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Abstract

Impact at each leg transition is one of the main causes of energy dissipation in most

of the current bipedal walking robots. Minimizing impact can reduce the energy loss.

Instead of controlling the joint angle profiles to reduce the impact which requires sig-

nificant amount of energy, installing elastic mechanisms on the robots structure is

proposed in this research, enabling the robot to reduce the impact, and to store part

of the energy in the elastic form which returns the energy to the robot. Practically,

this motivates the development of the bipedal walking robots with adjustable stiffness

elasticity which itself creates new challenging problems. This thesis addresses some of

the challenges through five consecutive stages. Firstly, an adjustable compliant series

elastic actuator (named ACSEA in this thesis) is developed. The velocity control mode

of the electric motor is used to accurately control the output force of the ACSEA. Sec-

ondly, three different conceptual designs of the adjustable stiffness artificial tendons

(ASAT) are proposed each of which is added at the ankle joint of a bipedal walk-

ing robot model. Simulation results of the collision phase (part of the gait between

the heel-strike and the foot-touch-down in bipedal walking) demonstrate significant

improvements in the energetics of the bipedal walking robot by proper stiffness adjust-

ment of ASAT. In the third stage, in order to study the effects of ASATs on reducing

the energy loss during the stance phase, a simplified model of bipedal walking is intro-

duced consisting of a foot, a leg and an ASAT which is installed parallel to the ankle

joint. A linear spring, with adjustable stiffness, is included in the model to simulate
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the generated force by the trailing leg during the double support phase. The concept

of impulsive constraints is used to establish the mathematical model of impacts in

the collision phase which includes the heel-strike and the foot-touch-down. For the

fourth stage, an energy-feedback-based controller is designed to automatically adjust

the stiffness of the ASAT which reduces the energy loss during the foot-touch-down.

In the final stage, a speed tracking (ST) controller is developed to regulate the velocity

of the biped at the midstance. The ST controller is an event-based time-independent

controller, based on geometric progression with exponential decay in the kinetic energy

error, which adjusts the stiffness of the trailing-leg spring to control the injected energy

to the biped in tracking a desired speed at the midstance. Another controller is also

integrated with the ST controller to tune the stiffness of the ASAT when reduction in

the speed is desired. Then, the local stability of the system (biped and the combination

of the above three controllers) is analyzed by calculating the eigenvalues of the linear

approximation of the return map. Simulation results show that the combination of the

three controllers is successful in tracking a desired speed of the bipedal walking even

in the presence of the uncertainties in the leg’s initial angles.

The outcomes of this research show the significant effects of adjustable stiffness artifi-

cial tendons on reducing the energy loss during bipedal walking. It also demonstrates

the advantages of adding elastic elements in the bipedal walking model which bene-

fits the efficiency and simplicity in regulating the speed. This research paves the way

toward developing the dynamic walking robots with adjustable stiffness ability which

minimize the shortcomings of the two major types of bipedal walking robots, i.e., pas-

sive dynamic walking robots (which are energy efficient but need extensive parameters

tuning for gait stability) and actively controlled walking robots (which are significantly

energy inefficient).
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Chapter 1

Introduction

The research on the principles of legged locomotion is an interdisciplinary endeavor.

Such principles are coming together from research in biomechanics, neuroscience, con-

trol theory, mechanical design, and artificial intelligence. Such research can help us

to understand human and animal locomotion in implementing useful legged vehicles.

There are three main reasons for exploring the legged locomotion. The first reason is

to develop vehicles that can move on uneven and rough terrain. Vehicles with wheels

can only move on prepared surfaces such as roads and rails; however, most surfaces

are not paved. The second reason is to understand human and animal locomotion

mechanics. The study of the mechanisms and principles of control found in nature can

help us to develop better legged vehicles. The third reason which motivated the study

of legged locomotion is the need to build artificial legs for amputees. Although some

effective artificial legs have been built to date, more in-depth research is required to

fully understand the mechanisms and movements necessary to substitute the actual

limbs.

The research in this thesis concerns a group of legged robots known as bipedal walking

robots. Research on this subject has a long history; however, it is only in the last

two decade that successful experimental prototypes have been developed. The vast
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majority of humanoid and bipedal robots control the joint angle profiles to carry out

the locomotion. Active walking robots (robots with actuators) can do the above task

with reasonable speed and position accuracy at the cost of high control efforts, low

efficiencies, and most of the time unnatural gaits. Asimo and WABIAN II, shown in

Figure 1.1, are among the most successful bipedal walking humanoid robots. In spite

of the extensive research on humanoid robots, the actions of walking, running, jumping

and manipulation are still difficult for robots.

Passive-dynamic walking robots have been developed by researchers to mimic human

Figure 1.1: Example of humanoid bipedal walking robots: (a) WABIAN II: Takan-
ishi Lab, Waseda University (www.takanishi.mech.waseda.ac.jp), (b) Asimo: Honda
(http://world.honda.com/ASIMO).

walking. The main goal of building passive-dynamic walking robots is to study the role

of natural dynamics in bipedal walking. Passive-dynamic walkers use gravitational en-

ergy to walk down a ramp without any actuators. They are energy efficient but have

weak stability in the gait. In addition, the major cause of the energy loss in the current

passive-dynamic walking robots is the instantaneous change in the velocity of the mass

centre during each leg transition. Some examples of passive-dynamic walking robots

are shown in Figure 1.2.

Recently, to overcome the limitations and disadvantages of the above walking robots
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Figure 1.2: Examples of passive walking robots from other research laboratories. From left to
right: 1- Cornell University (http://ruina.tam.cornell.edu/index.html), 2- Museon Walker,
Delft Biorobotics Laboratory (mms.tudelft.nl), 3- Cornell University.

Figure 1.3: Three powered walking robots: (a) The Cornell biped
(http://ruina.tam.cornell.edu/index.html), (b) The Delft biped (mms.tudelft.nl), (c)
The MIT learning biped (http://groups.csail.mit.edu/locomotion/russt.html).

(active and passive), researchers have proposed energy-efficient walking robots which

can be divided in two major research areas. The first research area is the walking

robots with actuators which track the optimized joints angle trajectories. The trajec-

tories are determined from an optimization procedure used to minimize an objective

function. The second research area is the passive–dynamic robots with direct drive or

elastic actuators installed at some of the joints of the biped. Three successful dynamic

walking robots are the Cornell Robot (Figure 1.3a), Denise (Figure 1.3b) and Toddler

(Figure 1.3c). The main goal of developing the dynamic walking robots is to increase

the efficiency of locomotion.
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In this thesis, a new research area in energy-efficient walking robots is introduced and

developed which deals with adjustable-stiffness dynamic walking. The main character-

istics of the adjustable–stiffness dynamic walking robots is that they have adjustable

stiffness elastic elements at their joints, which is mainly inspired by the muscle-tendon

mechanisms of humans and animals. In the following sections of this chapter, the

motivation of the research will be explained and the advantages and limitations of cur-

rent systems (actuation and walking robots) will be discussed. Then, new methods to

improve the current systems will be proposed. The background on the work of other

researchers is also given in this chapter. At the end of this chapter, a layout of the

thesis will be presented.

1.1 Motivation

The motivations of each part of this research are discussed separately in the following

sections.

1.1.1 Actuation systems and force control

Converting some of the energy of a system into mechanical force and motion, is a pro-

cess of actuation. The device or mechanism that provides this energy conversion is an

actuator, e.g., an electromagnetic motor with a gear transmission.

Standard actuation systems in humanoid robots are designed to be as stiff as possible

for a given load. This allows the actuator to transmit power with no internal storage

of energy. Unfortunately, a stiff transmission in an actuator not only causes a high

open-loop gain of the actuator but also increases the impulsive forces. In addition, im-

pulsive forces dissipate the energy of the robot by large plastic impact. Impulsive forces

can also cause major damages to the sensors and hardware system installed inside the

robots. The high open-loop gain and stiff transmission in the robot’s actuators imply

that to maintain the stability of the actuator’s force controller, control gains must be
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kept low. This indicates overall poor closed loop performance without the capability

of handling shock loads from the environment.

Bipedal walking robots have direct interactions with unstructured environments, as

well with humans. Thus, in bipedal robotic applications, an actuator is more desir-

able as a force/torque source than as a position/velocity source. Most of the current

robotic actuation systems are specially designed for joint position control and are poor

at accurately controlling the desired force. A portion of these inaccuracies in actuators

are due to the friction, stick-slip, breakaway forces on seals, and backlash in speed

reducers. A conventional method to control the force/torque of the electric actuators

is to use the current control mode of the electric motor. However for tasks requiring

accurate force control with a low desired force amplitude, the force disturbances in the

actuators can be problematic in the current control mode.

To overcome the above limitations of current actuation methods for bipedal robots,

an adjustable stiffness series elastic actuator is introduced in this work. Two major

contributions are made. The first is introducing the conceptual design of an automated

adjustable stiffness coupling that is placed between the transmission of the actuator

and the load. The mechanical impedance of the coupling can be adjusted over a wide

range. The elasticity in the actuator of a bipedal walking robot can reduce the impul-

sive forces caused by leg collision during walking and can assist in the storage of energy.

It is also strongly believed that if the electric motor runs in a velocity control mode

instead of current control mode, the overall actuator performance can be improved

[1]. The second contribution of this work is the development of a new control method

by running the electric motor in the velocity control mode. The inertia of the robot

and the actuator filter the force noise while the velocity or position of the actuator is

controlled. The process of filtering assists the actuator to operate with better force

control performance. Use of velocity control mode was recommended by Williamson

[1]. By using this method, the small force sensitivity and the error rejection would
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be improved. In this thesis, only the modeling and the control methodology of the

actuator are presented. Physical implementation of the actuator remains as follow-up

research.

1.1.2 Efficiency in bipedal walking robots

As the principles of physics, motion of an object with a constant speed requires zero

energy cost, while the summation of the external forces on the object are orthogonal to

the direction of the motion [2]. For instance, frictionless sliding of an object on a level

surface, or oscillatory motion of a mass-spring system with no damping require zero

energy. By assuming frictionless joints and neglecting air-friction losses, the question

is if bipedal walking on a level surface can be similarly energy-cost free.

To answer the question, let us consider a frictionless walking device with rigid links

which is subject to gravity and supported by a frictional level surface. The device can

include actuators and conservative springs at the hinges (joints). With no frictional

sliding, collision in the device is a major source of energy loss that dissipates energy

by some combination of mechanisms, i.g., heat at the collision point, dissipation in

robot structure, acoustic radiation, etc. [2]. Kinematics of the device before and after

collision can determine the energy loss using linear and angular momentum balance,

regardless of the mechanism of dissipation [2]. The sudden change in the velocity of the

objects before and after collision necessarily causes energy loss. No energy is lost if the

new contacts are made in a collision free manner, with zero relative velocity between

the approaching objects.

Thus, the search for an efficient bipedal walking with nearly zero-energy-cost is a search

for a machine that has motions with low negative actuator work, with no frictional slip

at the ground contacts, and with collision free contacts [2]. Because the attention is

limited to models with no ground slip and to models with no actuation, the search
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becomes limited to finding a collision free walking mechanism. Some possible ways

to pursue collision free movement, and thus the ideal zero-energy-cost walking are ex-

plained by Gomes and Ruina [2] using kinematic mechanisms and compliant contact.

Seyfarth and Geyer have studied the compliant walking model [3–6] and the results of

their work strongly support the use of compliancy in bipedal walking robots.

Collision of the leg with the ground is inevitable in the bipedal walking cycle. Colli-

sion is also one of the major sources of energy loss. Development of a mechanism or

methodology to reduce the energy loss caused by the collision is a challenging problem

in bipedal walking robots. This challenge is the major focus of this Ph.D. program

research.

1.2 Background and related work

In this section, the background and the previous work related to my research are

reviewed.

1.2.1 Adjustable stiffness compliant actuator

Many researchers have studied compliant actuators or the effects of flexible links on

robot control [7], [8], [9], [10], [11], [12]. Some research has been done on direct drive

actuation [13] to increase the performance of force controllers. Advantages of using

compliance, which is a term used for elasticity in this work, for sensing the force on tele-

operated systems were studied by Kulishov [14]. The deflection between the actuator

output shaft and the motor position was measured to enhance the stability of a force

controller [15]. By direct measurement of the spring deflection which is in series with

the actuators transmission, Pratt and Williamson [1, 16] introduced the Series Elastic

Actuators (SEA) which was further developed by Robinson [17]. The most advanced

humanoid robot, Asimo, constructed by Honda Research Laboratories [18, 19] uses

harmonic drive motors for actuation and employs visco-elastic materials at the joints for
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shock tolerance. Stanford’s researchers proposed a new type of compliant actuators by

adding an extra small direct drive DC motor at a robot joint parallel to the output shaft

of the SEA [20]. Special mechanisms were developed at Carnegie Mellon University

to change the compliancy of the actuators for a running gait [21], [22]. Developing a

variable stiffness transmission, especially for the actuation of the human-interaction-

based robotic systems, was highly recommended by Bicchi [23]. Also, some mechanisms

were explained by Mason and Salisbury [24] for articulated hand applications. The

following actuation methods were recently developed and proven successful as unique

actuation approaches: the joint torque control approach [12], series elastic actuation

[17], and Distributed Macro-Mini actuation approach (DM2) [20]. In the following

sections, the above actuation approaches are explained in detail with their advantages

and limitations in bipedal walking robots.

