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ABSTRACT

‘This investigation was concerned initially with comparing the
dynamic, or time varying, behaviour of two very different transformer
cores, The various electrical characteristics of a core-winding assembly
sometimes used as a "current transformer",vand khqﬁg as a bushing type

"”CiT.;~weregcompared~with~the~responses~of~a-modified~core~and coil

-

assembly taken from a power distribution transformer.
The relevant measurement techniques were thoroughly analyzed
_and are shown in the Appendix.

It was demonstrated that binomial‘equations;Qin one case a
quintic, in the other a septic; are a fairly good representation for the
average of the flux density vs magnefié field intenéit§=-;r1%—H; character;
istics. For cértain situations, the average of the B-H curve may be |
represented by three segment straight line approximations.

The availability of a reliable two term equation is potentially

 very useful in harmonic or ferroresonant studies. Recent work has indicated

that, for the investigation of the latter, loss representation is not of
_.prime_importance to_the transformer model.

Using the binomial equations to model the core characteristics,

-The‘relationship between applied RMS veoltage and resulting RMS current was
_ developed.

A seéond prime concern of this investigation was the attempt to
" demonstrate that; for a series circuit containing linear resistance and

‘capacitance as well as non-linear inductance, the analytical prediction of

various aspects of ferroresonant behaviour was relatively straightforward

ii




if the above binomial approximations are used, and that thelagreemént with
test results was quite reasonable.’ Certain generalizations were made in
regard to the "incrementalvdescribing function” for an odd powered

polynomial relationship between current and flux linkages.

Finally, the excitation of the second and third subharmoniecs was
accomplished and recorded, although no mathematical analysis was attempted

in this area.
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. INTRODUCTION

The first real objective of this thesis, which is an offshoot of
the Doctoral Dissertation presented to Illinéis institute of Technology
b& G. W. Swift, was to obtain accurate flux dénsity vs magnetic field
intensity curves. These curves, also called B-H ;urves, were obtained by
operational simplifier techniques and allow several electrical

-

“characteristics to be deduced regarding the sample, if frequency, flux

density and time of switching are the experimental variables. Of most
interest was the binomial equation, i = Clﬂ + Cnﬁn which was proposed
as the arithmetic average of the &/i relationship,.which is directly
proportional to the B/H relationship.
In the previously mentioned Ph.D. thesis, the quétibnﬁm
=0+ e’ |
was presented as the per unit binomial best fitting the.core and coils of é.

5 kva distribution transformer manufactured by the Commonwealth Edison Co.

of Chicago. Although the details of the core's construction were not

- known to the present author, it was of interest to compare the same results
to the two cores of this thesis, for which constructional details were
known.

It was also of interest to derive the theoretical "magnetization

curve", that is, the I(RMS) vs E(RMS) relationship, using the binomial
i/%2 equation as the starting point, and then to compare the resulbs with
the actual magnetization test on the same core. Since agreement was not too

close, presumably due to the inadequate modelling of iron losseé, no

- xi
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attempt was made to obtain the i/% curve from the actual magnetization
test results. The latter procedure would h;ve been very useful, since
toc date, transformer manufacturers are not obliged to furnish B-H curves,
but normally provide the magnetization data obtained from the acceptance
tests. |

While examining the ferroresonant response of a series R-L-C
circuit, the éuthor was able to measure the second ana third subharmonics,

and also became interested in the methods available for predicting

~ ferroresonance analytically, and Chapter Seven represents an attempt to

reconcile a mathematical prediction based on an approximate model to the

measurements made on the circuit in the laboratory situation.




CHAPTER I

CONSTRUCTION OF CORE-COIL SAMPLES

The object of this Chapter is to compare physically the

“available test samples. The abbreviations C.T. and P.T. shall be

used for "current transformers" and "power transformers' respectively.
‘Figupevl gives physical details of the C.T. core, while in

.‘iigureUQ;‘tﬁe'?.T; is‘detailed. -

Since the cores were available initially without windings, it

was necessary to determine the number of turns to wind in order to accomplish

further testing. In general, this is determined by applying the equation

B4k £N (B A D 4 . o
- - o N

10

where E = RMS voltage [usually called "rated" voltagel,
f = frequency |
N = number of turms (to be found)
B = peak flux density (to be chosen)
An = net steel cross sectional area,

If E is chosen, and since in this instance An is fixed, Bm is then
chosen to restfict exciting current, as well as total core loss. Depending
on steel typevand treatmeﬁt, and core construction; Bm may vary over a
wide range. |

For the C.T., E was chosen for COnvgpience in testing to be

50 v RMS, and a figure of ‘B =100 kilolines/in2 was thought to be
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satisfactory. This determined N = 75 turns. Two identical windings,
of 75 turns and using #12 Heavy Fo?mel solid copper were wound to
allow the measurement of B-H curves, using an operational amplifier
technique which will be explained later. The wire gauge was heavy
enough to prevent winding overheating under all anticipated test conditions.
In the case of the P.T., E was also chosen to be 50 v RMS, while
Bm = 83 kilolines/in2 was used to restrict excitation current. Available
test data on cores of simllar consfructlon indicated that exc1tatlon current
:would be much hlgher for the P T. than for. the C.T. core. Calculations
indicated that 30 turns should be satisfactory, and two identical, 30 turn,
#12 HF copper windings were wound as shown in Figure 2,
The material used in both_cores was a modern, grain oriented
transformer steel of approximately 11 mils thickness. The objective at

thlS point was' to emphasize dlfferences in core cuttlny and aseewbly, .

"\,.

rather than to discuss manufacturlng specifications for the steel. To
this end, Figures 3 and 4 illustrate core construction. It was felt that
these samples represented extreme cases. The C.T. core could be said to
approach the ideal, that is, fairly tightly wound on a machine, émploying
higﬁ grade steel, with no air gaps in the magnetic circgit, and no small
radius bends in the steel.. The P.T., on the other hand, which in this
instance was salvaged, had air gaps (which- tended to cause flux concentration)
at 4 points on its periphery. It was assembled by hand onto the coil, and
could have been mishandled, thus causing increased eddy current losses
wheﬁe interlayer insulation was scraped off, in addition to introducing
‘metallic stresses.which could hot be relieved by "soaking" in a high

temperature oven after the coil had been assembled on the core,




5

'It is held by the author that the core of a large power transformer
would lie in between the P.T. and the C.T. as far as the number and size
of air gaps in the core, and relative amount of human handling goes.

This fact, then, might permit the application to large power

transformers of some of the conclusions drawn in this thesis.
The author makes the presumption here of some prior knowledge of

----power transformer core assembly by his examiners. .

‘!
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CHAPTER II

RMS VOLTAGE AND CURRENT CHARACTERISTICS

The object of this Chapter is? at fhe éame_time as présenting
comparative measurements of magnetization or open circuit data, including
harmonic component determination; to examine the %echniques used to obtain
these charagteristics.

iwAléo;.éﬁ~atfempt is made employihg graphical analysis to show' the
influence of the shape of the B-H curve on the excitation current waveform,

Finally, an explanation for the shape of the actual magnetization
curve is attempted, based on the B-H curve measurements to be presented in

future chapters.

2,1 RMS responding meters.
Proper measurement of power frequency voltage and current was
complicated by the following. While many types of meters, including

Volt-Ohm Meters, Vacuum Tube Voltmeters, and moving iron instruments will

- read perfectly sinusoidal .voltages accurately (aésuming-proper calibration),

the source impedance may, in some instances, be sufficiently high to cause
the terminal voltage to be distorted, expécially when currents flowing

to the transformer on open circuit are not perfectly sinusoidal. Figure 5
depicts this circuit in a very general way, while Figure 6 shows what type
of distortion could occur in the terminal voltage for an assumed current
waveform. For an inductive s;urcguimpedance; the harmonic distortion

is intensified, since the‘current; the waveform of which is said to

contain "harmonics", or higher frequency components, causes a relatively
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larger harmonic voltage drop across this same inductive source reactance.
In transformer test installations, tooth ripple in the supply generator
might cause unwanted (higher frequency) peaks in the test voltage.

. ' It must be remembered that a VIVM, depending on the manufacturer,

might respond either to the O-peak or the peak-peak of a rectified sine
wave, It is to be stressed that the VIVM is calibrated on a sinusoidal
waveshape and will be in error for any distortion. in the measured

voltage. Similarly, a VOM will respond accurately to a sinusoidal

vbltage'onlyg'its movement being of the d!'Arsonval type, fed from either

a full wave or half wave rectifier unit.
In a meter having the moving iron type of construction, angular

. deflection is proportional to the square of the operating current and the

rate of change. of inductance with respect to angular deflection , so that

calibration»may>be accomplished- in terms of effective,fRMgiivoltage»or

£

N~

current, According to Harris, "The waveform error of a modern instrument
; with short vanes is negligible for the third harmonic at power frequencies".
During the magnetization current measurements associated.with
this thesis, the author checked the applied voltage waveform with an

oscilloscope to ensure that no distortion occurred. In this instance, the

currents encountered were not larger than 3% of the source RMS current
rating. Voltage magnitude was measured with a 75 volt rénge moving iron

.~ meter, while RMS currents were determined with a moving iron meter rated

]
¢
i
{
i
)

1 amp RMS.
In a situation where source voltage distortion exists, the
conversion of results back to an equivalent sine wave basis is

exceedingly complicated. ' The interested reader is referred to Chapter II

of reference # 3 in the bibliography .



