
TH]l DYNAI.ÍIC Bllll/rVIOR 0F TP-ANSþ'ORFIItrt CORES

: ..::.

Pleseni,ed 1,o

A Thesis

the Faculty of C.raduate Studies

Unj-versity of Manitoba

and Research

In part,ial fulfil.lmenl" of the

MAST}JR O¡' SCIII}IC]J ]}J

requirenents for the degree

]iLTÌCTRICAL BNGIIfI;T;RIN.C(

by

John Dougla.s

llay , f97O

l'oustie

ffg r.¡NrvEfts})

%

O,[ MANII-OBA

ç
\'r)-

\Qt¡ru -^r**,#



r:ri - la¡,1:¡rl?--¡¡iir:ù4dni¡:ic-4ryt'J;!,;J r;*{è#

ABSTRACT

This investigation v¡as concerned Í.nitially with com¡raring the

dynamic, or time varying, behavioun of two veny diffenent ttansfonmer

coues, The vanious electricaL characterístics of a core-winding assembly

Sometirnes used as a "cunrent tnansformerr', and known as a bushing type

- -'ç.-T. ;-were companed-with the-:responses of -a modifíed eore-and coil

assembl-y taken'from a powei dist:ributíon transformen.

The nelevant measurement techniques vrere thonoughly analyzed

and ar.e shown i-n the Appendix.

It was demonstnated that binomiat equations; in one case 
.a

quintic, in the other a septici aï-e a fainly good nepnesentatíon fon the

averageoftheffuxdensityvsmagnetíófie1dintensity,o"..É-n,eharacten-

istics. Fon certain situations, the average of the B-H curve ma\¡ be

nepresented by thnee segment stnai.ght line approximations.

The avail-ability of a nel:'.able tv¡o term equation is potentially

rieny usefuf in harmonic or: fernoresonant studies. Recent wo:rk has indicated

that, for the investigation of the lattenr loss reÞresentation is not of

---príme importance -to the transfonmen model

Using the binomial equations to model the core characterísties,

"the :rel-ationship between apptied RMS voltage and nesulting Rl"lS cunrent Ìras

developed.

demonstrate that, fon a senies circuit containing linean :resistance and

:capaeÍtance as weII as non-linear inductanee, the anal-ytical pnediction of

various aspects of fernonesonant behaviottn was :relatively stnaightforwat.cl I.1/ ..

j
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íf the above binomial appnoximatíons ane used, and that the .agneement with
test nesults was quite reasonable.' Centain genenalizations wene made in
negand to the ltincnementar descnibing function" fon an odd powene<l

porynomiar nelatÍonship between cunnent and fÌux rínkages.

Finally, the excÍtation of the secbnd ánd third subhanmonics was

accomplished and neconde<ì, altho.ugh no mathematical analysis was attempted

in this anea.
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INTRODUCTTON

The fi::st neal objective of this thesis, which ís an offshoot of f,tr,..,l

the DoctonaL Dissentation presented to lLlínois Institute of Technology

byG.W.Swift'wastoobtainaccunatef1uxdensityvsmagnetícfie1<t

Íntensity curves. These culrves, also called g-H åunves, hrere obtained by ;;,,:, 
.

operatíonal simplifíen techniques and allow severar erectnica 
i;l':

chanactenistics to be deduced neganding the sampLe, if fnequency, flux i-+t
density and time of switching are the expenimental vaniables. Of most 

ì

intenest was the binomial equation, i = clg + cnl,n which was pnoposed

as the anithmetic average of the L/i nel-ationshÍp, which is dinectly i

propontional to the B/H neJ-atíonship.

In the pnevÍously mentioned ph.D'. thesís, 'the .qjäaior,, 
i

Ei = l, + 4g' 
,

ltas Pr:esented as the pen unit binomial best fitting the cone and coils of a ,

I

5 kva distribution tr"ansfonmen manufactuned by the Commonwealth Edison Co. 
i:,,.,'iri

of Chicago. Although the details of the conets const:ruction wene not |--"
l1¡:,;,1:': 

:-

knov¡n to the Þresent authon, it was of intenest to compare the same results :'1,.;',,.,,'

to the two ccnes of this thesis, fon which constnuctíonal details wene

known.

ft was also of interest to denÍve the theoretical trm.agnetization ¡.¡lij;
i.r¡;rq;!].

curverr, that is, the I(RMS) vs E(RlfS) netationship, using the binorníal

í/9- equation as the stanting.point, and then to compare the results with

the actual magnetization test on the same cone., Since agneement was not too

close, pnesumably due to the inad.equate moderling of iron rosses, no ,,.,..,,,
i:i:jii::¡.a.:'.:

xl_



attempt was made to obtain the í/9, curve f¡om the actual m.agnetizatÍon

test resuLts. The latten pnocedure would. have been very useful, since

to date, tnansformer manufactuners are not obliged to furnish B-li curves,

but normally onovide the magnetization data obtained fr^om the acceptance

tests

Ì[hile exarnining the fennoresoturra 
"""Oonse 

of a ser:ies R-L-C

cincuit, the author was able to measune the secon{ and thind subharmonics,

a¡rd arso became inter"ested in the methods available fon pnedÍcting

ferr:o:lesonance analytically, and Chapten Sgven repnesents an attempt to

neconcile a mathematical prediction i:ased on an appnoxímate rnodel- to the

measunements made on the cincuit in the labonatony situation.

-'¿J

i -r¡;-;1;jlr

L::t:i:::.:i:,i:i
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CHAPTER T

CONSTRUCTION OF CORE-COII SAMPLES

The ob-iect of this Chapten is to compane pbysically the

available test sampJ-es. The abbrevíations C.T. and P.T. shall. be

used fon Îlcurrent transfonmersrr and 'rpowel: tnansförmersr? respectively.

Fig,ule l gives physical detail-s of the C.T. core, while in

Eigure 2, the P.T. is detailed.

Since the cones wene available initially without r+indings, it

was necessany to determine the number of turns to wind in orde:r to accomplish

fu:rthen testÍng. In genenal, this is deteþmined by applying the equation

F.

!+.44 fN (B A )mn
t0B

whene E = RMS voltage [usually called trrated" voltage],

f = fneguency

N = numben of turns (to be found)

B, = peak flux density (to be chosen)

A = net steel cross sectional anea.
n

If E is chosen, and since in this instance A' is fixed, B,n is then

chosen to restr.ict exciting current, as well as total cone loss. Depending

on steel type and tneatment, and cone construction, B, may vary oven a

wide range.

Fo:: the C.T., E was chosen fon convenience in testing to be

,
50 v RMS, and a figune of B,n = 100 kiLolines/in- vtas thought to be
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satísfactony. This deterrnined N = 75 turns. Two identícal windings,

of 75 turns and usi.ng #12 Heavy Forrnel sorid copper wer:e wound to
allow the measunement of B-H curves, using an openatioiral amprifien

technique which wilt be explained l_aten. The wine gauge r^¡as heavy 
i.,,:,:,.:

enough to pnevent winding ovenheating unden aLl antÍcipated test conditions

InthecaseoftheP.T.,Ewasa1sochosentobe50vRMS,ruhi-ì-e

Br = 83 kilolines/in2 was used to nestr.íct excitatÍon curnent. Avail-able i,.,,;,
test data on cores of simÍLar constnuction indicated that excitation cunnent .,',i'

r¡ould be much híghen fon the P.T. than fon-the C.T. cone. Catculations
Índicated that 30 tu¡-ns should be satisfactony, and two identÍcal, 30 tunn,
#tz ur ccppen windings wene wound as shor^¡n in Figure 2.

.. The material used in both.cores was a modenn, gnain oríe¡rted

tnansfor"men steer of appnoximately l-l mils thickness. The objective at
this point was to emphasize díffenences in cone cutting anfrassenfly,

.'.:
nathen than to discuss manufacturing speeifications fon the stbeL. To

this end, Figunes 3 and 4 ilrustnate cone constnuction. It was felt that
these sampJ-es nepnesented ext::eme cases. The C.T. cone could be said to

\ appnoach the ideaL, that is, fainly tightly wound on a machine, emproyÍng

hígh gnade steel, with no air gaps in the magnetic cincuit, and no small

nadÍus bends in the steer. The p.T., on the othen hand, which Ín this
ínstance was salvaged, had aÍ:r gaps (which tended to cause fl_ux concentnation)

at 4 points on íts peniphery. ït was assembled by hand onto the coil, and

could have been mishandled, thus causíng incneased eddy cunnent J.osses

¡¡hene intenlayen insulation was scnaped off, ín addition to introducing
metalLic stnesses.whÍch could hot be relieved by tsoakí.ngrfin a high

tempenature oven aften the coir- had been assembläd on the core.



It is held by the authon that the cone of a lange power tnansformen

woul-d Ìie in bètween the P.T. and the C.T. as far. as the numben and size

of air gaps in the core, and. nelative amount of human handling goes.

This fact, then, might permit the application to lange power

tr.ansformens of some of the conclusions dnav¡n Ín this thesis.

The authon makes the pnesumption hene of some pnÍor knowledge of

?ower tnansfonmen core assernbly by his examínens..

.-t. 'ì,

r.ì1.1

!;.:,.:

.:..
r': ::'
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CHAPTER TI

RMS VOLTAGE ÂND CURRIìNT CHARACTERISTICS

lÌ ,: t,;;

The object of this Chapten is, at the same time as pnesenting

companative measunements of magnetizatíon on open cincuit data, ÍncJ-uding

hanmonic component determinatíon, to examine the iechniques used to obtain

these chanactenistics

Also, an'attenpt is made employiírg gnaphical analysis to shovr the

infLuence of the shape of the B-H cunve on the excitatíon cunrent wavefonm.

Finally, an explanation fon the shape of the actual magnetizatíon
" cu::ve is attempted., based on the B-H cunve measuo.*ånts to be Þnesented ín

futune chapters

]\ ...

2,I RMS nesponding meters.

Proper measurenent of power frequencl¡ voltage and cument vras

, complicated by the follorving. Ïlhil-e many types of meters, including

VoLt-Ohm Metens, Vacuum Tube Voltmetens, and. moving íron inst::uments wil-l-
i::: i: ':lnead penfectly sínusoidal .voltages accurately (assuning propen calibnation), i,::1.::;..:

the sou::ce impedance may, ín some instances, be sufficiently high to cause

the tenmi.nal voltage to be distonted, expeciaì-ly when cunnents flowing

to the tnansfor^mer on open circuit ane not penfectly sinusoidal. Figune 5

depicts this cincuit in a very genenaJ- way, while Figure 6 shows what type

of distortion could. occun in the terminal voltage'fon an assumed cunnent

waveform. Fon an inductive 
"orro"u 

irnpedance; the harmonj.c dístontion

is intensifie<i, since the cur^nent, the wavefonm of whÍch is said to

contain rthanmonicsrr, or higher^ fnequency components, causes a neJ-atívely

i..ri-i:'..i

i l.'ì"': I i
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langer harmonic voltagê drop acnoss this. same inductive source reactance.

In transformer test instarrations, tooth nipple in the suppJ-y genenaton

might cause unv¡anted (highen frequency) peaks in the test voltage.

It must be nemembened that a VTVM, depending on the manufacturen,

might nespond eithen to the 0-peak on the peak-peak of a nectified sine

wave. It is to be stnessed that the VTVM ís cali.bnate<1 on a sinusoidaL

waveshape and will- be in ennon fon an.y distortion in the measuned

voltage. similanly, a voM will nespond accunately to a sinusoidal-

voJ-tage onry; its movement being of the dtAnsonval type, fed f::om eithen

a fuIl wave ol: half wave ¡nectifien unít.

