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by che si':itch-;rg rììivs::r';he phese plane, it is reoì.:::¿.^;c i:::c
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Le'¿ 'bhe siate vaj:iables of Lhe cox't,rolled process be .the
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) 

t J vv.¿e¿v¿v¿¡J q:g c^ùù_1¡--_*

(1)" r¡íí"ch co subsiitu'ted. for T, equaûion (z-3c) gives ,che
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-1 : -).r-, /rr\ - 0:J- -i)''-¡ iJl \w/
': Iu P]tol : oP-, = ')'i -/

5:-:cr ''hes¿ €cue tioj:e aj'e i.r a cc-lve::-: e::'; forr'. fo:: a:':a1c3'--.e

'--'--'r't t;ey a:e si,arl-aüec c-: :.:: a.raì ogue coi:l!,uúer' iÎI:"-:,-Ú'i/v--:--lqWGv:V-¡ 2 itt^vJ q- v

Analogi:e Conputer, Elec'broniü ÁsscCja';es Inc., Long Brar::ì:r, ii. J'")

:.e -1.\'t,r:1 in çìi^' ^' riìÌ^^ ^-f ^'it.^,:'entlal eCUeiiO:^: iSq,> ù^r\,rrJ¿l::¡ r'.1-!;o I'o ¿ile Þyùvl:r¡¿ uI Li;--Ltr

:,,-,Ç'-çlr.ì c. qr' by usi:-:g vai'ious sneli 1ni'¿ia. condi'ci-ons t;-e o':;'i:¡u:lu--J vq v:v J vv

Íes')o:'r.ses oi '..fle sys,ce;n rnaT 'ce compt'i;ei" By fe:c.:"-:g '¿he ;:- -;:-'i' I

voi'i;ages ie¿o an llrY reco;"d.e:' (iqoCe:- HR-97 X-Y Recolder, l-:or.,'-o::

-|nS;:u;icr:.rs Co" , HOus';On, ?e:<aS ) , the Optii:lal trarieCbOi'ie s r""¡cîe

¡,i^,.¡¡i¡a¡^l .q .hovrn in Figs, J, l+, and 5" The sv,'iiChin¿ bcund.ai-y,v! vc;alvu GU v

found by dravring a eurve th::ough 1;he swiich points, iS a.:p;'o;:inaielJr,
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l."'he:"e h = 0.44, This result is simil-ai'to ii:e one ol¡;a-lieC bit
t2i-)

i;-' ie:-- tihel.e h:0"+\5" fn reveîse tine, iiie i:e.¿ect,o-",es

en'ûe:: 'the seconci quai:.ani of the phase piane on ieavin3 'ihe

origin " 'fher-e cort"esponds e syinrnetricel tra jectoi'ir eü'ùÉ-:-: :-g ;-1e

io:::ìr cuac::an'i; for eech such 'lrajec'corl'" The 'c;'ajec'lo:'7 l:as e
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gr;-J.'a i--e:'ec;:j' ie:lj-ese::';:-;':3 i:e j:cc:ssâlr'cc:-i_'-_,-;_-9 jO--

o p'-r ri:a i coit:-oì s ..'ve:r by -the li.¿;:-'ì ial:n pt":::ci 'rl c . f 13.u:es 6
¡'' ìc.--i.. ,/ ¡--u;, i-_- bvcJ a-:\_r i'ai.lÐ:'eSDOiìSCS C: üil,iS SySüCn"

îhe 'cime-op'ci::äai col';,ti"oì' illobiei:t is ê'ciessicai o1ie in
l-'-.:. )-1^-.^.^*r 

^,1 n^.^.{--nt -.--: -Ì.L :^^õú:-\l v--uUI y U: UU¡¡ Ur U* d--(i - 
,v --qti Uris,ll :i.i,V eS uJ-¡l!. uCC C',.r ì.'-.:-. --i Í

t ) q_22
\'? 4/ 

ì--: -. - --.--- ìäLir,i¡oi'r" Ï¿ is recui j^ed i,o f:n{ the op'ii:-la'l cÇt:;:.oi
r"r^i -"'^ r''-: -r ì '!^L'e 'che co:1frol_ied pj an'¿ f;"o:r the ii-:itiei s.;a¿evJi-:v:t !tIr: vd.

;o ;.ie f -^:.el sia;: :n tl:c s:'::a j 1es'¿ 'ci.ai:s. ;io:: ';-i.le. '-'i-: ,:¿;.ic:.;c:c¿

ci:;eï.'\l:: ;¿l(es o:ì';i:e fo:;: I: t...*to si:-ìce l(;:-::,';) - :" -j,--¡U

^-^^,-ìr,.:'l -.^ì ¿.-,-,.- -\- 
^¡ 

.:ì^^ ¡'--t--^ ^- r-j.*.^ f -----:,râ-iâ ;r¿: ;3t ;ï'CA üi.;--i/ Or v.l(j rJ¿¡¡.r.(,-u L_,)ú:".-qr COn¿1-Ol plobr _-.: ha: ';"::_
l,given by Pon'Ci"ir¿g1e, €ü" â1o, anC '[i:e suitc]:íng bouniaÍT '.,,'as

iou-id '¿o be of 'uhe forn,

-:ô
^l 

| \)o )4^ r-., - v
| / . 

-/ 
j

.'1 'tr\

The fo- ''ow:n; is 'che ne'¿;-od used '-o cb'le.i,'l '¿he e/ìefoglìe co::1pr.¿eí.

sinul a-bion of ''"he sa;îe syslen as Ixo I bui with 1;he ni:iii'riitn ì,irîe

ci'iterj-oil. Iience c ,

\ )*.av Ji

Lc:

é-

)'â 1\
\)-¿L) )
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a) Control. input .versus .t.ime.

b) Emor versus..time"

o.) Error .derivatl.v.e ^versus.. time..'..
':

¡st-em -with..douhLe.. inËegnator pJ.ant

:.



a) Eror versus tlme.

b) Emor derlvatlve. :versius..tÍme.

Efg..",7. . !"Eprrespoase ..of..sysüem wlth. doubleano rntegral_sQlråf€ error criterion ÍnÈegrator
(L --1r â -olîî'
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Since 'Cl:e¡'e is nr co:.respoi:.e-:ce bcú',.;e¡:-:

pci:-:cs or' '--:e clrul;ii;l üi"a jcc üo..'r e € câjjiro-i
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effort fo:.' seco::rd-order sysiems consid.ering fu;:c;:o^"i¿is of 'ùhe

.a^-^- I0, 1I, ?l+"
J- !,'.¡ ¡¡¡ ,

U-a
T: r^'!-' {':-¡',0 -þ r.r!,.Ìn)d,c (4-4), - 

t: 
\';^il -i- :,/i¡i^¡

LJ

I'i; is r"equ-Lred'öo ¡rinimize I by Ëh:e optin'dn choi-ce of u, gi-ven

'che inibial valìies of posirion and veLocj-ty. T;le coefficien'b

w ås a lveighii::g cons'cant.