2.2 Comparison of Magnetization Characteristics.
The characteristics are presented in Figure 7 A and 7 B , Certain
similarities between the curves of 7 A deserve comments., Current increaseqd

with voltage, but not in a linear fashion, even for lower values of voltage.

In both cases, as expected, AI/AV becomes -very. large for larger voltages.
On the other hand; the basic curve shapes are dissimilar, that is, the
curves could.not be superimposed in a per unit sense, even if different
base quanfities»were qhosen. |

A “transformer designer might point out that 83 kilolines per

square inch was a poor choice for the design figure for the P.T., since the
magnetization curve indicates that the core is into the saturation region

at 50 volts RMS applied. The curve shows, that 30 to 35 volts would have

been a better choice for the '"rating", now that the core is assembled.

The C.T. design, however, worked out quite well for the .assumptions
o ' e

>

made-
In Figure 8, trécings of the photographs of the actual current
waveforms are shown. The large amount of distortion present in the

C.T. current waveform is contrasted to the P.T. waveform at the chosen

"rated” voltages.

It is to be stressed that the P.T. has, overall, a much more

linear magnetization characteristic than does the C.T.

2.3 Harmonics ig_the Excitation Current.

. It is of interest to analyze the excitation current waveform
for both the C.T. and the P.T. The measurement technique used to -

accomplish this is analyzed in Appendix A. Thé results of these measure-

ments are shown in Figure 9. The following calculations demonstrate the
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excellent agreemenf between the two methods of measuring exciting

current.

Al

_ 2 2 2
IT = /(Il) + (13) + (15)

I I, are the RMS walues of the harmonic components, and

where Il’ 39 5

"I, ‘is the total RMS harmonic current. Seventh and higher harmonies are

T :
neglected. For the P.T., at 50 volts RMS:

-

L, = /(2.2)2 + (.9):2 + (.2)2 = 2,39 amps.

Direct measurement, that is, the magnetization curve, yielded IT = 2,45

amps at this voltage, a 2.5% difference. For the C.T., at 50 volts RMS

N
(<

IT=/(.3)2 + (122 + (L05)% = .33 amps.

Here direct measurement yiélded .34 amps = IT.

It ig significant to note.that, for the CT, at 50 volts, the
third‘harmonic was 36% of the total current, while the fifth harmonic was
15% of the total.

But for the P.T., at 30 volts the third harmonic was 24% and
the fifth harmonic 6% of the total current.

In other words, at voltages which would be "rated" values, based
on the magnetization curves; the peréent harmonics in the C.T. exciting
current wefe higher than those in the P.T.

It is, perhaps; more meaningful to find percenf harmqnics at,

say, 10% above the assigned rated value.

When the C.T. voltage was increased by 10%, total current rose




16,

from .3% to .90 amps, 5.165% increase, while the third harmonic increased .
to 55% and the fifth to 29% of the total.
When the P.T. voltage was raised 10%, total current rose from
.5 to .6 amps; a 20% increase; while the third harmonic increased to
27% from 24% and the fiffh to 7% from 6% of the total.

In other words, the C.T. core went into saturation much more

rapidly than the P.T. core, for increasing voltages.

2.4 Relationship gf_MagnetiZation'Current'Eg;the B-H curve - Graphical.

To derive the Waveshape of the "magne{ic field intemsity" (H)
when a sinusoidal flux (B) is caused té exist in a closed magnetic circuit
by the application of a sinusoidal-voltage; a graphical féchnique is
employed. In Figure 10 is shown a 'typical" B-H curve. Although its
significance and methods of determination will be mopé fd;ly di§gussed in - -
later chapters, it must be stated at the outset that, in thé sinusoidal
steady state, a traverse is made around this curve on the boundary |
contour sketéhed, and in tﬁe direction shown by arrows.

Figure 11 indicates the waveform of H(t), which is directly
fproportional to the currgnt'flbw to a coil on a transformer core, when
the saturationqeffect is the only one represented by the BH curve.

Figure 12 shows the effect‘on the current of introducing the
‘hysteresis effect, and Figure 13 shows the current when satufation,
Rysteresis, and e@dy currents are all represented.

| Also in Figure 13, the currents from Figures 11, 12 and 13
are supefimposed to emphasizé differences.

It may be noted that it is the hysteresis effect which introduced

phase shift. Recent research by Swift has shown that eddy current effects
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may be represented by & simple linear resistor placed in parallel with
the core model which, if it is a proper model, will exhibit saturation
and hysteresis. Eddy currents, then, should not contribute to the

phase shift between applied voltage and excitation current.

2.5 A Physical Explanation for Magnetization Characteristics.

mA-discussibn of the RMS volt-ampere characteristics must
ultimately evolve from energy considerations. Although a more
comprehensivé discussion of iron losses will be deferred until Chapter III,
the marked non-linearity evidenced at lower voltages, especially for the
P.T., was deserving of comment; |
Figure 14 is a tracing of the phqtographlééythe B-H curves»for
the P.T. sample at voltages of lb, 20 and 30 volts RMS, at 60 hz. As
the ratio of (trace width along-the x axis%/(trace heigh{:alqng fhe,
y a#is) was examined, it ﬁas seen that this ratié éecreésed-f;;‘increased
flux density. Recalling the proportionality of flux_dénsity te voltage, and
magnetic field intensity to current, it was implied at this point that
thé curve was 'relatively fatter" for lower voltages, hence current was
relatively higher, This general behaviour was borne out by magnetization data .
At higher VOléaées, the magnetization curve swung upwards
due to the appearance in the current waveform of a peaked distortion,
kmathematically aescribed as being comprised of harmonics, and which are

more easily explained after the discussion of losses and the B-H curve.
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_ CHAPTER III

RMS VOLTAGE vs WATTS CHARACTERISTICS

]

The purpose of this chapter is, iﬂitiaily, to discuss the
.méasurement of power to an iron core using a wattmeter, then to discuss core
loss curves from the C.T; and P.T. samples. A rééumé'of the theory

~ behind core losses, both mathematical and physical, is also presented.

- “Further references-are made to B-H curve measurements in-order

to determine the "Steinmetz exponent" occurring in the mathematical
expression for core loss. Also, total losses are broken down into

components using B-H curves.

3.1 Power Measurement: The Wattmeter. - ~

1o

Figure 15 shows the circuit used to measure power flow to the
sample, while Figure 16 illustrates the details of the electrodynamometer
movement used in the wattmeter. Coils 'F' were fixed in space, of wire
| heavy enough to carry the line current, and wound on a non ferrous form.

Coil M is a very light coil mounted as shown between-the fixed coils and

" also on a non ferrous form, but arranged to carry a small current

~-proportional to the line voltage by employing a wire wound series resistor.

Ideally, it is considered that current in the coil M is in phase with

load voltage, and that the magnitude of the line current 3is not influenced

torque is proportional to the product of the line current iL and current

. flow in the moving coils iv. Since iL and iv are sinusoidal variables,

it may be shown further that the average torque is proportional to

, . ‘ PR
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X T°X
IL Iv cos €,

‘where ©- is the angle between the RMS phasor line current I and the

RMS phasor Iv' Extending this, Indication u‘IL VL cos €, since Iv,

"the moving coil current, is proportional to. VL" The calibration of the
meter will be such that Indication = Watts. Frequency errors have been
-discussed in Appendix A, in regard to measureménts of harmonic components
f”in‘the‘excitation current.

If ﬁossible, a low impedance source should.be used to prevent
distortion of the éample applied voltage. An oscilloscope was used
during core loss tests to ensure that no voltage diétortion occurred.

‘Since, as will be shown in 3.3, core loss may be considered to be a

function of both peak voltage (the hysteresis component) and RMS voltage

54

(the eddy current component), if the applied voltage is not1sinuséidal,
‘ . g ‘ EN :

core loss measurements mustvbe converted back to a sine wave baéis to be
compared and reported. Again, the interested reader may refer to Chapter.

I1I of "Transformer Engineering' by Blume.

1

8.2 Comments on Core Loss Characteristics.

Graphs of core“losé in watts as a function ;f RMS applied.
voltage are presented in Figure 17. To make a quantifative comparison
between the curves would have little meaning, since it was not known.that
the steelsAare'of the same manufacturers grade. It should be pointed out
that the readings included the voltmeter 12R losses, also the winding
copper losses, both of which-were considered negligible here. Since the
absence of Qisible source volﬁage‘distortion‘was confirmed, the watts

- readings contained only fundamental frequency cbmponents. Carefully
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-controlled core loss tests are important to the transformer manufacturer
to aid in developing better core cutting and assembling techniques,

among other reasons,

3.3 Mathematical Analysis of Core Losses.,

Extrapolation of results is normally made from a formula of the
following type:
2 .2

££) t.

e . n 2.
- W= kl f(Bmax)_ + k2 £ (Be
where W = power per unit weight,
k,, k, = constants of the material
f = frequency

= peak flux density

5

B = RMS flux density

t = thickneés of individual laminations

n = "Steinmetz exponent"

The first term of the loss equation represents the "hysteresis"
loss, wﬁile the second terﬁ is called the "eddy current" loss. In order
to show further differences in electrical behavior reéulting from the
‘distinct core construction techniques, an attempt wés made to evaluate
the Steinmetz exponent in the hysteresis term for both the C.T. and the
P.T. If the basic loss equation is rewritten in the following manner

by dividing by frequency:




it will be seen that %» has the dimensions of loss/bycle. If now the

frequency is reduced to nearly zero, eddy losses will make a negligible

contribution to the right hand side. That is, hysteresis losi/éycle =

n
X
{(constant) (Bmax) .