In a meten having the moving inon type of constnuction, angular.

deflectj-on is pnoportional to the squane of the oper:ating cunnent and the

nate of change of inductance with respect to angular d.eflection , so that
caribnation may be accomplished'ín tenms of effective. [R¡tsl:r,oltage on

.à\

curnent. Acconding to Hannis, r'The waveform ernon of a mod,enn Ínstnument

with shont Vanes is negligibl-e fon the thir:d hanmonic at power fnequencíes".

DurÍng the nagnetization cunnent measunements associated with

this thesis, the authon checked the applied voltage waveform with an

oscilloscope t'o ensulre that no distontion oecurned. In this instance, the

curnents encountened were not langen than 3% of the source RMS cunnent

natíng. Voltage magnitude was measuned with a 75 volt nange movÍng inon

meten, while R¡lS cunrents wene determined with a noving inon meten nated

I anp RMS.

rn a situatíon where sounce voltage distortion exists, the

convension of r:esul-ts back to'an equivarent sine wave basis is

exceedi.ngl-y complicated. The intenested readen is refenned to Chapten II
of referenae /Í 3 .Ín i;he bibliography .

ii . :..,. :.

, : i. ----



2.2 Com¿arison of Magnetizati_on Chanactenistics.

The characteristics are presented in Figure 7 A and ? B . Cerüaj¡r

similanities between the cunves of 7 A d.eserve comments. Currenü j¡creased

with voltage, but tnf t" a linear fasl¡ion, even for, lowen values of voJ-tage.

ïn both cases, r" ['"cted, n/nv becomes.very large fon Ia:rger voltages.

On the othen hand, t-he basic cunve shapes ane dissimilan, that is, the

cunves could not be supeninposed in a per unit sense, even if diffenent

base quantities rvere chosen.

A .tnansfor:men des_i6¡nen might point out that 83 kilotines pen

squane inch waS a.poor choice folr the design figure fon the P.T., since the

rnagnetization curve indicates that the cone ís into the saturation negion

at 50 volts RMS applied. The curve shows. that 30 to.35 volts woulcl have

been a better" choice for the "ratin¡çtr, now that the cone is assembled.

The C.T. design, however, worked out quite well fon.the.as"sumptíons' \_\

made'.

fn Figune B, tnacÍngs of the photographs of the actual cunrent

wavefor.ms ane shov¡n. The l-arge amount of distortion present in the

C.T. cunnent waveform is contnasted to the P.T. waveform at the chosen

rrratedlr voltages

It is to be stressed that the P.T. has, ovenaÌl, a much mone

linean magnetization chanacteristic than does the C.T.

?-.3 Hanmonics i.n the Excitation Cunrent.

It is of intenest to anaJ-yze the excitatí.on cunnent waveform

fon both the C.T. and the P.T. The measurement technique usecl to '

acconnl-ish this is analyzed in Appendix A. Thé nesults of these measure-

ments ane sholvn in Figur:e 9. The foll-owing calculations demonstnate the
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exce1J-ent agneeJnent betv¡een the two methods of measuning exciting

cunnent.

rT=

v¡l¡ere IL, 13 n IS

ft is the total RMS

neglected. For the

ane the RMS values of the harmonic components, and

harmonic cunr"ent. Seventh and higher hanmonics ane

P.T., at 50 volts RMS:

= 2.39 amps.rT=

Dinect aeasurement, that is, the magnetization curve, yieì-ded IT = 2.45

amps at this voltage, a 2.5% diffenence. For the C.T., at 50 volts Rl,lS

r-= /(.e)2 + (.12)2 + (.05)2 = .33 amps.¡J

He::e dinect measunement yielded .34 amps = fT.

third. hanmonic was 36% of the total cunnent, whíIe the fifth hanmonic was

l-Seo of the total-.

But fon the P.T., at 30 voLts the thind hanmonÍc was 24eo and

the fifth har^monic 69o of the total cunrent.

on the

cunrent

In othe:r wor.ds, at voltages which would be trnatedtt values, based

má¡',netÍzation cunves, the pencent hanmonics in the C.T. excí.ting

harmonics at,

were highen than those in the P.T.

ft is, perhaps, nore meaningful to find percent

above the assigned nated val-ue

(rr)2 (r3)2 (ï-)2
5

Q.2)2

say, IOeo

When the C.T, voltage was incneased by J-0%, total cunrent nose



¡;re=1uìæz-e¿rf.:¡î.:Itl.;?i$Ì

r.6,

fnom.3t+ to.90 amps, a 1659o increase, whiJ-e the thind hanmonic incneased

to 55% and the. fifth to 29eo of the total.

When the P.T. voÌtage vlas naj.sed 109o, total current rose f¡-om

.5 to .6 amps , a 2o% incnease, while the thÍrd hanmonic incneased to

27% from 249o and the fifth to 7eo fnom 6eo of 'the total-.

trn othen words, the C.T. cone ,went into satunation much mone

rapidly than the P.T. cone, fon increasing voltages.

2.4 nehtton"htg. of Magnetieation Cúnrent to the B-H curve - Gnaphíca1. 
i=,,._1,,'-.:...

To derive the waveshape of the f'magnetic field intensity" (H)

when a sínusoidal ftux (n) is caused to exist in a closed magnetic circuit 
,

l

' by the applícation of a sinusoÍdal'voltage; a graphical technique is 
I

l

employed. In Figure l0 is shown a "tyÞical-rr B-H curve. Although its 
,

significance an<ì methods of detênmination will be more fu1'}y discussed in ... 
,

later chapters, it must be stated at the outset that, ín the ài¡ì"oiauf 
i
t,

steady state, a tnaverse is rnade around this cunve on the boundany 
i

.i

contoun sketched, and in the dinection shown by annows 
1,,.,,

Figure 11 indicates the waveform of H(t), v¡hich is dírectly ,,'',.,..,r;:,

'"'':'propontional to the cunrent flow to a coil- on a tnansfonmer coi.e, when j;.,.,,,,:.,.
l:r.::.¡:,

the satunation effect is the only one nepresented by the BH curve

Figune 12 shows the effect on the cunrent of intnoducing the

hysteresis effect, and Figure 13 shows the cunrent when saturation, 
i,:,::::.r.r:i:;

hystenesis, and eddy cunrents ane alr repnesented ifiit:;

AIso in Figure 13, the currents from Figures 1I, 12 and 13

are superimposed to emphasize ¿ifferences. 
,

ft may be noted that it is the hysteresis effect which intnoduced
1.'; .:,,: :'..

phase shift. Recent nesearch by Swift has shor.¡n that eddy current effects .':"
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may be represented by å simple l-inean nesiston placed in panallel with

the cone model which, if it is a propen model, wiIJ- exhibit satunation

and hysteresis. Eddy curnents, then, should not contnibute to the

phase shift between apptied voJ-tage an,l excitation curnent.

2.5 A Physical Expl-anation foo llg-gll=jizuti - Char:actenistics

A discussion of the Rl{S volt-ampe::e chanacteristics must

ultimately evolve fnom ene¡gy consider:ations. Although a mone

cornprehensive discussion of inon losses will be defenned until- Chapten III,

the manked non-lineanity evidenced at lower voltages, especially fon the

P.T., was desenving of comment

Figure 14 is a tnacing of the photograph.of the B-H curves fon

the P.T. sample at voltages of 10, 20 and 30 vol-ts RMS, at 60 hz. As

the natio of (trace width along.the x ax.isy'(trace hei.ghf ralong the

y axis) was examÍned, it was seen that this natio decreased'fåì ir,""eased-

flux density. Recalling the pnopontíonality of flux density to voltage, and

rnagnetic field intensity to curnent, it was ímplied at this point that

' the curve was rinelatively fatten'Î fon lowen voltages, hence current was

relatively higher. This general behaviour was borne olt bf magnetízation data '
At highen voltages, the magnetization cunve sllung upwards

due to the appearance in the cunr"ent waveform of a peaked dísto:rtion,

mathematical-ly descnibed as being comprised of hanmonics, and which are

mo::e easily explained after the discussion of l-osses and the B-H cunve.
i:¡: _::..i'ì.;:..:::iì./::,.l

i':.,lÈri'a::,:.-¡l
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EHAPTER ITI

RMS VOLTAGE vs }¡ATTS CHARACTERISTICS

The punpose of this chapter is, inítially, to discuss the

measurement of power. to an iron cone usiag a wattmeter, then to díscuss cone

loss curves from the C.T. and P.T. samples. A reiuné of the theony

behind cgne losses, both mathematical and physical, is also presented.

Furttren r.i.renc.s -are made tó B-H curve measurements in-orden

to determine the I'Steinmetz exponentil occurning in the mathematical

expression fon co:re loss. Also, total losses ane broken do',m into

components using B-H cu:rves.

3.1- Powen I'leasurernent: The ffattmeter.

Figune 15 shows the circuit used to measune power flow to the

sample, while Figure 16 íllustnates the detail-s of the eLectrodynamometen

movement used Ín the wattmeten. Coils tFf wene fixed in space, of r.rine

.healry enough to canny the line cunnent, and wound on a non ferr.ous form.

CoiI l,l is a vetS¡ light coil mounted as shovm betr.¡een-the fixed coils and

aÌso on a non fenrous form, but ar:ranged to carïT¡ a small cunnent

.*pnopontional to the l-ine voJ-tage by employing a wine wound se:ries nesiston.

Ideally, it is considered that current in the coil t4 i" in phase with

load voltage, and that the rnagnitude of the line current is not infl-uenced

by the j-o-w impedance fixed coils F. :Tt 
may be shown that instantaneous

tonque is propontional to ttu product of the l-ine cunrent il and cunrent

flow ín the moving coil-s i--. Since i, and i-- are sinusoidal vaniables,v L. v

i.t may be shown furthen that the average torque is pnoportional to

-")-:è

r:':.
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IL*I'xcostr

where + is the angle between the RMS phason line cur"rent Ii, and the

RMSphasonrv.Extendingthis,Indicationc{I,V,coss:sinceI*,,

the moving coil cunrent, is pnoportional to. Vr. The calibration of the i,-'.¡::.''..,'''

meten witl be such that Indication = !Íatts. Fnequency enrons have been

,.di-scussed in Appendix Ao in negand to rneasunements of harmoníc components

ii :: : r'i '';: 
: 
'::;t:":.::'::''::":':.in the exci.+ation cunrent. .:.:...:,.,-. .-

' 
'i : ' '

ff possible, a low impedance solrnce shoul-d be used to pnevent
i ; ¡:i:'l':j :r '': i'

dístontion of the sample applied voltage. An oscilloscope was used i::r:;:r'rì'1:::'l

duning core loss tests to ensure that no voltage disto::tion occunred.
l

.. Since, as wíIl be shown in 3.3, core loss may be considered to be a 
¡

fun'ôtion of both peak voltage (the hystenesis component) and RMS voltage 
l

,

(the eddy current component), if the appJ-ied voltag"..t" t¡na, sin13oidel,

cone l-oss measurements must be converted back to a sine wave ¡aìL'.s to be

companed and reported. Agaín, the interested readen may refer to Chapten

fI of 'rTransformen Engineeningrr by Blune.

ì ... , i ', .i..1
i...,:.. r-l .r'..- i
I :-..:....-.:- :-,r.:.: :.:i'. .1 :__ :3.2 C.omments on Core Loss 9r"rata"l"tt*- i:: :,i.ì_i,.r.:
'it 

t 
ttttt .'' 