^.^.,..".*".*^^'^Ã--^-lJ-*^^{-^J*-^^=-j^.....l=-L^-upr,..i-,ulu¡n cc;ltroL treaied pi'eviousl-y has iieen bang-bang

con'crol" Tin¡o ad.ditional el-asses of conti'ol- are investigatec;

the coniiïl'¿ous mode of conirol and, ihe bang-bang r';i'¿h coasting

mode o.f con'í;rol-.f0

Cla.ss A - Continuou.s i'ioC-e of Contro-l-"

A con'Ciauous node of coni;-oi appear s for .func1;ionals

^ -1 +l^ ^ .1^ *-\rr uilrs Lvt;tt,

U¡ Y^ ÒrF ,L t t | ¡¡¡ Él -,
" I ij(-i -- llll iLÁv1, a { \-A-1 +J 'r i'to

(¿,-5)

?i:e sys'ben of Fig. l- v¡i'ch a plant G(p) : =l- and a perfornance
P¿'.bì¡-tc

n-¡{.r ^.^.i ^.-Ç: I Vu¡ .¿.V-¡,

.ç

-u'î ' ^ 2t'f - trJ¿ - \ ( åx-! -¡ vru- ) d,'t (4-ó )
nJlto

ås consj-de¡'ed by applicabion of Lhe maxir¡um pråncip,le:



l_

x2

,L?)

I
, ._-?

(4-7)

i4-8)

(4-ej

giving'cÌ're llaniitonian,

: pLoz -r p.(u-bxr-cx. )

lrTr t i^ ',1'
^i_
o

Ð^

o

icr)

", 'pj( t*:-i + \,rú.?i

ci)--p.sgn(x1 )r.)4

-t), -þ bo^¡iL) *
TJ

Differentiating Fi v¡ith respec'Ç'Lo u, and ltiih p, = -], the
Hanril'bonian r eaches a naxiûu::n v¡l:en u : -p2/Zw" lf che eonllrol-
inpu'c is co::rs''b::ained., io€' Iu! dtl, ';rren 'che opti:nai control
(coni;i:ruous moCe) as given in FJ_g" l-l is

t¡ - 
*iJ

Pt
t¡-:-

U. = rLL

Pt"
== /t-L¿w .^

- oP) r-

Ð^
^zè)J¿w

¿¿

¿¿

?z
Zl,t

,ú

Fig. 11 Optinai- controL for class A.
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In reveree Ë1rre, the equaÙions are

+- : -x^ x-(C) :0-'i '-2 1'
ø ' 'r.¡ J-ar¡ x^(O) : O)i2 = -Ì11-ùx?-icxl ¿t?\ - , - \-/ 

(4_11 )

Ë:_: -cpr-sgn(:<1) pr(o) : o

ez = FL-bPz P2(0) : 0

.E
r,¿hich a::e sj-¡nuiateci'/on the anal-ogue computer aS shOwn in

Fig" L?" The ana1ogue conpuier sinulation wiih calculations

and cì:rves fo::

Ë.i /) ?
T,f,^-? - ,'Í (xi -i iru-)ct (L-12)

Eó

Ís givei'i in Appendix Ð

r]',^- nn ¿¿::i vs cases hlere considered' with w : l- anc' lu! 4 f as

.,i" vrJ-\.,, ur ù ¡

-i'i n .b : c : 0o G(p) : 4, Figs. L3, D-2,
p-

?)" blO,c:0, Gip) :---i , Figs. l4rD-3.
plp+t)

3). b I O, e 4 o, under-ciampeo lec, G(p) : J=,
02..,,-p*l

Figs. L5u D-4"

These figu:"es for 1;he 'chree cases show the op';åraal trajectories

w-ith uhe s",vitch curve betv¡een positive '11 and negative ú and ihe

bound'a-ry cur\res be'tv¡een the sa'bura'ced region (u = ll; and 'tÌ':'e

Iinear regåo:r (lulåf ) of Fig" lI" (Bound.ary curves and the-swi'tcn



K
>

>
t

F
ig

. 
12

 A
na

lo
gu

e

/, J

co
np

ut
,e

r 
se

tu
p 

fo
r 

ge
ne

ra
l s

ys
te

m
 w

ith

--
ci

úr

- 
b 

>
c.

z-

'/.
-

pe
rf

or
m

an
ce

 í
nd

ex
 T

A
_-

1"

\J
J

oa
.



)9

1-fl-r l

ir:]:
t ì:.i,i
l,ì-j-l-i
lli-l-,
i.¡. l-. l

ìi¡t!:Iilr:\ i-l r.l-1.-\.-ui ! i-r--,r

I i '\ r Iä:-l-
ilir\;

ig, 13 Qn'ui::nal i;..ra',je,c'ionies for, che .system wibh performance
ind,e:¡ rA_.' " (Case 1) .



lt0

....i.. r ..-.. ., ,..- . L... 1.. .,, l. r\. ¡,-.-.... i. )r,. ... ¡..,.,,.,, i..,.. ;...,,, ;.. ¡.,,.;
: : ; :': .':.i¡ : : : i : : : : : : : : : | : : : : i : : : : i . : : il : : : :

Fig" LU Op'[irnal trajecËories foi.i¿he sy.sËern,.!.rígh perforrilance
:-nCex Ï¿.:t" ( Case,., 2i "



l+\

l:^-ìr^ig." lt. Optinal Ërajecõo:-ies
i'-^ ^..inGex I.q_." (Casg. l)"

Ir!ll ti
j j;7i

i¡,¡iì¡.¡t
li,,¡lrrilli,1r,,j

\'t ".1..\ rr' ,.1\ ¡

\1'\'l ì \
: i.; is .^v::::-:--- - I , ,-l l-: ,.
-"iI-;\'\
-_t----._.-,-lr:-.r1...r
-1 i| ,'¡' _,
-' I, _' ¡...:

tr ¡ lt..:¡r,.,i¡t_t-
lii;jllljil:r::iil;l
I ,., :i lr, ii r, r il ! : , I
i i r ì ¡ I : : I I l, ¡.-¡¡, !,.¡
fr i i, I ¡.i,-. I ¡ ¡i.r.¡_. lt' l-i r

:i:;,i i;il
'l j ;'\; i,

'ir.,rr\.i
' i i ' I 

I I I \r

I;:::
-i ,-:::
I i , i.i
i l.i-;i

t.;

1: iiili:ll]ijii Li.i
i-lj i.
.i,:- I t. i l_1,1

r-.1-l.l
t.j jii

ì-. 1
iri:i
Lll

r;l-
1-l :

),.. 1.r..ì I i : ;;,-l-: :-:i. i¡,-.1)I).1:'):i,:I\\.i,il,\.I, i, i

'' : ¡\' :i r'¡1 i- '

rlllt.¡
l-l.i I

l.ii:i i.lji1\:ii-l:l:
t1'ri)\iiìr.r-.:,-¡-r .t , ,\.t , i, i

j'll i :
-l r r-l-l¡:rrl

:ri]f
ri-l-l
!1 1-l

l':l-1 "

l+iij
i\ ll i

l\ ii, lìi
llrl
I.i .i r
l.r.¡

't i ! r, I r-i

i-':t1_rtl-i
-t- | | ,.¡r,ii..,i,l

i i-l l-i i-i ;: ì\ !