Thus, if loss/cycle were known, n could easily be evaluated
by using logarithms.‘ In the next section, it will be seen that the loss
per cycle can be evaluated without too much difficulty, yielding both a

loss breakdown and -an estimate of the Steinmetz exponent.

-

3.4 Verification of the Steinmetz Exponent From B-H Curves, and Loss

Breakdown.
Appendix B contains a fairly comprehensive discussion of one
technique used for obfaining a dynamic B-H curve, that is, B-H traverses
taken at non zerd frequencies, and illustrates the effeé%é~of-bg?h.hysteresis
and eddy currents. It will be considered to be axiomatic that energy = ‘
loss per cycle is pfoportional (depending on the system of units) to the
area enclosed by the B-H curve. Some of.the arguments for proving this

are not deemed to be relevant here.

With regard to the Steinmetz exponent, equations presented in

the previoﬁs section show that

klv(Bmax

¥
k:

yields loss per cycle at low frequencies. To get 'n", “B-H photographs

were made at about % hz for varying (Bmax)' Note that, if

o .




theh

. W
Logy g [k3 f'J = n logg [Bmax]'

1f [Bmax] is plotted §s [k3 %-] on log-log paper, then the slope of
theAline is ™"n". It was not necessary to know k3, since relative
areas were being plotted, and Bmax _could be iﬁ_per unit terms. The
authov used‘g planimeter to get the relative areas under the B-H curves;
Figure 18 shgﬁé‘a tracing of a set of photographs taken at 4 hz for the

C.T. sample. : Results of this investigation were

C.T. core; n = 2.0,

1.6

H

P.T. core; n

e
X

e

With regard to thé breakdown of losses: ‘B;H curves~of¥the
type traced in Figure 19 were photographed for both samples. Figure 20
shqws plots of relative loés/cycle vs frequency from tests done on the
C.T. and P.T. Extrapolation of these curves to zero frequency allowed
a loss analysis to Be made for the 60 hertz case,

For the C.T. sémplé, percent hystefesis loss was LI%: percent
 eddy current loss was 59%. For the P.T. sample, the proportions were much

the same: Uu46% hysteresis loss and 54% eddy loss.

3.5 Comments and a Discussion of Ferromagnetism and Losses in Magnetic

" Materials.
Magnetic properties of materials are considered to be due to the

magnetic moment created by the electrons orbiting and spinning around the
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Voltages set at 60 hz o The input frequency was then
/ reduced to 4 hz , with flux density held fixed .

C.T.

’g
b;’j 53V
30V
iov

- TRACING OF THE CT

By

 Frequency was Lhz

for all photos .

FIGURE I8
BH CURVES .

. frequencies .. hz

75
60

45
30
- I5

45 _HZ —

C.T.

FLUX DENSITY WAS
FIXED AT 106 %
FOR ALL TESTS .

( 53 V RMS )

L -

FIGURE I9

TRACING OF THE CT BH CURVE PHOTOS
~ FOR A FIXED FLUX DENSITY AND A -
“~RANGE OF ‘FREQUENCIES .
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nucleus of the atom. A ferromagnetic material such as iron is considered
to be composed of "domaiﬁs”, separated by complex acting domain wélls. In
a domain; alignment of the magnetic moments of the atoms has taken place.
(This implies that iron crystals, since they are formed from symmetrical
arrays of iron atoms, are uniformly oriented within the domain). As
produced for commercial electrical macﬁines, iron contains microscopic
impﬁrities, irregularities, orvstrain regions in ‘the crystal. These
‘imperfection§ can occur within a domain, or at the boundary between two.

| Wﬁéﬁ no external field has been-applied, the random magnetization
of the domains in the iron will ensure that a transformer core, for
example, exhibits no macroscopic magnetic characteristics. If a
magnetic field infensity H (created by turrent flowing in turns of wire
around the core) is now applied, the domain walls are.caused to move such
that those domains whose orientation direction is near fﬂat of'?he H
vector grow-in size, while those oppositely oriented decrease innsize.'
We call saturation the macroscopic electrical condition that existsvwheﬁ
tﬁe domain size is maximizéd.

Hysteresis is the name given to the energy required to produce
the motion of the domain walls past crystal boundaries, non magnetic
impurities, or strained regions within a crystal structure. This loss
appears as heat‘and noise in the material.

Eddy current losses result only when time varying fluxes are
caused to ekist in the core. (It should be noted that the "static™"
hysteresis -loop often referred to is also obtained by applying a time
varying current, but the rate of change is very slow i.e. less than 1 hz).

e

Rapidly changing fluxes will induce an emf within a magnetic or




nonmagnetic material which will cause a circulating current to flow,
the magnitude of which is dependent upon the resistivity of the material
in the caselof the transfofmer core, and of céurse causes heating.

Modern electrical machine steels are specially processéd to
minimize hysteresis and eddy losses within the limits dictated by
econcmics., Eddy currents in machine cores are controlled by the use of
thin laminations which héve a surface insulation to restrict current
flow to one layer. In addition, silicon is added to increase the
: 'nesistivity-of the metal.

-

Hysteresis losses are lowered at the raw manufaéturing stage

by "cold rolling", which causes the iron crystals to align more nearly in

one direction, that direction being taken advantage of by equipment manu-
facturers. Also, strains caused in the crystal structure due to. the

basic core shaping procedure, which can also add to hysteresis loss, are

A

removed by a process of high temperature heating and slow cooliﬁéiin an

annealing oven,

[
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'CHAPTER 1V -

FLUX DENSITY vs MAGNETIC FIELD INTENSITY CHARACTERISTICS

The initial purpose of this chapter is to compare the B-H
characteristics for the C.T. and the P;T. After introducing the £
(flux linkages) and i (current) variables, and relating these to the
B-H curves, the functional relationship i = F£(2) will be deduced from
the average of the £ - i curves. Using the polynomial i = £(f) , thev
RMS currents and harmonic components flowing under sinusoidal excitation
will be calculated and compared to the actual magnetization and harmonic
data. Disc;;pancies will be explained. It will then be shown that a three
segment approximation to the & - i curve is a good approximation, and
Athat similar RMS values and harmonics result to tﬁose obtained by
starting from the polynomial approximation.

Finally, the possible uses of a simple £ - i relationship

will be suggested and peference'will be made to the findings of other

authors.

4.1  Presentation of B-H Characteristics.

Figures 21 and 22 are tracings of enlarged B-H curve photos.
In both, the arithmetic average of the top half has been indicated.
' Thé'botfom portion has been shown by dashed lines. The photos were takenb
~at'rated voltage, and frequency,50 v RMS for the C.T. and 30 v RMS for
the P.T., but they are meaniﬁgful in terms of shape only, since the

horizontal and vertical scales, while close, were not exactly equal,

33,
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The operational-integrator technique used to display these

curves is detailed in Appendix B.

4.2  The Polynomial Relationship Between Flux Linkages and Current.

It is first necessary to show that the relationship between
flux linkages and current has the same shape as the B-H cupve. By

'“défﬁhition:

txd
"
éi\
o3
ot
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1
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Also, since

H

Ni/ L j — .
%/& = N/ L = constant , where

£ = flux linkages

N = numﬁer of turns

¢ = flux, lines

B = flux density, lines per unit area

A = net cross sectional area of magnetic circuit

current

i
H = magﬁetic field intensity.
L= meanylength of the magnetic circuit
. Figure 23 shows thevb average " curves of either figure 21
or 22 feafranged in a form convénient for furthéfvanalysis.

However ; since the property of odd symmetry is required
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around the & axis, a binomial with an odd power was chosen as the

starting point, that is:

that-

- po n
i= Cl 2+ Cn 2

Here Cl and »Cn are constants.

If variables in Figure 23 were assigned a per unit scale,

is rated voltage corresponded to £ = 1.0 pu, and base current was

-set equal to the extension of the initial slope of the curve on the

-ng =

1.0" vertical line, then it was found that Cl = 1,0, Figures 24°

and 25 show that the average A/i curves are represented faiﬁly closely

by

4.3

-

) -

"% + 1.83 25 for. the P.T. and

e
i

e
n

% +12.0 &  for the C.T. S ‘

" The Calculation of RMS Currents Resulting from the Binomial i/%

Relationship Under Sinusoidal Excitation.

It must be stated at the outset that, if a sinusoidal voltage

of the form e(t) = E cos wt is applied to an ideal coil having an

ircon

Thus,

core, since

e(t) = N =, and

L = N¢ , then
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so 2(t) = + -é?l sin wt,
where symbols have all been defined previoﬁsly.

For the F.T;, the binomial 1 = 2 + 1.83 25 was deduced.
If %= (Em/w) sin wt = (Qﬁ) sin wt; then i = (Rm) sin wt +
1.83 [(2) sin 613’

The RMS value of this function may be evaluated in two ways;
the first by applying the basic definition:

| T

J [£(+)1? at

o ks

2
IfRMS] =

=3} 1

where T 1is the period of the function. Since the ihtegration can become

quite cumbersome, it was decided to apply the following theorem:

_ 2 2 2. .2
I -j_(Al) + (A2) + (A3~) + ...t (An) .