Joint torque controlled robots

Joint torque controlled robots consist of high performance actuators and transmissions

with integrated torque sensors to achieve the desired performance levels. The band-

width of the joint actuation is limited and is a result of the nonlinearities and friction

inherent in actuator–transmission systems [12], [25]. The implementation of the joint

torque control allows for near zero low-frequency impedance, but it is ineffective at

higher frequencies. Therefore, the magnitude of impact load, which is determined by

the high frequency impedance of the contacting surfaces, is not attenuated, making the

actuators difficult to be used in efficient bipedal walking robots. While the joint torque

control has been successful in improving the force and impedance control of robotic

manipulators, their fundamental open-loop characteristics limit their applications in

efficient bipedal walking robots.
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Series elastic actuation

Series Elastic Actuators (SEA) [17] have elastic elements intentionally placed in series

between the actuator and the load. Deflection of the elastic element is measured to

provide an accurate estimate of the force. A linear feedback controller is implemented

to regulate the output force by controlling the current of the DC motor, as shown in

Figure 1.4. The impedance of the actuator in high frequency is limited by the stiffness

of the elastic coupling. The low stiffness value of the series elastic element decreases the

open-loop gain which allows the use of a simple and high-gain PD controller. The force

control system is stable and possesses low impedance over a wide frequency range, but

the open loop characteristic of the SEA causes a physical limitation in the bandwidth

of the actuator. The velocity and torque saturation of the DC motor in turn adds to

this problem [1,16,17].

Low stiffness of the joints is highly valued in bipedal walking robots since it provides

nearly passive motion i.e. in the knee joint during the swing phase. By choosing

low stiffness elastic elements in series elastic actuators, the impedance of the system

remains low with a negative effect of reducing the bandwidth of the system. As a

solution, stiffness tuning of the elastic element in SEA (from a low to a high value)

can improve the capabilities of the SEA in various tasks in bipedal walking robots.

In addition, the Coulomb friction and stiction are dramatically affected by putting

elastic elements (with fixed or adjustable stiffness) into the actuator which can not be

fully compensated by using the current control of the DC motor [16]. Developing a

new control method is also necessary to improve the performance of the series elastic

actuators.

Distributed Macro-Mini actuation approach

The Distributed Macro-Mini actuation approach (DM2) was developed to overcome

the safety limitations of joint torque control as well as performance limitations of the
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Figure 1.4: Schematic diagram of a series elastic actuator.

SEA [20]. The DM2 has a pair of parallel actuators installed in different locations on

the manipulator. The schematic diagram of DM2 is shown in Figure 1.5. The SEA

is located at the base of the manipulator that significantly reduces the weight and

inertia of the manipulator. For the low frequency actuation, low impedance is achieved

by using an SEA. For the high frequency actuation, very low impedance is achieved

by using a small torque motor with low inertia connected to the manipulator joints

through a low friction and low reduction cable transmission. As shown in Figure 1.5,

the deformation of the elastic element provides the force/torque feedback. The torque

error is compensated through a proportional derivative controller which is then com-

manded to the base actuator. The torque error is also commanded to the joint actuator

(Figure 1.5). This actuation approach has some limitations in applications involving a

number of different control modes i.e., free-space motion with contact transitions, in

applications requiring a low-impedance torque source, and in applications involving a

number of different tasks with a wide range of impedance requirements.

By considering the developmental limitations of each method of compliant actuation

for the bipedal walking robots, a new actuation approach is necessary for compensating

the limitations of each method. In the thesis a new actuation approach named here

as Adjustable Compliant Series Elastic Actuator (ACSEA) is developed. ACSEA in-

cludes the electromechanical design to change the stiffness of the elastic element over a

wide range. This capability enables the actuator to preform as both a passive element
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Figure 1.5: Schematic diagram of a distributed macro-mini actuator.

and an active force-control actuator. From the actuator force control point of view,

changes in the stiffness of the actuator cause changes in the mechanical gain of the

closed loop system. In addition, there are other shortcomings in the system such as

stiction and amplifier saturation. To overcome some of these difficulties in controlling

the torque (or the force) of the actuator, the velocity control mode of the DC motor is

used in this work instead of the common method of controlling the current of the DC

motor [16].

1.2.2 Adjustable stiffness artificial tendon

Walking robots based on joint-angle-control paradigm are often energy inefficient. On

the other hand, passive-dynamic walkers can provide human-like locomotion and are

simple in structure, more efficient in energy consumption, and easier to control than

joint-angle-control robots [26]. The modeling, control and analysis of passive-dynamic

devices are well documented [27–37] and essentially follow McGeer’s work [38]. Al-

though the passive dynamic robots are among the most efficient walking robots, the

instantaneous change in the velocity direction of the center of mass of the robot during

collision is the most common reason for losing energy. In human gait, the heel pad

and the Achilles tendon absorb part of the energy during and after the impact of the

collision phase. That energy returns to the leg during the following stance phase [39].

However, for walking robots such energy is dissipated.
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The elastic model of a leg [40, 41], i.e. spring-mass, has been well accepted for the

dynamics of fast-legged locomotion under gravity [42–44]. It has also been found that

the elastic elements at the joints of legs support the self-stabilizing capabilities in run-

ning [38,45]. Recently, researchers have demonstrated that the global leg stiffness may

come from local elasticity established by appropriate joint torques [42,46]. In addition,

they showed that proper adjustment of joint elasticities to the leg geometry and to

the initial conditions of ground contact provides internal stability. Experiments and

measurments by Ferris et al. [47] show that human runners adjust their leg stiffness to

accommodate changes in surface stiffness, allowing them to maintain similar running

mechanics on different surfaces. The simplified model of bipedal walking which is of-

ten used for studying of energetics is a point mass connected at the top of an inverted

pendulum. Seyfarth and Geyer [3–6] have studied the compliant legged locomotion by

replacing the conventional model with massless linear spring legs connected to a point

mass. Compliant walking model is more similar to the human walking pattern than

the conventional model.

The recent research on bipedal walking locomotion by Ruina and Kuo [39], Seyfarth

[3], Geyer [4–6] and Wisse [30,31] motivates the development of an adjustable stiffness

elastic element for bipedal walking robots. With respect to the above-referenced re-

search and inspired by the functionality of human Achilles tendon, it is believed that

the artificial tendon at the ankle of the walking robot can increase the performance of

locomotion by providing two distinct purposes: one for energy storage with compliant

collision and the other for transmitting the motion into forces for fine and stable ma-

nipulation [48]. Adjusting the stiffness of the artificial tendons in the structure of the

bipedal walking robots can improve its energy economy.
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1.2.3 A note on energy optimality in legged robots

Robots are designed for different applications and their best way of locomotion depends

on their tasks. High accelerations and maneuverability may be required to successfully

catch an object (e.g., [49]) or to successfully run on uneven trains (e.g., [50]). The

same robot may be used at other times to maintain a slow but sufficient speed for long

periods of time (endurance) e.g., carrying a load [51]. In all these situations, keeping

stability and at the same time economizing the energy consumption is hard to achieve

[52], [53].

This thesis is mostly concerned with energy economy of steady bipedal walking. In

particular, the structural adaptation is considered by adjusting the stiffness of artifi-

cial tendons. For example, mechanically designed artificial tendons in a biped store

and return part of the energy of the biped during walking, thus minimizing the work

requirements of these gaits.

It is necessary to clearly discuss what is meant by energy optimality in robotics. When

a robot is not moving - not actuating - but still processing, it requires power to support

the various calculation processes e.g., visual processing, sensing, and decision making.

In this process, the power requirement can vary. However, the power consumption

can be assumed constant at specific situations or applications. When the robot starts

moving, actuators are employed to perform work on the body and exert forces as ap-

propriate. Actuating the links requires energy to generate motion. Further, actuation

requires power conversion and more processing. Actuation also increases heat caused

by deficiencies in the power amplifier, batteries and transmissions. All these increase

entire energy consumption. The increase in power demand due to the use of actuators

for movement is the sum total of all such changes in the energy requirements.

What should a robot minimize? It is easiest to discuss this question in the context of

steady horizontal locomotion. If the robot needs to travel a given distance, perhaps it
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should travel in a manner that minimizes the total battery energy required to travel

this distance. Minimization of the total energy cost per unit distance is equivalent to

selecting the speed that maximizes the distance traveled on a given energy budget. So

an energy-optimal speed can be determined which minimizes the total energy cost per

unit distance for walking. In humans, self-selected walking speeds tend to be close to

1.30 ms−1 [54, 55].

The walking speed is just one variable among the infinitely many that is required to

completely characterize how a robot moves. There is evidence that animals (humans)

choose other variables in an energy optimal manner which can be used in robotics. For

any given speed, humans select the stride-length [52,56–59] that seems to minimize the

metabolic cost. Humans seem to be able to do constrained energy-optimization dynam-

ically, as the situation requires. For instance, the relationship between speed and step

length is different for different constraints and the particular relationship seems to be

consistent on an average with the optimization of metabolic cost subject to the specific

constraints [55]. This suggests that humans (and animals) have evolved an ability to

quickly find the optimum energy even in unfamiliar and novel situations, rather than

be energy efficient in only the more often used tasks such as steady unconstrained loco-

motion [52]. However, further experiments are needed to more thoroughly demonstrate

the natural constrained optimization capabilities of humans in strange and unfamiliar

situations. This subject inspires the development of robots with adjustable structure

e.g., artificial tendons with ability to adjust the stiffness.

1.2.4 Energy efficiency in bipedal walking

In this section, more documents are reviewed to support the idea of using adjustable

stiffness artificial tendons in the stance leg of the bipedal walking robot to improve the

energy economy during locomotion.

Current developments in efficient legged robots are often inspired by ideas from nature.
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These ideas influence the configuration, design and sometimes structural properties of

the robots. In legged locomotion, collision, i.e. when the leg touches the ground, occurs

naturally and frequently. In human walking, part of the kinetic and potential energy

from the body during collision is transiently stored as elastic strain energy and later

released during the rebound phase by elastic recoil [39]. This phenomenon greatly

reduces the work required from the muscles and lowers the metabolic cost of locomo-

tion [60, 61]. The mechanics of elastic recoil were also studied for running and it was

found that, the forward kinetic energy of the body’s center of mass is in phase with

fluctuations in gravitational potential energy [62]. It was also found that, humans and

animals most likely store the elastic strain energy in muscles, tendons, ligaments and

perhaps even bones, thereby reducing the fluctuations in total mechanical energy [62].

It has been reported that the leg stiffness influences many kinematic variables such

as stride frequency and ground contact time [41, 63]. Thus, the stiffness of the leg

is a key parameter in determining the dynamics of locomotion [47]. He and Farley

[64,65] suggested that the inherent properties of the musculoskeletal system determine

an animal’s choice of leg stiffness. Their idea was supported by Roberts et al. [66] who

illustrated that the muscles of running turkeys undergo very little change in length

during ground contact. Thus, the tendon may contribute most of the compliance of

the muscle-tendon unit and greatly influence the leg stiffness [67].

In the context of developing the legged robots, implementation of the adjustable leg

stiffness in a running robot has been recommended by researchers to improve the per-

formance on varied terrain [47]. Besides allowing the robot to accommodate different

surface conditions, the adjustable leg stiffness would permit a robot to quickly adjust

its stride length to avoid obstacles on rocky and uneven surfaces.

Research is also plentiful in the area of series elasticity. Many of the ideas, problems

and solutions of series elasticity related to this thesis are initiated and discussed in

the publications of the MIT leg lab [1,15–17]. Beyond the basics, much of the current
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research in series elasticity addresses topics such as human centered robotics [20], run-

ning robots [21,22] and moving in rough terrain [68].

Researchers studied the basics of the compliant legged locomotion [3–5]. Jena Walker

II [69] was developed at the University of Jena by continuing the research on efficient lo-

comotion using elasticity. However, the stiffness of the elastic elements in Jena Walker

II is not adjustable. The electro–mechanical Variable Stiffness Actuation (VSA) motor

developed by Bicchi and Tonietti [23] of the University of Pisa is designed for safe

and fast physical human/robot interaction in manipulators. The series elastic actuator

[16] was developed at the MIT leg lab which is feasible in bipedal walking robots [70].

A series elastic actuation system based on the Bowden–Cable was developed at the

University of Twente by Veneman et al [71] for manipulators. The idea of controlling

the compliance of a pneumatic artificial muscle to reduce the energy consumption of

the robot is demonstrated by Vanderborght et al [72]. Most of the recent research on

compliant locomotion is reported by Geyer [6]. Van Der Linde [73] studied the effects

of active leg compliance on passive dynamic walking and showed that it can reduce

the hip velocity change and as a result reduce the impulsive forces during collision.

His studies were performed through computer simulation using a simplified model of

a passive walker. Different devices with adjustable stiffness have been made by re-

searchers. The AMASC (Actuator with Mechanically Adjustable Series Compliance)

[21] has been developed at Carnegie Mellon University. At the Vrije Universiteit Brus-

sel, the Robotics and Multibody Mechanics research group has developed the PPAM

(Pleated Pneumatic Artificial Muscle) [74] which is used in the biped Lucy [75]. At the

University of Pisa, Italy, the Variable Stiffness Actuator (VIA) [76] is developed. A bi-

ologically inspired joint stiffness control actuator[77] is developed at Georgia Institute

of Technology. Sugar and his group in the Department of Mechanical and Aerospace

Engineering of the Arizona State University developed the ’Jack Spring’ concept [78].