_j-1_t 
J

-lt l_li,Ll r i*1
i t,i-,

li,l-t
-l l-¡- I i I I.t-lJ r l_L l
r'll-l.lll.

iil:I I i\].
i:liilii ii.r: l.j-l

lrl-_
1: ri-

. t-. t-1,,, - l
r.,.1-- 1..,,

: i : ; i ; l : : i : lXì;r_..ll jx j i:l::-'l ;'rl--'i\- \; |>-i]:
ti¡
iil '-i 

i\

ii-jl
llli-l-riii.l i,-l-i,i i-r t j j irtr: l il

r ì i_l I ,_¡.,_¡ I ¡: t\ I

,r i..i

li_i irJl
:-rli
l-l-r J: i ;-i

ffi*

i I i-i I ¡,r
. l-; .!

i¡ r': I
:.ÊlI

ii1 .1.

I
l.r

r.i l
i':.1-l
.1.: l i

'It,,ll/a:'{.:f i'¡
.,.,//i t t ) I i i I i I r-l.r
ti/'ì" 'J+l¡rli.-

:ii.:i,;l
jiJ i\li ì j .\ ilrj j

¡Li.1 i
N1'1,'Ì,ii

, i L; rt_.-t.l
ii.iti!ril l-¡i ¡;:l

tjjj
r'l ir

!-r l
ttl.l
j l-]:i

¡i¡t
: I i--l

ii ij
:!
t\

l-i
1-1

ii.jj
ill,

l r'-
::;'t:
1l.i-i-

(l
ir-*1iti;\
lli\li

l¡i-li\,

. i --i i:.\\. , ll, t¡\ i.j i i l.:;l-i.ilil!'i;-' rll :.il-l
l-L-l,r-
¡ i-t-i
I Li.-lrt-li

j jll ;-l i,l ¡ il¡
i-.r1 { i,.t 1

l.r.l
1. il \ ft

li lll;tl
i ¡.1 ¡-
I i;¡-¡-l-¡ r_

i.;,:: l-:.: i L_r-l 1- t-
!: -: ì rr r Ì

;-r.i i i.:t t:]
t-r ; I I ¡ I : ¡

.r' l-
-t i,

r-fr ,

,:::: r

{lr
¡-rt- il j lil

Ill-1
I I ¡.1

-jr
ll
11

i ì.i
I,l l.ì-t-l ll.l'

i-r:iì
I i¡:

j iif
r'' I +

:ri:l ..-,-l-! l_, - ,

; ri:l ii-l
l_i-i i l lr-i.

'11./
l:/, .

,11.l-l ,\l¡ll_t-tirl ll,\r trr..iÌr..:,1
.lll
I i-l-! ;-irl

'l-i-1.
rtll-iiii
:l::ill-li

_'il
i ir
.Ì-Ì_l

ll ril
It:.:i ì
ll,r.i l

l.i. ; , .

l. tl l-J

i r-t-!
i :.¡!. I 1-1-iltri{r-i+

1." 1- 'l-..

r-l-,-a-t ._i. r-. i l..-i
i r i -i *r

,r-f,!;

-i,-il-l
r r'i I

;-: l-l
¡l-itJì-.1_
i-ir rli-1 ll,

i..!r
li.i:J : ì l.l i ì\ì llli\'lì_: 'r'.r1r,,ì.¡¡ trr¡.

ìi-iil.';i.i,lrir
\..uì-|J_ ll fii

'i i-l i"ij j
l-r;-: l:i:r

"rlìrr'"!i'l
¡ r-l ¡ llill

-l-t i

iil ¡-)-l
I l.i-
i+i.

irjj I i i:i-
i rf-l-

li-ì
lrl
ll-

i,r- tTr:i:l ï'lr1{itl-''
irillii;:

: iir-l ir
ll-:-rir:
;1,¡lil

1-; i I ir .-r \ I ;.i..- l.; ìl
l.i i i i irl.'. . I : I j t; i ;i_l

r ".|-j

i:li i i l l ;.;,1 lt-l 'li.i
f l 

'"l l

l-¡ -i
i-i IIi]

'l it.
:l 

l_-l

I 11-

lt,l

. t.-.-r_trlr*-l ,-j-l I i i-¡

rj-fii , i
irillrii.l 1-l-l

iii-l
li5 lii l _i:i.:)ri-t Il-i1

i-¡ i l
-1

.1

l t'l i'
Ìiil_r-r- ,'1 I fi-:

i-i,lf. l ill-l l
r I r l_l.i,t l i-jj

' ':.1
lilll .l

iill'rl!l l; :l :l-il
I , l-l

'1.i.1--

4-1-:-

1t:
rl-:,r i);: i

,.-.1 I lj ,rl
l-.-,-.
-l.i ll
l'.1-, r

i-.]tr l.--Liir-lrlllll
:-l.J-ll.l,:.

r- i,i-i
-i.l r l i:.;-ri

i:,i: l
l-:iii

:\;-t j ti ; I t:rr , \\\t Ì:,.t j:-.i :rj :\ I il. r- ir, \' \',\ i, l--:I.:-\--l''-ll--r l\' ì-\--¿
-tl r-l-!i --, ll ii;i ,r-t-rt_

ii l_¡_

rì :::
I :1-r'

.:-:: :'i : :;,:r_il.:-ì r i r!l-t\-.-t
1.t: i ii \1 I ili.;llii l,l,l,i iilr,ri i ;-|il ir Lrì$

.,i -:.jl'ji i-i-i
i,t;

.-, i I . I r .

i-t:i.,rl r i 1-;jiti i ifj
i,j'1.1

r-l
l
I

:iil
ill:

-,-,i-
r-i l-

-_i.-'!l ;':ìi-l
i l-i i_l
i!t ; I

;.1:i:i:l

-r l---r'i i-i:-,! i-": !- -_l i
I ¡ì_1_i i'-iiì1 1_1 ft i .1

i;r:li;.¡1ffij,i;:.-i : rriIl:] l_1_1.

1r\i
i i,i\

-r..1 /-r
l,l i r

i+i,
l_l I I

'l:i-i,i.rll-r

i r1-i I

l{lil
Ftï

i:;i-i
l-i-l ¡.:
I ri i-.1
ffii.l i+-l
lll-f.{
i-t--i-1.
, r , i-r

ir\;l'l-ä:--,-J 
1l

i-r.l-r I :
l-i-l: : f

I i-j-il :-l-;.'Ì
¡ I i l-l-l- i I r
llllli,ll¡:, ] .]rl i i-I, i-,.1
\r I I.l-l ¡¡ I

I ri I

r\l
-r+\
rlli

,l-r i I

i,ill
l1*s
¡-1.
i.l.