Here A A2,.:..3 An are the RMS values of the individual Fourier

1°
coefficients. In addition, Al is the "fundamental, A3 is fhe
"third harmonic', A5 the "fifth harmonic", that is, this procedure
automatically yielded a harmonic analysis.

Consider the original function, and substitute the trigonometric

relationships found in Appendix C.

% +1.83 2>

e
i

. 5 .
sin wt - EE-Sln 3wt

"

% sin wt + 1.83 2 ° [
‘m . »m

o} v

S | .
+ 15-31n'5wt] .

That is, collecting terms;




u

3
i m

sin wt + (1.83 st

5
). ——
g) s

- (1.83 x% ——-lm) sin 3wt +

+ (.1123) sin 5 wt

‘Now, the RMS phasor, I, is given by:

(2 + 1.1 25) sin wt - (.57 QS) sin 3 wt
‘m m m

L2,

in wt

1
— K
16 1.83 l sin 5 wt

I_\/——. (z +1142) + (.57 £§)2+(.11 23)2

It- is necessary to convert this result back to actual amperes for

the sake of comparison and this is done by multiplying by the base current,

% s
.25 amps,;” and realizing that

i
|
i
)
1
i

data in Figure 26.
For the C.T., the polynomial

i(base) = .055 ampered and £

i 2+

= 1.0 at 50 v RMS.

v RMS at £ = 1.0. '

m .

The results of the above equation were compared with test magnetiza%ién

12 27 was deduced, with

Again since

2(t) = Rm sin wt;
R . 7 .7
i=9% sinwt+ 12 & sin wt .
m o
Using Appendix c,
21
2 sin wt + 12 2 [ —— sin wt - == sin 3 wt

64

"7 . 1
EE. §1n 5 wt - gﬁ-31n 7 wt]

#*  See figures 21 and 22 ,
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)

" Collect the ‘coefficients of sine terms of the same order,

that is:

35 £7

. 21 7 .
5% “m ) sin wt - ( TR 12 Rm) sin 3 wt

i={ +12x
m
.%H o . .
+ ( & X lQ,Qm) sin 5wt -~ (-%f? m) sin Twt,
Simplifying,
. 7 . 7 .
i=(2 + 6.562 ) sin wt - (3.94 £ ) sin 3 wt
m n m

+ 1.31 Zz sin 5 wt - .19 2; sin 7 wt.

Here, the RMS value of the fundamental is _i~ (2 .+ 6.56 RZ)
. ‘/2—m m

the RMS value of the third harmonic is 3. 94 2; , while the RMS value -
1.31 ,7 V2
of the fifth is - Km .
. Y2
- Now,
AJ
2 2 2
1= [(2 +6.5607) + (3.94 27) + (1.31 2) °
/5 m m o m m

Harmonics higher than the fifth order will contribute only a negligible

amount to this expression. Figure 27 shows the comparison of actual

magnetization data to the results of the above equation.
Since the equation as derived was in per unit, it was converted
to amperes by multiplying by’ the base current, found from the linear

extension of the initial part of the i - & curve. For the C.T.,

‘this was .055 amperes,
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4.4 RMS Currents Resulting From a Segmental Approximation to the Binomial

if& Relationship.

Figures 24 and 25 show the ;/& relationship and a three
segmental approximation for the P.T. and the C.T. respectively. A generalized
harmonic analysis will be made, based on symbols shown in Figure 28. The

following equations are apparent, if 2(©) = Rm sin 8- and Rm > kc.

“A 2m sin 8; 0<® <o and (T - d) <& <T

He
n

e
"

B Km sin €& - C; a<B< (m - d).

Since i(#) is an odd function, it can be written:

(o0
Z b sin n ©; where
n
n=1l

i(e)

It

v

i(®) sin ﬁe de

o
H
!

©

Thus the fundamental RMS value was calculated as follows

T

I, = 2 $(8) sind d0 = .u5 | i(8) sind do

ou
o o . o
a (m-a)
‘ . 2. 4d6 . .
Il = .45 § A & sin'® + .45 1 (B £ sin © - ¢) sinB do
™ m _

(o
(o]

T
' A e .2
+ U5 A Lm sin"© 48

T-0)
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o ' C(meq)

(m-o)

=.9 | A% sin0d0 + .45 | B & sin’® a6 - .45 | ¢ sind a6

“=2x .45 | A L sin® sin 30 48

(¢

o o
Since sin29 de = g— - %—sin 20
‘ e 1 ., e 1
= e 1.5 . e e
Il .9A2,m[2 >451n28 +.+JBSZ,m[2 qstQa
] . o
(m-a)
+ .45 C cos 6
o
_ o 1 ' T o 1 ., !
= J9A 'Q'm[i'-'l:Sln 2a] + .45 B 52,m[-2—-~2——ﬁ-51n 2 (m - o)
o, 1 .
-5+ i sin 2 0] + .45 C [cos (1 - &) - cos o] .
Using the relationships;
cos (M - 0) = -~ cos &; and
sin 2 (7 - a) = - sin 2 o
I,=.9A1% [(—x———l-sin2a]+ 1L5B2[£—9L—+£sin2u.'l— 9 Ccos
1 m 2 4. ‘ m- 2 I 2 - : .
I, = .45 2 ofA - Bl + .,225m B & - .225 2 sin 20 [A - B] - .9C cos a.
1 m m m .
Consider now the third harmonic '
(i
b : : |
I, = =2~ | i(8) sin 30°a0
Y2 V2m.
- o do

L8,




“(ra)

+.45

o
o -

e I,=.94A%
m

(B zm sin® - C) sin 38 d@

sin® sin 39 48

3.
o . A
(m-0) (m- o)
+ 45 B & | sin® sin 30 - .45 C | sin 30 @@
o o
But sin 36 sin® 4@ =_;12 26 _ sin 46

2 X §

Thus, in the above expression;

.

o
[

‘o
(r-a)

and sin 30 sin® = %

1l .. 1
f 3-31n 200 + §-s

<
Z

A 1. 1.
A 13 = ,9A 2m [ g sin 20, g sin

- .3C cos Sd .

-
1]

sin 30 sin® 46 =

s

1, 1.
H-31n 20, - §-31n Lo

sin 2 (m - o) - %-sin b (m - o)

in 4o .

- sin 2o +-E- sin Lot

1 . 1
ua]+.l+5B5Lm[—§-sm20c+E

(.225) & (A - B) sin 20 - .112 % (A - B) sin b - .3C cos 30

sin 4o ]

l+9'

'




And finally, considering the fifth haﬁmonic,

il
b .
I5 = —E-= f@i i(8) sin 50 48
2 i
(81
= .9 A 2m sinB sin 58 d6 + .45
o
Therefore,
o
A
I5 = ,9 A lm
‘o
r(T-0)
- 45 C sin 56 d6
J(l
But sin 56 sinB d8 =

sin 59 sin@ 40 + .45 B Rm

(m-0)

o

(B £ sin® - C ) sin 50 d®

(-0

o

sin 5€ sinB 48

sin 49 sin 60

And so, in the above expression

sin 56 sind = %-

and (m-a)
sin 56 sin®
o

EURN _
+ 7 sin 60

o1 L
-v-ﬁ-sz.nuaf

6

sin & (7 - &) _ sin 6 (7T - )

2 x4

12

T 2x6

. 1 .
sin 40, - == sin 60

8

sin 60 .

12

- = s8in

Lo




Therefore,

1 . 1 1 1
5 .9A lm [ g sin 4o ~ s sin 60} + ,u45B l [ - E-31n ua + 6-51n 6u 1

ot
L

-.18 C cos 50

L1112 zm [A - B] sin 4o - .075 JLm[A - B} sin 60 - .18C cos 5a.

- In figurég 29 A»and 36 A are‘found‘the results qf calculatipg the
harmonics of ; and the total RMS current flowing to tge CT and the PT , the
i/% characteristics having been represented by straight line’segments’. In
figures 29 B“and 30 B , the harmonics generated Ey a.segmental core model
are compared to the actual figures obtainéd from,tesgs.-( Figures 21 and 22
deflne the base quantities used for the conversion of per unit Lo actual

quantities )., The I80 Hz, and 300 Hz curves 1nd1cate a fair degrec of

agreement ,'whlle the fundamentzl curves do not compare well .

4.5 Use of the Average i/ Relationship.

The variables i and £ are very often used because of their
convenience in many analytical situations. Quantities of interest,
currents and voltages, are easily detérmined if i = £(2), Pather‘than,
say H = f(B) or B = £f(H) is used. The use of the average of the
B/H or &/i curves rather than the actual relationship showing hysteresis
as in Figures 21 and 22 has the obvious advantage of relative mathematical
simplicity. In fact it has been indicated by Swift that, for a ferro-
resonant study at least, it is not necessary to model hysteresis or eddy

currents, but only saturation where transformer cores are encountered in
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a problem. As has been indicated thus far in this thesis, neither real
RMS.excitation current nor harmonic magnitudes can be accurately predicted
from the average of the 1i/% curves in Figures 21 and 22, Essentially,
the reason for this is that the real magnetization current is made up of
hysteresis, eddy current, and wattless magnetization components. Even
though it is true that tﬁe binomial i-f relationship does generate a
- non-zero fundamental current component if a sinusoidal flux linkage is
established, ( 90° out of phase with the ideal coil voltage ) , the
hysteresis property is not represented, since the i-£ equation has zero
width. 1In addition, since the actual B-H curve width is dependent on |,
both hysteresis and eddy current losses, with.only the latter being frequency
dependent, eddy current losses are improperly modelled.