Jack Spring is an adjustable robotic tendon which can be used in gait assisted devices
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for artificial legs or prosthetic device. Hugh Herr and his group in Biomechatronics

Laboratory at the MIT Media Lab are employing series elasticity in their successful

prototypes in human locomotion assistive devices [79–82]. They illustrated that us-

ing compliant actuators improves the efficiency of locomotion in lower limb amputees

[83–86]. Then there is a large mainstream literature on mechanics of walking and run-

ning. A detailed discussion of this literature is beyond the scope of this thesis. A

part of this literature attempts to model humans, or parts of humans, in great detail.

These models tend to have a large number of degrees of freedom. Body segments are

approximated as being rigid. Muscles might have realistic origins and insertions [87],

but have simplified Hill-type transient properties [88]. Contact is typically modeled

with stiff springs and dashpots. Impressive whole body models have been assembled

and various analyses performed. The building of such complex models have been made

easier by the development of various software, for example, SIMM [89], that combines

musculoskeletal modeling capability with a dynamics package. These models have been

made to track human motion capture data [90] using inverse dynamics calculations.

Detailed models have also been used in large-scale optimization calculations to predict

the dynamics of human motion. Unfortunately, there exists insufficient understand-

ing of the many components that such complex models require, for instance, in vivo

muscle behavior is not understood well enough. Further, complex models typically

imply high computational cost. Alexander made significant efforts in understanding

the energy economy of human and animal locomotion [91–98]. Kuo and his colleagues

developed different simple models of bipedal walking and studied the energetics of hu-

man locomotion [39, 58, 99–102]. Ruina and his colleagues are studying to understand

the mechanics of low cost legged locomotion through the development of a simplified

model [59,103–108]. The mathematical models in this thesis are simple. The hope here

is to understand, in detail, the consequences of energetic considerations in the context

of these simple models. A vast number of simple models for legged locomotion have
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been presented in papers as well as in books by Alexander [91–98]. This thesis draws

much from this literature.

Some major issues have been addressed in previous research using simplified model

of bipedal walking. However, the idea of adjusting and/or controlling the stiffness of

artificial tendons, bringing the mathematical model of the mechanical design concepts

into the model of the biped, and regulating the speed of the biped by controlling the

elastic energy through the leg’s stiffness are the novel issues which will be addressed in

this thesis.

1.3 Objective and layout of the thesis

The general objective of this thesis is to study the effects of adjustable stiffness elastic

elements on energy economy and control of the bipedal walking robots. The organiza-

tion of this thesis is as follows:

Chapter 1 gives a brief introduction to the motivation of the thesis. It presents de-

tailed background material and related work covering general ideas of series elastic

actuators, adjustable stiffness elastic elements, and efficient bipedal walking methods.

It also includes a summary of the objectives and expected contributions.

Chapter 2 describes the design, configuration, and control method of the ACSEA.

Conceptual design of an automated adjustable stiffness coupling (AASC) with the ca-

pability of adjusting the stiffness in a wide range is introduced. Then, an Adjustable

Compliant Series Elastic Actuator (ACSEA) is developed by adding the AASC be-

tween an elastic actuator and the load. A novel force control method is developed for

ACSEA by using the velocity control mode of the electric motor instead of using the

current control mode. The advantages and limitations of the proposed control method

are studied using dynamic modeling and simulations.

Chapter 3 introduces conceptual designs of three mechanisms of an adjustable stiff-
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ness artificial tendon (ASAT) to evaluate the idea of using adjustable stiffness series

elasticity in bipedal walking robots. The effects of adjustable stiffness artificial ten-

dons on the energetics of bipedal walking during the collision phase are studied. A

simplified model of bipedal walking is proposed to pursue the study. Then, dynamic

modeling of the robot in collision phase is developed. ASAT is considered at the ankle

joint of bipedal walking which can store part of the kinetic energy of the biped during

continuous motion of the collision phase.

Chapter 4 studies the effects of stiffness adjustment on energy economy of bipedal

walking during the stance period and consecutive walking steps. A new simplified

model of bipedal walking is also proposed. Then, dynamic modeling of the biped in

stance phase is developed. OLASAT, one of the proposed design concepts of ASAT, is

defined to be installed at the ankle joint of bipedal walking model which can store part

of the kinetic energy of the biped during the collision phase and return that energy

during the rebound phase. It consists of computer simulations to demonstrate the

influence of properly and poorly adjusting the stiffness of OLASAT during the single

support stance phase.

Chapter 5 provides the energy loss calculation during the foot-touch-down using

mathematical model of the biped. It proposes a controller to automatically adjust the

stiffness of OLASAT. It also shows the normalized formulation of the equations of the

motion of the biped. Then, the detailed development of the speed tracking controller

is provided followed by an analysis of the local stability of the biped. This chapter

consists of computer simulations to demonstrate the performance of the combination

of controllers during the stance phase.

Chapter 6 summarizes the conclusions of this research and contains follow-up research

ideas.
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Chapter 2

Adjustable Compliant Actuator

The actuation system is a crucial element in bipedal walking robots. MIT Leg Lab

introduced and developed series elastic actuators [1,16] for the development of bipedal

and humanoid robots. Their major objectives of developing a special actuation system

for bipedal walking robots were to increase the efficiency of the robots as well as to

create natural looking motion (similar to human walking). However in order to improve

the energy economy of a robot, the current actuation methods should be modified, a

task that can be extremely challenging.

To address such objectives, several important issues need to be investigated. Most

of the current studies have focused on the motion generation and optimal trajectory

design for better energy economy and natural looking motion. Mechanical design of the

actuator plays an important role in improving bipedal walking performances. A novel

actuation system similar to the human muscle includes two major properties, series

elasticity and more importantly, adjustable stiffness with series elasticity. Development

of an effective force control method for such an actuator is also important.

The objective of this chapter is to propose such an actuation method for bipedal walking

robots. The important issues, recommended by Williamson [16], that have not been

investigated completely in previous literature are to be considered. In this chapter, a
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novel mechanism named Automated Adjustable Stiffness Coupling (AASC) is designed

and developed which gives the advantage of adjusting the stiffness of the actuator

over a wide range. None of the current actuation systems can provide this capability.

Dynamic modeling of the actuator is determined accordingly. The velocity control

mode is employed inside the torque control loop to provide an accurate force/torque

source. Since the velocity control mode is accurate (using feedback sensors such as

tachometers and encoders) and is robust to stiction, the performance of the actuator

will be improved consequently. In addition, force control using the velocity control

mode operates better under the effects of the amplifier saturation by controlling the

desired power of the DC motor. In this work, the physical stiffness of the actuator is not

adjusted during the force control. Finally the performance of the actuator is examined

by applying some test conditions on the actuator. In this work, the actuation concept is

developed and evaluated through simulation, and physical implementation will remain

as a follow-up study of this work.

2.1 Adjustable Compliant Actuator Approach

An actuation approach, referred to here as the Adjustable Compliant Series Elastic

Actuator (ACSEA), is proposed in this chapter. The ACSEA approach employs sev-

eral parts including batteries, power amplifier, actuation, transmission, controller, and

Automated Adjustable Stiffness Coupling (AASC), this latter being in series with ex-

ternal load as shown in Figure 2.1. The major elements of ACSEA are described in

the following sections.

2.1.1 Actuation

Different actuation methods can be employed in bipedal walking robots. Hydraulic

actuators have limitations in terms of the required weight for instruments, oil leakage,

friction, and stiction, but have the benefits of high power-to-weight ratio and large
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Figure 2.1: Schematic diagram of the compliant actuator.

bandwidth. Pneumatic actuators are inherently springy and compliant but have some

difficulties in control and mobile applications and they are energy inefficient. Electrical

actuators can be precisely controlled with the additional benefits of safety, high force-

to-weight ratio (using high ratio transmission) and mobility. For these reasons, the

electrical actuation system has been chosen for study in this thesis.

2.1.2 Speed reducers

Using a high gear ratio transmission, servo motors provide high force-to-weight ratio

at the expense of lower efficiency caused by speed reducer deficiencies. Based on the

requirements of each application, such as available space and mechanical configuration

of the robot, different types of speed reducers can be used. The first choice can be a

cable speed reducer that can be built with no backlash, is light-weight, and has low

inertia. The second choice is a ball screw speed reducer which provides low friction,

high gear ratio, linear motion, and no backlash. The third choice is a spur speed

reducer which is inexpensive and has parallel input-output shaft but has backlash with

high inertia. The final choice is any combination of the above speed reducers. The ball

screw is chosen in this work because of its higher efficiency with no backlash.
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Figure 2.2: Schematic diagram of the AASC. Input and output links are concentric. Springs
can be positioned along the input link to adjust the distance d. Springs are pin jointed on a
linear bearing which has free sliding motion along the output link.

2.1.3 Automated Adjustable Stiffness Coupling

Perhaps one of the most challenging elements of ACSEA is the Automated Adjustable

Stiffness Coupling (AASC). AASC is specially designed in this work to provide a wide

range of stiffness. Adjusting the mechanical stiffness obviously increases the efficiency

of locomotion in walking machines with benefits of storing and returning energy during

contacts in each step. In addition, the links of walking robots can rotate passively with

very low stiffness. AASC is installed between the output shaft of the DC motor’s

gearbox and the load, and hence the effective inertia of the load is isolated from the

DC motor by AASC. While the performance of the actuator is maintained by the

maximum power and the torque of the DC motor, the overall stiffness of the AASC

adds some performance limitations such as creating flexible modes and lowering the

bandwidth of the closed loop torque controller.

A schematic diagram of AASC is given in Figure 2.2. In the proposed design, two

compression springs are intentionally inserted between the two concentric input and

output links. The position of the springs with respect to the center of rotation, d, can
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be adjusted automatically using a mechanism that will be explained later. Thus using

this mechanism, the internal torque, T , between two concentric links is:

T = Kspringxd = Kspringd
2 tan θ (2.1)

where θ is the angular displacement between the input and output links, x is the spring

deflection and Kspring is the stiffness of each spring (compressional springs are used in

each side of the output link). The stiffness of the coupling, Ks can be determined from:

Ks =
T

θ
= Kspringd

2 tan θ

θ
(2.2)

By adjusting the displacement of the springs to the center of rotation from d = d1 to

d = d2, the ratio of the stiffness of the coupling is as follows:

Ks1

Ks2

=
Kspringd

2
1

tan θ
θ

Kspringd2
2

tan θ
θ

=
d2

1

d2
2

(2.3)

For example, if d with an initial value of d1 = 20mm changes to the final value of

d2 = 1mm, the stiffness of the coupling decreases by 400 times that shows the capa-

bility of adjusting the stiffness in a wide range with a moderate change in d. From

the mechanical design point of view, as shown in Figure 2.3a, AASC consists of an

input link (Figure 2.3d), an output link (Figure 2.3c), two compression springs, and a

spring positioning mechanism (including a ball screw, a nut, and a guiding shaft) that

is installed at output link of AASC. The input and output links are concentric and

a potentiometer measures θ. Two helical compression springs are located inside the

spring housing as shown in Figure 2.3c. The spring housing is linearly positioned by a

non-back drivable ball screw and nut, which in turn, is connected to the input link as

shown in Figure 2.3d. By changing the position of the spring housing, the distance d

(shown in Figure 2.2) can be adjusted. The ball screw which is attached to the input
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Figure 2.3: 3D model of the automatic adjustable stiffness coupling.

link (shown in Figure 2.3d) is driven by a DC motor. The angular motion of the DC

motor is converted to a linear motion by a ball screw, a nut, and a guiding shaft that

is installed at input link parallel to the ball screw.

As shown in Figure 2.3c, the bearing can slide at output shaft which in turn is attached

to the output link. The Bearing is also hinged to the spring housing. It also has sliding

motion inside the slot deployed in the spring housing. Consequently, with a relative

torque on the links, the bearing slides inside the spring housing and converts the angu-

lar motion between the links to the linear motion of the springs. The force produced

as a result of the deflection of the compression spring creates the torque through the

output shaft via bearing, Figure 2.3c.

In summary, the unique design of AASC provides a wide range of stiffness with mod-

erate change of d. This capability can potentially increase the performance of robotic

systems in which require a quick change in stiffness.
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Figure 2.4: Schematic diagram of the actuator and controllers in a robotic system.

2.2 Control approach

Dynamics and control of the actuator are important issues that are explained in detail

in this section. Figure 2.4 containes the schematic diagram of the control structure of

the actuator in a robotic system. For given motion specifications, the task management

block, shown in Figure 2.4, computes the desired torque of the actuator as well as the

desired stiffness of the coupling.

In conventional torque controllers, the torque error commands the current of the

DC motor through an amplifier. However in this work, based on the desired torque

and the torque error, the torque controller block commands the desired velocity of

the DC motor (shown in Figure 2.4). Since the velocity control mode is accurate

(using feedback sensors such as tachometers and encoders) and is robust to stiction,

the performance of the actuator will be improved consequently. The velocity controller

block would close the fast inner loop to ensure that the actuator follows a desired

velocity value. In the next section, more details about the implementation of the

control method are described.