'

Graphs of cone loss in watts as a function of RMS applied "'r.:-,:

voltage are pnesented in Figune 17. To make a quantitative companison

between the curves r.rould have lÍttle meaning, since it was not known that

the steels are of the same nanufacturers. grade. It should be pointed out ¡,',, ,,1... r..

t
that the neadings included the voltmeter I'R losses, also the winding

copper losses, both of r.¡hieh'were considened negligible here. Since the

absence of visible source voltage distontion'was confir-ned, the watts

readings contaíned only fundamental frequency components. CarefuJ-Iy :;,: -.-. ..
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controlled cone loss tests ane impontant to the tnansformen manufactuner

to aid in developing better core cutting and assemblÍng techniques,

among othen reasons.

3.3 Mathematical Analysis of Core Losses..

. Extnapo)-ation of nesults ís nor:mally made fnom a formula of the

following type:

. tt = kl f(Br.*)n + k, t2lu"r¿2 t2

whene W - power pen unit weight,

kl, k2 = constants of the matenial

f = frequency

B = peak fiux densitymaxLr;k

B -- = RMS flux density '\- '
eff

t = thÍckness of individual laminations

n = rfSteinmetz exponenttt

The finst tenm of the loss equation represents the "hystenesis"

Ioss, while the second te::m is cal-led the tteddy curnentleloss. In onden

to show funther differences in'electnical behavíon nesufting from the

distínct cone construction techniques, an attempt was made to evaluate

the Steinmetz exoonent in the hyster.esis tenm fon both the C.T. and the

P.T. If the basic loss equation ís ::ewnÍtten in the following mannen

'-by dividing by frequency:

ì.i:i::1iilr,::
;Ì-r,ii1r:Jlr

l,a'ì',;:;ìi...j

rlt) r: ._r'

å= t. (s )n + k^ f(s --)2 t2' ,rJ-max¿etr
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it wíll be seen that ä has the dirnensions of loss /cycte. If now the

fnequency is reduced to nearly zero, eddy losses will make a neg].igi51¿

contnibution to the night hand side. That is, hystenesis lossfycrc =

(constant) * (Br.*)t.

Thus, if loss/cycle were known, á could easíly be evaluated

by..using loganithms. In the next section, it will be seen that the loss

pen cycle can be evaluated without too much difficulty, yielding both a

loss bneakdown and an estimate of the Steinrnetz exponent.

3.4 Venificatíon of the Steinmetz Exoonent Fnom B-H Cunves, and Loss

Bneakdown.

Appendix B contains a fainl-y co:mpnehensive'discussion of one

technique used fon obtaining a dv¡¿¡ls B-H cunve, that is, B-H tnave:rses

taken at non zeno frequencies, and iJ.lustnates the effeòtdiof b-oth hysteresis

and eddy cunnents. ït will be considered to be axiomatic that e;ergy

loss per eycle is propontional (depending on the system of units) to the

anea enelosed by the B-H curve. Some of the anguments fon proving this

ane not deemed to be nelevant here.

With regard to.the Steinmetz exponent, equations pnesented in

the prevíous section show that

kt )t

yields loss per cycÌe

wene made at about 4

(s
max

!{.
E.-¡

*rF=

at low fnequencies. To get "t'tr', B-H photognaphs

hz fon vanying (B_--.). Note that, if
max

(n )n.'-max"



1.,:t: r -
ôd' Éa¿

then

torro fk3 I I = n togro [tr"*].

ïf [u*u*] is plotted vs fU¡ å I on 1og-1og papen, then the slope of

the line Ís rr¡rrr. It was not necessany to know k3, since nelative

aneas were being plotted, and U*-., could be in pen unit tenms. The
max

authon used a planimeten to get the relatÍve aneas unden the B-H cunves.

Figu:re IB shor^¡s a tnacing of a set of photognaphs taken at 4 hz fon the

C.T. sampÌe. Resutts of this investigation were

C.T.corei n=2.0.

P.T.core; n=1.6

'ik ..,
With re65and to the breakdown of losses: B-H cur^ves' oiaft"

type tnaced ín Figune 19 wene photographed fon both samples. Figure 20

shows plots of nelative 1oss,/cyc1e vs frequency fnom tests done on the

C.T. and P.T. Extrapolation of these cunves to zeno f:lequency allowed

a loss analysis to be nade for the 60 hertz case.

Fon the C.T. sample, pencent hystenesis loss was l+116: pencent

eddy cunrent loss was 59%, Fon the P.T. sample, the propontions wene much

the same: 469o hysteresis loss and 549o eddy loss

3.5 Comments and a Discussion of Fennomagnetism and Losses in Magnet_ic_

l{ateniaLs

Magnetic pnoperties of matenials are'considened to be due to the

i.,r': ':..:

f. ... '-. .

magnetic mornent created by the electrons onbiting and spinning anound the
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nucleus of the atom. A fer.romagnetic material- such as inon is considered

to be comÞosed of trdomainstt, separated by complex acting domain waL1s. In

a domain, alignment of the magnetic moments of the atoms has taken place.

(tt¡is implies that ir"on cnvstals, since they are formed from symmetnical 
i,1.,,.

arrays of iron atoms, are unifo::mly oriented within the domain). As 'r:'1::

pnoduced fon commencial el-ectrical machines, inon contains micnoscopic

impunities, irnegulanitÍes, on stnain :regions in'the crystal. These
t,.. ..

impenfections can occun within a domain, on at the boundany between two. ,,.,,,..,
, l.: _.

l{hen no external- field has been-applied, thè nandom magnetizatj-on I,,,:,,
i":

of the domains in the inon wil-L ensure that a tnansformer cone, fo::

example, exhibits no macroscopic magnetic chanactenistics. If a

magnetic field intensÍtv H (cneated by eunnent flowing in turns of wine 
,

I

anound the core) is now applied, the domain wal-ls are caused to move such 
l

that those domains whose orientation dínection is nean that of the H
-Y

vector gnoiv.Ín size, while those oppositely onÍented decnease in size.

tle call saturation the macroscopic electnical condition that exists vrhen

the <iomain size is maximized.

Hystenesis is the name given to the energy nequired to pnoduce

the motion of the domain walls past cnystal bounda::ies., non magnetic

Ímpuníties, or stnained ::egions within a cnystal stnuctune. Thís loss

appears as heat and noise i¡r the material.

Eddy cunnent losses result only when time varying fluxes ane

caused to exist ín the cone. (It should be noted that the ttstatict'

hystenesis *loop often referned to is also obtained by appJ-ying a tÍme

varying current, but the natå of change is very slov¡ i.e. less than I hz).

RapidJ,y changing flures wiII induce an emf "itf,in a magnetic on



,).
)Á'c

nonmagnetic matenial which will cause a circulati.ng cunrent to flow,

the magnitude of which is dependent upon the resistivity of the material

in the case of the tnansfonmen cone, and of course causes heating.

I'fodenn electnícal machine steels ane speóÍally pnocessed to

minimize hysteresis anrl eddy losses v¡ithin the limits dictated by , , "-,.

economics. Eddy cur:rents in machine cores are controlled by the use of

thÍn laminations which have a surface ínsulation to restrict cunnent

flow to one layen. In addition, silicon is added to incnease the
.'' - nesistivity of the metal.

Hystenesis losses ane lowered at the naw manufacturing stage

by ttcold nolling'r, which causes the inon cnystals to align more neanly in

one tlinection, that dinectÍon being taken advantage ."f by equipment manu-

factuners. Also, stnains caused in the cnystal stnucture due to the

basic cone shaping pnocedure, which can also add to hysfer.esis loss, are
....

nemoved by a pnocess of high temper:atune heating and slow cooÌing in an

:,:a, ;.... .l-:-
: :.- :.: .:4. .',-.:

annealing oven.
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CHAPTER IV

FLUX ÐENSITi vs tlAcllETIC FIELD INTEI{SITY C}IAR.âCTEF.ISTICS

The inÍiiaÌ punpose of thi.s chapter. is to compane the B-l{

charactenistics for the c.T. an<i the P.T. Aften introducing the I,

(rl-ux linkages) and i (cunrent) vaniables, and'.nelating these to the

B-H cunves, the functional- relationship í = f(1,) wiLl be deciuced from

the average of the ß - i curves. Using the poþnonial i: f(l) , tire

RMS curnents and harmonic components flowing unden sinusoidal excitatión

will be cal-cul-ated and compared to the actuaÌ nagnetization and hanrnonic

data. Discrepancíes will- be explained. ft wÍIl then be sho,,m that a three

segment approxirnation to the f, - i cunve is a good appnoxÍmation, and
I

that simila:r Rt{s values and har¡nonics nesult to those obtained by

starting fnom the polynomiaJ- approximation.

Finally, the possible uses of a simple ß - i relatÍonsh:i.p

will be suggested anrl reference r,¡ill be made to the finclings of othe::

authons.

4.1- Pnesentation of B-ll Charactenistics.

Fígunes 2L an<1 22 are tnacings of enlanged B-H curve photos.

rn both, the anithmetic average of the top half has been indicated.

The bottom pontion has been shown b)' clashed línes. The photos wene taken

at rated voltage, and fnequencyo5O v Rt4s for the c.T. and 30 v RMS fon

the P.T'., but they ane meaningful in terrns of shape only, since the

honizontal and ventical scales, while cIose, vrere not exactly equal.
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The operational-integraton technique used to display these

curves is detailed ín Appendix B.

4.2 The Polynonial n.r"tiorr"hip g.tr."r, ir.r* l,irrt-g"" ancl curnent.

ft Ís finst necessary to show that the relationshíp betvreen

flux linkages and cunnent has the same shape as the B-H cunve. By

tlefinition:

f' = N0 ; but since
IB=þ/A; then

n/i = N / L : constant, where

uþ=uo/otn=NA=const

AIso, since

U = Ní/ T

0 = flux 1inkages

N = numben of tunns

Ô = f1ux, J.ines

B = fl_ux density, lÍnes pen unit anea

A = net cnoss sectional anea of magnetic cÍrcuit

i = cunnent

ll = magnetic field intensity.
-L : ¡nean length of the nr,apgretic circuit

. Figure 2J shows t,he ir average rt curves of ej-ther figure 2I

or 22 rearrangeci j¡ a forrn convenient for further analysi.s.

36.

Howevei , si-nce the properL¡. 6¡ odd synunetry is r:equi-red 
,
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around the 9" ax-is, a binom:'.al $¡ith an odd po!¡en was chose¡r as the

starting point, that is:

i=Cl .C+CrrÎ,n

Hene Ct and C' are constants.

If variabLes in Figune 23 wene assigned a per unit scale,

that is rated voltage corresponded to .C = l-.0 pu, ancl base cunnent was

set equal- to the extensíon of the initial slope of the cunve on the

rt.0 = 1.0r'vertical line, then it was found that C, = I.O. FÍgunes 24,

and 25 show that the avenage 9,/i curves are represente<l faiæly closely

by

3t,.

i=.0+
i=.0+

1. B3

12.0

9,5 for. the

9,7 fon the

P.T. and

c. r.

4.3 The g=l.rt=!þ1 of Rl4S Curnents ResultinÍI

þþ!þr"¡Þ !jd"l Sinusoidal ExcitatÍon.

fnom the Binc¡mial i/9,

Ït must be stated at the outset that, if a sinusoidal voltage

of the fonm e(t) = P- cos urt is applÍed to an ideal coil having an

inon cone, since

e(t)=Någ,and

,Q, = I0 ,.then
l.dÍ./dt=e(t)=0'

[(t)=/edtThus,
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E

so 1,(t)=+ + sint,lt.: (¡)

çhene synbo.l-s have all been defined previousl¡r.
E

Fon the P.T., the binom.í.a.Ì i =.C + I.B3.C' was deduced.