In the literafure, a Russian author named Shankman, (Biblio-
graphy, no. 7),vhas recognized that a binomial of the ferm 1 = AL + 325
"is sufficiently accurate in practice to approximate the magnetizétion.curve
of the transformer", although no refefeqce to .core types or sizes was
given.

Swift, (Bibliography, No. 10), has established that the binomial
i=2+ 425 is a good approximation for & typical air cooled, 1.5 kvA,

110v - 110v distribution transformer.
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CHAPTER V

THE B-H CURVE DURING AN INRUSH TRANSIENT

The object of this Chapter is to ﬁrese&t the results of B-H
curve measurements showing transients which resulted when the transformer
was switched on when a condition of residual magﬁetism existed in the
core. In additiqn,vno load current component was permitted to flow,

i.e., an open circuit transformer existed. The theoretical inrush situation

will also be discussed, with the limited use of mathematics.

5.1 Inrush measurements.

The essential elements of the circuit used to obtain these
results are shown on Figure B.1, Appendiﬁ B. To bbfainlfgénsiént.ﬁeasufe—
menté, a switch was placed in series with ‘the winding, the input voitage
was preset to some appropriate value, and residual magnetism was
'esfaﬁlished in the core. The closing of the switch must be synchronized
witﬁ the recording camera's shutter trip, unless the CRO has a beam
blahking feature. The film was exposed to the first few cycles of the
transient B-H curve. The author took the approachbthat, after
energizing the core, residual flux could be established by opening the
switch at some random time, and also that a representativeitransient
could be photographed after very few trials of CIOSing the switch at
random, Resulté seemed to bear this out.

Figure 31 show; tracipgs of two inru§h transient photos for

the C.T. It is evident that residual magnetism does cause a very
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assymmetrical B-H waveform ﬁnder certain switching conditions. From
these particulér photos, it is evident that the peak inrush during the
first half cycle is at least 1b times the steady state peak for that
applied voltage (rated).. While it is not implied that this is the
maximum possible condition; the photos show .that the two peaks which
follow-are about three, and about two timés as large as the steady state
. value, the rapid decrease attributab;e to the prqsenée of resistance in
the circuit. |

| Iﬁ"figure 32, tracings showing the transient B-H curve for the
P.T, are presented. Althqugh-several photos wefe taken, the peak measur-
‘able inrush was féundvto be approximately double thé steady state value.
This seems to indicate that the core residual magnetism was much lower
for the P.T. than the C.T. An idea of the possible range for the
"residuai" flux density may be obtained by referﬁing to ﬁ%gures_?l and 22,

. . o . (SN

In both of these, maximum residual occurs at the intersection of the B-H
curve and the H = 0 éxis, but its value may lie between i_Br(max).
It is evident that, relative to the maximum flux density shown in the

separate figures, the residual is much higher for the C.T.

5.2 Simplified Analysis of the Most Severe Inrush condition.

The most onerous condition occurs when switching occurs at a
voltage zero, so that the increasing flux and the residual have the
same direction and therefore add up. For example, assume the functional

relationship between current i and flux linkages £ shown in Figure 33,

If e(t) = Em sin wt, and since £ = N¢ , and
. . d - *
e(t) = Nua%-=‘2, ‘thus

&
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P
t

= | e(t) dat

= E  sin wt dt
m

J .
*Eﬁ
= o cos wt + constant

Assume that, for t =0, 2 =2,

. } : "=F .
thus , g = 2 (1) + constant
T w
} Em
Constant = (Qr) + (7E~ )

—Bm Em

So, L = ——=cos Wt +——+ &
) W

E_ v

or, L = [1 - cos wt] + 2P

This result is éhown graphically in Figure 33, More practically,
the relafionship i = £(2), which can be shown to be binomial to a fair
degree of closeness, might now be used to find i(t), ' in particular the
ﬁeak inrush. It may.be appre;iated then, why such a large inrush surge
may result, for the core may be driven very far into its saturated state

.,

on oné half cycley; It is the circuit resistance which eventually damps

H

out the assymmetry:ofAthe magnetization current.
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CHAPTER VI

SUBHARMONIC RESPONSE OF AN OPEN CIRCUIT TRANSFORMER
IN SERIES WITH CAPACITANCE AND RESISTANCE

The object of Chapter VI is to present the results of experiments
performed to excite subharmonies in the above mentioned series circuit.
This will inclﬁde a description of circuit elements, reproduction of
" ‘waveforms of voltage and éurrent, as well as the B-H curves when sub-

harmonics exist.

6.1 Second Subharmonic. - ‘ L

In the circuit sketched in Figure 34, it was found that the
second subharmonic could be excited by briefly shorting the inductor L,i
vhile switch S1 was closed and input voltage Vl was set to l7>i_,5
volts RMS, 60 hz. (The reader is referred back to Figure 7 A for
magnetization characteristics). It was found that L must be the open
circuit C.T.; that is, the P.T. did not produce a similar behaviourﬁ
Attention is drawn to the fact that this phenomenon occurred at 17 volts,
which was only 30% of the assigned C.T. voltage rating. It was not
found possible to excite the 30 hz component by closing Sl>on1y, with
source voltage set to 17.0 volts and SQ opeﬁ. In addition, the range of
inpﬁt voltages over which it ﬁas possible to e#éite the subharmonic was
very small, in this instance;'l volt; If the series resistor of Figure.3u
was increased by as muéh as ¥ ohm, the subharmonic could not be sustéined.

Figure 35 shows a traéing éf the voltage across the C.T. while

the subharmonic existed in the series circuit. Figure 36 shows the
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assymmetry in the circuit current waveform, while Figure 37 shows the
circuit curfent at 30 hz against the 60>hz input voltage. Notice that
this current caused the mainAvoltage to distort slightly. This was due
to voltage drop across the source impedance.

Fipally, Figure 38 is a tracing'of a B-H curve taken using
techniques described in Appendix B. This also shows the assymmetry
existing in the C.T. dynamic response. Also in Rigufe 38, the other
stable state of the circuit, that is, the B-H curve at 60 hz, is shown

at the same level of input voltage.

6.2 Third Subharmonic.

" In the circuit of Figure 34; with the C.T.. as the inductance
the third subharmonic, at 20 hz, could be excited by briefly closing S2,
.with the iﬁput voltage in the range 20 to. 22 v RMS, and C - changed to
75 mfd. Again it was found that increasing the series resistance |
eliminated the possibility of sustaining the 20 hz component after its
initiation by the switching transient, and that the critical input voltage
was in a very narrow range.

A tracing of the B-H curve plot,.téken when fhe third

subharmonic existed is given in Figure 39, in additiqn to the "normal"
60 hz B-H curve taken af the same- input voltage magnitude. The relation-
ship between the vqltage waveform and the resulting B-H curve shape may be
discussed from thévfoliowipg viewpoint. With reference to Figures 39 and 40,
recalling that the integrated C.T. voltage applied as the vertical scope
drive has the same waveéhape as the actual C.T. voltage, point No. 1 is
considered to be the start;_ As voltage increases from 1 to 2, the B-H

curve increases from point 1 to point 2. Voltage decreases from 2 to 3,
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and causes the B-H trace to start through a minor loop from 2 to 3, From
3 to 4, voltage increases to a maximum, causing the B-H curve to go to
its extreme right hand limit at #. At 4 the voltage then begins to drop

and quickly goes negative. The B-H loop then follows a normal path as

shown by arrows, and the sequence repeats during the negative half cycle
of voltage.
Tt should be noted that although Figure 39 is a photo tracing,

Figure 40 (which verifies the waveforms seen on the CRO) was obtained by

" " adding the 60 hz waveform to a 20 hz waveform (with a small phaseshift).

The circuit current waveform, of no particular interest, is not shown
here.

The writer cénsiders that an atfémpt at mathematical analysis
when circuit subharmonics exist is far beyond the scope and intent of this

theéis.




CHAPTER VII

SOMANT RESPONSE OF AN OPEN CIRCUIT TRANSFORMER
N SERIES WITH CAPACITANCE AND RESISTANCE

FERRCRE
I
" The various objects of Chapter VII follow. Firstly, the RMS
voltage-current characteristics for a specific bircuit are presented,
showing'the ferroresonant condition. Ne#t the analytical problem of
predicting ferroresonance is attempted. The technique, taken from the
Ph.D. thesis of Swift, reqﬁires the reformulation into control system
form of.equatidns describing the circuit, then the introduction of the
"incremental describing function” and graphical data derived therefrom.
The author attempts some original mathematical generalization on the
latter topic, before.comparing the predicted results to theiactual.gircuit

characteristics, thus concluding the thesis.

