

1I52O5O115213 ll¡DEx-
-200793338

1045

4485348759871 ItrDtX-
-392957227

9347

92979092613 ltrDE:Í-
-35431584

125

19663583a8¿7¿6 IÌ¡DE:X-
7732057 23

967

82776356467584 IùDE:¡-
662L765

1405

t7039O9O84,1 ItrDtX-
63101239

s66

53408924254114 INDEX-
-512399448

a5 6a

16817{02552aa IÌ¡DEXT
-26695211.5

295

OB-

OB-

OB-

OB-

OB-

OB-

27 903

1045

1000

r3519

lB-

lB-

27

64

3¿3

4900

lo¿5

347 77

125

46520

24t442

s66

a5 68

295



(328) À-

(329) À-

(33O) À-

(331) À-

(332) À-

(333) À-

(33¿) ¡'r

(33s) À-

(336) À-

(337) À-

(338) À-

(339) À-

(34o) a-

(341) À-

(342) À-

(343) À-

(344) À-

lB-

OB-

lB-

-1237799 c-
f b'-

630507¿30 ind'-
625313860 C-

52aao b'-
27¿OO82880899 i¡rd''

45636832 c-
I b,-

5o6597a25012 iÃd'-
-618018465 C-

-15820 b'-
1933692861?61 iÃd'-

428636335 C-
o b,-

3841535{6r24¿ ild'-
248385235 C-

1250¿ b''
s099906608545 iDd'-

51694668s c-
41543 b'r

1O1515a4345¿0 lÃal'¡

4235449 c-
1 b, -

-6664252077 6 iD,d'-

9044682r C-
I b,¡

54¿0274a3a22 iÀd'-
-10578692? C-

! b,-
-434962192652 i¡il, -

5S716s296 c-
1 b, -

1122,{31455a?2 i¡tl'r

-46246429 c-
O b'-

2556{2239929 L¡il'-

-4O7 77 O22 C-
o b, -

108766824939 ild, -
-81223{0 c-

O b'-
891640797? iD¿l'-

-718313336 c-
o b,-

8o103or10693l ind'-
5384621U c-

8r43a b'-
196a953O9a525 i,¡d':

-1633974Oa C-
o b, ¡

1E

0B-

¡. B-

lB-

lB!

630507{30 I¡rDEx-
_72377 99

I
5r¡O457737907 II¡DEX-

_752324066
12571

50659?82501.2 rxDE:x-
85636832

77 28

-94{5O44Oa3576 INDEX-
27 3526024

9479

3441535{612{{ I}¡DE:r-
42863633s

15022

-6?26787150812 r¡rDEX-
-5161s284

15911

-213272I33900 IXDEÍ-
8697s698

a7 5a

-66642520776 ItrDEx-
¿2 35449

195

544027483822 rNDEX-
90,¡46821

la6l
-434962192652 IHDE¡(-

-1057a6927
343

1122431855972 IrlDEX-
547f65296

r6336

25564223992a rNDE:f,-
-46246e29

65a

rO475582¿939 INDEX-
-407 t7 022

r25

8916407977 ¡nDEXr
-4122340I

8Or0301106931 Ir¡DEf,-
-7183r3336

aa91

A5l322Ol0893¿ rNDEix-
6747 2392A

12167

l?204é5067a93 ¡I¡DEX-
-163397408

lB-

lB-

lB-

OE-

Oa-

OB-

I

17659

77 28

21527

15022

2Ol,¡5

1323s

195

r86l

343

16336

658

125

OB-

1B-

OS-

I

8891

2A57 3

4445



(34s) À-

(3¿6) À-

(3{7) À-

(3{8) À-

(349) À-

(3so) À-

(3s1) À-

(3s2) À-

(3s3) À-

(3s{) À-

(3ss) À-

(3s6) À-

(3s?) a-

(3s8) À-

(359) À-

(360) À-

lB-

OB-

l?204{5067493 iE¿¡, -
-59J.34429 C-

1 b,-
243295735a32 iûil'-

580626565 c-
3304? b'-

14?6335226600 il¡d,-
-254091093 c-

1 b,-
Iss8S65664315 iÃd'-

-206930 c-
0 b, -

34¿109273 i¡¡at'¡

{453{9491 C-
r b,-

1447546193280 iÃd,-
869{373 c-

0 b,-
195s168991O iÀal,-

1617{5397 c¡
s2854 b'-

10550¿735625 ild, ¡

-462O472a2 c-
o b,-

464689823366s i¡d, -
549968710 C-

39065 b',-
32553{9037670 iDd, -

-2197003¿3 c-
o b,¡

1¿2352205127O i¡al,-
-1766397aO c¡

ItO872 b'-
41812196499 iÃd'-

23076635 C-
I b,-

2'17 692020064 íD.à. -
-37909S652 c-

49549 b'r
218069419?88 i¡il'-

256986543 c-
513?9 b'-

3{20893268 iDal,-

11942{752 C-
t b'-

1000698847152 in¿I, -
155715092 cr

I b,_
1196789957O¿O iÃ¿l'-

1B-

OB-

1B-

OB-

1B-

OB-

4445

283295?35832 rNDEX-
-59134429

651

267a490108998 ¡r¡DEx-
7231185

9r65

1558865664316 IlfD¡IX-
-25409t093

L

344109273 INDEX-
_206930

t
14475461932aO INDEX-

445349491
127 49

19551689910 IrlDEax-
a69{373

64

2883OaO437672 II¡DEX-
-10{256950

347 5

4646899233665 r[DEr-
-462047242

7? 2L

13450670a7?OO ItrDE:X-
r55426237

74717

1{23522051270 rr{DEr-
-2 r9700343

L97 2

2515O57O66493 Il¡DEx-
-130911318

2469

2?769202006ê IùDEÍ-
2307663s

82r

6026¿a3a387{8 ll¡DEx-
-27 3040743

37 47

-2622927 93A!OA rNDE -
15259038

614

1000698a47152 rNDEix-
119424752

3272

Ll96?89957040 rXDEf-
r55715092

Ã124

1B-

OB-

OB-

1B-

lB-

1B-

65r

L7576

L

tB-

1B-

I

].27 49

64

87 37

7727

15030

t-97 2

6859

427

15532

8957

3272

4r24



(361) À- 1 B-

(362 ) À- I B-

(363) À- r B-

(36{) A- I B-

-304362888 C-

-1154{9997 c-
I b'-

174?6580023Oa iÃil,-
3593L1255 c-

100369 b'-
134461691136 iÃd'-

-344753803 C-
f, b,-

50375722347 64 í^ð'-

24455OO659392 rNDEK-
-3043629aa

5432

17{765aOO23O8 II¡DEI-
-tLs449997

49 r3

197996263623OO I¡{DEX-
272221200

4944

5O3757223¿764 INDEX-
-388753803

r1933

5432

4913

54365

II933