,,, If Í, = (Em/o) sin r¡t = (l*) sin ot; then i = (f,r) sin r¡t +

1.83 t(1. ) sin c¿t15..m
The Rl.f S value of , this function may be evaluated in two ways ;

ì the finst by applying the basíc definition:
', 1

I-,i2.f^¡i rtnlqsl=* lrrtt)l,atLJ
is

' where T is-the peniod of the function. Since the integration can become

I .ruite cumber:some, it was decíded to appty the following theonem:

Here AI, 42r....', An ane the Rl,lS values of the individual- Founien

coefficients. In addition, Al is the "fundamentalr', Ag ís the

ttthird ha:rmonicrr, As the I'fifth harmonÍc", that is, this pnoced.une
::':..

::i-:i - automatically yielded a harmonic analysis.

Considen the onigínal function, and substitute the trigonometric

nelationships found in Appendix C

i=&+1.g3[5
Èr

= .c, sin ürt + r.B3 .Q,m5 t $ "ir, ra - fu sÍn 3t¡t

'1
+ +F sin Sotl .

l_b

That ís, coÌÌecting tenms;

|'-' ;

r:':"'l:..ir,''



sin (l)t + (1.83

cç
(1.8s x L g")

Ibm

* 
bl) "in t'

3ûrt + i,. t.t, .*j sín 5 r¡t

(.sz g5) sin 3 ot
m

,x{:¡!æ;:r:ææs'';t
'!Y':{ lr'r'.'}

h2.

Is
m

s]-n

i=l,m

sin t¡t -

üJt

(g + t.r4 1,5)m m.

+ (.rrg5) sin 5
m

Now, the RMS phasor, I, is gíven by:

It- is necessany to convert this result back to ac'cual ampenes fon

the sake of contparison and this is done by multiplying by the base cunnent,
:.

.25 ampsl-and realizi,-ig that base voltage is 30 v Rì{S at !* = 1.C.

The results of the above equation $¡ene companed wÍth test magnetizatíon

data in Figu::e 26.

polynornial i = l, + 12 ¿? "a* deduced, with

0 = l-.0 at 50 v Rl'1S. Again since

For the C.T., the

i(base) = .055 ampene$and

L.r'.

t...

1(t) =

.L-

L sin tot:
m

9. sin ot +
m

12 9,? "in7 ot
IN

Using Appendix C,

=!, sinot+
m

35
õïi srn

ì
*- sin Z tr¡tlþ+

Zl .

r.-#sin3ortT2L7L
m

-h sin5ot-
See figures 2I and

_I
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CoIIect the'coefficients of sine tenms of the same ontien,

that is:

1 = (,r" t
m

( #* t'

rftÅT"t+ ( fo*

L2"]$*n7)sinurt-Þ+m

.l

rz ,(m) sin 5r¡t

øl) "in s r,rt

si¡ ]r-rL.

Simplifying,

i = (f,* + 6.56¿:) sin ûrt - (3.e4 g;) sin 3mm'

sin 5 u.rt - .fg d sin 7 t¡t.
m

+ 1.31 f
m

Hene, the Rì4S value of the fundamental

the Rt4S value of the thind har"monic is 3'94 g7

of the fífth is 1.31 [7 
{î m

lrm
Now,

is L ru + 6.s6 r.1)
{îmrn

while the 'RMS value

:..: ] :ì
_t

ñ

Harmonics highen than the fifth order will contnibute only a negligible

amount to this expression. Figune-27 shows the companison of actual

magnetization data to the nesults of the above equation

Since the equation as denived was in pen unit, Ít was converted

to arnperes by multiplyíng by'the base cunnent., found from the Linean

extension of the inítiai- pant of the i - .e, curve. Fon the C.T.,

this was .OJJ amperes.
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Ig1"l'tf"s. Fnom a Seømental Anonoximation to the
- 

--.1¿--
BinomialCurrents4.4 RMS

!p Relationship.

Figures 24 and 25 shov¡ the t/U nelationship and a three

segnental app:roximation for the P.T. and the C.T. nesþectively. Â generalized

hanmonic anaJ-ysis will be made, based on.symbols shown in Pigune 28. The

following equations are appar"rrt, i¡ 1,(O) =.0* sin* and 0r,0".

and(n-cr)<ê<n

T - cr).

0<O<o

cr <g< (

sin ê;

sinO-C;

i=AR.
m

i=8.0
m

Since i(+) is an odd function, it can be wnitten:

as foLl-ows

- c) sinO de

d€

i(O) = i b,., sin n ê; whene
a=t 

.,,

b* = # [ l,., sin no den ,' 
Jo

the furldamental RMS value v¡as calculated

T
I rll2 I ,cat sinê do = .45 I ,(r) "rr,,fznllJo Jo

lc[
.4s I o u "i,,2e 

dê * .4s ttî;"; sin o
lnJom.o

1T

I
I

+.451Aø 
"in2edeJm

I

. '.tr-a)

T=*t

rr=
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:--c'

: r1',

/L*

Þ/

/--

M 7\Tioñ

ÞóL, u 5eÞ
TA L tt,PPRoXt

-5YM
â i{tÉNtl.,

+(r)

,(,*,
./
l+t, / \ 

y -/þ) = AFTL.ED F*Lux-Lrr\it{Ã-u,,.t
/

/

@ -*)
L,Tf

/

FIGITIì,'ì 28

slrmboLs and wArreforms

i..:-], ,! i!: :.



/+fJ.

cr (n-a

= .g |, 
^ 

o 
"ir,2o 

de + .4s [, n

.l" 
M 

.l."
"i.r,2e 

ae -

(n-o)
t

.4s I c sínO dO .

J-

since [ "i.,'o dê = 
g - i "r.,)r-¡¡Çe 

.l "." 
t? e.u = ã - E- 

s].n

û,

ït=.eAsmf g +"r"rtl:

+ .4s c cos o frn-ol

l"

2Ø;

: 
,(n-*).,+sBurtå-|sinzel,

2al+.4sBg -T c[ l-
*Lä-;-f;sin2(n-a)

-i-|sin 2 s,) +.4s C [cos (n - cr) - cos s] .

UsÍng the nelationships ;

cos (n - o) = - cos 0; and

sin2'(t-cr)=-sin2o,;

11 =.sA sm f i-|si" 2a7+.4s B ¿*f å-i-t"in zo-l -.e c cos o

Il = .45 .0m o[R - g] + .225rî t [, - .225 g,nsin 2a tA - B] - .9C cos o.

Consider now the thir.d harmonic

.9A 1,
m

.0 ItV-Esrn

li,'....'''.Ì,i¡

rg
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3€ do

,(n-a)
I

+.4s I tn r,l*
Jo¿

o
I

.e A g I "ine sin 3O dO' J"
r(n- a)

.4s c I "t" 30 do

J"

¡{r-a)
+.4589 lsinOml

Jc[

sÍnê - C) sin

"' 
rg =

sin 3O -

(
But 

J "r" 
30 sino do = å*# H+

Thus, in the above expnessíon;
*g

Í
lsin30sinOdO=1 I
io tr sin 2o - 5- sin aa

. (r-o )
l''rand I sin 30 sín0 = f;sin 2 (t -o) - äsin t+ (n - a)l'l
J¡¿

-|"ír,zo*|sin4a.

1 'n 2or ++ si¡r 4o(: 2- sl-l 
4

i::'
|':

,'. 13 = .94 ** f + sin 2cr - | ui" 4o I +

- .3e cos 3s

I

.4sB .[n I - +sin 2o + f; sin +o 1

I^ = (.,225) 9,-(n - B) sin 2c¿ - .rI2 9, (A - B) sin 4s - .ac cos 3dJ m m'
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bÈ
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And finally, considening

fn/î | i(o) sin se de

'.l
r

.9 I e ¿ síno sín 5e de

.l"m

the fifth harmonic,

+ .l+5

¡(n-o)

.l." 
-,"

Thenefore,

15 = '9 A sín 5e

n-o)

sin 50

(n-a)

[ "r" u,

.l"

o¿

oÍ"

'j:

sinO dO + .45 B gm

sinO-C) sin 50 dO

sinO d0

- .45

But

And so,

and

II sin50sinout=# }s,6el

in the above expnession

t
I "ir, 50 sinO 1 L

J 
=fsin4o-iãsin6o

r(n-o)
I _, ,. f_ -.\I __._ Éô __._^ _ sin + (n - c¿) sin 6 (n - o)I Sl_n Ðtrl s1nv = 

-

fBr2
Jcr

t
+ TZ- sl-n bd,

I..1
=-ES1n40l5-SrnbO.

I

I sin aa

I -. .:: r.,l
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5r-.

Thenefone,

Is = .sA Ln t I si" u" - +ã- sin 6o.l + .4sB .Crn[ - ] "ir, +o * .] sín 6a l

- .18 C cos 5u

I .= .IL2 gm [e - s] sin 4o - .OZs 0m[A - B] sin óq -.18C cos 5q,.

... : .: :

:' 
..1..' ,,. , ,,. ...,:

'
l::: :': : _r':'''1-l '

, In figures 29 li and J0 A are' found the resul-ts of cal-culali¡r¡¡ the i. , .- .i,
,i lra;.r,.,,,'a;.''

'i harrnonics of , and. 1,he tot,al Rl'iS curuent fl-owing to the CT ancl Lhe PT , l,he i:;i:ii; !'r'.:il

I

..í/4characteristicshavingbeenrepresenteclbystraightU¡esegnients.In

ì figures 29 il-and 30 B r the harmonics generate<l by a segnenLal core mod.el- 
f

i

i are conìpared to the actual figures obtained fro¡n tests. ( Figules 2I and, 22 
ij

ì

I define the base quantíties used for the conversion of per.unit to actual.

i qrantities ) " the I8O Hz ancl 3OO Ílz 'curves indical,e a fair degree of

,l 
"qreement ,'while the funda¡rental- curves clo nol, compare well . 

I
1

-l

4.5 Use of the Avenage í/.0 Relationshíp.
., i..: .. .,:. . .Ìi:J::'' i::. iì:'.::)::::i::ri_:_

- The variables i and 9" ane very often used because of thein ¡.":','l,, ,:" ". '' -'.,''1
:j ; '-l-l-:-.:i.:-:'

ill convenience in many analytical situatíons. Quantities of interest, 
'ì.,,':,,".-','..",.

cunnents and voltages, are easily detenmined if i = f(9.), nathen than,

I say ll = f(B) on B = f(H) is used. The use of the avenage of the

r: B/H or 9'/ í cunves nather than the actual relationship showing hystenesis ir,t]l'" i:i
ìj iìl::rrJ::.iri::ìr1î

as in Figunes 21 and 22 has the obvious advantage of nelative mathematical

simplÍcity. In fact it has been indicated by Swift that, for a fenno-

r:esonant study at least, it is not necessany to model hystenesis on eddy

, cunnents, but onl-y satunation where tr"ansforrner cores ane encountered in r,,:;r..
i ìrl: 'r1': :ìi:':'rjì'i

:
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r{ARr'foNIcs rN THE EXCTTATTOTù CURRENT ( Ct )

a o t, o ActuAl test d.ata .

computed usjxg segmental approxjration ,
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a problem. As has been indicated thus fan ín this thesis, nej.then neal

RMS excÍtation cunnent nor hanmonic magnitudes can be accurately predicted

fnom the average of the i/L curves in Figunes 2.L and 22. Essentially,

the reason fon this -is that the neal magnetízation cumer.rt is macle up of

hi'stenesis, eddy current, and l.rattless magnetization components. Even

though it is tnue 'that the h,inomial i-f, nelationship does generate a

non- zero fundamental cunnent component if a sinusoídal flux l-inkage is

established, ( 9Oo out of phase with the ideal coil- volt,age ) , the
- hystenesis pnopenty is not nepnesented, since the i-1, equation has zeno

$¡ídth. In addition, since the actual B-H cunve width is depenclent on ,

both hystenesis and eddy cunrent losses, with only the latter being fnequency

dependent, äaay cunnent l-osses are Ímproperly modelled.