7.1 R.M.S. Volt-Ampere Characteristics.

The circuit shown in Figure 34 was used to obtained the volt-
ampere charaétevistics shown in Figure 41. The series resistance Qas
.82, the capacitance was-lSO'mfd, and the inductance was either the
C.T. or the P.T. For a slowly incréasing‘input voltage Vl, when the
inductor was the C.T., the cifcuitwcurrent was very small until the input
yoltage reached ﬁ?.SV, when the current spontaneously jumped to 10 amps
RMS. At tﬁe same‘time, the C.T. voltage jumped 30%, from 47 to 62 v RMS.A
Here, 47V was defined to be the "critical voltage'". If the input voltage
was ihcreaéed furtheff current increased alﬁoét linearly as indicated iﬁ
the figure. When\the input voltage was dgcreaséd, the path of the

* 'Beyond L7.5V .
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1.

'“éhafacteristic was not the same as for the increasing voltage. In effect,
the circuit had ‘'iatched" into the ferro-resonant state. When Vl had
decreased to 15 volts, the ferroresonant condition abruptly ceased, or

- the circuit returned to the more stable state. The circuit behavior

when the P.T. was used as the inductor is also shown on Figure 41l. Of

interest is the fact that the P.T. voltage jumped 88% from a critical value

of 33 to 61V RMS. Referring back to Figure 7A , it is seen that the
critical voltages for both cores were located on the "knee" of the
magnetization curves, and were very close to the defined voltage

-ratings for both‘cases;

;-As the data of Figure 41 would indicate, two stable states for

" the circuit containing the C.T; existed gs long as the input voltage was
higher than about 15, and lower than about 47 V RMS. Experiments were
done to fprce the circuit to jump from the stablg state.denoted by the .
lower line to the ferroresonant state on the higher line, within fhe
previously mentioned voltage limits. This jump could be initiated by
b}iefly shorting the inductance, as in the subharmonic experiments,
or by ciosing switch S1 of Figure 34 with the input voltage Vl set to
certain values, and under certain initial circuit conditions. The latter

. procedure was taken over a number of trials and it was found that the
léwest input voltage that would initiate ferroresonance was 32.5 V RMS
with no residual magnetism pe?mitted. When residual magnetism was created,
the ferroresonant condition could be caused by-as.low as 24 V RMS, on
‘about 30% of the switching trials. |

It is notewofthy that, if the C.T. is the circuit inductance,
it ié possible, on a certain number of trials, to initiate the second

subharmonic for.-an input of 17 + .5 V RMS, while the third subharmonic




can be caused witb an input of 21 i‘l V RMS, and ferroresonance can
result from 24 V RMS up to thevcircuit limit, subject to the proper
switching procedure$,

In a more general sense, it was determined experimentally thaf
the "critical vqltage"; the voltage e#isting across the iron cored coil
just prior to a jump into ferroresonance, increased as the capacitance was
increased. This was experimentally indicated fof’capacitance ranging from
25 to 300 mfd, and the C;T. induétance. For example, for C = 300 mfd,

the critical voltage was 53 V RMS, while for C = 25 mfd, it was 45 V RMS.

7.2 Analytical Prediction of Ferroresonant Behavior in the Series

R-L~C Circuit.

"Although it was demonstrated by experiment that the likelihood

of .ferroresonance was increased.if residual magnetismféxistea,'in-thé'
following discussion, no initial condition will be cbnsidered: The
circuit of interest is redrawn for convenience in Figure 42. The
problem involves predicting the "critical voltage" V2 across-the
transformer winding, and also the final voltage attained once ferro-
resonance ﬁas occurred. Knowing the critical voltage, the circuit input
'voltage which would cause ferroresonance could be found using phasor
techniques if magnetization data were available for the transformer.
The author aépreciates that the likelihood of»finding a series R-L-C
yciréuit in a pfactical power circuit is very small, but his wish at
fhis point is to examine a suggestéd analytical techniqué. |

The normal analyticél techniques for finding voltages in the

series RLC circuit are complicated by the extremeiy non-linear relation-

ship -between voltage (or flux density) and current (or MMF) in the iron
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cored inductance. In fact we know that, to be strictly rigorous,
éaturation, eddy current loéses, and hysteresis must all be considered.
A nonlinear analytical approach, using certain simplifications, will be
presented.

7.2.1. | Reformulation Into Control System Configuration.

This anélysis'has as its basié the assumption of a binomial
relétionéhip between current and flux linkages in. the iron cored inductor.
The.relationghips between Vl’ I, R, C and flux linkages (%) in
Figure 42 can be expfessed as follows, in the time domain.

1 dod

1 C ldt+N-dT€

* °

This may be rewritten in the Laplacian domain, and the flux linkages
variable (2) introduced by recalling that & = N¢ , thus

_Clg_%)_ —N.d-'g_).: V2(t)

‘ dat =~ 7 dt
V.(s) = IR + Lo+ sL
1 sC
1
V.(s). R + =
So L=t -1 sC
'8 S

To be expressed in a block diagram form, the relationship between

current and flux iinkages,
. 0 . o5
i=2+ Ce 2

must be put into the Laplacian domain:




5
I=L+CL

Figure 43 is the result, in biock form, of relating the previous two
Laplacian equations. It remains now to show how this reformulation can
lead to an anaiytical solution.
7:.2.2. The Incr;mental Describing Function.

Nonlinear control system analysts have developed techniéues
involving the incremental describing function to éxamine the stability of
a system which is driven, i.e., a forced system. ( Reference # I9 )

Referring to Figure 43, notice that L, is sinusoidal (since

1

1 is essentially sinusoidal due

‘to the low pass filter properties of G. The difference L = Ll - Lé

V., is thus), and it may be shown that L,

may be said, therefore, to be sinusoidal. The nonlinearity input, L,

is then expressed in the following form, as a time function:
L = Rm cos (wt + ¢) + u cos wt

Expressed thus, 2m is assumed constant, and u << Zm (the second term
is called the disturbance, and can have any éhase relationship with the
first term). To linearize the problem, we require the ratio of that bart
of the nonlinearity output phasor involving the disturbance to the
magnitude of the distufbance itself, and this ratio we call the "incremental

describing function™.

In order to generalize the discussion, assume that the nonlinearity

can be expressed in the following polynomial form:

. 3 5 . on
_-1~C.19,+03!L +CS!L + +Qn2,
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Since the geﬁeral term ann involves a binomial expansion, the

input to the nonlinearity will be expressed in the following way:

£ = a + b, where
a= 2m cos (wt + ¢), and
b = u cos wt, thus
" =(a+bp)P=a"+ na™ b+ B£E§;¥£l a™ 2 p?

+ nin - éz(n - 2) RS ... ete.

This series will converge for 52 < 62, this requirement
being met by the stipulation that n << Rm, and the assumption that ¢
is a small angle, that is, the disturbance Eéi};oécup.at,thé peak of the
input voltage, since we say it.gga. We are concerned only with the second
term of the series expansion, because the first term does not involve
b = f(u) and the third and succeeding terms involve only higher powers
of u, which are neglected. Thgs, in térms of the increment
(n - 1)

n
Cnl (u) = ¢ [n a bl; and

substituting for a and b;

[n & n-1 ci:>sn;l ( wt + ¢) u cos wt] c,

n
Cnl.(u) -

(

n- l)(wt + ¢) cos wt.

[n u 2m(n - l)][Cn]cos




[cos

Since n must be odd (a requirement of the &/i vrelationship
is odd symmetry), (n - 1) is even. It may be shown by Fourier analysis

that, if (n - 1) is even;

cos(n _ 1)(wt +¢) = A, + A, cos 2 (ot + ¢)

®

+ A, cos y(ot + ¢) + ..: + A(n c§s (n - L) (wt + ¢),

- 1)

where Al’ A2, Aq etc. are Fourier coefficients associated with the expansion

(

of cos' ” 1)(wt + ¢). But the following product is required:

a("n _

[cos l)(wt + ¢)]efcos wt] = A, .cos wt + A, cos -2(wt + ¢) cos wt

1l 2

"+ A, cos h(wt + ¢) cos wt +°...

+ A cos [(n-1)(wt + $)] cos wt;

(n-1)
In theilast expression, only fundamental frequency terms will

be retained, since the ipcremental describing function is based on a

phasor ratio, the fundamentai frequency part of the output phasor

divided by the input (both numerator and denominator being expressed

in terms of the incremenf u). That is, only the first two terms of the

last expression are retained,.or

(wt + ¢)] cos wt = A, cos wt + A, cos 2(wt + ¢) cos wt.

(n -1)

This may be further expanded by use of trigonometric relationships.




cbs(n‘- l)(mt + ¢) cos ¢t = A, cos ot

+ A2 x %{cos (3wt + 2¢) + cos (wt + 2¢)]1 .