2.3 Actuator as a torque source

Using special mechanical characteristics of ACSEA, the control approach seeks to ex-

ploit actuation’s unique characteristics to construct a near perfect torque source. The
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Figure 2.5: Control block diagram of the actuator in Simulink.

characteristics of a perfect torque source, consisting of zero output impedance and

infinite control bandwidth, would enable an actuator to possess the characteristics

necessary for the bipedal walking robots. While a perfect torque source is impossible

to achieve, a nearly perfect torque source that can offer some of the advantages of the

perfect torque source is described here.

The block diagram of the actuator model in Simulink is shown in Figure 2.5. A

prefilter block is located after the desired torque signal to smooth the input signal.

Based on the desired torque (after prefilter block), torque error (as shown in Figure

2.5) is commanded to a torque controller block that is usually a nonlinear controller.

Afterward, the torque controller block commands a desired velocity (w desired) to the

DC motor. In the velocity controller loop, the difference of the desired velocity signal

(commanded from the torque controller block) and the actual velocity of the DC motor

is amplified and is followed by a saturation operator. Then, the saturated voltage sig-

nal is converted to the torque of the DC motor as shown in Figure 2.5. The difference

of the produced torque of the DC motor and the torque of the actuator at transmission

is then applied to the stiction block and finally to the motor impedance that gives the

actual velocity of the DC motor. The output velocity of the DC motor after trans-

mission is subtracted from the load’s velocity. Deflection of AASC is multiplied by its
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stiffness which gives the actual torque of the actuator. The velocity control mode and

its performance specifications are detailed in the next section.

2.3.1 Velocity control mode: implementation and limitations

Nowadays, velocity control of the DC motors is a conventional routine in robotics

and automation industry by using amplifiers and velocity feedback sensors (such as

encoders and tachometers). The effects of coupling-load interaction dynamics in the

velocity control mode are investigated here as one of the major concerns of ACSEA.

Since an electrical DC motor is chosen as a power source in the actuator, the dynamic

model of a DC motor is given below.

The electrical DC motor is an electromechanical transducer with the following relations.

E = RaI +Kemfω (2.4)

Tm = Tload + (JmS + bvis)ω (2.5)

Tm = KiI (2.6)

The parameters Tm, Ra, I, E, and ω are DC motor output torque, winding resistance,

applied current, voltage, and motor shaft angular velocity, respectively. Ki is the

electromechanical conversion coefficient which equals the ratio of the DC motor’s torque

to current. The parameter Kemf is the back electromotive force constant. In practice,

the moment of inertia of the rotor, Jm, and the viscous damping ratio, bvis, are measured

while the electrical winding is open. Tload is the external torque over the output shaft

of the DC motor and its value depends on the transmission type. For back drivable

transmissions: Tload = ngTl

µg
, where Tl is the actual torque of the actuator. ng and µg

are the gear ratio and the transmission efficiency, respectively.
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Using the above relations, the transfer function of the DC motor is:

ω =
Ki

Ra
E − Tload

JmS + bvis +
KiKemf

Ra

(2.7)

The closed loop transfer function of the velocity control loop is:

ω

ωd
=

K

Zm +
n2

g
S

Ks
+ 1

Zl

+K
(2.8)

where Ks is the coupling stiffness. Parameters Zm and Zl are the motor and load

impedances, respectively. The values of Zm, Zl and K are given below:

Zm = JmS + bm (2.9)

Zl = JlS + bl (2.10)

K = KaKi

Ra
(2.11)

where Ka is the amplifier gain. The damping ratio of the DC motor, bm, which includes

viscous, bvis, and, back electromotive force damping is given below:

bm = bvis +
KiKemf

Ra

(2.12)

By replacing the above parameters in Eqn.(2.8), the closed loop transfer function of

the velocity control loop is given below:

ω

ωd
=

K(JlS
2 + blS +Ks)

JlJmS3 + (Jmbl + Jlbm + JlK)S2 + (JmKs + bmbl + n2K2Jl +Kbl)S+

+bmKs + n2
gblKs +KKs

(2.13)

The linear transfer function in Eqn.(2.13) is valid for a small θ. Coulomb friction

and stiction are dramatically affected by introducing the AASC. Stiction is considered
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Figure 2.6: Bode plot of velocity control loop.

in simulations of the actuator model as shown in Figure 2.5. The parameters of the

permanent magnet DC motor and the controller that are used in the simulations are

listed in Table 2.1.

Due to the effects of the flexible modes, the transfer function, Eqn.(2.13), has two

complex zeros and two complex poles. Also the transfer function has one real pole

caused by the DC motor’s inertia and damping. Since flexible modes of the load are

lightly damped, frequency responses of the system in Bode plot exhibit a sharp peak

and a notch on the phase response plot and exibit a sharp notch on the magnitude

plot as illustrated in Figure 2.6. To reduce the peak and notch shown in Figure 2.6, it

is found that increasing the amplifier gain increases the damping ratio of the system

and also decreases the effects of flexible modes. Moreover, the steady state error of the

system and the sensitivity of the system to the load dynamics are lowered as can be seen

in the low frequency response of the system in Figure 2.6. On the other hand, increasing

the saturation of the amplifier (increasing the difference between the actual and the

saturated signal) is equivalent to decreasing the amplifier gain whenever the amplifier is
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Parameter Definition Values

Ki Torque constant 7.88 mNM/A
Jm Motor moment of inertia 11.3 gcm2

bm Motor viscous damping 0.011 mNMsec
rad

Ra Motor winding resistance 0.309Ω
Jl Load moment of Inertia 113 Kgm2

bl Load viscous damping 0.1 NM/sec
ng Gear ratio 0.01
Ks

tanθ
Coupling stiffness 100 NM/rad

x Spring deflection 0 to 10 mm
d displacement 0 to 40 mm

ρs Spring stiffness ratio
d2
1

d2
2

Kp Proportional gain 5
KI Integral gain 1
Ka Amplifier gain 1.5
k Torque controller gain 100

Table 2.1: Parameters of the actuator employed in simulations.

saturated. Thus to keep the performance of the system, saturation has to be prevented.

Preventing saturation is possible by setting limitations for the commanded velocity

signal which is directly related to the gains of the torque controller. In addition, the task

manager block, shown in Figure 2.4, should be reasonably designed by dictating desired

torque values with respect to the actuator’s limitations. For example by increasing the

frequency of a desired torque signal, magnitude of a signal must be decreased. The

next section explains the torque controller.

2.3.2 Torque controller

The task manager block sets the commanded torque of the actuator. Then, the prefilter

reduces the sudden changes of the commanded torque. The output torque of the

actuator is measured from the coupling’s angular deformation θ. By subtracting the

desired torque from the actual torque of the actuator, the torque error is commanded to

the torque controller unit as shown in Figure 2.5. The torque controller unit is designed

by considering the following facts: 1- The maximum angular velocity of the DC motor
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Figure 2.7: Schematic diagram of the nonlinear torque controller.

is limited as a result of amplifier saturation. 2- The power of the DC motor is limited.

3- The stiffness of AASC can be adjusted by employing the following equation.

Ks = ρsKspring ρmin < ρs < ρmax (2.14)

Parameter ρs is determined from the distance between the spring position and the

center of rotation as mentioned in Eqn.(2.2). Proportional-Integral controller is used

to compensate the torque error. Figure 2.7 illustrates the schematic diagram of the

torque controller unit. As shown in Figure 2.7, there are two different saturation

operators in the torque controller unit. The first saturation operator limits the output

of the integrator that is called integral saturation operator in this thesis. The second

saturation operator limits the output magnitude of the controller that saturates the

desired velocity signal and is named velocity saturation operator in this thesis. The

velocity saturation operator limits the commanded desired velocity below the maximum

angular velocity of the DC motor. Here, the gain k = 100 is assumed to be constant.

Proportional and integral gains of the controller, Kp and KI , are determined by trial

and error to improve the response of the actuator to a step torque input, and are listed

in Table 2.1. The next section explains the effects of the saturation operators on the

performance of the system.
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2.4 Saturation effects on performance

One significant deviation from the ideal model occurs when the actuator saturates. Sat-

uration of ACSEA represents the threshold above which the DC motor can no longer

compensate for the phase and the magnitude errors of the actuator since the amplifier

could not produce enough current to compensate the velocity error.

As mentioned before, reducing the amplifier and controller gains can significantly re-

duce the performance of the torque controller. In addition, each saturation operator

can be replaced by an equivalent gain in linear analysis which is described in section

2.4.1. Thus to evaluate the performance of the system, sensitivity of the actuator as

a torque source to the saturation operators should be studied. The range of changing

the equivalent gains can be determined as an index to show the sensitivity of the actu-

ator to each saturation operator. Thus in the next section, the range of change of the

equivalent gain of each saturation operator is calculated.

2.4.1 Substituting the saturation with an equivalent gain

The saturation operators in the torque control unit and in the DC motor amplifier have

the same form of nonlinearity, which is time-invariant and single valued, and lies in a

sector [a; b] as shown in Figure 2.8. The general configuration of a saturation operator

is shown in Figure 2.8. The saturation operator output, uo, is limited to the following

range ul < uo < uh. Also the input of the saturation operator, ui, is limited as follows:

ulmin < ui < ulmax where the parameters of ulmin, ulmax, ul and uh are constant values.

Each saturation operator is considered to be an equivalent gain in the linearized form

of the system. For small inputs the saturation operator is inactive, and the equivalent

gain of the saturation operator equals b (as shown in Figure 2.8). While the saturation

operator is active, the equivalent gain Ksat is bounded between 0 ≤ uh

ulmax
< Ksat < b.

For simplicity of analysis, in this thesis the gain b has the value of 1. The closed loop
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Figure 2.8: Schematic diagram of a saturation operator.

gain of the actuator depends on the equivalent gains of the saturation operators. Thus,

the range of the equivalent gain of each saturation operator is defined in this section.

The maximum and minimum values of the desired torque, Tdmax and Tdmin, are limited

to the maximum possible torque, KiImaxn, provided by the DC motor. Imax is the

maximum current of the DC motor and is determined by the amplifier saturation. The

torque error in the system, eT , is limited by |eT | ≤ (Tdmax − Tdmin). With the above

considerations for each saturation operator, the range of equivalent gains are defined

as follows:

1- Equivalent gain of the integral saturation operator is limited by:

0 ≤
uhint
ulmaxint

≤ Ksatint < b (2.15)

where uhint and ulmaxint are the maximum output and input values of the integral

saturation operator respectively. The maximum input signal of the integral saturation

operator, ulmaxint, can be very large. Thus by increasing the input signal, the integral

saturation operator decreases the effects of the integrator on the controller by reducing

the equivalent gain of the integrator. On the other hand, the integral saturation oper-

ator limits the maximum output value of the integral controller. This is important to
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Parameter Values

uhint 5
ulint -5
uhvel 1025 rad/sec
ulvel -1025 rad/sec
uhvol 12 V
ulvol -12 V
Tdmax 30 NM
Tdmin -30 NM

Table 2.2: Parameters of the saturation operators employed in simulations.

keep the stability of the system with respect to the integral–windup.

2- The equivalent gain of the velocity saturation operator is limited by:

0 ≤
uhvel

k(Kp(Tdmax − Tdmin) + uhint)
≤ Ksatvel < b (2.16)

where uhint and uhvel are the maximum output values of the integrator and of the

velocity saturation operator respectively. The integral saturation operator limits the

output of the integral controller and thus decreases the effects of integral–windup on

the velocity saturation operator.

3- The equivalent gain of the voltage saturation operator is limited by:

0 ≤
uhvol

Ka(uhvel + ωmax)
≤ Ksatvol < b (2.17)

where ωmax is the maximum angular velocity of the DC motor, 1025 rad/sec, and

(uhvel + ωmax) is the maximum possible error in the velocity control loop.

2.4.2 Effects of saturation on the performance of the actuator

In this section, the range of the equivalent gain of each saturation operator will be

determined first. The parameters of the actuator and the saturation operators are

shown in Tables and 2.1 and 2.2 respectively. The range of saturation for the voltage
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saturation operator is:

0.0034 ≤ Ksatvol < 1 (2.18)

The equivalent gain for velocity saturation operator is:

0.066 ≤ Ksatvel < 1 (2.19)

The above ranges show that the equivalent gains can be changed over a wide range. In

addition, by reducing the equivalent gain of each saturation operator, the performance

of the actuator can be significantly reduced. Thus, the effects of saturation on the

performance of the torque controller should be studied properly.

The Bode plot of the actuator is shown in Figure 2.9 in which none of the saturation

operators are active. Thus, the equivalent gain of all saturation operators equals one.

Figure 2.9 shows that the actuator can properly respond to the desired torque frequen-

cies less than 70 hertz. Saturation is a function of the amplitude of the input signal that

is not considered in the linear response of the actuator in Figure 2.9. Thus to evaluate

the actuator in the presence of saturation, the frequency response of the actuator is

determined using simulation. A series of sinusoidal torque signals as the input to the

actuator are comanded which have constant amplitudes. Here, 50 different frequencies

from 0.01 Hz to 100 Hz are commanded. Then the steady state output torque of the

actuator are measured. The magnitude response of the Bode plot is calculated based

on the following relation.

