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It is required to minimize I by the optimum choice of u, given

D

icient

£
pe

+3
O}
”“3

the initial values of position and ve1001tya coel

w is a weighting censtante

Optimum control treated previously has been bang=-bang
control. Two additional classes of éogtrol are investigated:

q

the continuocus mode of control and the bang-bang with coasting

10

mode of controls

Cless A - Continuvous Mode

J Eal

A continuous mode of control appears for functionals

of the form,

as (4=5]

J i
o
'( - > & N -§ ‘
The system of Fige 1 with a plant G(p) = e and a performance
. prropTe
criterion,
T 2 ‘
I= ¢+ (jx! +wa")dt (L-6)
't.} 1 ‘
0

s

h}

is considered by application of the maximum principle:

")



@
~ =
X D

. _
YS = Ix{ + wu
giving the Hamiltonian,
= p.x5 + py{u-bx,=cx. ) + p,(ix.| + wuz} {(L-8)
172 £2 2 1 3 1
o wy 2 o v .
with Py = op,-p sgn(xlﬁ
> b (4-9)
Pr = =D, + -
) Py Ps - 4=9
[<]
‘p3—0
Differentiating H with respect to u, and with p, = =1, the
s
Hamiltonian reaches a maximum when u = ps/2w. If the control

input is constrained, i.e. [ul £L, then the optimal control

(continuous mode) as given in Fig. 11 is

P2 - Po,
u o= == if <LE L2l

1

"
N

\ﬁ,
i

AT

-
L= at

=

i)

Fige 11 - Optimal control for class

L4

»,
%
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In reverse time, the equations are

Xy = =%, Xl{O) = 0
%2 = =utbx,FeXy x,{0) =0
o ' (14-"11)
Py = —cpg—sgn\xl) pl(O) =0
P2 = P1-bP, pp(0) =0

25

which are simulated”“on the analogue computer as shown in

.,

Fig. 12. The analogue computer simulation with calculations

and curves for

T Jgﬂ [y 2 2\ - 3
VCT B N (4-12)
17 ‘
is given in Appendix D.

7Yy,

Three cases were considered w

l.‘J o
¢t
jay
=
i
-t
o
o]
[o N
£
i)
-
[0
n

1) b=c=0, G(p) =2, Figs. 13, D-2.
P
2)e b£0, ¢c=0, Glp)=—=— Figs. 14, D-3.
: p{p+1l)
3}e b # 0, ¢ # 0, underdamped %ch G(p) = L ,
p2+ptl

Figs. 15, D-Lo

®

These figures for the three cases show the optimal trajectories
with the switch curve between positive u and negative u and the
b 2 de . -~ - ) ey Fs
poundary curves between the saburated region {u = .1} -and the

linear region ({ui&l) of Fige 1l. (Boundary curves-and the'switch
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L2

curve were obtained by monitoring u on the analogue computer,

and marking the aprropriate points). The curves for the tw
functionals considered are of similar form indicating the type

of optimal control required. As w is decreased, less weight is

P

the

EN

)

given to the magnitude of orce and the optimal control

approaches the bang=bang control. If w is increased, a heavy

RN ' ~ . 10
penalty is imposed on u forcing u to be small.

Cless B = Bang-bang with Coasting Mode of sontrol.

e}

A bang~bang with coasting mode of control appears for

]

fuactionals of the form,

tﬁ "Zﬂ‘ . :
Ig= % (gl + whal)ae (4-13)
c :
O -
The system of Fig. 1 with the plant G{p) = 5 = and the
ptbpte
functional,
.tj:‘ \
Ig.] = j’* (P, + wiul)de (L-14)
-‘C Lok
: o

is considered by application of the maximum principle as follows:
©

Xp = u=-bxy-cxy (4-15)

X3 = Exl% + wiul

giving the Hamiltonian,

H= plxz + pz(u-bXZ-cxl) + pB(Exlé + wiuf) (4-16)




K )
wivtn

o0 -

Differe

=0

Hamiltonian reaches a maximum when

control input is constrained, i.e.

{(bang~bang with coasting) as given

gn{u)

pzc-pBSgn(xl)

sgni{p,) e

Fig. 16 is

P st
u =0 ifiseidl
. §W5\
0o}
lu} = L  ifl-£i%1
lu] Tl
A
i
L&.n S
Pa
-1 1 T 2w
i R
Fig. 16 - Optimal control for class B.