After once again dropping the non fundamental frequency terms,

( A

—cos " T l)(l.ut + ¢) cos wt = Al cos wt + Eg-cos'(@t + 2¢)

And finally,

(n - 1) COS(n -

cnz“(u) =(c)nut D (wt + ¢) cos wt

A,
= Cn nu lm(n - [Al cos wt + 2 cos (wt + 2¢)]

2
The only restriction on this last result is that n > 1. The
coefficients Ays Ay, etc., may be found in Appendix C. Expressed as a

phasor, the last expression becomes

A .
2 el 2¢]

(n - 1)
Cn nu Zm. [ Al + 5

But the incremental describing function is, by definition,
the ratio

A

c_2™(w) ' .
n - (n - 1) 2 32
- = n anm [Al +-§— e ]

As an example, suppose the non linearity were represented by

" the binomial 1 = Cll + Cszs. Expressed as a phasor involving u,’




1
et = sueg g L) 5 I P

The first term (n = 1) 1is treated as follows: If i =C.8% ;
then

is= lezm cos (wt + ¢) + u ‘cos wt]

and i(u) C, ucos wt; oras a phasor

= b d
Clu 1 Cl u

I(u)

j'Now, considering both terms

I(u)

_ o3 1 62
Cl u+ 5u CS Rm [ gtTe ' ]

' T 5 R
u[Cl-l-SCSR,mX-é—]-lvu[-,-_‘—Csﬁme ]

15 .4 5 y 5 26
+ ul Ci+g G Qm + E C5 Qm e 1

Now, applying the definition of the incremental describing

function, or "IDr":

IDF [Quintic binomiall = I(u)/u;

K =
e
or .
_ . 15 y 5 4 526
Ke = Cl + -—8‘ C5 Q;m + ECS Rm e

For another illustration, suppose the current-flux linkages

relationship were




. _ 7
Prah e

From the general expression

: A
7 _ 6 T2 3 2¢
cjg(u)-7uc7£m[Al+~—2e ]

From the expahsion for coss(x) in Appendix C, Ay = 10/32,
and A2 = 15/32.

Thus

7, 6 10 . , 15 5 26
C7£ (u) = 7 g C7 Qm[‘32 + ( EE-) e ]

*

Using an argument previously developed, Ci%(u) =ucC

So,
' _ 70 6 . 105 6 5 20
I(u) = ul C,+35 Co 2 + =55 Cy 2 e ]
Again, K_ = IDF [septic Binomiall
= I(u)/u; or
K =c +0¢c o7 4105 86,32

e 173277 " 64 "7 “m

Further, given the polynomial relationship between i and £,

’

. g 3 5 7 _
is= clﬁ, + C3SL + csz. + C72_ t oeees

it may be shown that the IDF has the general form




where A and B are constants. This is so since it has been shown

‘

“that the IDF for the term Cnﬂn is equal to

+ A .
(n - 1) 2 3 26
nec % (A, + e 2%

' 7;2.3 The Stability Criterion.

—-QJ‘Reﬁerringvtomﬁigure 43, it may be considered that the IDF is
the incremental gain of the nonlinearity N for the disturbance 'u'.
Since .G(é) is a linear block, if the vector (Ke) x (G) is formed and
encloses the (-1, 0) point for any frequency, established stability
theory states that the increment is an unstable one. That is, the

critical value for the flux linkages 26-'may be found by setfiﬁg

(Ke)(G)

-1
so - -%/ke
Now“”f%/ke may be plotted fqr the variable lm, and G(jw) may be
plotted on the same éoordinates since the circuit to be verified has
constant inductance, resistance, and capacitance. Intersections indicate
points where ferroresonance should occur. It is shown in Appendix_D

that —%/ke produces families of circles for various Zm, with centres

at (4/%2 - A2), and radii of (%/bQ - A2). And since G(s) =R, 2 .
, A : s
G(jw) =—§a-— —%—-, the locus of which may be plotted for varying w.

wC
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7.2.4, The Real Circuit
The circuit used is shown in Figure 42, with R = 1.0 ohm;
C = 150 mfd, and I = power transformer described in dhapter I,

Base quantities were chosen as follows: Base frequency = 60 hz;

instantaneous base current = .25 amps (from 1/2 or B/H photos),
therefore RMS base = .25/¥/2 = .177; base voltage = 30 VRMS, since
30 VRMS applied to the P.T. produces Qm = 1.0 pu by definition. Thus a

base impedance can be determined:

Zb‘= Vb/&b = 170 ohms

And since Zb = %/&5 x Cb’

6 /o |
¢, = (10 /377 x 170) = 15.6 mfd.
again , 6(s) = 2LEKC . Ry 2 |
Cs sC
G(jw) = 23 I B RC
-0° ¢
But R = 1/170 = 006
pu

w

2w X 63/én X 60 = 1.0
.pu

ng/iS.G = 9.63

c
pu:

1+ §(.0577) _
-1 X 9,63 -

So - G(i1) = - .104 - ,006 j




"The IDF is found from the estimated Binomial relationship

between i and 2m for the P.T.

%+ 1.8 25; and is
m m

e
]

e
]

. 4 By 5 2
(1 + 3.43 £) + (2,29 2) e

The family of circles resulting from the inversion of Ke is found in

Figure 44, and a particular value of 6(5w),
curve. It is seen that G(J1) lies at the intersection of the ﬂm

circles, which indicates that the critical P.T. voltage is 1.1 x 30

1.0 1is plotted on this

33V

and the final voltage is 54V RMS. In the test déscribed in 7.1, voltage

jumped from 33V to 61 V RMS. This agreement is creditable, considering

all the approximations involved in arriving at an analytical solution.
The analytical technique presented in Figure 41 permits some

generaliZafions to be made, a few of which follow. In the series RLC

circuit, with C and L fixed, ferroresonance can exist only for a very

narrow range of resistances. In this example, ferroresonance can occur

for 0 <R < ,08 pu, or 0 < R'< 13 ohms, although it is evident that,

the higher the resistance, the smaller is the possible voltage jump. In

addition, for fixed R and L, the critical voltage decreases as C

‘decreases, with a variable lower limit of 80 to 90% of rated voltage

(the so called '"knee" of the magnetization curve). For example, under

test conditions, it was not found possible to excite the ferroresonant

state when C was 37.5 mfd or below.

’
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7.3 Concluding Comments.

The electrical behaviour of two extreme transformer core types
has been analyzed, and the relevant measurement techniques have been
‘fairly thoroughly examined. It has been verified that a binomial equation,
i= AL + Bﬁn; will, for these core types; provide a féirly good
approximation té the saturation aspect of the fundamental current-flux
linkage relationship.if n=5 or?7, and with -A. and B appropriately
.chosen. |

A fairly large discrepancy was shown to exist between the RMS
magnetization characteristics as calculated from the i-f relationship.
‘above, and the test charécteristics.

The second and third subharmonics were experimentally excited
and recorded for one of the test transformers in a series R-L-C éircuit.

Analytical-predictién-of ferroresonance wés,éhownito'agrée .
fairiy closely with test reﬁults. | |

It might be argued that the choice of the rarely encountered
series RLC circuit fpr the various experiments was a poor one, but the
intent'was,to examine the analytical method, not necessarily the practicality
of the network.

One fairly obvious extension 6f thié work might be to phétdgraph
the B-H loop for a 1arge power transformer in the factory, then to estiw
mate the i-% ‘relationship and compare results to smaller equipment.

" In the light of tﬁe increasing numbgr and‘complekity of acceptance tests
now performed, and as ferroresonant problems bécome better undersfood
by'utilities5 it may bé that'photograﬁhs of the B-H relationship become

standard test requirements.
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APPENDIX A

HARMONIC COMPONENT MEASUREMINT

A schematic diagram of the technique used is found in Figure
A.l. Harmonic analysis is accomplished in the following way. If the
“eurrent coil" of the wattmeter, which is the higher capacity, fixed
member of thevelectrodynamometer movement, is allowed to carry the
excitation current (containing a fundamental & odd ﬁarmonics), a torque
can be created on the moving coil only when the voltage circuit carries
current which has a frequency exactly the same as the fundamental or any
of the existing harmonics. In practice, ‘the oscillator frequency is

set as close as possible to the component of interest, this being

indicated by wattmeter needle motion. Since the wattmeter is calibrated

in terms of V I cos O, if V = V?(RMS) 'is known (and is distortionless)

and the maximum wattmeter deflection is recorded (cos € = 1.0):; the
harmonic of iﬂterest is Jjust %1 = W(max%/VQ. Several sources'of error
could arise. r The pointer motion should be made as slow as possible to
prevent overshoot due to the inertia of the movement. Several trials

can establish the maximum deflection quite closely.

e

87.

For highe% harmonics, the self inductance of the voltage circuit,

found in this instance almost entirely in the series wire wound resistance,

could introduce an error in the maximum indication. That is, if V?
were fixed in magnitude, the increased impedance of the voltage circuit
would cause the current in the moving coil to be in error on the low

side. The total inductance of the voltage circuit (in the wattmeter

used) was measured to be 22 mh, while the total voltage circuit




TUTUTRANS FORMER S LORE
RS AMME TER™T
1A o |

'/'

=
o i
it _ i i
VARTAT™ ’g‘ .

e+ g / | _ ' FIXED COiLS
Lo HWE N4 /
TS UQCE ‘ S :

=

Rt g b o e g

R AR A TN

e N

0

'V$-\~_~‘\\*“‘~\ '
/“é”‘f’\f : — low RANGE. WATTMETER

RN

———

TMEOVING TCovE

55

SR AT

D5CILLATOR

‘\\V

M Rs is a series connected, wire wound resistor .

2 is measured by means of a vacuun tube voltmster .