Magnitude[dB] = 20log10(
ampoutput
ampinput

) (2.20)

where ampoutput and ampinput are the amplitudes of the output and input torque signals

respectively. Figure 2.10 shows the frequency response of the actuator for different

desired torque amplitudes from 1 [NM] to 30 [NM]. As shown in Figure 2.10, even for

36



Chapter 2. Adjustable Compliant Actuator
2.5. Simulation examples

−100

−80

−60

−40

−20

0

M
ag

ni
tu

de
 (

dB
)

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

10
3

10
4

10
5

−180

−135

−90

−45

0

45

P
ha

se
 (

de
g)

Bode Diagram

Frequency  (Hz)

Figure 2.9: Bode plot of the force control loop of ACSEA.

the maximum desired torque, Tdes = 30[NM ], the actuator can successfully follow the

desired torque in low frequencies (less that 10 hertz). As shown in Figure 2.10 at high

frequencies (more than 10 Hz), increasing the amplitude of the desired torque reduces

the performance of the actuator as a torque controller.

2.5 Simulation examples

In this section, the overall response of the actuator to several desired torque signals is

presented. Simulations are performed in SIMULINK. The parameters of the actuator

and the controller used in simulations are listed in Tables 2.1 and 2.2. Figure 2.11 shows

the response of the actuator to a desired torque signal in a period of 10 seconds. The

desired torque signal consists of ramp, step, and continuous forms. Torque controller

block of the actuator commands a desired velocity signal to the DC motor which is

also shown in Figure 2.11. As shown in this figure, the actuator can successfully follow

the desired torque signal. Amplifier saturation can be seen in Figures 2.11a and 2.11b

in the time period of 4-5 seconds.

To better illustrate the response of the actuator, Figure 2.12 shows the response of
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the actuator to a desired torque signal in a period of 1 second. Sudden changes in

the desired torque signal are assumed at time values of 0.12 sec, 0.38 sec, 0.6 sec, 0.82

sec and 0.94 sec. As shown in Figure 2.12a, overshoot and oscillations of the torque

response are very low and the actuator can successfully track the desired torque signal.

As shown in Figure 2.12a and 2.12b, after sudden changes in the desired torque signal,

there are errors in tracking the desired torque. It is shown that the commanded ve-

locity from the torque controller is the maximum available velocity of the DC motor,

1025 rad/sec, but the velocity response of the DC motor is not fast due to the amplifier

saturation. Thus, the lag or the error in response of the actuator is caused by actuator

power limitations and the proposed controller method is successful to command the

proper desired velocity signal.

The above results illustrate that the actuator can successfully respond to the com-

manded torque signal. The results also demonstrate that the desired torque signal

should be selected considering the actuator’s inherent limitations.

2.6 Summary

An actuator approach for bipedal walking robots was developed in this section. The

actuator was referred to here as Adjustable Compliant Series Elastic Actuator (AC-
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SEA). The conceptual design of the actuator was presented in this chapter. ACSEA

gives the capability of changing the stiffness of the actuator in a wide range. A new

force control method was proposed for ACSEA by using velocity control mode of the

DC motor instead of using the current control mode. The proposed control method is

simple and accurate. By designing a nonlinear torque controller, an almost pure torque

source is provided which can be used in wide range of applications. The performance of

the actuator for different desired tasks was tested through simulations. The simulation

results show reasonable response and provide a strong argument for the concept of this

actuation system for bipedal walking robots.

In this chapter, the performance analyses of the actuator are performed for specific

electrical motor and couplings parameters. Development of a model of the actuator

using dimensionless parameters is recommended as follow-up of this research. Devel-

opment of a prototype of the actuator is also recommended as future work to verify

the control method. Simultaneous torque control of the actuator with adjustment of

the stiffness of the coupling as a multi-input multi-output control problem can also be

studied in future research.
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Figure 2.11: Response of the actuator in case 1. Commanded and actual torque signals are
shown by solid line and dashed line respectively.
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Figure 2.12: Response of the actuator in case 2. Commanded and actual torque signals are
shown by solid line and dashed line respectively.
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Adjustable Stiffness Artificial

Tendons

Researchers have developed passive dynamic walking robots in which the joints of the

robot, are completely passive [26–28, 30, 31, 38]. Passive dynamic walking machines

provide human-like locomotion in bipedal walking robots that is more efficient than

the joint-angle-controlled robots (with active actuators at the joints). On the other

hand, tuning the parameters of the passive dynamic walking robots is tricky, and time

consuming, and requires much experimentation. In addition, passive dynamic walking

robots still have considerable energy loss through rapid changes in the velocity direction

of the center of mass of the robot during collision of the foot with the ground. Joint-

angle-controlled bipedal walking robots also undergo significant energy loss caused by

the rigid collision of the foot with the ground in addition to their common energy

dissipation in the robot’s power systems.

Collision of the foot with the ground during bipedal walking is inevitable, which is one

of the major causes of the energy loss. Establishing a new technique to reduce this

energy loss is a challenging problem which is addressed in this chapter by developing

the idea of using the adjustable stiffness series elastic elements in the robot’s structure.
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This chapter constructively demonstrates the idea through two main efforts. The first

effort is to develop the conceptual designs of the adjustable stiffness artificial tendons

(ASAT) to show that the idea can be implemented in practice. The second effort is to

study the effects of adjustable stiffness series elasticity on reducing the energy loss by

adding the model of each ASAT into the robot dynamics.

The organization of this chapter is as follows. Section 3.1 describes three different

conceptual designs of ASAT. In Section 3.2, advantages and limitations of each concept

are explained. In Section 3.3, in order to capture the behavior of ASAT on energetics,

the dynamic model of a bipedal walking robot is developed which includs a foot, a thigh,

a shank, and ASAT installed parallel to the ankle joint. Then, computer simulations

are carried out to demonstrate the effectiveness of each ASAT design on reducing the

energy loss during the collision phase. Finally the research is summarized in Section

3.4.

3.1 Conceptual designs

In this section, three different conceptual designs of ASAT are developed. The physical

prototypes of the conceptual designs have not been made in this project. The first

design (Section 3.1.1) is a rotary adjustable stiffness artificial tendon that is a bi-

directional tendon able to apply a torque clockwise as well as counter clockwise. The

second design (Section 3.1.2) is a uni-directional linear adjustable stiffness artificial

tendon that uses the concept of changing the number of active coils of two series

springs. Finally, the third design (Section 3.1.3) is a combination of two offset parallel

springs that is also a uni-directional tendon. The mathematical model of each tendon

is also developed in this section. In Section 3.2, the advantages and limitations of each

concept are discussed.
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Figure 3.1: Schematic diagram of the RASAT. A pair of two compression springs (spring 1
and spring 2) with a constant offset, l, are located in each side of the output link. Input and
output links are concentric, and d, the distance of the springs to the center of rotation, is
adjustable.

3.1.1 Rotary Adjustable Stiffness Artificial Tendon

The Rotary Adjustable Stiffness Artificial Tendon (RASAT) is specially designed to

provide a wide range of angular stiffness. The schematic of RASAT is illustrated in

Figure 3.1. As shown in Figure 3.1, a pair of two parallel helical compression springs

(spring 1 with low stiffness and spring 2 with high stiffness) are configured in an offset,

l, and are located on each side of the output link. In RASAT, each pair of compression

springs is intentionally inserted between the two concentric input and output links.

Each spring pair consists of a low stiffness spring with a stiffness of K1 and a high

stiffness spring with a stiffness of K2. The offset between the low and high stiffness

springs has a constant value of l. d, the distance between the spring pairs and the center

of rotation of the links, is adjustable. In this case, the internal torque T , between the
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concentric input and output links is calculated from:

T =























K1dx = K1d
2 tan θ l

d
> tan θ

K1dl + d(K1 +K2)(d tan θ − l) l
d
< tan θ

(3.1)

where θ is the angular displacement between the input and output links and x is the

spring deflection. In Eqn.(3.1), l
d
> tan θ represents the situation where only spring 1

is engaged and l
d
< tan θ is when both springs are engaged. The stiffness of spring 2 is

µ times higher than the stiffness of spring 1. Thus:

K2 = µK1 (3.2)

After substituting Eqn.(3.2) into Eqn.(3.1) and dividing the resulting equation by

K1d
2
max, the following non-dimensional form is arrived at:

T

K1d2
max

=























tanθ( d
dmax

)2 l
d
> tan θ

(µ+ 1) tan θ( d
dmax

)2 − µ l
dmax

( d
dmax

) l
d
< tan θ

(3.3)

where dmax is the maximum value of distance d. The effects of the distance ratio, d
dmax

,

on the output torque index, T
K1dmax

, in RASAT are graphically illustrated in Figures

3.2 and 3.3 where µ = 5 and l
dmax

= 0.1. As shown in Figure 3.2, by increasing the

distance, d, from zero to dmax, for a given θ, the torque index, T
K1dmax

, increased. This

relationship is shown for different amounts of θ from θ = 5o to θ = 15o increasing in

steps of 1o. The torque–angular deflection relation in RASAT is graphically illustrated

in Figure 3.3 for different values of distance indexes d
dmax

. The slope of each curve

in Figure 3.3 is equivalent to the stiffness of the tendon. As shown in Figure 3.3, by

decreasing the ratio d
dmax

, from 1 to 0.1 with steps of 0.1, the slopes of curves are
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Figure 3.2: Effects of decreasing d
dmax

in dimensionless force–deformation in RASAT for a
constant θ. θ increases in equal steps of 1o from 5o to 15o.

reduced significantly. It has been shown in Figure 3.3 that the slope of the curves can

be adjusted in a wide range which illustrates the capability of RASAT in wide range

of the stiffness. Sudden changes in the slope of the curves in Figure 3.3 are caused

by engaging the high stiffness spring. Also, the higher the ratio d
dmax

, the sooner

the sudden change occurs. The effect of the stiffness ratio of the springs, µ, on the

stiffness of RASAT is illustrated in Figure 3.4 by assuming d
dmax

= 0.8 and l
dmax

= 0.1.

Increasing the µ represents the increase of the stiffness ratio of spring 2 to spring 1. In

Figure 3.4, the slope of the curves increases at the turning point, which is caused by

engaging spring 2 while µ increases from zero to 5 with equal increments of 1.

From the mechanical design point of view, RASAT (Figures 3.5a & 3.5b) is comprised

of an input link (Figure 3.5d), an output link (Figure 3.5c), four springs (not shown

in figure 3.5 but shown in Figure 3.1), and the spring positioning mechanism that

is installed on the input link as shown in Figure 3.5d. Input and output links are

concentric and a relative angular deflection between the input and output links, θ,

can be measured using an angular displacement sensor, i.e. a potentiometer with a
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Figure 3.5: 3D model of RASAT.

low pass filter. Two pairs of parallel helical compression springs with constant offset

are located inside the spring housing. The spring housing is linearly positioned by a

non-back drivable ball screw and nut, which in turn, is connected to the input link.

The ball screw, attached to the input link (Figure 3.5d), rotates using a brushless DC

motor. Angular motion of the DC motor is converted to linear motion using a guiding

shaft installed at the input link parallel to the ball screw. The distance d (Figure 3.1)

between the spring housing and the center of rotation can be adjusted using the angular

displacement feedback signal from an output shaft of the DC motor. A bearing (Figure

3.5c) sliding on the output shaft, which is attached to the output link, is pin jointed at

the spring housing and has a sliding motion inside the slot deployed on spring housing.

Consequently, with a torque on the links, the bearing slides inside the spring housing

and converts the angular motion between the links to the linear motion of the springs.

The resultant force caused by the deflection of the springs creates torque through the

output shaft via the bearing (Figure 3.5c).

48



Chapter 3. Adjustable Stiffness Artificial Tendons
3.1. Conceptual designs

Figure 3.6: Schematic diagram of LASAT.

3.1.2 Linear Adjustable Stiffness Artificial Tendon

Linear Adjustable Stiffness Artificial Tendon (LASAT) is a uni-directional compression

tendon. LASAT is a series combination of two helical compression springs. A rigid

coupler that connects two series springs together is illustrated in Figure 3.6. Counter-

clockwise rotation of the coupler, increases the number of active coils in spring 2 with

a low stiffness and decreases the number of active coils in the spring 1 with a high

stiffness; and vice versa for clockwise rotation. Springs 1 and 2 have the stiffnesses of

Ks1 and Ks2 respectively, that are defined by:

Ksi =
Pi
Ns

i = 1, 2 (3.4)

where parameter i represents the ith spring and number of spring coils, Ns, is assumed

to be equal for both springs. P1 and P2 are the coil’s stiffness of spring 1 and 2

respectively [109]:

Pi =
dia4

iGi

8D3
i

i = 1, 2 (3.5)

where Di, diai, and Gi are the mean coil diameters, wire diameters and the shear

modulus of the springs. By changing the position of the coupler, the number of the
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active coils of spring 1 and spring 2 will be defined by N1 = (1 − λ)Ns and N2 = λNs

respectively, where 0 < λ < 1. The coil’s stiffness of spring 1 is assumed to be ρ times

higher than spring 2, thus P1 = ρP2.