In reverse time, the

5 ©
p—

pi e

o

e
[

equations are

o O O O

L3

(L=17

respect to u, and with p3=—19‘the
When the

=L, then the optimal control

(4-18)

(4-19)
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which are simulated on the analogue computer as shown in Fige 17,

The analogue computer simul aclon with calculations and curves for

Ee

Can

I, = 7 (% + winae (4-20)
"C S

o]

is given in Appendix D.

Three cases were considered with w = 1 and juj%l as

follows:

p2
2) b#£0, c=0, Glp) = —= Figs. 19, D=7.
/ el 9 3 (p) p(,{:)':"l) ) g P 7
3) b#£0, ¢c#£0 unde“daﬁbed Sec, G(p) = — 1L
7 9 9 i - L > 9 \Pi p2+p+1’

FigSo 209 D—S'o

£

The system trajectories for the cases considered above
demonstralte that they are limited to the application of maximum

), or to zero force (coasting,

go!
O
c\
te
<
@
O
H
]
0]
3
[0
[
f=re
<
®©
H
(o]
)
[¢]
0]
£
H
o

0) as in Fig. 16. As w is increased,; the area of the region

Ii

u

]

u 0 (coasting) increases, and when w decreases, the region for

©

ero force decreases since less weight is placed on the application

[

of force. Generally, when the system is damped, the time to reach

10
the origin increases and more force will be required.

-

The classes of optimal control considered in this chapter

imply that the character of u in the functional basic cally deter-

mines the optimal control criterion.
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CHAPTER V

HIGHER-ORDER SYSTEMS

Practical extension of the application of the maximum
principle to determine the optimal control for higher-order
systems is limited primarily by the difficulty of representing a

26-29
surface in a phase space of higher dimensions. For third-
order systems, a phase spéce with position, velocity, and accel-
eration as the co-ordinates is required. In principle; this is a
straight-forward extension of the phase plane analysis useful for
problems in second-order systems., AS the system equations become

more complex, a difficulty arises in the expression of the switching

surfaces.

;
The system of Fig. 1 is considered with a plant G(p) = -z

pB
and the control input is constrained i.e. Ju/%#L. This plant was
selected because it may be used as a first approximation to other
higher-order transfer functions. Integral-square error and minimum

time are used as the performance criteria, with the following results:

a) Integral-square Error Criterion,

The solution according to the maximum principle is:
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APPENDIYX A

CALCULATIONS FOR THE DOUBLE INTEGRATOR

PLANT FOR VARTIOUS PERFORMANCE CRITERTA

1) Integral of time multinlied by sguared error. (ITSE)

o

i
t——‘

0]

09

fn

T

N

Py
ﬁz = _pl
§)3 =0
In reverse time,
il = =X x(0) =0
ﬁz = -msbn(pz) x2(0) =0
}‘53«_ = "thl pl<0) = O
D, = Py p,(0) =0
as in Fige. A-l.

The optimal trajectories are of the form shown in Fig. 3, with the

switching boundary described by Xy * Oebz%lex = 0,

]
20
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2).~:Integral of squared time multiplied by squared value

- of error. (ISTSE)

H= P X, + ng + p3t2xl2

u= Lsgn(pz)
ﬁl = -2p3t2xl
f’z = "pl
p3 =0
In reverse time,:
X = =Xy xl(O) =0
X, = -%sgn(pz) : x2(0)‘= 0
o v 2
Py = =2t7x, pl(O) =0
1.32 = pl ' P2(O) = 0

as in Fig. A-2.

The switching boundary is described

by x; + O.hB%lexzi = 0.
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' 3)e Integral of absolute value of error.

Pp = =Py
p3 =0
In reverse time
Xy = =X x,(0) =0
%, = -Esen(p,) x4(0) =0
Py = -sgn(xy) py(0) =0
52 =+ Py PZ(O) =0

as in Fig. A-3.

The switching boundary is described by Xy * O.@?%xzéxzﬁ = Q.
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L)e Integrsl of time multiplied by the absolute value of

error. (ITAE)

. u
x =
2 a
o ot P
Hay = X
3 by l%

H=pxy + Pyz + p3t%xl%

92 = —pl
)53 =0
In reverse time,
X1 = =%y x1(0) =0
%, = ~Zsen(p,) x,(0) = 0
él = -tsgn(xl ' pl(O) = 0
‘152 = P pz(o) =0

The switching boundary is Xy Oo55§x23x2% = O,
: 1
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multinlied by the absolute

5)s Integral of souared

value of error.{ISTAE)

In reverse time,

i

_X2
- L
Xy = -zsen(p,)

2
Py = =t sgn(x;)

P1

a2s in Figo A"So

i

o O O O

The switching boundary is approximately x. + 0.452

o m O,
_2%
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6).