FIGURE AT
'CIRCUIT FOR DETERMINING HARMONIC COMPONENTS OF A
TRANSFORMERS EXCITATTON CURRENT .

afted

B Sy
82




resistance is stated (on the dial) to be 5672.40, for the scale used,

For the seventh harmonic, for example, the inductive reactance of the

X

voltage circuit would be 7 377 % .022 = 580, and the voltage circuit

58 ohms. In other words, negligible

(S0 2

impedance Qould bé 56720 +
error is expected from this source.

Mutual inductance bhetween the fixed and moving coils causes an
error in indication which increa;es lineafly with frequency. Since the
voltage and current coils are coupled, an electromotive force is induced
in each coil due to current flow in the other. In cemmercial wattmeters,
the error due to mutual inductance at 60 hz is so small that.a lirear
extrapolation to 420 hz will result in a negligible error.

Eddy currents can be induced in ﬁetal coll supports, in metallic

shielding arrangements, or in the wires of the windings themselves, espec-

4e]

e

=

ally if solid wire is employed. TFor example, in the -current coil, thel
flux produced by load current flow produces eddy currents which themselves
create a.component of flux lagging the "main" flux, and affecting the
resultant angle betweén fields which react to cause deflection. The error
due to eddy current losses increases with the_square.of the frequency.
This errcr could become important at low power factors, but, as the meter
is read at maximum deflection in this case, that is, at that point in

time when the angle between current in the voltage coil and load current
is zero, it is felt that eddy current errors can be disregarded.

When total RMS current is computed from the harmonic components,

it is found that the result is very close to the magnetization data, for

high, as well as low current values.

[N
(o] 9 o
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APPENDIX B

DETERMINATION OF DYNAMIC B-H CURVES
USING AN OPERATIONAL AMPLIFIER TECHNIQUE.

Figure B.1l shows the equipment and connections necessary to

display the B-H curves. That the voltage applied to the horizontal system

of the CRO is proportional to 'H' can be shown with the following

equations:

ey =R 1
. H=Ni so i= HL/N
T
A ey = (RL/N)H . _ : - !
Similarly, the proportionality between e - and 'B’

V

is shown thusly:

e =k e at

Since the sample is a 1:1 transformer, the sample applied

voltage also equals e S . But:

N(d$/at)

©
1

- dB
X = P
B A A d¢/th -A Frs

=
it

L. e = NA (dB/dt)
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and r
e g dt = NAB
SO ey .= (k NA)B; where terms are defined as follows;
ey = voltage applied to horizontal CRO plates
ey = voltage applied to vertical CRO plates
R = series primary resistor = .810
i = transformer excitation current
H = magnetic field intensity , L = mean length of magnetic circuit
N = number of transformer turns
B = flux density in the core
e = sample applied voltage (sinusoidal)

w0

A = net iron crbss'sectiqnal area
¢ = flux in the sample core.

It may be apparent that the horizontal and vertical sensitivities
of the CRO shoéld be accuéately known in order to interpret photographs
of the trace. The resistor. R should be as small as possible compared
with the sample impedance on open circuit, The operational. amplifier
input resistance must be high to prevent any reflected load component from.
appearing in the sample primary, thus creating errors in the B-H curve.

The operétional amplifier used in tests was modified, in the
integrator mode, by a low frequency rejection circuit shown in Figure B.2.
This is necessary since normal amplifier drift will also be integrated,
forcing the display off the CRO Séreen. With the network Rl, RZ, and Cl,
low frequency changes at the output are fed back to the grid of the input

tube, forcing restoration of the trace position on the CRO.

Since some photographic measurements of the B-H curve were done
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Low frequency rejection network ,

» FIGURE B, 2
© . MODIFIED OPERATIONAL AMPLIFIER NETWORK ,
SHOWING THE INTEGRATOR AND THE LF REJECTION CIRCUIT.

) ¢ '
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_ FIGURE B.3
HQUIVALENT CIRCUIT FOR AN UNMODIFIED
OPERATTONAT INTEGRATOR
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at 3 hz, it became necessary to determine the low fre@uency response of the
modified iﬁtegrator.

Figure B.3 is an equivalent circuit for an unmodified integrator
using an operational amplifier. The "virtual grouna” concept was found
especially useful for the more complicated network shown in Figure B.4,
that'is, all of the input voltage e, is dropped across Rl. For this
circuit, eo/ei = %/g R1 Ci, where 's' is the Laplacian operator.

Figure B.4 shows the first step in the evaluation of the
transfer function (the ratio eo/ei) for the modified integrator network
shown in Figure B.2, A "wye-delta" transformation is performed on the
netﬁork R2 - C2 - R3. 1In the resulting delta network,. we are concerned
only with Zc » Since Zb is paralleled with a victual short, and Za is
“across the output, as weil as a high impedance amplifier
load not shown. Refe?ring'to figure B.S, Zy is 2074/615 and
il.x ZT =e. Since e, = il

It remains now to evaluate Zy

R1, eo/z11 * i, = ei/Rl; thus eo/ei = ZT/kl.

In the Laplacian domain,

z, X 1/s C Z
C = C
A 1

T oz ¥ (1/s Cl) 1+ sCl Z4

In the wye-delta transformation,

R2 + R3

R2 R3 4 o |
) s C:2 8 C2

Fe T s,
2, = 5 C, R2 R3 + R? + R3

C 2
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The above network after a WYHE ~ DELTA transformation has been

per formed

FIGURE B..4

STEPS IN THE EVALUATION OF THE TRANSFER FUNCTION

N

N

FIGURE B.5
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i1

Thus, eo/ei zo/(RL + sC; Rl z)

1

s C? R2 R3 + R2 + R3

RL + SQ(RlC R2C

7 ) R3) + sClRl (R2 + R3)

In Figure B.6 are shown frequency respohse curves for the
unmodified, and the modified integrator circuits, in the range 1 to 10 hz.
It is to be noted that the circuit modifications have no effect above
about 6 hz. In phétos of B-H curves for variocus frequencies, even if
the maximum flux density is carefully held constant, photos taken at
3 hz will appear vertically larger than those shot at §O hz. In fact, fhe
error introduced by this circuit characteristic in Figurés 19 and 20

is not a large one.

: 314 587 cn he ments . O AUy U AU JRRETL S
hould also be mentioned that a good GEreanic b was found to

T e
R VRS

wn

exist between the computed curves shown in [igure B.6 and the actual

frequency response tests for this circuilry.
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Ny

X

®

X

1
% ) cos 2x

FOURIER ANALYSIS OF POWERS OF THE COMMON
TRIGONOMETRIC FUNCTIONS, IN TABLE FORM

Nf =

15
37

21
6l

1
5_—) cos 2%

X

Any power of the cosine function can be generated from any

previous power by using the relationship:

APPENDIX C

1
+ ( E)cosﬂx

) cos 2x% +_( %— } cos hx

) cos 3x+(;l~—-)cos 5%
16
) cos 2% + s I cos 6x

7 1
cos 3x + — cos 5K + i cos 7x

- (L) sin 3x

)cost+(é—)cost

5 . ' 1 .
- ( TE Yy sin 3x + ( TE ) sin 5x

L
)cosu»x-(aw?j)cos&:

. 1 .
— )} sin 5% - ( & ) sin Tx
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[cos (n+l)x + cos (n-1)x]

H

cos{nx) cos (%)

Nt

For example:

2
z cos'x = cos(x) cos(x) ... n=1

= %-[cos 2% + cos 0 x]

= % -s 2% +-£
T ee 2

Thus,

2
Cos X cos X

3
: cos X

1
| = = cos 2% cos x + §-cos X

Nof

X %-[cos'Sx + cos x] + %~cos ®

i
N

1 1
cos 3x + H—cos bl +-§ cos %

£t

1 3
= == CcpsS 3X + + COS X :
i -9 v - I cos a

Similar techniques can be applied for the sine function. The constants

multiplying each term are known as "Fourier Coefficients'.

|
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APPENDIX D

INVERSION OF THE INCREMENTAL DESCRIBING FUNCTION

It has been shown that the IDF arising from the polynomial

representation of the nonlinear element (the 1/% relationship) has the

form:

K =aA+Bel 20
e

This relationship is shown in Figure D.1. Ké is a vector

whose tip lies on the circumference of a circle, the centre of which is

A units from the origin and with a radius = B units. The stability

criterion depends upon plotting l/Ke as ¢ varies.
It will be considered to be axiomatic that the inversion

circle in the 'z' plane results in a circle on the 'w' plane.

this in mind, two points on the diameter of the 'w' plane circle

be located, thus establishing the size of the circle. In Figure D.

point X, is given by (A + B)/0° , and this point becomes uy

of a
ith
will

1,

in

the 'w' plane, since , by definition' , W= 1/ Z in figure D,2 .

- l,_._ o]
u, = ( TR ) /0%

Similarly, Xy = (A - B)/0° inverts to




FIGUR®E D.I
T0CUs oOF KO' TN THE '7Z4' PLANE

\ | o PLANE.

(W=1/2)

FICURT D.2
I0CUS OF THE INVERSTON OF K_ TN
THE VW' PLANE . .




Thus, the 'w!' plane circle centre is

1 1 A
u + u z/; = [ +'; -1 (35 ) = —
O I R N T B
Also, the radius of this circle is
e S AR S S
' T 2"A-B T A+B -

Finally, wl/Ke has its

2 2

%‘[A+B-—A+B]:B/\2_’B2
) W2 _ g2

centre at 6/%2 - A2, with a radius of

] _}F/B? - a2

102,
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