In the l.iteratune, a Russian author named Shankman, (niltio-

that a binornial cf the 'form i = A.Q, + 81,5graphy, Do. 7), has reeognized that a binornial cf the.forrn i
I'is sufficíently accurate in practice to appnoxinrate the magnetízation curve

of the tnansfonmenlr, although no nefenence to cone types on sizes was

:,.:llii

gLven.

56.

í=9+
Il-Ov -

Swift, (níbtiography, No. 10), has established that the binomiaL
Ã4L- is a good appnoximation fon a typical air cooled, 1.5 kvA,

I10v distnibution transfonmer".
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CHAPTER V

THE B-H CURVE DURING AN INRUSI'I TRANSTENT

The object of this Chapten is to pnesent the results of B-l{

curve measunements shorving transients whích nesulted when the transformer

was sv¡itched on when a condition of residual magnetism existed ín the 
::,r,.r:.,,1,,:,;=
rj-.: ::':,:ì,t:l' :

core. In addition, no load cunrent component was peïmi.tted to flow, ,'."'1r'ì,'-',
I ..

i.e. o an open cincuit tnansfobmen existed. The theoretÍca1 inrush situation il.:i,;,,r;.'r:. l. .-,:-'..-'

will also be <liscussed, with the limited use of mathematics.

5.1 Innush measur:ements .

L

The essential elements of the circuit used to obtain these
' 't.

nesul-ts ane shown on Figure 8.1, AppêndÍx B. To obtain tiànsien.t measure-

ments, a switch was placed in seníes with the winding, the input voltage

$r3s pneset to some appnopniate value, and nesidual magnetism was

established in the cone. The elosing of the switch must be synchronized

with the neeondÍng camerais shutten tníp, unless the CRO has a beam i,r,r.,'.'.i ': ,: :

't:

blanking feature. The film was exposed to the first few cycles of the :,,.=:::l .

:'.' : . :!-'!

tnansient B-H curve. The authon took the approach that, aften

,|

:,

enengizing the core, residual flux could be established by opening the

switch at some nandom tíme, and also that a nepresentative tnansient

could be photognaphed aften very few tnial-s of closiug the switch at

nandom. Results seemed to bear this out

ligune 3l shows tnacings of two ínnush transient photos fon

the C.T. ft is evident that residuaÌ magnetism does cause a very
:i

l
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' assymmetnical B-H wavefonm unden centain switching conditions. From

these pa::ticular photos, it is evident that the peak inrush duning the

finst half eycle is at least 1ó times the steady state peak fon that

applied voltage (rated). While it is not implied that this is the

'ì ' 
¡ I _l_!_l- ": ':'::l'i maximum possible conditÍon, the photos show.that. the two peaks which i,,.',:,,:,,..,i :-: : r.::-' : -{':

follow ane about three, and about two times as large as the steady state

-valug, the napid decnease attnibutable to the pne.sence of nesistance in

the ci:rcuit. 1.,, ., :t, ,

'l . i; '.i,r.i ,''.,,,fn Figu::e 32, tnacíngs showing lhe tnansient B-H curve for the
'...''.'.'::::j p.T. are pr.esented. Although sevenal photos wer-e taken, the peak measun- i,l ,,,.it::,::j'

', able ínnush was found to be approximately double the steady state value

lThisseemstoindicatethattheconeresidua]-magnetismwasmuch1owen
j fon the P.T. than the C.T. An idea of the possible nange fo:: the

iduai" flux density may be obtained by neferring to Figune s 2I and 22. rì 
rrnesiduai" flux density may be obtained by neferring to Fi,Bunes 21 ;

i i-x

I In both of these, maximum nesidual occurs at the intersection of-tlie B-H
l

I cunve and the H = 0 axis, but its value may l.ie between + B-(max). 
i

IrfÌ
i

i It is evident that, nelative to the maximum flux density .shom in the 
i

i
i-l

ti 
epanate figunes, the nesidual is much híghen fon the C.T. ,,:--i,..i::;

lit.., ,, ,,..-.
' i:;'-: r''

:.1 i.:.:.:::': :

',' 5.2 SimpLified Analysis of the Most Sevene Innush conditíq '',,.,'.,,-'."

The most onenous conditÍon occurs when switching occur:s at a
'.-i.-j.

volta1e zero, so that the incneasing flux and the nesidual have the----Þ- --- - t --

I same direction and thenefone add up. Fon example, assume the functional ¡i:'.:-,rr:;

' nelationship between curnent i and flux Iínkages .C shown in Figune 33.

, If e(t) = Enr sin üit, and since .Q, = Nô , and

2=:r'::r!-//.rÌ:*.1L{;LtËæ-¿{r:dã1tù¡j-;t}"æfTaE!#_&:ËTË:.::j:;ij:ï
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I n sin r¡t
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--costtJ

L
- D r.-i;- L' -

So,

0-

dt

Assume that,

.\

thus

oft

Constant = ([ )
l?

constant

fon t=0, 0

.. tl

f = .- [, f r) + constantr(r)

=f-n'

E+tf)
L

m(r)t +- +
û)

cos ult] +

This result is shown gnaphically in Figure 33. Mone pr:actically,

the nelationship i = f([), which can be shown to be binomial to a fain

delnee of closeness, might now be used to find i(t), 'in panticulan,the

peak innush. ft rnay be appnecíated then, why such a Ìange inrush surge

may result, fon the cone may be dniven veny far into its satunated state
i -*-*

on onè'hat-f cycld.'i It is the cincuit nesistance which eventually damps

ì

out the assl¡mmetrl of the magnetization cunr"ent.
i
I
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CTßPTER VI

SUBHAR¡{ONIC RESPONSE OF AN OPEN CTRCI.]]T TRAI{SFORI'ÍER.

IN SERIES I.ITTH CAPTICITAI'ICE Âl'lD RESISTANCE

The object of Chapter VI is to present the nesul-ts of experiments

penf.or:rned to excite subhar:monics in the above mentÍo''red senies cíncuit.

This v¡il-L include a description of cincuit el-ements, reproduction of
'waveforms of voltage and curuent, as welJ- as the B-H curves when sul.¡-

hanmonics exist

6.I Second Subhanmonic.

In the cincuit slcetched ín Fígune 34, it was found that tire

second subharmonic coul-d be excited by bní-ef-ly shonting .the incluctor 1,, I..,'l
while sr,¡itch 31 v¡as closed and input voltage V, was set to 17 + .5 l

l_

vol-ts RtlS, 60 hz. (The neaden is refenned back to Figure 7 A for

magnetization chanacteristics). It was found that L must be the open

cincuít C.T., that is, the P.T. did not pnoduce a simílan behavioun.
' , .',tt.

At-tention is drawn to the fact that this phenomenon occurred at 17 vol-ts, jr,.r,.,,.

'¡hich vras only 309o of the assigned c.T. voltage nating. rt was not 
:::'::''t'

found possible to excÍte the 30 hz component by closing SI only, with

sourcer¡oItagesetto]-,/.0vo].tsandS2open.Inaddition,therangeof
l ,, j,i

input volteges oven which it was possibte to excite the subharmonic v¡as 5.riri:r'i'

veny smalI, in this instance, 1 volt. If the senies nes-istor of Figure 34

was increased by as much as I ohm, the subharmonic could not be sustained.

63,

Fígune 35 shows a tnacín¡1 of the voJ-tage acnoss the C.T. whil-e

the subharmonic existed in the seri:es circuit. Figure 36 shows the i r:-i. '.'.1;'. ':l
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assymmetry in the cj-rcuí.t cunrent wavefor.m, whiJ-e Figrre 37 shows the

circuit cu:rnent at 30 hz against the 60 llz input voltage. llotice that

this cunrent caused the main voLtage to di.stont slightJ-y. This was due

to voltage drop acnoss the source impedance.

Final-ì-y, Figure 38 is a tnacirrg .of a B-H curve taken using

technÍques described in Appendix B. This al-so shor^¡s the assymmetr"5r

existing in the c.T. dynamic response. Also in figure 38, the othen

stable state of the cincuit, that is, the B-ll curve at 60 hz, is shown

at the same level of input voltage

6.2 rhind gÈIgp3¡g-.

rn the cincuit of Figune 34, with the c.T.. as the incluctance

the thind subhanmonic, at 2o hz, could be excited by bníefly closing s2, 
]

ì with the input voltage in the 'range 20 to 22 v Rl'fS, and C changed toì'.o-
i

: 75 mfd. Again it was found that incneas-ing the senies r:esistance
:

, êlÍminated the oossíbility of sustaÍning the 20 hz component aften its i

',initiatíonbytheswitchingtransient,andthatthecritica1inputvo1tage

!r I"IAS ].n a Veny nanrOl.I nänge.
',1

,i A tnacÍ.ng of the B-H cunve plot, taken when the thind

subhanmonic existed Ís given in Figune 3g, in addition to the ilnonmalr' :

60 hz B-H cunve taken at the same input voJ-tage rnagnitude. The nel-ation-

shíp betvreen the voltage waveforrn and the nesultr'ng B-tl cunve shape may be ......,.....,...
;ilt :ìì'i"l 

'discussed fnom the following vievrpoint. I{ith nefenence to Figures 3g and 40, i$*tt'

necalling that the integnated C.T. voltage applied as the vertical scope 
,

drive has the same waveshape ãs the actual- c.T. voltage, point }to. r is ., :

Fh^R;consÍdered to be the stant. As voJ-tage incneases fnorn I to 2, the B-H

i cunve Lncreases from point I to poínt 2. Voltage decneases fnom 2 to 3,
:

i :.ì .:,:r:jr::..r'. :,i
i 1-:::.:.r.
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and causes the B-H trace to start through a nínor Ioop fnom 2 to 3. Fnorn

3 to 4! voltage incneases to a maximum, causing the B-li curve to go to

its extreme right hand limit at 4. 
^t 

4 the voltage then begins to drop

and quickly goes negative. The B-fi loop thert follows a normal patlì as

shown by anrovrs, and the sequence nepeats during the negatÍve hal-f cycl-e

of voltage.

Figure 40 (which verifies the wavefonrns seen on the CRO) was obtainecl by

'addíng the 60 hz waveform to a 2O hz lraveform (witn a small phaseshift).

The cincu:i.t cunnent wavefonm, of no partÍcu1an interest, ís not shown

here.

The v¡niten considers that an attempt at ma.thematical analvsis

when circuÍt subharmonics exist j.s fa:: beyon<l the scope and intent of this

theéis
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EHAPTER VÏI

FEP.PIOPSSOI']ANT RESPONSA OF AN OPEN CIRCUIT TRANSFORMER

IN SXRIES I.¡ITI{ CAPACITANCE AND RESISTANCE

' The various objects of Chapten VII folLor+. Finstly, the RMS

voltage-current charactenistics fon a specífic cincuit aue Dnesented,

showing the ferroresonant condition. Next the analytical pnobÌem of

predictíng fennonesonance is attempted. The technique, taken fnom the

Ph.D. thesis of Swift, requines the nefonmul-ation j-nto control- system

fonm of equations describing the cincuit, then the intnoduction of the

t'incnemental descnibing function" etd gr:aphical data denived the¡efnom.

The authon attempts some oniginal mathematical gener:atization on the

latter- topic, befone comDaning the preclicted r:esults to the actual cii:cuít

charactenistics, thus concluding the thesis

7.I R.M.S. Volt-Amper:e Characteristics

The circuit shom in Figure 34 was used to obtained the volt-

ampere charactenistics shown in Figune 41. The senies nesistance was

.89, the caoacítance was 150 mfd, and the inductance was eithen the

C.T. on the P.T. Fon a slowly incneasing input voltage Vr, when the

inducton was the C.T., the cincuit cunnent was veny small until the input

voltage neached 47.5V, when the curnent spontaneously jumped to 10 amps

RMS. At the same time, the C.T. voltage jumped 3Oeo, from 47 to 62 v nl'lS.