Ifi
\.r-ll-

i[rfi lji.jil .l ¡
il

i.i fr
ll- j j

l,lii

l l'i'I
i-i-ìr

'i 11

itl i i 1r-
I I '--
¡ ¡ J-l-i.t Li:

ti-) i,i,l-i
¡. I l-i

lllll-llJ-r,.i ¡-i I . I l l

¡;ilijiil
t-1.t.1rirlÌ¡ l-í

]lì:i
i t. t-¡
\t i¡.\rl .--,{\'l llr

ti'l ti i tr il l11l
ii'ij

iii
''_r-i

i,i i

i.ri i i

l-l: l-i

j'r;i1-:i-il.i
lLlr¡¡.--r-lilirli..,li,l

;t:ii'it lr\
i-i,\ -i-l

Èr'li¡tìl

;'J-i-l,lr-ii
.l-Nllr i
lii\r i]':-lIi\1:

i:-1 1

jr-ri j
l-l.j .
r''ir11i I

rllil!
i i I l!,iliN

):l:
rl ll

., I ¡-,-r I

Nttt-t:¡Nl¡ll
l'11|Í

t.l.¡

íii t-i iir!tr r1;
ir ti_ liIfli;I i_11-llili ,i Li

L..l-1.

\i il
-1. \t I

fl-i11.ii
r -¡-i 1. ! r

1 i-i,l i-i::
ill I ìì t\.
!-illlrl-i

i-i-i:1-
r-J

)

iiI
i-r.r l I l
1-l-1 r I ,

'T r" i : lr
t-r-i.
:lii ii

-il,
r-l.i
ì;.rltri i-'

'j -i '-, :
t, t i-l r,i.l ,l,-i iil-i

l.L.!¡_ ,i1ì l\
;-i-i:i J-i-Í: ii

L, l; i j.i-1 ll 
lr

,-r-l-i ;,-i ;

I r-. lal-- i
i r-i { l-li r

:i:Ti_i
-i-j'i-i ]T .i:ir \

-l-r i r
I i-t,-l-

t l-r\i '1-1 I 1 jì.' j
:'*lil \J'rl l"¡

1i'r1'11
'r_ l -: -1,

lr l

i_i_; l i_j j.:i
'- -: i *l--r

-r\ I

ì-:\
ì+r¡i.t-,t_i,: ¡-; ¡ : ._l-. I l_

:i i i-i i-Li ¡l
-'t-l l_r_¡- _-!

rIL
+i

_l

l

¡t i ttr-Li_t_t

i-i l-:-1 I l-¡-l

\r;il.]ltl,
l\l irLi-lri\r rr¡-t lr

i i i-i-¡:i i
l-i I i tri_l_i: I i -.-; l-.- i

i_ii.
il l i-i_i

1 i'i

,t-tr
-t_\l i

l-;1rl-i I Ijl:i
:::fi:ìl i,-,..1: !,-i-l
i I r i'i-i r-i I .itil

--\-.

^{j
'il-i.
1-., IL1t

i r-i I

¡lJl
t'¡!t
L-l ii

rii

;iL
-i r .

:it-
:']i:
.i-l-r-
-1 ì't-
. l-i-

ì\

:-l:; t--i
l_l la-Ì_ts

!i-ü lIll 1lilt
¡-l-¡i: ljl]-\jilr

: Lrll;-..rIll
¡-l-,' j

'ta 1_f i L
t-î-i1-i-i
l!_L l-l.ir-,-t-l-L
I i:Ì:ti-i-

)ili
,--t I :
Illi-i; r.i-
!¡l ìr
'-l :l::
-!rl-i

r:' f
*t,. l-i-L! I
: , r_ìfl-I !l
i\ r" ri'I

Ji.]rlJl-Iì

*\
'l-r I ñJ \i.ll-

,l_i-l l

ft_t-L
-,'.1:t

-i !-

¡i-].
l-:-),

,::fi-
iì.111

r-l_j:-l- l_i-l -i
-+ii

\. -ll. i !-Lr
r \:.*Li-L-: Li-\ i 1+i-ir

r-; 'FFlri;
J+l*1,

i:. !
l,l!_l
rll I

ti::
¡il. ilr:ti:fi

L-¡l -lf,tl_t
\l-j-l-rr-i-l

11 l-i
¡ill
.ül
il-!.

I

,!j-i ì+
-+-.i-l

iLl: +1-ts1 1l+l-lr-

for.. the.. sl¡stem., with .per.jornance



l+Z

curve r,.¡ere obtained íJy aonitoring u on the anal0gue computei,,

and ma¡"k'ing tl:e appropråa'ce points ) " The cliÌ.ves for the .íl,,,ro

fuaciional-s coriside::ed are of simirar form i_ndicating. the type
of optimai cont¡'oi required. As r+ is decreased, less lvei-ght is
given 'Lo the ilagrrituie of the force and t,he op-bimal. control,
approaches ihe bang-bang control. rf w is increased, a heavy
penalty is in¡:oled on u íorcing u io be 

"*nLl-"10
/ì1 _ - * ñ
frJ.è-:)iJ 5 -

-{ raag-bang lvit,h coas'cång node of control_ appears for
functionais of the for:nu

The sysien of
functional,

ås consådered by

giving. the Hamj.ÌËonian,

È-. Þ
fLtPIB : :; - ( [xr[ -,,- r"¡!ul )¿u¿-e Itr(̂J

Fig. 1 with the planr G(p) :

t-
I)-¿ ü*rt + w[ul )dt

of the maxiroum

=xz
u-bxr-cx1

Sxrt + wüut

( 4-13 )

and the

( 4-14 )

principle as follows:

(+-r¡ )

applic

UÀ
f L t

,-rI \
uo

ation

Ixr
x2
ø

X^)

li : p1x2 + p1(u-bx2-cx1) -¡- n, ( txit + v,rf uü ) ( 4-16 )



, ').+)

r"iiiil ô:
-L

o

L-)

p2c-prsgn(xr)

-P1 + bPt

0

Ðifferentia'cing i{ v¡ith respecÈ õo u¡ and with p3:-1, the

Hamil,bonian i"eaches a na:rinum v¡hea sgn(u) : sgn{R2)" l¡,rhen the

coi:troi input is consr3raineC, ioeo lu!*f,, *r,hen 'uhe opiimal control
(bang-bang wiih coas'cing) as given in Fig " \6 is

Itr I :
tt

( 4-¿u l

Fig. 16 Optinal control for class B"

ïn reverse iime, the equations are

L1
cl-}
r,

t;

11

!il
il

I
i
ç

ilI

I 'J^. ì
-a t ¿ ./'.4 .1 ar i-ilii\ *

'[#i>'

( t+-L7 )

( 4-1e )

Ð,2
ã

v

I

I

-x.2

-uJrbxr*cx,

-sgn(x1)-cp,

Pr-bPe

x, (0)

x, (0)

pl(o)

P2(0)

0

0

0

0



riihich a:îe sinulal;ed on the analogue coreputer as sÌ:o'.".m

The 
.analogu.e 

conputer simul-a'¿ion with car-culations and

t
T : ,r'o ')LB-? : 

Lí 
* (xl- + nåuÊ )i'o

t)

is given -Ln Appendix D,

Tliree ceses Ìvere consi.dereci rvith w = r ancl luÍÉl as

foLlows:

4l+

ln Fig" L7"

curves for

(+-eo )