By the above considerations, the effective stiffness of spring 1, Ka1, and that of spring

2, Ka2, are given by the following equations:

Ka1 = Ks1

1−λ
(3.6)

Ka2 = Ks2

λ
(3.7)

The stiffness of the springs in series, Keq given in Eqn.(3.8), represents the LASAT

stiffness as long as the compression of the softer spring is lower than its shut length,

Ls, (where the coils are in contact):

Keq =
Ka1Ka2

Ka1 +Ka2

=

P1

(1−λ)Ns

P2

λNs

P1

(1−λ)Ns
+ P2

λNs

=
ρKs2

1 + (ρ− 1)λ
(3.8)

Thus, the force of the tendon is calculated by the following equations:

FLASAT =























KeqdLASAT dLASAT ≤ Ls1+(ρ−1)λ
ρ

Ks2Ls+Ka1(dLASAT − Ls1+(ρ−1)λ
ρ

) dLASAT > Ls1+(ρ−1)λ
ρ

(3.9)

and respectively in dimensionless form:

FLASAT
Ks2Ls

=























dLASAT ρ

Ls(1+(ρ−1)λ)
dLASAT

Ls
≤ 1+(ρ−1)λ

ρ

1 + ρ

1−λ
(dLASAT

Ls
− 1+(ρ−1)λ

ρ
) dLASAT

Ls
> 1+(ρ−1)λ

ρ

(3.10)

where dLASAT is the deflection of the LASAT and the length Ls1+(ρ−1)λ
ρ

is the total

deflection of the tendon at the instance that spring 2 reaches the shut length. Figure
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Figure 3.7: Dimensionless relation of stiffness–λ in LASAT before shut length. Each curve
corresponds to a constant ρ and ρ increases from 1 to 5 with steps of 1.

3.7 illustrates the relationship of the dimensionless resultant stiffness of the LASAT,

Keq

Ks2
, to λ (the ratio of the number of active coils of spring 2 to Ns) for different values

of ρ (the ratio of the coil stiffness of spring 1 to spring 2). In Figure 3.7, each curve

corresponds to a constant ρ and the value of ρ increases from 1 to 5 with increments

of one. As shown, by increasing the λ from zero to one for a constant ρ, the stiffness

of LASAT, Keq, decreases.

Figure 3.8 shows the relation of dimensionless force index FLASAT

Ks2Ls
, to the dimensionless

deflection index dLASAT

Ls
, when ρ = 5 for λ varying from 0.1 to 0.9 with equal steps

of 0.1. As shown in Figure 3.8, there is a discontinuity in the slope of each curve

as FLASAT

Ks2Ls
= 1 that is caused by the shut length of spring 2. The slope of the curves

before the shut length shown in Eqn.(3.8) equals ρ

1+(ρ−1)λ
. The slope after shut length

equals ρ

1−λ
. By increasing λ, the slope of each curve decreases before the shut length,

which results in the softer equivalent spring, and increases after the shut length, which

results in stiffer equivalent spring. In general, helical springs do not act linearly close
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Figure 3.8: Dimensionless graph of force–deformation in LASAT. Sudden changes in slopes
of the curves are caused by spring 2 reaching the shut length.

to their shut lengths. LASAT is designed in such a way as to prevent the shut length

which in turn removes the nonlinear effects on the tendon caused by coil contact and

friction.

From the mechanical design point of view, LASAT is comprised of an input rod, an

output rod, two springs and a spring positioning mechanism as shown in Figure 3.9.

The springs can slide inside the output rod and have the same coil pitch and the

mean diameter, but have different wire diameters. The inner diameter of the output

rod is assumed to be lower in the area contacting the softer spring than in the area

contacting the stiffer spring. The output force is directly applied to the low stiffness

spring and a notch inside the output rod makes a stopper that prevents the softer spring

from reaching the shut length. The positioning mechanism of the coupler consists of

a brushless DC motor, a spline shaft, and a coupling element. The outer surface of

the coupler is threaded and the lead of each thread equals the spring’s coil pitch.

The inner surface of the coupler can freely slide over the sliding shaft. The coupling

element can be rotated by the sliding shaft which is connected to the brush-less DC
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Figure 3.9: 3D model of LASAT.

motor. Then, the angular motion of the coupling element is converted to linear motion

and simultaneously changes the number of acting coils in each spring. Also, an angular

displacement sensor is installed on the brush-less DC motor to measure the location of

the coupling element.

3.1.3 Offset Location Adjustable Stiffness Artificial Tendon

The Offset Location Adjustable Stiffness Artificial Tendon (OLASAT) is specially de-

signed to adjust its stiffness mechanically. It switches the stiffness between two specific

values. Here, the artificial tendon is a combination of two parallel springs with an offset

as shown in Figure 3.10. The offset, a, between the two springs can be adjusted. The

applied force, FOLASAT , is a function of the stiffness of spring 1 with a low stiffness

(Ksp1), spring 2 with a high stiffness (Ksp2), the offset (a), and the spring’s deflection
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at the end point (dOLASAT ) as follows:

FOLASAT =























Ksp1dOLASAT dOLASAT < a

Ksp1a+ (Ksp1 +Ksp2)(dOLASAT − a) dOLASAT ≥ a

(3.11)

The above equation in the dimensionless form appears in Eqn.(3.12) where Ksp2 is

replaced by ηKsp1.

FOLASAT
Ksp1a

=























dOLASAT

a
dOLASAT

a
< 1

1 + (1 + η)(dOLASAT

a
− 1) dOLASAT

a
≥ 1

(3.12)

The force-deflection graph of the OLASAT is illustrated in Figure 3.11. η is the ratio

of the stiffness of spring 2 to that of spring 1 (η = 5 in Figure 3.11). The slopes of

the straight lines in Figure 3.11 represent the stiffness of OLASAT. The stiffness is

suddenly switched from the stiffness of spring 1, Ksp1, to the stiffness of two parallel

springs, (η + 1)Ksp1, at point dOLASAT = a.

From the mechanical design point of view, OLASAT is a uni-directional tendon

and consists of an input rod, an output rod, a low stiffness spring and a high stiffness

spring, with a positioning mechanism using a ball screw and a nut (as shown in Figure

3.12). The low stiffness spring is coupled between the input and the output rod. The

high stiffness spring is connected to the input rod on one side and is free on the other

side. A miniature brushless DC motor connected to the ball screw provides the sliding

motion of the high stiffness spring over the slot deployed on the input rod, which can

adjust the offset between the two springs.
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Figure 3.10: Schematic diagram of OLASAT.
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Figure 3.11: Dimensionless force–deformation graph of OLASAT.
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Figure 3.12: 3D model of OLASAT.

3.2 Advantages and limitations

In this section, the advantages and limitations of each conceptual design based on simu-

lations are discussed. The main advantage of RASAT is the adjustment of the stiffness

over a wide range, by means of a moderate change in the distance of the springs to

the center of rotation. As shown in Figure 3.3, by adjusting d
dmax

from a low value,

0.1, to a high value, 1, slopes of the curves and consequently, the stiffness of RASAT

increase in a wide range of numbers. For example, by considering the dmax = 50mm

and changing d from d = 5mm to d = 50mm, the stiffness increases 100 times. This

capability can significantly improve the performance of bipedal walking. For example,

RASAT can be used at the knee joint of the bipedal walking robot when a low stiffness

(during the passive motion of the swing phase) and a high stiffness (during the stance

phase) are required. Friction of the joints and the high number of moving elements are

among RASAT’s disadvantages.

LASAT can be built lighter and more compact than RASAT. In addition to this ad-
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vantage, the stiffness of the equivalent spring in LASAT is linear. The friction between

the coupler and the springs during the adjustment of the number of active coils may

cause difficulties as the stiffness changes. Stiffness of LASAT after the shut length

changes a lot for high values of λ (the ratio of the number of active coils of spring 2 to

Ns). This counts as the major disadvantage of LASAT.

The design of OLASAT is simple and can be built more easily than the other mech-

anisms. In addition, the friction is lower between the moving parts with respect to

RASAT and LASAT. In OLASAT, the positioning mechanism (including DC motor

and ball screw as shown in Figure 3.12) adjusts the location of spring 2 and con-

trols the output force of the DC motor to the load. These advantages can potentially

increase the performance of the robots and are very important in the development

of efficient bipedal walking robots. OLASAT can only have two stiffness values. In

bipedal walking, the stiffness of ASATs can be adjusted during the swing phase while

the end effector is not in contact with the environment. This allows a small required

force to adjust the stiffness which leads to the smaller size of ASATs and lower energy

consumption for stiffness adjustment.

3.3 Case study

In this section, the effects of each conceptual design of the ASAT on the energy economy

of bipedal walking during the collision phase are studied. This study can answer the

question of applicability of the idea in bipedal walking robots. To reach this objective

and to reduce the complexity of the analysis, a simplified model of a bipedal walking

robot is introduced which consists of the dynamic model of each design of ASAT at the

ankle joint. In general, the stance period of the walking cycle is demarcated into four

phases which are explained by Kuo et al [39]. Collision of the foot with the ground

is the major reason of energy loss during passive bipedal walking. Thus, the dynamic

model of the bipedal walking robot during collision is detailed in this section. The
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Figure 3.13: Diagram of the robot.

simulation results of the bipedal walking model in the collision phase are explained.

The model of the designed ASAT (RASAT, LASAT, OLASAT) in two cases of poorly-

adjusted and well-adjusted stiffness, which are explained in detail in the next section,

is included in the simulation results to compare the energy economy of the biped in

two extreme cases.

3.3.1 Dynamic modeling of the collision phase

In this section, the focus is on dynamic modeling of the bipedal walking robot during

the collision phase. Here, a simplified model of a walking robot is introduced, which is

able to test the effectiveness of ASAT in reducing energy loss. The robot includes, as

shown in Figure 3.13, a foot (link 1), a shank (link 2), and a thigh (link 3). To simplify

the analysis, the bipedal walking model is in sagittal plane with friction free joints. In

addition, a point mass at center of gravity of each link has been assumed. The mass of

the upper body and trailing leg is also assumed to be at the upright end of the thigh.

In Fig 3.13, the value of di represents the location of the center of mass of link i,

which is measured as a distance between the mass center of link i and joint i. Joints
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i (i = 1, 2, 3) are the heel, the ankle, and the knee, respectively. θi is also denoted as

the angle of the link i with respect to the horizontal axis. xh and yh represent the hor-

izontal and vertical distance between the heel and a reference point O on the ground.

Dynamic modeling of the bipedal walking in the collision phase is presented here using

the Lagrangian approach. The collision phase starts with an impact of heel-strike fol-

lowed by a continuous motion. At the end of the collision phase, a second impact of the

foot-touch-down occurs. Both impacts are assumed to be rigid to rigid, instantaneous,

and perfectly plastic, which dissipates part of the energy of the robot. Generalized

coordinates of the robot include the horizontal and vertical positions of the heel as well

as the foot, shank and thigh angles with respect to the horizontal line that correspond

to xh, yh, θ1, θ2, and θ3, respectively.

Dynamic modeling of the heel-strike

At the beginning of the stance phase, the heel contacts the ground with impact. The

impact is assumed as an impulsive constraint of a sudden change in the velocity of

the heel to zero. The joints (the heel, the ankle, and the knee) angular velocities are

also subjected to a sudden change resulting from this impact event. At the heel-strike,

there is an impulsive force between the heel and the ground. The external moment at

each joint is taken to be negligible during impact. For purpose of simplicity, impulsive

constraint relations [110] are employed in this work to provide the angular velocities of

the foot, the shank and the thigh after the heel-strike. Since no detailed information

is available from the literature, the derivations and complete forms of the constrained

impulsive motion equations are presented here.

By applying the impulsive constraint relations [110], the Lagrange multiplier form of

the constrained impulsive motion equation at the heel-strike is shown below.

5
∑

j=1

Dij(q̇
+
j − q̇−j ) = Q̂i +

n
∑

k=1

λ̂kaki (i = 1, 2, ..., 5) (3.13)
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where

q̇ = (ẋh, ẏh, θ̇1, θ̇2, θ̇3) (3.14)

Dij =
∂2K

∂q̇i∂q̇j
(i, j = 1, 2, ..., 5) (3.15)

q is a 5×1 generalized coordinate vector andK is the kinetic energy of the biped (shown

in Section 3.3.1). ẋh and ẏh are the horizontal and vertical velocities of the heel. θ̇1

and θ̇2 and θ̇3 are the angular velocities of the foot, the shank, and the thigh. The

superscripts ′+′ and ′−′ represent the time immediately after and before the impact.

n is the maximum number of impulsive constraints which equals 2. Dij are elements

of a 5 × 5 inertia matrix which are calculated from the kinetic energy of the biped.

In this thesis, it is also assumed that the heel-strike is not accompanied by an external

impulse, Q̂i. Thus

Q̂i = 0 (i = 1, 2, ..., 5) (3.16)

The term
∑n

k=1 λ̂kaki in Eqn.(3.13) corresponds to constraint impulse and λ̂k is an

impulsive Lagrangian multiplier.