Hene, 47V. was defíned to be the rrcnitical- voltaget'. If the inpüt vottage
*

was Íncneased furthen, curnent incneased almost lineanly as indicated i.n

the fígure. When the input voltage was decreased, the path of the

* Beyond I+7.5 V

. .'j j';: 
;
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-'öharacteristic was not the same as fon the iäereasing voltage. In effect,

the cincuit had rrJ.atchedil into the fenro-resonant state. When Vt had

decneased to 15 volts, the ferroresonant condition abruptly ceased, o:3

the circuit returned to the ¡nore stable state. The cincuit behavion

when the P.T. was used as the índucto:r is also shovrn on FÍgure 41. Of ,.,,,...,

intenest ís the fäct that the P.T. vol-tage jumped SBeo_ fnom a cnitical value

of .33 to 6t V ruS. Referrring back to Figune 7 A ., it is seen that the

critical voltages fon both cones were located on the ttkneet' of the 
ll...lt 

t.l,
r.,- ì1.:,.

'nagnetization curves, and were very close to the defined voltage':...
i'_ ::"::" I '

natings fon both cases. i'' '"";:

-ÀsthedataofFigure41wou].dindicate,tvrostab1estatesfor

the cincuit containing the C.T. existed as long as the input voltage was 
I

j

highen than about 15, and loler than about.47 V RMS. Exr:eriments wene I

i

done to force the cincuit to jump from the stable sfate.denoted bv the 
l

1ov¡er line to the fenronesonant state on the higher line, wíthin the 
-, 

l
:

pneviously mentioned voltage limits. This jump could be initiated by 
i

i

bniefl-y shonting the inductance, as in the subhanmonic expeniments, l

on by closing switch 31 of Figune 34 with the input voltage Vl set to

eentain values, and under certain initial circui-t condj-tions. The 1aüter

pnocedune was taken over a number of tniàls and it was found that the

lowest input voltage that would ínitíate fennonesonance was 32.5 V Rl-fS

v¡ith no :residual- rnagnetisnr permitted. I,lhen residual magnetism was cneated,

the fennoresonant condi.tion could be caused Þy as low as 24 V RMS, on

'ä5out 30eo of the switching tnials.

ït is noteworthy that, if the C.T. is the cincuit inductance,

it is possibÌe, on a centain number of tríals, to Ínitiate the second

subhanmonic for.an input of 17 + .5 V.RMS, while the thind subharmonic

r:. i ': ;.

r... ..!i: :,'
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can be caused, with an input of 21 ! I v Rl,ls, and fenronesonance can

nesurt from 24 v RMS up to the cincuit timit, subject to the propen

switching procedunes.

In a mor:e genenal sense, ít was detenminecl expenimentally that
i:j.':; ).:: .

the "cnitical voltâE€", the voltage existing acnoss the inon coned coil i"':"'

just pnion to a jump into fennoresonance, increased as the capacÍtance was

increased. This was experimentally índieatecl for capacitance nangíng fnom :.
25 to 300 mfd, and the c.T. inductance. For example, fon c = 300 mfd¡ iili,,

. ..:,1:

the cnitical vol-tage was 53 v RMS, while fon C = 25 mfd, ít was 45 v RMS. 
i,,,.;,,,,,;,,,,

i,i:;1:¡. ¡,

7.2 Analytical Pngli.ction- of Fennonêsónânt Behaviol !_n the Series

R-L-C Circuit.

Although it was demonstrated by expeniment that the likelihood

of fennonesonance was íncreased íf residual- magnetism.'existed, in the'

following diseussion, no initiar conditÍon wíl-L be considened. The

cincuit of intenest is r.ednawn fon convenience in Figune 42. The

probrem invo-lves predictíng the t'cnitical voltage'f y 
z acnoss the

transfonmen r+inding, and also the finaL voJ-tage attained once fenno-

resonance has occumed. Knowing the critical vol-tage, the cÍncuit Ínput

voltage which would cause fenronesonance coul-d be found using phason

techniques íf magnetizatíon data wene a*railuble fon the tnansfonmen.
,,

The authon appneciates that the Likélihood of finding a senies R-L-c

cireuit in a pnacticar power circuit is veny smarl, but his wish at

this point is to examine a suggested analytical technique

ïhe ,,oomul anarytÍ".t t""hniques fon. finding voltages in the

senies RtC circuit ane complicated by the extnemelv non-lÍnean nelation-

ship .between voltage (on flux density) and cunnent (on l,ll,fF) in the iron
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cored inductance. In fact we know that, to be stnictly r.'.igorous,

satunation, eddy curnent losses, and hystenesis must aII be considered.

A nonli¡rear analvtical approach, using certain simplifications, will be

pnesented.

7.2.I. Reformulation Into Control System Configunation.

tris anafysis has as its basis the assumption of a binomial

reJationship between cunnent and flux tinkages in.the iron cored inducton.

The nelationships between VI, I, R, C and flux linkages (9) in

Figune 42 can be expressed, as follows, in the time domain.

This may be newritten in the Laplacian domain, and the flux f-inkages

varial:le ([) introduced by necalling that 1, = ]Ï{ ., thus

# =Nå+=v2(t)

TVr(s)=IR+i;+sL

_ vr(s) _ **h-
r =-i--- T ---"-'s s

To be expnessed in a block diagnam form, the nelatíonship between

cunnent and flux linkages'

'q
= g, + Cs l-.

must be put into the Laplacian domain:

lIr^**wdôvr=iR-õ.lidt+NAf

So



rtE
I)o

I=L+csls

Figune 43 is the result, in block form, of relating the pnevious tvro

Laplacian equations. It remains now to show how this reformulation can
i

'i fead to an analytical solution. '': : :'
,, to a[r anetryrrcar soruïLon .,.,.,,,: ,,

, 7:2.2. The IncnLmental Descnibing Function.

I Nonlinear" control- system analysts have developed techniques

', r,j involving the íncnemental descnibing functíon to examine the stability of ,,.,,:.-¡,,,,,

,, -^ \ 
'tt' i 

':'a system which ís dniven, i.e., a fonced system. ( Rererence # t9 )
i :.r,.. i ..::
:...:.:..1:. l

Refenning to Fígur:e 43, notice that tt is sinusoídal (since i''"""'"'

Vt is thus), and it may be.shown that LZ is essentially sinusoidal due

:tothe1owpassfi1tenpnopentiesofG.ThedifferenceL=L,-L,

may be said, therefore, to be sínusoidaÌ. The nonlinearity ínput, L, l

:

I is then expnessed in the following formr. as a time function¡ t

[ = Iln cos (ot + Q) + u cos t¡Jt

Expnessed thus, [, is assumed constant, and r aa [, (the second tenm 
¡,,,,,, 

,,

is called the d.istunbance, and can have any phase reLationship wíth the ':,''"",_ ___ __ _r 
,. 

j ,.;., 
,:,,¡i

fínst term). To lineanize the problem, we nequire the ratio of that part ,.;',:,:"..,:

of the nonríneanity output phasor involving the dÍsturbance to the

magnitude of the dístunbance itself, and this ratio we call the t'incremental

descnibi¡g function'r.

In onder to general-ize the discussion, assume that the nonlineaníty

can be expnessed in the follo'fuing polynomial fonm:



v,(r)

-FE-öð-g o-lÄ" â . 

P )\ r4-5' -

[= L+C5Lç

¡) .i
ìi.,.:

i:¡::,

R+ *,

{r;'i



Since the general- term arrßt involves a binomial expansion, the

input to the nonlinearity will be expr"essed in the following wav:

.C = a + b, whene

" = [* cos (r,lt + 0), and

¡ = u cos trlt, thus

r,n = (a + b)n = ,. + ,.n-1 o * "("ãî t) un-Z ,2

.n(n-t)(n-2) n-3.3*----=.# a ò +... etc.

This senies will converge fon b2 < u2, this requinement

being met by the stipulation that n << l,-, and the assumption that O

ís.a smal-L angle, that is, the distunbance wil-1 occul.ät the peak of the

input voltage, since v¡e say it can. I.le are concerned only wiih the second

tenm of the serÍes exÐansion, because the first term does not involve

b = f(u) and the thind and succeeding terms involve only higher polrers

of u, which ane neglected; Thus, in terrns of the incnement

cr,gt (,r) = cr, [n u(t - 1) u]; and

, substituting fon a and b;

c-gn(u) = [u l,- 
n-l .o"n;t ( ,a + ó) u cos t¡t] cnmn

= [n u 0r(n - l)I[cnJco"(t - t)(ra + S) cos trrt.

l .' 'it".'

ì:tì'Ë.'

i,;
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Since n

Ís odd sl¡mmetny ) ,

that, if (n - l)

.o"(t-])(rtno)

whene Al-, 42, A4

of .o"(t - t)(ra

["o"(t - t)(* + 0)] cos ûrt i O, cos üJt + A, eos 2(rlt + Q) cos rrlt.

*nåt b" odd (a requirement of the 9,/í nelationship

(n - t) Ís even. It nay be shown by Founien analysis

is even;

= Al * A, cos Z (u¡t + 0)

+ AU cos t+(o:t + 0) + ... t O(r, _ 1)"o" (n - I)(urt + 6),

etc. ane Founien coefficients assoc.iated with the expansion

+ 0). But the following pnoduct ís nequined:

["oJfu - t)(ta + O)]'fcos otl = Ar.cos ot + A2 cos.2(6t + Q)

'* Arn cos 4(t¡t + ô) cos r¡t +:

+ A(r,_r) cos [(n-l)(urt + 4)]

In the..last expression, only fundamental frequency tenms wilt

be r.etained, since the incnemental descnibing function is based on a

phason natío, the fundamental frequeney pant of the output phason

divided by the input (both numeraton and denominator beíng expressed

in tenms of the incnement u). That ís, onJ-y the fÍnst two tenms of the

last expnession are :retained, on

cos urt

cos tot.

This may be furthen expanded by use of tnigonometnÍc relationshios.
i:1:::



.o"(t - r)1ot + (¡) cos'qt = A, cos Qt

* A2 * þ"o" (sot + 2Ô) + cos (t¡t + z0)l

Aften once again dnoppíng the rion fun<lamental freguency tenms,

"o"(n 
- ')(ta + Q) eos ot = Af coq ot * þ "o" 

(trt + z0)

The only nestniction on this last nesult is that n > 1. The

coeffieíents AI, 42, etc., maY be found in Appendix C. Exp::essed as a

phasor, the last expnession becomes

er,. r ur(n - t', o, -y "j 'Öl

But the incnemental descnibing function iso by defÍnítion,

the natio

As an example, suppose the non lineaníty vrere repnesented by

' the binomial i = C,1, + e.95. Expressed as a phason involving utr5 '* ":..a-'-.:-:.,
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cs¿s(u)=5ucsr,lr(

The first tenm (n = l-) is treated as

then

follows: ff i = Crß ;

^ (ål
\t.¿1
6)+ Z- e' 2ól

and

i = Cr[0,n cos (ort + ô) + u'cos ot]

i(u) = Cl- t cos t,lt; or as a phasor

l(u)=Clr=lxCru

Now, consídening both te:rms

r(u)=cru+sucur,l

=u[er+5cu1,4x

+u[e.*Pc-g.4
JUSlit

l{ow, applyíng the definition

function, or trIDFrt:

= IDF [Quintic binomial] = t (u )/u;

ej20

tauj2ôl

incremental describing

r å*

å, n " r f,cuø

*í.,

r 
"iozt

4ìe'
m

2óJ

of the

*.u ul - +.u el

Kô

on

K
e =crn

For^ another

nelatÍonship were

illustnation, suppose the cunrent-flux linkages



i = cr9, + c.t9,7 .