L)

<.J

þ = c = 0,

blOrc=

b I o, c --l

Figs " 20,

G(p) = 4, Figs" i8 , D-6"
p-

o, c(p) = #*T, Figs" 19:

O , undei'd,anr yea lec, G ( pi *
D-8 "

D*7 "

I
p2+p+1'

The sys'cen 'c:lajec'cories for the cases cor:siiex.eci above

de¡nonsËrabe that they a;'e Lini'ù,ed to the application of maxj,n:u¡n

Posi's'tve or negative force (0u! : L)o or to sero force (coasting,

u = o) as in Flg. 1ó, As n is increased.,'ohe area of the regÍ.on

u : 0 (coasiing) increases, and v¡hen w d.ecreases, 1,he region for
zei'o force decreases since l-ess v;eigh'u 1s plaeed on the appiication
of force. Generally, when 'che sys'Í;em is damped, the i,ime to reaeh

Èhe origin increases and more force v¡irr be r"qui*",i"10

Tne cl-asses of optimal conlrol consid.erec in this chap'ce:.-

irnplir tha,c uhe character of u irr ihe functional basically d.ete¡.-

nines the opiimal conirol criûerion.
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CHAPTER V

H r Gr-rqR- qRpBR S_YSTEI",IS

Practical extension of the application of the maximum

principl s to determine the opiirnal contror for higher-ord.er
sysbems j.s limited primarily by 1;,he difficulty of representÍng a

surface in a phase space of higher d.imensions .26-29 For t,hird-
order systems, a phase space with position¡ v€locity, and accer-
eration as t'he co-ord.inates Ís required. rn principle, this is a

s'ti'aigh'L-forivard extension of the phase plane analysis useful for
problems i-n second-order systerns" As the systen equations become

more compJ-exu a difficulty arises in the expression of the switching
surfaces 

"

The systen.of Fig. 1is consid,ered r+ith a prant c(p) = +
ancl. the control input is constrained i.ê. di.r$41. .This pfurr, oråí

selected because it may b-e used as a first approximation to oiher
higher-order transfer functions" Integral-square error and. minimum

time are used as the performance criteria, with the following results

fn'cegral--square Error Criberion"

The sorution according to the maximum principle is:
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APPEÄ!trÃ 4

å

1)' rntepJal of rime m,qli-ipried- bJ çqqared qr:ioja (ïTSE)

Â
^I: j re.(t)¿.t

oo
it4a * ,L^¿¿
ô tl

/2

")
- +--

J!â l,JL)1

H : P,x^ * p^g -l p^ix-2-J- ¿ '¿2 '-f---I

u = Lsgn(pr)
cl

Pl : -2RrÈx1

å:-ñ'2 "l
ð-=Q')

fn re'"'erse time,

a

"i "2
ô1
:iZ = -'i:sgn (p2 )

Pt : -Zi-x,
Å:nr"2 i! j

xr(O) = 0

x2(0) : 0

Pt(0) = 0

p2(o) = c

a.s in Fig, A-1.

The optinal trajectories are of the forrn shown in Fig, 3, with ihe
swiiching bound.ary described. by xl ,,- O" hZlxrlxrtt = Co
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21. rnÞeeral of squared tlne multÍplied bv souared varue

of errort (ISTSE)

f=
Ø

,r
o

x
2

u
e

2t*1

"2"2(r)at

!l= Pr*2 pzå * p3t'2xr2

- Lsgn(n2)

= -2prtzx,

= -Pr

=Q

axI
ax2

a

x^
J

+

u

a

P1

þ2

a

P3

as

The

reverse timerr
a- xr = -*2.

*z = -|sen ( n2 )

Ët = '2t2*,
þe=Pt

in Fig. A-2.

switchlng boundary

xr(O) = 0
x2(0) = O

Pt(O) = O

P2(O) = O

ls described by xI + 0,&3Êx rlxrl = 0.
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6l+

3) " fnt,e,gral of Absofutj val-_ue of e_rro_l.

ttt
,tr: j ie(t)i ar

o

+: xI2
i- -u-¡ia--¿a
a : $x Ttt¡ J1'

tf{ = ploz ," peä + n, !xr!

u : Lsgn(p^)- '¿

6l

Þt : -n3sSn(xa)

Pe : -Pt

å.:O
ïn re-:¡erse time

o*l : -*Z x., (0) : 0

"Lirz: -isgn(R2) xr(o) : O

6pt : -sgn(x1) pr (0) : 0

ñ2=+P3- ?rc) -o
ê.s in Fig. A-3.

The swÍtching boundar,v is described by *1 n C.&9flxZlxei : O"
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L) " _I$_t,e,qrat of t,ime murlËipl-ied by th.e absol_qt,e va-l_ule of
qryei1 (ITAE)

o ìl
J\t--

k
d.

i - +1i* ll"3 " 9^1n

H : pl_x2 * pzä r- prtlxr!

u = Lsgn(pa)

ñl = -P3tsgn(xr)
å=-ñ"z "l
ry = Q

In reverse timeo
6xL : -x? x1(0) = g
.Lx2: -!ssn(nr) xr(O) : O

ô

Pl- : -tsen(xr) pI(O) = Q

12 = P1 P2(O) = O

es i-n Fig" A-4"

The switching boundary is xl + O"SSTxrl'xe\ * oo

¡f :,] tle(t)ì at
f'r

*r:*2
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5)" fnte f seuared ti¡re muttinl_ied the abso te
t,:A"l U-e ï q-rro*i: { TSTAE}

e

o

cxl :

'!a :"2

i3=

@
I

o

¿

g
é

-L litrt

t2 l" (t )l ar

't¡ åJLls

lJ- P1*2 o prå * p3t2 lxll

= Lsgn(p2)

= -PrÈ2sgn(xr)

'1
:Q

u
c
ll,L

þ2

P3

ïn reverse time,
oxr = 'xz
.T,*z : -issn(n, )

ol
Pl : -t-sgn(xl)
i:=P,

l-

as in Fig" A-5.

The switching boundary is approxímateJ,f x, * O" t*Fftx2ït>rr\ * oo

xr(O) : 0

xr(o) = 0

pr(o) : o

P2(o) = 0
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6j " Cont,ro1 âtr€â.

In reverse time,

¿'l - -Àc
.", L^
^Z - -ã-gn(pz)

Pi : -*r*-t
c

P2_ PT

as in Fig. A-6.