The heel-strike consists of the constraints ∆ẋh = HSẋ+
h − HSẋ−h = − HSẋ−h and

∆ẏh = HS ẏ+
h − HS ẏ−h = − HS ẏ−h that correspond to the zero velocity of the heel

immediately after the heel-strike. The superscript HS corresponds to the instant of

the heel-strike. The generalized coordinate vector q is divided into two vectors of

q1 = (xh, yh) and q2 = (θ1, θ2, θ3). In addition, it is assumed that the initial conditions

of the robot before the heel-strike (q̇−

1 and q̇−

2 ) are given. Thus, to solve the angular
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velocity of each joint, Eqn.(3.13) is shown in the following matrix format:







D1 D2

D3 D4













∆q̇1

∆q̇2






=







HSλ̂

0






(3.17)

where sub-matrices of the inertia are divided into D1, D2, D3 and D4, which are

2×2, 2×3, 3×2 and 3×3 matrices. The impulsive Lagrangian multiplier, HSλ̂, at the

heel-strike is a 2× 1 vector. Therefore, by solving Eqn.(3.17), the angular velocities of

the links after the heel-strike are obtained:

q̇+
2 = q̇−

2 −D4−1D3(∆q̇1) (3.18)

The impulse caused by the impact event at the heel-strike can also be calculated:

HSλ̂ = D1(∆q̇1) +D2(∆q̇2) (3.19)

After the heel-strike, the number of the degrees of freedom of the biped is reduced.

The generalized coordinates vector of the robot reduces to q = (θ1, θ2, θ3) and also the

inertia is reduced to a 3 × 3 matrix. The equations of continuous motion of the robot

are given in the next section.

Dynamic modeling of the continuous motion

According to Figure 3.13, the coordinates of the mass center of link i are:

xci = xh + di cos(θi) +
∑i−1

j=1 lj cos(θj) (3.20)

yci = yh + di sin(θi) +
∑i−1

j=1 lj sin(θj) (3.21)
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The potential energy (assume P = 0 at the ground level) of the two-link biped is:

P =
3
∑

i=1

migyci (3.22)

The elastic torque of the artificial tendons is considered as a force vector in dynamic

equations and is not included in potential energy. The kinetic energy is

K =
3
∑

i=1

1

2
mi(ẋ

2
ci + ẏ2

ci) (3.23)

By applying the potential and kinetic energy of equations (3.22) and (3.23) to the

Lagrangian equations, the dynamic equation of the robot during continuous motion is

given below:

M(θ)θ̈ +H(θ, θ̇)θ̇ +G(θ) + S(θ) = I(θ) (3.24)

where M(θ) is a 3×3 positive definite and symmetric inertia matrix. H(θ, θ̇) is a 3×3

matrix related to centrifugal and coriolis terms. G(θ) is a 3×1 matrix of torque related

to the gravity of each link. S(θ) is a 3 × 1 matrix related to the elastic torques of the

artificial tendon at the ankle joint and the linear spring at the knee joint. θ, θ̇, θ̈, and

I(θ) are the generalized coordinates, velocities, accelerations, and the external torque

vector respectively [111, 112]. The detailed forms of M, H, G and S in Eqn.(3.24) are

presented as:

Mij = Uij cos(θi − θj) (3.25)

Hij = Uij sin(θj − θi)θ̇j (3.26)

Gi = +gi cos(θi) (3.27)
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Uij and gi are inertial and gravitational terms defined as:

Uij =















































mid
2
i + (

∑3
j=i+1mj)l

2
i j = i

mjdjli + (
∑3

k=j+1mk)lilj j > i

Uji j < i

(3.28)

gi = midig + (
3
∑

j=i+1

mj)lig (3.29)

S =













Tankle

−Tankle +Kknee(θ3 − θ2 − ϕ3)

−Kknee(θ3 − θ2 − ϕ3)













(3.30)

where one end of ASAT at joint i is connected to the link i−1 with an initial angle of ϕi.

The elastic torque at the ankle joint, Tankle, is dependent on the type of ASAT attached

to the ankle joint as well as to the initial angle of ASAT. Tankle = T for RASAT, and

T is calculated from Eqn.(3.1). Linear motions of LASAT and OLASAT are converted

to the angular motion at the ankle joint using an angular pulley with a radius of

R. Thus, Tankle = RFLASAT for LASAT where FLASAT is calculated from Eqn.(3.9).

Tankle = RFOLASAT for OLASAT where FOLASAT is calculated from Eqn.(3.11).

Dynamic modeling of the foot-touch-down

The foot-touch-down (FTD) is the ending instant of the collision phase which is accom-

panied by a sudden change in the angular velocity of the foot to zero caused by impact.

It also causes a sudden change in angular velocity of the shank and the thigh which
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are calculated in this section. In this work, the foot-touch-down impact is modeled by

the constraint equation shown below.

∆FTDθ̇1 = FTDθ̇+
1 − FTDθ̇−1 (3.31)

= − FTDθ̇−1

FTDθ̇−1 and FTDθ̇+
1 are the angular velocity of the foot immediately before and after

the foot-touch-down. The above equation shows that the angular velocity of the foot

suddenly changes to zero. Jumps in the angular velocity of the shank and the thigh

are provided by a reduced form of Eqn. (3.17) where q = (θ1, θ2, θ3). The matrix D4

in Eqn. (3.17) is divided into four sub-matrices of inertia of D1, D2, D3, and D4 which

are 1×1, 1×1, 2×1 and 2×2 matrices respectively. Here, the generalized coordinates

vector of the foot-touch-down, q, is divided into q1 = (θ1) and q2 = (θ2, θ3). Therefore,

the angular velocity of the links after the foot-touch-down is defined:

q̇+
2 = q̇−

2 −D−1
4 D3(∆q̇1) (3.32)

The impulse caused by the impact event at the foot-touch-down can also be calculated:

FTDλ̂ = D1(∆q̇1) +D2(∆q̇2) (3.33)

The foot is assumed to be stationary on the ground after the foot-touch-down, thus

the degrees of freedom of the system will be reduced and the generalized coordinate

vector of the robot will be changed to q = (θ2, θ3).

3.3.2 Simulations and results

In this section, the effects of each conceptual design of ASAT on reducing the energy

loss of bipedal walking during the collision phase are studied through computer sim-
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Table 3.1: Physical parameters of the robot.

Link no. mi[kg] li[m] di[m]

1 1 0.05 0.03

2 4.5 0.431 0.247

3 61.1 0.68 0.68

ulations. Reducing the energy loss in the collision phase can significantly affect the

energy performance of the bipedal walking robots. Thus, the simulations are performed

in the collision phase for 6 case studies using RASAT, LASAT, and OLASAT at the

ankle joint, with both poorly and well-adjusted stiffnesses. Poorly-adjusted stiffnesses

represent the lowest value of the stiffness of each ASATs. Well-adjusted stiffnesses are

defined using a trial and error procedure which minimizes the energy loss during the

collision phase. Adjusting the stiffness of ASAT requires energy and causes a change

in the position of the center of mass of the biped. However those parameters are not

assumed in this study because of their negligible effects. The parameters of the robot

representing a simplified model of a human sized bipedal robot, as explained in Tzafes-

tas et. al [113], are listed in Table 3.1.

The generalized coordinates and parameters of the robot are visually illustrated in Fig-

ure 3.13. The initial states immediately before the heel-strike are specified: θ1 = 15o,

θ2 = 105o, θ3 = 105o, xh = yh = 0, and θ̇1 = θ̇2 = θ̇3 = 0. These initial conditions

simulate the perpendicular foot to the thigh, while the leg is assumed to be straight

with an initial angle of 105o with respect to the horizontal line, and with zero angular

velocity before the heel-strike. The same initial translational velocity is assumed for

the robot immediately before the heel-strike. ẋci = V0sinϕ and ẏci = V0cosϕ. In this

analysis, V0 = 1.5m/s and ϕ = 15o which is within the walking speed range of the

biped. The same initial conditions are chosen for all case studies, and the focus of the

simulations is on demonstrating the effects of adjusting the artificial tendons on the

energetics of the robot during the collision phase.
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The stiffness of the knee joint, Kknee = 1000[Nm
rad

], is assumed constant. By insert-

ing different ASATs at the ankle joint of the robot, the dynamics of the robot are

studied in six different cases. Each tendon involves two cases of poorly-adjusted

and well-adjusted stiffness. Cases 1–2 consist of RASAT at the ankle joint while:

K1d
2
max = 500, l

dmax
= 0.1, and µ = 5. The value of d

dmax
equals 0.1 and 1 for case 1 and

2, which represent poorly and well-adjusted stiffness respectively. Cases 3–4 consist

of LASAT at the ankle joint while: R2Ks2 = 300[Nm
rad

],Ls
R

= 0.2618[rad] and ρ = 3.

λ equals to 1 and 0.1 for Cases 3 and 4, which represent poorly and well-adjusted

stiffness, respectively. Cases 5 and 6 consist of OLASAT at the ankle joint while

R2Ksp2 = 300 [Nm
rad

], and η = 4. The offset a
R

equals to 0.2618 [rad] and 0.0349 [rad]

for Cases 5 and 6, which represent poorly and well-adjusted stiffness respectively.

Since the focus of this study is on the effects of ASATs on energy economy of the

biped during the collision phase, the initial states of the simulation immediately before

the heel-strike are the same for all the cases. Here the results of the simulations after

the heel-strike are presented in Figures 3.14-3.19. Joint angles are shown in Figures

3.14-3.19a where θ1, θ2, and θ3 are the angle of the foot, ankle, and knee with respect

to the ground. The absolute value of velocity of the center of mass (COM) of the body

in the robot is illustrated in Figures 3.14-3.19b. The discontinuity in velocity caused

by the foot-touch-down (FTD), is indicated by an ellipse in Figures 3.14-3.19b. The

trajectory and velocity vector of the COM of the body during the collision phase are

demonstrated in Figures 3.14-3.19c. In addition, the kinetic energy of the robot in the

same time period as the simulations is depicted in Figures 3.14-3.19d, including the

discontinuity that is illustrated with an ellipse. Finally, the stick diagram of the robot

during the collision period is shown in Figures 3.14-3.19(e), with the time step of 0.005

sec after the heel-strike. The results of the simulations for each conceptual designs of

ASATs are separately discussed below.

Figures 3.14a and 3.15a indicate that the collision phase takes 0.017 sec and 0.036 sec
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for cases 1 and 2 respectively. It shows that the collision period is increased while

RASAT is well-adjusted, which in turn causes to reduce the impulsive force applied on

the robot by decreasing the angular velocity of the foot. Significant reduction in the

kinetic energy of the robot caused by the FTD is shown by ellipses in Figures 3.14d

and 3.15d. By increasing the ratio d
dmax

from 0.1 in the first case to 1 in the second

case, the discontinuities in the velocity and the kinetic energy of the robot during the

FTD are significantly reduced, as shown in Figures 3.15b and 3.15d, compared to those

shown in Figures 3.14b and 3.14d. Figure 3.15c shows that the vertical component of

the velocity of the COM of the body is gradually decreased during the collision phase.

In cases 3 and 4, adjusting λ from 1 to 0.1 (Figure 3.16 and 3.17) increases the stiff-

ness of LASAT at the ankle joint. Figures 3.16a and 3.17a indicate that the collision

phase period takes 0.019 sec and 0.025 sec for cases 3 and 4 respectively. Figure 3.17c

shows that the vertical component of the velocity of the COM of the body is gradually

decreased during the collision phase, which is desirable in decreasing the impact at the

FTD. Adjusting the stiffness using LASAT decreases discontinuities in velocity and

kinetic energy (compare the results shown in Figures 3.16b and 3.16d with the results

shown in Figures 3.17b and 3.17d). The results show that the kinetic energy loss in

each step of walking can be significantly reduced through proper adjustment of the

LASAT.

In cases 5 and 6, the effectiveness of adjusting the offset in OLASAT from a
R

=

0.2618 [rad] to a
R

= 0.0349 [rad] are shown in Figures 3.18 and 3.19. Figures 3.18a and

3.19a indicate that the collision phase period takes 0.019 sec and 0.041 sec for cases 5

and 6 respectively. Figure 3.19c shows that the vertical component of the velocity of

the COM of the body is gradually decreased during the collision phase, which is also

very useful in decreasing the impact on FTD. Adjusting the stiffness using OLASAT

can decrease discontinuities in the velocity and the kinetic energy (compare the results

shown in Figures 3.18b and 3.18d with Figures 3.19b and 3.19d). The results show
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that the kinetic energy loss in each walking step can be significantly reduced through

proper adjustment of the LASAT.

In all of the above cases, the period of the collision phase (starting from the heel-strike

and ending at the FTD) has been increased by properly adjusting the stiffness of the

tendons. This result is based on a comparison of the foot trajectory from an initial

value of 15o to 0o in each case study at part a of Figures 3.14-3.19. Through proper

adjustment of the stiffness, the vertical velocity of COM of the body during collision

is gradually decreased to zero. This effect can potentially increase the efficiency of lo-

comotion by decreasing the energy loss at the FTD as well as by storing and returning

the energy at the ankle joint during the stance phase. In addition, for the physical

parameters of the robot listed in Table 3.1, R = 50mm and dmax = 65mm can be cho-

sen. Using Eqn.(3.5), for a cold-drawn spring wire with coil diameter of dia = 2.5mm

including 6 coils, the output diameters of the low and high stiffness springs are below

25mm for all design concepts. These illustrate the compatibility of the size of ASATs

to the size of the biped.

The kinetic energy loss of case 1 is 20% of the total kinetic energy of the robot before

the FTD and it is reduced to 5% in case 2 by propper stiffness adjustment of the

RASAT. Comparing case 3 with a 19% kinetic energy loss and case 4 with a 3.5%

kinetic energy loss also demonstrates the significant effects of the LASAT in reducing

the energy loss. The simulation results of case 5 with a 20% kinetic energy loss and

case 6 with a 1% kinetic energy loss also illustrate the significant improvement in the

energetics of the bipedal walking robots by proper stiffness adjustment of OLASAT.