8r.

From the gene::al expnession

crø7{u) = z u., ufi [e, + \": zþJ

Fr.om the expansion fon .o"6(*) in Appendix C, Al = Io/g2,

and AZ = I5/gZ.

Thus

errT{u) = z u cz r:t #* c #, " 
i z|l

Using an argument previouslv developed, CrÎ,(u) = u C,

So,

r(u) = u[ c, .# ., ul - #c, øl u j 2QJ

Again, K" = IDF [sePtic Binornial]

= I(u)/u; on

K"=c]-#rr4.#.rdej20

i = clfl + cr.Q,3 + csl,s + er9.7 + ...;

it rnay be shown that the IDF has the genenal forrn



'K"=A+Bej2,

where A and B are constants. This is so since it has been shown

that the IDF for the term C-gn is equal to
n

n är, r*(t - t' ,0, n þ ": '0,

7.2.3 The Stability Cnitenion

--Ref-e:rr:i.ng to Figure 43, it may be considened that the IDF is

the incnemental gain of the nonlinearity I.l fon the distunbance fur.

Since G(s) is a línean block, if the vecton (K") x (G) ís fonmed and

encloses the (-I, O) point fon any fnequency, establíshed stability

theor:y states that the incnement is an unstable one. That is, the

cnitical value fon the flux linkages I, may be found by setting

(r.)(c) = -1

e = -t/r/e

I
Now -lrlK. may be plotted fon the vaniable [r, and G( jto) may be

constant inductance, nesistance, and capacitance. Intersections indicate

ii points rvhene fenroresonance should occur. It is shown in AppendÍx D
ji 

tthat -I/K" produces families of cincles fon vaníous 9. ^ with centnes
,'n" ; ,ò ., 

*'

s ,2c'.R1
,, G(jür) =å - 

å 
, the locus of which may be plotted for vanying ür.

i:,r:,i;::: nl
i: ...:,..:.r::
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7.2.4. The Real Cincuit

The cincuit used is shown in Figure 42, with R = 1.0 ohrn;

C = 150 mfd, and L = power tnansfor^men descnibed in ihapten I.

Base quantities wene chosen as follows: Base frequency = 60 hz ; ,, ':' '.-

instantaneous base cunre¡rt = .25 amps (from i/L on B/H photos),

thenefore RlfS baså = .25/ñ = .I77; base voltage = 30 VRIIS, since

30 VRMS applied to the P.T. pnoduces ß* = t.0 pu by defínition. Thus a 1,;,,r;¡.,,',

base impedance can be detenminecl: ";''t't"'
. ,.11r.1,.¡;,4;,

|:':::':' '--i t; 
'

zO = vrhn = l7o ohms

'" And since zO = tfty * Cb,

i:,

Cb = (tr0ô /en * 170) = 15.6 mfd.

again, G(s¡ = 
1+ sRc 

= &n *
c"2 s 

"2c

c(jo)=1+j-Í¡RC
-ttt C

But R = t/tlo = .oo6pul

ûr =2nxao/nrx60=l-.0Pu/

c =rso/rs.6=9.63Pu/

,l

So e(jtl = 
1,+-4'9lZI 

= - .to4 - .006 j



The IDF is fóund from the estinatecl Binomial reÌationship

between i and .C for the P.T.

i = .1,- + I.B tl; and ismm

*" j (, + 3.43 lfil + e.zs 4) "j 
2q

=A=s"i2Q

The family of circles nesulting fnon the inversion of K^ is found in
e

i Figune 4'4, and a panticular" value of G(jut), o = I.0 is plotted on this

.. curve. It is seen that G(JI) lies at the intensection of the L- = 1.1& I.8 pu
rm

ì

ì crncles, which indicates that the cnitÍcal P.T. voltage is I.1 x 30 = 33V

I and the final voltage is 54V RMS. In the test descnibed in 7.1, vollage
I

I +umped frcm 33V to 61 V Rl.lS. This agreement is creditable, considening 
l

:,a11theappnox-imationsinvo1vedinannivi¡gatanana1ytica1so1ution.

Theana1ytica1techniquepr:esentedinFigure41permitSSome
I

I \ g"rr"oalizatÍons to be made, a few of rvhich follow. In the series RLC ¡:':rì.:,'.'.::'

:..;i:'l',,;1'¡'r, circuit, with C and L fixed, fernoresonance can exist only for a very ' 1..,1,.,'i,,':.:':: :;:: ::tt 
_::'l __::

for" 0 < R < .08 Þu, or 0 < R-< 13 ohms., although it is evident that,

the highen the resistance, the smallen is the possíble voltage jump. fn
t;;;,,..:...

rj addition, fon fixed R and L, the critical voltage decreases as e i:. ir''' " i

decre-ases, with a variable lower limit of 80 to 90e¿ of rated voltage

rnt
:

I i :rj ::: I r" ":-:

,l state when C was 37.5 mfd or below. i:il11rri,,,ii
'''l:: "

..
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7.3 Concfuaing Commeitts l

The electnical behaviour of two extreme transformer cone types

has been analyzed, and the nelevant measurement techniþues have been

fairJ.y thonoughly examined. It has been verified that a binomial equation, :.,:;r,,,,;,,.;,

i = A9 + Bgn, will , fon these cone types, provide a fainly good 
':"; :r': :

approximation to the satunation aspect of the fundamental curnent-flux
:

linkage relationship if n = 5 on 7, and with A and B appnopniately , ..,

chosen i:,.i,it:

A fainJ-y lange discrepancy r,¡as shown to exist between the RMS i'"'.'i'i'''.,

i,'t,,t'tjt,lt:,,

magnetization characteristics as calculated from the i-l relati-onship.

above, and the üest characteristics. 
,

i.- The second an<ì thind subharrnonics wene expenimental-J-y excited
l

and neconcled for one of the test transforrners in a senies R-t-C ci:rcuit

AnaJ.yticaIp::ediction.offernoresonallcewasshown':uu""u

fairly closely with test nesults 
i

It might be argued that the bhoíce of the nanely encountered

senies RtC circuit for the vanious expeni"rnents r{as a poor one, but the
::.::-:.j:t intent was. to examine the analytical method, no-i: necessanily the pnacticality ,,;,i.-.,.:: :,,:.

:,,., .... ., ..1,...

of the network. :,,,.1,;,,,;.;,;1,.,

...-.:...:a..a

One fairly obvious extension of this work night be to photognaph

the B-H loop fon a large power tnansfonme.n in the factony, then to esti-

mate the i-9, nelationship and compare resuLts to smaller equípment. 
¡..;¡r.ii*,.t

fn the light of the increasing number and complexity of acceptance tests

now penfonmed, and as femoresonant problems become better undenstood

by utilitíes, it mav be that'photognaphs of the B-H nelationship becorne 
i

standard test nequinements
. ..t,.. , ,i,
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APPE}.IDÏX A

riÁRiî01.ÌIc c0tliP0NlìtiT t.íEAsIJF.EI''illNT

A schematic di.e¡¡r"arn of the technique userl is fou:rcì in Figure

4.1. IJar.rnonic analysis i.s accornÐlishecl in the following way. If the

"current coil'r of the wattmet-eÌ", which is the irigher capacity, fixe<l

rnernber of the e-lectrodvn¿rmometen movemen'c, is alJ-owed to car"ry the

exc.j.tation cullrent (containing a fundamental & oCd Ï,armonj-cs), a to:rque

can be c::eated oi-¿ the rnoving coÍ.I only v¡hen the vol'bage circuit cêr:l.ies

cur-ren'l- ¡qhj.ch has a frequency e>ractlr,z the same as the fundanental or" an¡r

of the existing har"rnonícs. In prac'Lice, tt,u oscillaïor frequency is

se-b as close as possi-ble to tìre cornponent- of interest, tlrj-s being

inclicaLed ìr5r r.ra'ttmeter needle nro'cion. Sincc the i.,attmuto" i* calibra'te<l

in terms of V T cos O, if \'= V^(ÌìIIS) i.s knor^¡n (and is distort-ior',lo*si
z

and the max.imum v;at'trneter defl-ect.ion is necorderl (cos ê = 1.0); the

harmonic of j-nterest is iust t, = Itr(max)/rr. Several sources of error

coulcl arise. 'The pointen motion should be na':le as sl-o¡.¿ as possible to

pr.event over.shoot due to the ine:rtia of tÌ:e rnovement. Several- trials

can es'l-ablj-s;h the niaxi-rnuln rìefl-ection guite cJ-oseJ-y.

Fon highef harmonics , the self -inductance of the voJ-'Lage circuit,

t-oun<l -in this instance al-most enti.rely in the series l¡ire v¡ound resístance,

ccruLrl int::oduce an error -ì.n the naximum indication. Thert :'-s, íf YZ

v¡ere fixed in magnitude, the. incr.easecl impedance of t-ìre voltage cir"cult

r+ouId cause the cunr.ent i.n the rnoving coiJ- to be in e::ror on thc low

sic1e. i'he totai il:cluctance of the voJ.'Lage cj-rcriit (in the ¡¡attirie'le:l

userl) l,¡as measur"ecl to be ?,2, mh, vrh.ile tl-re totat l'oltage c:i'-r-cui.t

irj:,,:i:,ìiij+
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resi.s'tótnce is statecl (on the clial) to l¡e 5672.4Q, for:'t-ìre sc¿tle used'

For the seventh harmonic, for exarnp-1.e, tlre -i-nclrrctivo ï'eactance of the

voJ-ta¡1e cl'-rcui-t t¡oulrJ. ì;e 1 x 377 x -02-2 = SB'Q, anrl the volta'qe circuit

i.mpedirnce vtouJ.d be 5672.11 + :l 5B ohms. In other v¡orcls, negJ-igil>j-e

i.,.1-.',1¡'' ,

. 
error: is c::<¡rected frorn thi.s soui:ce. ;:: : :: :

llur'uai in<1uct¿lnce br:"1,r¡een the fiz,ecl and mo'¿ing coils c¡ltìscs an

erllor .iü i.ndicati.on ,..¡hich i.nc:reases l-Ínea:rh¡ r^iitþ tcrlciqLlency. Si.nce the
i:,:,' ,1.,' 

-'.1,:

voJ-tagc and cument coils ar.e couÐled, an elec'Ll:'omoti-ve force -is -inducecl i..:iì;.,1.:..:.--.': .;

- j.n e¿rch coil. clue to cuitrent flolv in the other. In ccmmerc-ial wattmeters' i:r::¡,:.;::1:
i .; ;,1i..,.:.:- r -

the en:or- due to mutual inductance at 00 hz is so snial-l tha'|, a línear '1;:'::Ì'i::i::'

extra-po.}ationto420|lzv¡ilIresu}tj-naneg;1igib}eer'ror.
.l

Eddy cur.r-ents can be ¡lnclucecl in rnetal coÌ]. suppor"ts, í,n metal1ic 
i

i

shíel-clj-ng auitanp;ements, or in the wires of'the winciings themse.l.r¡es, espec- 
i
i.i

iaì-11, if solicl ¡¿.ire.is emp.loyeci. I'or exanple, 5n tÌ¡e cu:rr"ent coil., the

flux procluced b¡¡ load cur"rent flow produces edd5r ¿¡¡1"ents which thernselves 1

i

create a coïrìponent of fJ.ux J"eg;ging the l'Faj-nÎ'flux, ancl affecting the 
I

.

r.esultant angì-e between fielCs which neact to cause cleflection. 'Ihe en¡'on

iue to edclr,r cunnent l-osses increases r.¡j-tlr the s<1uare of the frequettey. 
i-,,,,,..,,..:,.,',
l::1:j::i::'::

This error" coulcì becone impor. lant at Lol.¡ pol.Ier1 factors, but, as the rne'Le:' ,,,1,,,,..,,,,,
i¡, ,:,:,: :,: :,:,r.

is rea<l at rnaxirnum deflection j.n thrï.s case, that is, at tha'L ¡ro:int in ' .'