Control area.

In reverse time,
;{l = -X2
o _ L
%o = -Zsgn(p,)
° m=-1
Py = -mXy
P2 = Py

as in Fig. A-6.

The switching boundary was found to

m = 10125

70

i;?
= 4§ e(t)dt
o)
wa x2
= U
a
= X7 m==L
m
Po5 * P3¥g
= Lsgn(pz)
m-1
mp3xl
= 0
x,(0) =0
x2(0) =0
pl(o) = Q0

a —
be Xl + 0.52EX2!X2{ = Q.
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CALCULATIONS FOR THE PLANT G(p) = (b7
T

FOR THE MIN

Xp = u«bx?

e ,; Fam

.}:q = fX'}Q .
H = pa%X, + p,. {(u=bx,.) + p,ix §m
: F102 Hots 2 £330

}ai = w3 b4 =
1 2 ,(0)
¥ =-=u + bx x |

2 2 )

w3
o ©o o ©
I

T

—~

~——
|

Uptimal trajectories for different parameters are given in
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APPENDIX

CALCULATIONS AND DATA FOR THE GENERAL SYSTEM

SECOND-ORDER

Integral-souare error criterion.

}.J
p—
®

bp+c

I = e
G =
X1 = X,

’
rJ
i
"
=

H= Py1Xpy + pz(uabx2-cxl) + p3x12

Ko = u»bxz—cxl

- P3. = Ppc-2p3x]
1.2:“?1 +
g)'a”—o
>

In reverse time,

Xl = _xz :{l(o) =
%y = -Lsgn(pz)+bX2+CX1 %,(0) =
Pp = P17bDy p,l0) =

o O o o

3
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CALCULATIONS AND DATA FOR MINIMIZING
ERROR_AND EFFORT

H = pyxp + pplu-bxp-cxy) + p3l{xy + wu )
with Dy = cp, + 2x Py = -py * bpy
533 =0
and w= oL if %?;A-L
2
u ='-123% R 422; &y,
uo= 4L if Paxy
. 2w
In reverse time,
;{l = =X X}_(O) = Q-
%2 = ~utbx,tex, KZ(O) = 0
Dy = =eD,=2%, p,(0) =0
%2 = Ppy=bp PZ(O) = 0
which are se% up on the analogue computer as in Fig.
Results are given in Pigs. D=2, D=3, and D=L




87

J aH xoput ovuewsojyaed yYaTm weqshs eyl Joy dnges Jeqndwod snBoTBUY [~ °BTJd

[ ) S e gy 9

00— e > A
e/ o

M, — ‘ i

T . o
S e
b
> { | >~
TuﬂUf
D
6 \ g
D
ol
dD .
\ ol
vm..
| v,
@ & 2
q Z
_ : |




s

dobbebe g

£ b

Wi G

2.




]
O
ot
- 0]
b=
S
O
Gy
(O]
o
~
v
!
£
()
L
(0]
>
[
(0]
R
5
§
O
. e
) —~
[ON QY
o
i ©
(@3]
+ <
QW
Q) ~—r
Y
G o
[ TN 44
2 L
<
—
4]
£
w1 O
g
o, ¢
QO
o\
H
[
°
)
-}
Ty




nce

rma

fo

th per

t“em wi

he sys

kv
v




o1
t
£ 2
. T = x fut LA
2) Tpo = ( 1t wiuf )dt tuisel
V]
o
‘ p2+bp+e
Xy = Xy
%, = u-bxy-cxy
o _ .2
xg = x,7 + wjul
H = DXy + pz(u-bx2~cxl) + p3(x12 + winl)
with Py = ¢p, + 2xl
Py, = =Py *+ bp,
p3 = O
and wu=0. if g.;i}.il
;‘5% v
tuf = L if {;m§>1
C12wh
In reverse time,
Xy = =, (O) = 0
%y = ~utbX,tex,y %, (0) =0
By = -cpp-2xg pp(0) =0
Py = P1-bP, p,(0) =0
which are set up on the analogue computer as in Figc D=5,

Results are given in

Figse D-’63 D"79 and D"go
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APPENDIX E

COMPARTSON OF TWO METHODS USED TO

MINIMIZE INTEGRALmSQUARE ERROR.