T_ e(t)ar
e:)

o

2

g
a

m
x1

"l-

X:

+

m+I

!{: Pl-x2 peä o p3*r*

: Lsgn(pr)

- -np3 1*-1
- -Ð_̂I
=Q

x., (0) : 0

xr(O) = 0

Pl(o) = o

p2(0) : o

u

D-'1
Ë2

ô

P3

m = I.I25

The swi.tching boundary was found. to be *1 * O"5}¡xrlxZl = 0.
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(4

e3
r .- -,l te(t)dt

o

:rt1 - ^2

".nX1 : 'C'X. m+I
)l

!'r m!i : p.x^ -l- p.3 -:- PetxrL4.a)r

u : î,sgn (p- )-a

' fi-lÐr : -D^+-Ln-.ï- 
-"

/*
i¿-'ê. - |

o- _^l-n - \'/)
In reverse tine.

o
x_i = -,'i2 xl (0 ) : 0

T

*^ : -35o.{r.-\ x (O) : O¿ A. ê''- t i"2 t ¿'2'" 
'

' II*]_.!n. ì1, {C) : 0P'l' : -ün:ti - |

o__

.Ð2 : Ð* 1o(0) : 0La- - /

as in Fig" 1,,*7 "

tt\r : )¿./ñ a

Th.e sr+:i-tchi;:g bouadary is a.rlpr"o,.<inafely *l * 0"48$xrf xrf : Oo
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APPE}JÐTX B

çi,]*-cJ"l,-A^LLO¡ls-F0F. ÏHE-PåA.NL G ( p ) : #ñI
FOR Ti{E ldINIiviUIri TI¡.,'fr CRITERION

t¿t 
mât

-r - (-" Ix"l dt moO
+¿Ii/^

6v
v_ 

- 
v

JL ì

-,1- ¿
o

1r2 : u-bx"
.mI,'.^ i x - t.*.4!..1U

¿J:

H = plxz -þ p2(r-r-bxr) ,' n, lx1! 
m

u. : Lsgn ('o^ )'1.
ô i , fn-} / rPt = -mP.ixl¡ s$n(x1J

PZ : -h+ bPZ

: _^t-Jî - V

fn revez'se iil:e"

f:r : -;;2 ::.., (0 ) : O

:"I-, : - -'.1¿\? - - *'-r ,"nZ .¿

i3l f:-.,_--_.,:g,:.(x.., ) p1 (O) :0
t-':.--..'

o
h-:h,.-i..-y.\fC)).-niJa - 

)---u-a:¿

es shown i:r F:,S" 3-r "

C:i:lal ';:"a jc:,r::-rs for ii:iíe:'en'; pa.rameters are given in
'l-' -^ T) 

^ 
Iì ^



iY
l

F
ro

"-
-@

-

ïîÍ
g'

 I
3.

-l-
 .

A
na

lo
gu

e 
co

rn
pu

ie
r 

se
'ü

up
 .

fo
r 

th
e.

 p
la

nl
 G

(p
)

ì L- *r
n 

z

*b
xz

-

[,-
ì 
rn

i '
i- 

-l 
m

2

1-

O
 1

 p
_.

lr 
)

o.
i"r

d 
m

lir
irr

ru
in

 ti
i'n

e 
cr

ite
rio

n'

- 
bP

t

r) \n



7'6

rrlllrl

i-:-
.i-it.

Fig. Ð^3 0p:i.:i.,i:.ei b::ajecüo¡":ics for tha pianl; ç(B) = = 
1-1-u^4v vrr.r, _ 

p-i*ir.TT

ai:cì :i:',:r:.-^t,-",i: î:'Ì:-:c c:i';e::::-o: {i, - 3-)"



77

I l-l
l'l-i
t-l I

i-r i

itir.

'lj
l j

i',.ìi-i.ì

l'iil
rìi:ì

i..i-l-l

iiiil

l,-l

,1)_

.:-l

l,j,i1!
;-11.

l_¿
j-j-i
l l-i

::r- i i

a1tj:i-j_
'Tri._'l: t'=+¡

t-i-t+



APPENDIX C

C$qUIATIQNS ANÐ Ð4- 4 ÐgRJIE çÐi{ERAi. SÏ$TFJ
sE*qo¡rp-0.q.!ER

i) . fnle-greL-s-c¿are çr¡_qi qfi:Le,_Llqnr

câ
ftT - ', ê'-lt)dtJ, v \ v¡

at

^t , " 'lGipi -::=-=--
T)¿'.-b p-i c

:íl : >i2

*2 = ü-bxo-cxrt-¿r
l"'. : *-2''J "l

FI : Þ]x2 + P2(u-bxr-c:r1) .' pz*tZ

u - Lsqn(n^)
ø'
Pl- : P2e-2P3xy

9ç = -Þ. -:- Þcbl&
ê

-/\IJ1 _ \J

ïn reverse iime,

+_:_v"l- "Z :<r(0) : 0

,ir1 = -i,sga(pr)+bx.*cx.r :1.(O) : O- -t- ¿ a ¿'

ùl- : -cPr-Z::, p, (O) : O
I

å : n--l
"Z rr :?2 P2(C) : 0

e.s given in Fi-g" C--lo

c:r'¿irnal t::a;ecio:'i-es for cìiÍíerent paz.a¡reters are given _*.il.

'l; -^ r\ Õ 'ñ 1 ^*-,ì ^ 
r_+oÞo \¿-/-r \r-,, ancl U-/i."
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*?: u-bxr-cxt
o t rì'll,rj = Ixj

ä : prx2 {- p2(u-b:<r-cxl ) + p3 i"j*

u : Lsgn (rr^ )-¿
am-1/\
Pl : F2c-nP3 ix1¡ --s$n(x1J

öe=-Pl+PZb
.1 -^u4v

In reverse time,

åj- : -*2 x.., {O) : O

: r ^,;-? * -ro$ïì. (n2 )r-uxtJ,-cÏ'ì ::, (0 ) : c

ii = -?zc-rn i*al 
t-1"6:r{:ri ) pt(o) : o

å- : Ð,-'tÞ^ p"(C) : 0
^/- 'L -¿ L

as sinir.-r-aiei -'in F:ig' C*5"
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l-)" r^ ^: f"f (xnz +,.ru.2)dt l,YNl=y"

A- ¿ J.-: --to

G(P) : -=--L--
p¿i-bp-i-c

il- : *2 *z = u-bxr-cx,
"22x. = X' -þ l^n".'-

)L

!i : -o...,x2 
J; p¡Lu-b:t2-c-xr ) + pl(xl2 ,. v&12)

Ìrrith å = r.?'r -'r 2.* å^ : -Ð- -i b¡^r!trúr¿ v1 - "itz ' t-lt1 ,".¿ r"l -y¿

p,:fl)
anc u = -i, if þ*l-1,

Zvt'Pc '- -'n þz 1--
ll : 

-,t- ---i --L. -' r-- q=-ì 
¡2'"'t 2'¡I

u = -iL :if las,
¿1:i

fn reverse iime"
o

"'¡'"}
XZ : -U*bxr-LCx..'