-Lime r+hen the angle betv¡een crrnrernt in the voltage coil and load cu:rnent

-i-s zeÌ"o_r:Lt is felt that eCdy curnent er-r-orrs carr be disr:ega¡ded.
: 

""t'ttI,lhen tot-at F.t4S cu-rrent is computed from 'Lhe ha::monic components, i'l.'.ì...:. .iii!i

' j-t:'.s found that the result i.s very cl-ose to the rnagne'tizatíon Cata, fo::

high, as well- as lot+ cunreil'c rralues ' :

"i
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APPEN]]IX B

rJI]T'ERi{TI'fATION O]T DYNAI'ITC B_}-i CTJRVES

USIN(; AN OP]]R/\TIOI{/II, AI'IPI,]FIER TËC-iiIIIOUE.

Fi¡iune 8.1 shor.'s the

display the B-lÌ cunves. That

of the CRO Ís proportional to

equations:

equiprnent and connectj.ons

the voltage appliect to the

rHr can be shor,rn l^¡ith the

necessar.y to

Ìronj.zontal svstem

foll-orr'ing

A-H =Rí

H=Nå*tr*

- (ti

so i= Ht/N

l, /n )- lr
1)

Similarly,

shown thusllr:

the pnopontionality between " V
and rBt

1S

-\¡

Since the

voltage also equals

=uf", dt

sampJ.e is a 1:1 t:ransforme.n,

" S But:

the sample applied

i';l:

u s = N(d0/dt)

{=t*o _^dR-r?Ë

"s =l'I^(dB/dt)

d4t/at
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and

e V. = (k NA)B; where terms are rlefinecl as fo-llows:

. H = volt¿rge applied to honj_zontal CRO plates

u V = voltage applíed to ventícal. CRO plates

R = senies pi:imany r.esiston = .8fQ

i = tnansformen excitation cunr:ent

Fl = ntagnetic fíeld intensitv , L : mean length of ma.¿4ne'uic cir.i:ui-b

N = number of tnansfo-r.men tur ns

B = f.l-ux density i.n the cone

ê .. = sample applíec1 voltage (sinusoíclal-)

A : net iron cross sectional anea

' À - cÌ..-. :- +L - ---- I .- - ,-V - 'l:i.u,i rrt r-ne SAflfJI(: COf'e ,

It mav be apparent tl'rat the horízonta-l- an<i. vert:'-ca]. sens;l-tivitíes

of the CRO shcul-d be accuratellz known in oi.den to interpnet nhotor¿r.aphs

of the tnace. T'he nesiston R shoul-d be as small- as possible comÐa-recl

wj.th the sampl-e i-nipedance on ope:n circuit. The operåtj-onal ampiiíier

ínput nesj-stan'ce must be high to prevent an_v r.eflecte<1 load comr;onerit from

appeaning in the sample pnimary, thus creating errons in the B-H curve.

The operat-ional amplifien used in tests was rnodifíed, in the

:integt'aton mocle, by a low f::equency rejection circui-h shor.rn in Figur.e 8.2.

Tiris;'-s necessål'j¡ since norrna-l amplifier drift rvi1l also be integratecl ,

fonciirg tìre dispiay off the CRO scr¡een. I.lith the netr+onk Iì-13 R2, ancl CÌ,

Iow fnequency changes at the output ar"e fecl back to the gr.icl cf ¡he input
-t-rù:e, for.cing rcs-Loration of the tr.ace position on the CRO.

i ¡ ii.:.-+:.i
l. :,.1r'i::l-: 'i

Q)

I
I

leo clt=NÂB
J,'

L.': .,:.. l
r:l r_._ :

t:r .,'.;

it-:.: :

;:i. ....l

:':j::'-i: :':'

since some ¡lhotognaphic measunements of the B-ll curve wer:e done
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at 3 hz, it becaÍre Ilcrcessarv to rleterrnine the 1o'¡¡ frequency respon$e of the

rnod:'.f ied integr"ator',

Figur"e 8.3 i-s an equivalent .eircuit for an unmoclj.fÍecl integnato:r

using an openatioi:al amr;-tifier. T'he 'rvirtua.l- grouncl,, concept v¡as found.

especially useful fon the mone cornÞIicated netwonk shov¡n ín Figui:e B.rÌ,

that'ís, alr of the input vol'tage .i ís ciropped across Rl-" Fon this
cir"cuit , e^/e. = t/t Rl c] , whene 'sf i.s the i,aplacian oper.aton.-oJ-/

Fip-;ure 8.4 shows the finst step in the evaruation of the

transfer :functíon (the ratio "o/"i) fon the moclified integrator netlork

shor'¡n in Figure 8.2. A nurye-cleltatr transformation is penfonmecl on the

netv¡onk R2 ' C2 - P'3. In the ::esulting clelta network,. we aue concernecl

only vlith 2^ , since z, is paralleJ-ed v¡ith a vi:etual- shon-L, and. z, isc b -- -) 
a,

acraoss the output, as well_ as a hi.gh impedance amplif-i.en

l-oad not shbv¡n.' Referring to t"igure 11.5, f,... is Z //c.l 
"'.'T '"c /l

if * ZT = uo. SÍnce e. = :l-, RI,

It nemains nolv'to eval-uatej ZI .

.o/7n = U,.,. = er'/Rl; thu-s /ui = rr/w.

n -'c 
* tfs c,

"r - ã-o-T-ry;.îI
^zn

a-nd

In the Laplacian donain,

+ scl zC1ii

,:

.i ïn the wye-deJ-ta trans-fonmation ,

T)o , P.3R2 R3 + ---:- ' ---s C- s C

R2

:2 SCrt1
'c = *----TÆ-c;-

l..l '..:

),,' .:'.'
lj.,';':

,C="C2R2R3+R2+R3
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Thus, oo/"r_ = ,"/{ttt.t- sc, nt za)

sCrR2R3+R2+R3

Rt + s2(Iìtct 'R2c2 R3) + scr_Rl (R2 + R3)

Fi.gur"e 8.6 are stror.m fnec¡uency resT)onse curves for the

unmodified, and the mod:'-fied integrator c:'-ncuits, in the range 1to l-0 hz.

Tt is to be notecl that the circuit modificat.ions have no effect above

about 6 hz, In photos of B-ll cunves for var.ious frequencj-es, even if

the maxj-mum flux density is canefully helcl constant o photcs taken at 
i

3 hz wíll anpean verticall--y larger than those shot at 60 hz. In fact, the

e:croï1 introcluced by -this cincuit chanacteristj.c in Figunås l-9 and 20

is not a lange one.

' f+ '.-L^..1-t ^r ^-LU ¡rr\JL¿I!¿ d-r-Þu rJv rrryllu_L()1rU\.t urlc-LU 4 È!uUrr <J,B_( (iujl!UlrU v!cr.ù LUL{jJ.Lt uU

cy;i-sl, be'¿ween {,he compu|ei.ì curves shor^rn in Í:Lgure B"ó anci b}ie aclual-

frequency respoìlse L,ests for ihis c j-rcui[,r'y.

Q1-

:J
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APPENDIX C

FOURIE;R A}'IAT,YSIS OT POLTEIìS OF TI.îE COI,,{I{ON

TRIGONOMETRIC FUñCTIOI{S, Il't TABLE FORtf

cosx:cosx
2 r. Icos'x=(t)+(i-)cos2x

"o"3 
* = ( -rT ) cos x + ( f ) "o= 

s*

"o"4 
* = ( å ) + ( | ) "o" 2x + r å I cos rrx

"o"5 
* = ( å ) cos x + ( -fo" ) "o" 3x + ( |u ). .o" s*

"o*6 
* = ( +ï ) + ('$ I "o" z* + þcos 4x - åUcos 6x

7352r^7_l-Ços' .x = 5-fr 
cos " n il* cos 3x * Orf cos 5>< o ¿,* cos 7x

i..,.,r:,.

Now for the sine function

Any Ðorn'er of the cos:lne function c¿:.n be generated from any

prev:'.ous pü,/er b-v rrsj-ng the rel¿¡tionship

r-,..,..,:;.-
\:" !: , .:

''.::t1..

.-ei



99.

Fon examnle:

Thus,

cos(n:<) cos (x) = ,]- t-"o" (n-r--l)x t cos (ri-.r)x-l

"o*2* = cos(x) cos(x) ... n=l
l

= j: [cos 2x + cos 0 x]

l-^r=7cos2x.+l

32cosx=cosxcosx

l-^t=TcosZxcos*+TcoSx
1'ì 1

= ì* f [cos 3x + cos x-l + icos x

l--1 I
= E-cos 3x + Tf cos x .t Tcos x

l-^3=ïÈ"n=JX+.Ecosx

Similan techníques can be acplì-ed for the sine function. The constants

mu-ttiplying each te::m are knor¡n as rrFour.ien Coeff:'-cientsrr.
ii

-l

;:l i,aìla-:'4a.1.:

i.,:: ':'';
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APPEI,IDÏX D

I}IVERSTON OF THE INCREI.{EN;TAL ]]ESCRIRT}IG FU}ICTTO¡{

Tt has been shou¡n that the IDF arising from the pclynomial

nepnesentation of the nonli.near. element (the i/L relationship) has the

for.m:

K =A't'Bej2rÞe

Th:ls r.elationship is sho'*¡n in Figune 0.1. K Ís a vecton

whose tip l.ies on the circurnfenence of a círcle, tlie celltre of which is

A r-rníts from -the origin and with a rad.ius = B un,its, The stab-i.lity

crj.-l-erion 'depends upon plo'Lt-ing t/Ke as tþ var.ies.

It r.¡ill be consider:ecL to be axiornati.c tirat the inversíon of a

cir"cle ín thc tz' pJ-ane r.esults in a circl-e on the ?wt pÌane. f'/ith

this in mind, t-wo points on the diarneter of the tr,rt plane cir.cle r¡ill

be located, thus establ-:'-shing the size of the ci:ccle. In Figur"e D.-ì-,

poj.nt *Z is given by (rf + S)10" , and. this poin'L becoines .1 -iñ

the tt^rr plane, sirice , by ciefinibion , hl: f / Z j-ir figure Ð,2 ,.

u, = ( ,, *lo I ß:-

S.ìrn:l--l.ar:1v, xr = (A - RU!:- invents to
I

lu2=(Ã-jü)lS:

:--:.: _.-;



/\.Z TLA N Ë

l.lI K¿ = A +- Þ ei^/

'f,oclls oÌ¡ K IiI Tl{r t7,t Pl,A.lilllô

IwI rroNE---.
r/z)

- ,/U

/,I- I ,/4"I
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FIGI]RIÙ 0.2
LOCUS 0Ir TI-IE II{VirllìS.l.ON Olt

TllE rl,,it Îi..[ilfE .
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r.+:{:.r+!

Thus, the rt¡r pÌane cii:cle centre is

AIso, the rad:Î.us of this ci.ncle is

(rr, + "¡fz = t #u *,¡16r t I I =

Á

7_7

t2-t-r r- I 1 -
=*-l2 2'A-B A+B'

- l r A + ß- : 4 +.8 f = p/¡2 - s2- ã r- *'"-î-',--*V
' At -T\' /

Fin.rlly, -llKu has its centre at ofo' - t2, orran u'radius of

l"/u'-o'l

ii
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