Pontryagin's technigues to minimize integ*al-a@uare error
re described in the major poruﬂon of this thesis. The approach
2
of Newton, Gould, and Kaiser ot is "to replace the saturation elements
‘by a linear model which represents the behaviour of the saturating
elements as’long as the saturating signal (any signal within the fixed
elements whose reSpbnse exhibits saturation when the value of the

signal falls outside a certain range known as the linear range) is

within its linear range.™

. 31 . . .
A control system of standard form, as in Fig. E-1, is

considered:

<
Given data: Ge(s) = — i(e) = v(s)
- s
(s) =1 Cov{s) = NS, (%) .
-k
A step input is used because it gives the same response as the decay

from the initial conditions on x

1°
Regquired: Vnnd%g;e compensation Gc(s) that minimiges the integral-
square error Ie = uf~yez(t)dt subject to the constraint that the
1nt°gra7-souare ngie Is of input m{t) to the fixed elements,
If = wfﬁmz\t}dtg shall not exceed a specified upper limit M.
-0

(Im(e)£M),

Solution The standard form of control system is converted to the

31

cascade configuration as in Fig. E-2, where
o 9 ] b4 b4
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f
) v () Co(s)
wit? S = =0 .
¢ l-GC(s)G (s)Hp(s) _?’,(S)z'
. LA s+
The solution for optimum W_(s) is given by W_ (s) AT
) 7 Y = (¢ -
where ‘ ] (s) Qf( g)I,y(s)
A (s) ==§Ivv(8) + Gf(S)Gf(~S)IVV( )

and, in general, I, (s) = X(-s)Y¥(s),
© is a Lagrangian multiplier which will be set to satisfy the
N

constraint on m. A%(s) is that factor of Als) containing only

LHP poles and zeros; A~(s) is that factor of A(s) containing only
RHP poles and gzeros so that 4§Ks)£§(s) Als)e.

Similarly JZ%%;Z+ is that part of the partial fraction expansion
of;lﬂ(s§ containing only LHP poles. |

From the given specifications,
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A (s) = (

At(s) = 4

s? - T2 as + az). NZ@
(=s)(=s)%
82

£ Y3 as + af)

(s)(s?)

Therefore,

Now yo(s) = i(s)-W(s)v(s)

W(s) = W h(s}Gf{s) =

2
. : S
] 1 (s)
I = —= oI s}ds
. e 2 /;:a - jC‘O yy
R a1k

= ien (T
XA S

The integral-square error will be 2

as possible.

minimum'wheQQDis as small
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Now, af{s) = CGa(s)m(s)

m(s) = W(s)
v(s) rls)

Therefore,

m(s) = =& ‘ -
f?ﬁ s? + as + a?
Jjeo
Ifsz——;’-—-_ £ m(s)m(-s)ds &M

- 2473 - Jjeo

B N? £y

T 3L T
2 !

Since must be as small as possible the ecuality sign is
! v &

vsed in Ie, giving

3/ _ N
N 2 {2' M
Nor |
OWy G (S) - W(S)
c CGrls)=Geals)W(s)
_ _ L s
S TET s ETTE
Substituting for @ gives
1/3
e(s) M, S
ct® N</2 L NR/3 ¢
21 /3
which is of the form
.
J(S} = Ks
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This system is simulated on the analogue computer as shown in
—*\ and” B(B=AK) adjusted so that [m{(t}i&=
for various

PN
one

Results in the phase pl
o E<l, along with.the results oi
given in Fig. E-5 with

Eefo

n Fig. E

M).

¢t

Figs E=3 with A

{which sets the
e

limi

g,_u.

.

Fig

{~te

given in
The step response is

{\;-.’0

ar

step inputs
ciple.

maximum pr
the corresponding results by the maximum principle
he system to settle to zero

;..J.

For each trajectory, the time fo
as in Table IV.

error was recor COO.,

TABLE IV
TRAJECTORY TIM COMPARISON
tep magnitude Time (sec.)
Newton, Gould, and Kaiser Pontryagin
1 6.36 2.96
2 1C. L0 3,76
3 12.00 ‘ Lol
4 15.00 laOL
be concluded:

both methods, it may

inimization of integral-square error by the

1). i
rinciple leads to a faster responses
and Kaiser permits

3
¥
>
i3

maximum p
v Newton, Gould

b
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easy evaluation of the value of the integral-square error while
the maximum principle does not lead to ready availability of

this value.

3). The amount of calculations required to determine the

optimum system is somewhat less when the maximum principle is used.

e
2]
®
ct
j=x
o}
o
|
0

L). The compensation of Newton, Gould and Kaise

easier to realize physically than the controller resulting from

Pontryagin®s method,
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