'!1- = -nn -?rti¿t viJ^-¿ ¡

't'\ = 'tl -l-ììlP^ iJa J J^.-/

xl (0) :0

:çhl-ch are se'l; un on the aaalogue compu.ter as in Fig" D-l ,

Results ere g:;r:r ::-n l:îgs. Ð-2, D-3, ênd D=4"

APPEiTiDfX D

CALCULATIOI\IS A}ID DATA FOR }TNIT,TZTNG

ERROR ,{ÀID EFF'ORT

x^(0) : 0
¿

p..' (0) = 0

P^(0) : 0
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and

lrtf : T '^i br }l,

ïn reverse tine,
o

^r 
* 

-r--^l- /-

l"i^ : *..:-:-bX^+CX.
4¿I

å.l : -CÐ^-2X'4 i t/ ¡

o

Þ?: Pt-bPZ

lr, ?In_z: *l' (xI + wlul )dt f u!/.''¡
to

G(p) = -=f-pz+bp*c
å-:1'"'l- "2

U- U1a^-LÁr¿¿J_

i. = x-2 + vr[u-i'.j ,.1

H - pl*z + p2(u-bxr-cxt) ìL p3(xa2 + v¡luf )

år:cÐ^+2x'-r -¿ J_
ê

Þ^ = -Þ¡ rL bÐ^,¿
ø _a\P?-v

u:0. if l#l*t
ila-l > r. l2tt'l

x,(0) :0
xr(O) : 0

,ÐI(0) : o

P2(O) : O'

which are set up on the analogue eonputer as in Fig " D-î-"

Resul*,s are gjven Ín Figs" D-6, D-T ¡ âfld. D-S.
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APPEIVDIX E

çqi'irP&llsQN a, TliQ SnTHgÐ$ USEp Tq

MINII:II zn il$E Ç,Rê!: s_QUAnE_ 4EBQ&

Pontryagin?s technioues to minirnize'integral--square erro:
h¡ere described. in the major portion of this thesis" The approa.ch

t't
of NewLon, Gor.l'ìd, and. Kaiser" iu tr*ro repì-ace the sa.tura.'t-.ion eienenis

by a l-inear model which represents the behaviour of the satu.ratíng

elemenLs as long as the satu:"ating signal- (any si-gnal within the -fixed

elernents whose response exhibibs sa'curation rvhen the valr:e of 'che

signal falls ou-iside a ceriain range knov¡n as ihe li-near range ) -i-s

rvithin its linear range. ?1

Â control systern of stand-a.rd formo" "" in Fig" E-1, j-s

cons'i-d-ered:

Qir¡-e-nde!e.: Gr(s) =+ i(t) :v(t)
Fi--(s) :1 v(c) : N6_r(t)

A step inpu-t j-s u.sed becar,rse it gives ihe saÌ'ne response as the d.ecay

from the initiat conditionli on xlo

R-equirç-d: Find.*.tle compensaiion G"(s) tnat nininizes the iniegra.i-
square error I : f u Z(t)¿t subject to the constra.i-nt ihai the-e 

_/- 
re \e¡

integral--sqLl.are valure If. of input m(t) to the flxed elements,
CÒ
f')

i!: j n-(t)dt, shaLl not exceed â. specjfied. upper l-imiL It"
_(Þ

{ lm(t )f ¿ì'{) 
"

Sol-ur.tion: The standard form of control- syst,en is conver|ed to Nhe
aa

cascade configr-r.rationr" "u in Fig " E-2, .r^rhereo
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1{ith

The solu|ion
whe:"e

and

A (") :çroo(s) * Gf (s)cr(-s)r,ru(s)

and, i-n general, Irou(s) : X(-s)T(s)"

â is a Lagra,ngian mu.liiplier which wíLl be set to satisf.rr the

constraín'b or Íro /1-(s) is tha-t factor of Á(s) containing only

LHp poles and zeros;Á-(s) j,-s that factor ofÁ(s) containing only

RHP poles and zeros so tha'¿ Ct.)/l(s) :Á(s).
f rt -t

Si-rni far1" I -L-g)- j i= that pa:.t of the partial- frac*'ion expansion
I a* I - ì ! ,

- - 
-1 I /\ \þlJf

"ll JJ€-L {.ätn i*ins onry LHP poles 
"l/\*\s, j

l-

From ihe S-ìr¡en sPec,i-f ications ,

.,/_
I\-"Ì:
^!i.Ð

qÊ

sr(s) : l{.(s)cr(s)

\nr.(s, :*r#+:k,r¡'' 
{r(=)l

for optimum tu"(s) is 65iven bv vl.r(s) : #Fi*
Í" (") : Go(-s)rrrr(s)

2
T /^\ T !, l\1Iv.rlsj = 'rr"is) : - ;z

! (s) = -
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A (s) : gr,rr,(s) n Gf (s)Gr(-s)Irro(s)

?: Ì{'re-r Àl
-'li. 

Ll/\c+¡S- U

,L
) / -af-'-?il

- 
f|r*^\L! ':¡

- J.\ tj ;--o,\\( -s t

100

Lei I
t--d.
'\=

L
rSo

r ì"r r .\i
iFtî)-j-r ,1,,Ë. s

Therefore,

v,i"*(s ) :

Irlo'n' ye(s) : i (s)-t¡t( s)v(s)

IV(s) = U.*(s)Gi(s) :

l\irr f Êl :.3-LJeiu,
J

- ì\T

2ô

ffe= ("2 + JIT as n uz)

?fC ("2 -, iãas ". ^')

lr-wr" I 
]

ô-
. I rl 

^ 
r

a -:- i:/ âl! ¡+ cl

_2 _.- 4-æ ^ o _,- ^2'-:múitþGÐ¡.r lw-r- f r,,,,(s )dsYV21:' -1, _ .ic.r
d

. ^.2 ]-/ l+
" t| l \

,4-:-'-^-- l--
¡.:.'-.'1 !

The integrai*sql).ere error will- be a minimu.n when

as possible"
f :is as srnal-l
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Notrru

Therefore 
n

T^-ï

: f'l /o'ì*lolgfr\uI'rL\91

: l,I(s) : d"Gf
'r -,-n -F-r_._\jc\rf

- r^r/ ^ \
L,i\Þ/

n::aãVT \ U,'

q(s)

a(s)rGt
¡';r(s )

vr,ãf

m(s )
N

öÍ /-\ \
u\

lm2
I:__

2r:Ti

jæ
-r m(s)n(-s)d,s ¿-il

2Ê- \î

Since ç n:ust, be as small as possible the eoualiby si-gn is
u.sed in Ír, g:-v:-ng

l/t, N2

iVow,

Subsbiiuti:rg íor g gives

ô f,t 
^r 

!f4 il i.ur

I¿I(s )WG"(s) :

ê':--
. fl;.î-\ ê -r- |ti,^;'tv u I tia &

1

1_/3

coÍu I - !ft.n2
--^ f^

1 -¡ itifl-) ."
t /¡

2ltXL / )

t^¿hich is of o,,he fo:'.n

ll.f ^ I :



lC2

This system is simulated. on the ana] ogue computer as shonn in
I rlFig" E-3 with A ìO:.rtj and' B(B:AK) ad justed so that !rn(t)ir-=i

(v¡hich sets t,he timi-t i\'1) ' Results ii tne phase plane for va.rious

step inp,-r.ts a:'e given in Fig" E-l¡ along with. the ¡ssçl ts of the

maxi mum principl-e " The step responge is given in Fig . E-5 wit-h

the corresponding resul-ts by the max'ímum pri-nciple i-n Flg" E-6"

For each tra jec?oryo the tåne for the system to sett] e bo zero

error was record.edr âs in Tabl-e IV.

TABI,E ÏV

rR4#cTaR.T TI}.'IE CQrri?{RISpl\l

Siep araen-it-qde IiFç (qec q )

I

3

L

Ng't¡!eq.,, Ëo_-LÈcjr anC Ke!¡er

6 "36

l-0. /+0

12"00

-'t-5.00

Pnrti-.rr,-¡.cri n

2"96

¡ ,l/^
)õ lv

r rrl
4"4Ò

l+"9Ì+

Frcn the :'eeulis of bo+;h nnethods u ii ltay

I ) " The n-..ni-mlzation of integral-square

maxìnun princÍ-p1e l-eads to a fas'¿er rê9pol1s€"

be conel ¡,i.ded.:

error by the

2) " The ¿.s¿]ysis by lle'*'tonn Goulde actd Ka-j-ser perniis
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a) Nelvton, GouIdu and Kaiser,

r''_ | !l.. ' I

!-r-i i.

ti.ìl
lr.:r

b ) Pontryag:--n 
"

Fig, E"-l+ Compa.rison
Pì-an'r- (i{p)

1,, ;', I :.;.:, j I ;,, 1,,', : I : : : : I : : : ì : : : : ì i,,,, l 
li-, 

I -,-', i, j,, --=
::::.:li::.:i:.::.:i..:::::::t:,..:l:;:':j::_.,_j::.;:l:::.:1.::.i:.:::;::,:
; I : : ,-.j i: : : I i . : : : : : , I , ; : : i :':': : : : : : : j ; _; : : I : : : : l.; : : I i : : : : : ¡ : : : :

'Ì ô/,

--

for sysi,em with
error cri-tei":,on"

Of .optin:a'ì- t:'a; e ctories
I= 
F 

a:Ld 'i-n';eg:"a-ì-sqLlâre
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i].Ìj
i,ii:], i:_ti:l--Ìi'l

i i'i i'l-i1 l i
i-ì-ìlr¡lï ii i-t Ir-fl-i'r'

¡_:rt-tlt-lr
, i-rr,l-lr-r-

Tì_ir i-ì t
r--l

.Ì1-j Ìr_ _tFii

¡ 1 i- ¡-i.r I I

l--'r I i-r ì:
i-ri frfll
fl i r-T il- l_:-ì ' 'l_Ta l

rl-l;il':l
i ¡¡ii¡i i I

r i:il-i-l iri l-1 "ii.. i_ fi I i-!-

1l ¡ iit¡ l
ì_1 I I ì_i I'

r ¡ r r-:-:l-l
irIlt¡i,l ii ri-i rill r i-l-l I I i i

l'i1-'rr
l I-r.1 , :-i ì I l . t.. ,

:l:i:1l¡_t-t-'t- '
1:r-i-l l-J_i-i

I,i-Ll l ri¡ Qli,l
iiÞ

i,,,:-ì
---ii-
i1 ,:

I] -j,i,i:
i!t-i

,--:-1 1l: :¡.i I i-.-;-;1r'ltìÌT'
..i.1-lii -
-' "t l-i lÌi

!l l-! 1.:,i-: I

'-l-l-li:-ll
I I -l I i : ì-¡.i l--i i-tsi il
,-' ¡-i ì+i : ì

.t1
i i-ì-l-ì

-r'r l-i i ì-:1ir-:i 'ir tir' i.i-:1 Ì i i
1!i1rrr

ì-il l-

'-'1 ì

r-l l-¡-l i-. r-,
I-l È"tr'r l'

r-:i' ,:-illì.:
,,, r 11-jl r rrll i , ,

' I r- 1r-1-¡
ffi
-! i-ri I-r-li_l
r'rì-!i'trr

_!__1,1:*_+.ì-*liir-l

1,'i i,'i1'1r,lfrr-lftr_ 
'

l¡:'l:;;l l-
l!-rilr'-r-:iì
I i--r: i--i,-i I i

lil;r-l:rìi':l
: :-i- :'i
rrl-l li
iII L-l-i

I1l::||t ;

l,r,;ll-,.i
lri-r-llri'
1,,-,ìlr'l
l:tili:i::

i. ;.: l il: l

liii:-j'll---'--1-
t.l ¡ . ¡.¡. I

I , , I I , i-!-ì
l.¡r,r.lrtr,

I : -i 1 i: i ! l

iìiiiIij,lì
ri,liiiiil
iiiiiiiiì;

i;tt . i-]

iijiilir
l-¡,-.-r,i-,.1
I i i1+{ r-¡
l_-i-i I riirri.ì1r.r

i i.l.:r-r:1.
i-; l-r.i-l-r.
ri'i;;'-'

.l-
Ll-1 ì-;-t i

iitiÍü
:.:r.Li-,-l

Ir''111ìrl ''.,-.lr-1-l
l_- l-l L.: .

fì-!¡ i '-.,_1_'-i l _ l

:-r I l_:_'

ii'i;1i
l-; l

;-i:l
r.-Li j-:-'t''

: --:..t-l l l::1.
i:l;l-;.1-i- t-t

iìi.:il-i
rll-l l-¡ r

;;:.il: ,

1,.!1r,.-
i !l-lr:-i,

r-i l- 't r_l- I_l
.1:il,ll '

;:ìl.i ll: i;ill:Ii, iiil-ilr- .Ì,i ì i.:-::1-l l i l

\F
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Fig' E-5 Sr,ep r.espo.ttse. of . system,. -(i\ewton,, Go.uld,. and Kai.ser)"
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a) Control input versus tiae"

ì. ¡,.,,..i.¡.J., : ". :.. t,-1, 
; i ; i-:t:.:.i.:-:._l_

I : : : : i :.: :.: 1 
".-'.:-|:.';r1l :,;l::.1-:.r., i,--.-:..-.-..-

Ii. lrI1''"|/ l l:-'--l
i I I r.-r r-l-r-,-r..1.;---r1 i- I I I,
r,::l :l l-i r !-,:-i-l-L:-:.i :.t.::-i-
t-. I --¡- ì l. L :i l-,-; i.r I r. r1-

b) Er:-or. versu-s..time"

-.1-i r:
tr.'_r-i : I r lr : '
:::i:¡:i-
--.;,irl.-Èi--- ¡ i.l,:.:;ll '1-r-;; '
ai'_r , lr.'j-;-; :-ì i:l 1

+--r, ¡ i{

c) E:':"ov' derivabJ:-ve. ve::s.uÊ .t:ine"

F:'-g, f -ó St,ep response. o-î . system" (Po:rii'.¡agin)- (T:ine l:Lr.:ln'ì ng bacl',1.¡a-:'d s )



1.,7

easy evalua1, j on of the va l ue of the integra] -square error v¡híie

ihe rnaximum principle does not lead to ready avaijabil-lty of

thi-s val-ue.

3 ) . The amount of calculations required to determine bhe

optimum sysËem is somewhat J-ess when the max¡-mum pr:incj-ple is used."

{r), The conpensatíon of Neln'ton, Gou-ld and l{aiser method. is

easíer to rea-':ize physicaLl-y i;han the coniroller resulting front

Pontryagin 1s ¡rethod n
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