3.4 Summary

Adjusting the leg stiffness is highly desired in legged robotic applications. As a result,

three different conceptual designs of the adjustable stiffness artificial tendon (ASAT)

were developed in this chapter. The mathematical model and the 3D detailed design
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of each conceptual design of ASAT were illustrated. A simplified model of bipedal

walking robot including a foot, a shank, and a thigh was introduced in this chapter

incorporating the dynamics model of the ASATs at the ankle joint. The dynamic mod-

eling of the bipedal walking robot was studied during the collision phase. The collision

phase includes two discontinuities in motion, the heel-strike and the foot-touch-down,

which were modeled using impulsive constraints. The results of the simulations of the

biped motion illustrate the significant effects of the adjustment of the stiffness of the

ASATs in improving the energy economy of the bipedal walking by reducing the en-

ergy loss. The simulation results illustrate the significant improvement in the energy

economy of the bipedal walking robot by proper stiffness adjustment. The roles of

stiffness adjustment in improving the energy economy of the bipedal walking during

the stance phase and the consecutive walking steps are explained in the next chapter

using OLASAT and a new simplified model of bipedal walking.
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Figure 3.14: Results of the collision phase in Case 1. RASAT deployed on ankle joint.
Kknee = 1000Nm/rad, K1 = 500
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Figure 3.15: Results of the collision phase in Case 2. RASAT deployed on ankle joint.
Kknee = 1000Nm/rad, K1 = 500
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Figure 3.16: Results of the collision phase in Case 3. LASAT on ankle joint while: Ks2 =
300
R2 [N
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R
, ρ = 3 and λ = 1.
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Figure 3.17: Results of the collision phase in Case 4. LASAT on ankle joint while: Ks2 =
300
R2 [N
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],Ls = 0.2618

R
, ρ = 3 and λ = 0.1.
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Figure 3.18: Results of the collision phase in Case 5. OLASAT on ankle joint while: Ksp2 =
300
R2 [N

m
], η = 4 and the offset a = 0.2618
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Figure 3.19: Results of the collision phase in Case 6. OLASAT on ankle joint while: Ksp2 =
300
R2 [N

m
], η = 4 and the offset a = 0.0349

R
.
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Chapter 4

Adjustable Stiffness Bipedal

Walking Model

Previous research illustrated that the collision of the foot with the ground in both

passive dynamic and joint-angle-controlled bipedal walking approaches is inevitable

and occurs frequently causing major loss of energy. Establishing a new technique to

reduce this energy loss is a challenging problem which was addressed in the previous

chapter. Each conceptual design of the adjustable stiffness artificial tendons (ASAT)

can significantly reduce the energy loss during the collision phase. In this chapter,

a new simplified model of bipedal walking is developed which includes ASAT. The

conceptual design and the dynamic model of the offset location adjustable stiffness

artificial tendon (OLASAT), explained in Section 3.1.3, is used which is capable of

adjusting the stiffness mechanically as well as of storing and releasing the elastic energy.

OLASAT is also effective in reducing the energy loss and has a simple configuration.

To verify the effects of OLASAT on reducing the energy loss, a simplified model of the

stance phase of the bipedal walking robot is introduced which consists of a foot, a leg,

and OLASAT parallel to the ankle joint. Dynamic modeling of the biped during the

double support time period is considered while the trailing leg is modeled by a pre-
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deformed linear compression spring. In fact, the major injected energy to the biped

is provided by the spring model during the double support period. The concept of

impulsive constraints is used to establish the mathematical model of the impact events

during the collision phase which consists of the heel-strike and the foot-touch-down.

The organization of this chapter is as follows. The simple 2 degrees of freedom (DOF)

model of the walking robot is illustrated in Section 4.1. The mathematical model of

the bipedal walking is developed in Section 4.2. Section 4.3 illustrates the normalized

formulation of the equations of motion of the biped. Then in Section 4.4, computer

simulations are carried out to demonstrate the performance of the adjustment of the

stiffness during the stance phase and during the consecutive walking steps.

4.1 Bipedal walking gait in the simplified model

A simplified model and the gait cycle of a bipedal walking robot are introduced here.

The model offers different advantages. It is simple, and hence decreases the complexity

of analysis in energy economy. In addition, it considers the effects of OLASAT and

the foot. It also includes the double support phase and has the ability to inject energy

to the biped. The dynamics of the swing leg is not considered in the model to avoid

complexity of the analysis.

In the model, as shown in Figure 4.1, a rigid foot with a point mass is pivoted at

the ankle joint to a rigid stance leg with a lumped mass at the hip (upper tip of the

stance leg). One end of OLASAT is attached to the stance leg and the other end is

attached to the foot. A cable and pulley mechanism converts the angular movement

of the ankle joint to the linear deformation of the springs in OLASAT. The model also

includes a massless linear spring to simulate the force of the trailing leg during the

double support stance phase. The linear spring injects the energy to the biped. The

input energy through the spring of the trailing leg can be adjusted by either controlling

the initial deformation of the spring or adjusting its stiffness. To simplify the analysis,
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Figure 4.1: Bipedal walking model schematic diagram.

planar motion and friction-free joints are assumed in the bipedal walking model.

In general, as shown in Figure 4.2, the stance phase includes (in both single and double

support periods) the collision, the rebound, and the preload phases. The collision

phase starts with the impact of the heel-strike followed by continuous motion. At the

end of the collision, a second impact of the foot-touch-down occurs. Both impacts

are assumed to be rigid to rigid, instantaneous, and perfectly plastic, which dissipates

part of the energy of the biped. In this model, the offset between the two springs

of OLASAT, as shown in Figure 3.10, can be adjusted to store part of the energy

of the biped during the continuous motion of the collision phase and to reduce the

impact at the foot-touch-down. The offset is adjusted only once during the swing

phase while there is no external load on the foot. Then it remains constant for the

following supporting period. The second phase, rebound, is a continuous motion while

the foot is assumed stationary on the ground. The stored energy in OLASAT during
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Figure 4.2: General Schematic of the bipedal gate.

the collision phase returns to the biped during the rebound phase. The rebound phase

ends at midstance (biped upright position). OLASAT is passively loaded during the

collision phase and is passively unloaded during the rebound phase. The motion of the

biped after midstance is named the preload phase [39] which continues until the heel-

strike of the following walking step. The kinematics of the heel-strike of the following

walking step is specified by step length and the geometry of the robot.

The bipedal walking model in this work consists of a pre-deformed compression linear

spring to simulate the force of the trailing leg. The linear spring of the trailing leg is

massless with one end connected to the toe of the foot on the ground and the other to

the upper tip of the stance leg as shown in Figure 4.1. It is also shown in Figure 4.2 by

B. The force vector from the compliant trailing leg (F in Figure 4.2) is applied on the

upper tip of the stance leg until the spring reaches its relaxed length (determining the

end of the double support phase). By assuming the trailing leg as an elastic element, the

model provides several advantages. The simplicity of dynamic modeling and analysis

during impact events and the capability of injecting the external energy are two major
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advantages. The next section describes the details of the dynamic modeling of the

proposed bipedal walking model.

4.2 Dynamic modeling of the bipedal walking

In this section, the focus is on the dynamic modeling of the stance phase of the bipedal

walking on level ground, which includes the collision, the rebound, and the preload

phases.

In Figure 4.1, links 1 and 2 are the foot and the stance leg. d1 is the distance between

the center of mass of the foot and the heel, and d2 is that of the body and the ankle

joint. l1 is the distance between the heel and the ankle joint. l2 is the distance between

the ankle joint and the center of mass of the body which is at the upper end of the

stance leg. Thus in the model, l2 = d2. θ1 and θ2 are denoted as the angles of the foot

and the stance leg with respect to the horizontal axis as illustrated in Figure 4.1. xh

and yh represent the horizontal and vertical distance between the heel and a reference

point O on the ground. In this work, the origin O is defined at the heel of the stance

leg.

Generalized coordinates of the biped are the horizontal and vertical positions of the

heel as well as foot and stance leg angles with respect to the horizontal line which

correspond to xh, yh, θ1, and θ2 respectively. The perpendicular position of the foot to

the stance leg is assumed as a neutral position (no force) of OLASAT in this work. The

heel is assumed to be pivoted to the ground during the collision phase by assuming

enough friction force between the foot and the ground. Dynamic modeling of the

bipedal walking, which is detailed in the following subsections, includes the heel-strike,

the continuous motion during the collision phase, and the rebound and the preload

phases.
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4.2.1 The heel-strike

At the beginning of the stance phase, the heel contacts the ground with impact. The

impact is assumed as an impulsive constraint of a sudden change in the velocity of the

heel to zero. The foot and the leg angular velocities are also subjected to a sudden

change resulting from this impact event. At the heel-strike, there is an impulsive force

between the heel and the ground. The external moment at each joint is taken to be

negligible during impact. For the sake of of simplicity, impulsive constraints relations

[110] are employed in this work to provide the angular velocities of the foot and the

leg after the heel-strike. Since no detailed information is available from the literature,

the derivations and complete forms of the constrained impulsive motion equations are

presented here.

By applying the impulsive constraint relations [110], the Lagrange multiplier form of

the constrained impulsive motion equation at the heel-strike is shown below.

4
∑

j=1

Dij(q̇
+
j − q̇−j ) = Q̂i +

n
∑

k=1

λ̂kaki (i = 1, 2, ..., 4) (4.1)

where

q̇ = (ẋh, ẏh, θ̇1, θ̇2) (4.2)

Dij =
∂2K

∂q̇i∂q̇j
(i, j = 1, 2, ..., 4) (4.3)

q is a 4 × 1 generalized coordinate vector and K is the kinetic energy of the biped

(shown in Section 4.2.2). ẋh and ẏh are the horizontal and vertical velocities of the

heel. θ̇1 and θ̇2 are the angular velocities of the foot and the leg. The superscripts ′+′

and ′−′ represent the time immediately after and before the impact. n is the maximum
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number of impulsive constraints which equals 2. Dij are elements of a 4 × 4 inertia

matrix which are calculated from the kinetic energy of the biped.

In this paper, it is also assumed that the heel-strike is not accompanied by an external

impulse, Q̂i. Thus

Q̂i = 0 (i = 1, 2, ..., 4) (4.4)

The term
∑n

k=1 λ̂kaki in Eqn.(4.1) corresponds to constraint impulse and λ̂k is an

impulsive Lagrangian multiplier.

The heel-strike consists of the constraints ∆ẋh = HSẋ+
h − HSẋ−h = − HSẋ−h and

∆ẏh = HS ẏ+
h − HS ẏ−h = − HS ẏ−h that correspond to the zero velocity of the heel

immediately after the heel-strike. The superscript HS corresponds to the instant of

the heel-strike. The generalized coordinate vector q is divided into two 1 × 2 vectors

of q1 = (xh, yh) and q2 = (θ1, θ2). In addition, it is assumed that the initial conditions

of the robot before the heel-strike (q̇−

1 and q̇−

2 ) are given. Thus, to solve the angular

velocities of the biped, Eqn.(4.1) is shown in the following matrix format:







D1 D2

D3 D4













∆q̇1

∆q̇2






=







HSλ̂

0






(4.5)

where D1 and D2 are 2 × 2 matrices:

D1 =







m1 +m2 0

0 m1 +m2






(4.6)

D2 =







m1d1 +m2l1sin(θ1) m2d2

m1d1 +m2l1cos(θ1) m2d2






(4.7)
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m1 and m2 are the foot and the body mass. D3 is the transpose matrix of D2.

D3 = D2T (4.8)

and D4 is a 2 × 2 matrix:

D4 =







m1d
2
1 +m2l

2
1 m2d2l1 cos(θ1 − θ2)

m2d2l1 cos(θ2 − θ1) m2d
2
2






(4.9)

The impulsive Lagrangian multiplier, HSλ̂, at the heel-strike is a 2×1 vector. Therefore,

by solving Eqn.(4.1), the angular velocities of the links after the heel-strike are defined:

q̇+
2 = q̇−

2 −D4−1D3(∆q̇1) (4.10)

The impulse caused by the impact event at the heel-strike can also be calculated:

HSλ̂ = D1(∆q̇1) +D2(∆q̇2) (4.11)

After the heel-strike, the degrees of freedom of the biped are reduced. Respectively,

the generalized coordinates vector of the robot reduces to q = (θ1, θ2) and also the

inertia is reduced to a 2 × 2 matrix. The equations of the continuous motion of the

robot are given in the next section.

4.2.2 The continuous motion of the collision phase

According to Figure 4.1, the coordinates of the mass center of link i are:

xci = xh + di cos(θi) +
i−1
∑

j=1

lj cos(θj) (4.12)

yci = yh + di sin(θi) +
i−1
∑

j=1

lj sin(θj) (4.13)
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The potential energy (assume P = 0 at the ground level) of the two-link biped is:

P =
2
∑

i=1

migyci (4.14)

The elastic torque of OLASAT is included as a force vector in dynamic equations and

is not considered in the Lagrangian function. The kinetic energy is:

K =
2
∑

i=1

1

2
mi(ẋ

2
ci + ẏ2

ci) (4.15)

By applying Eqn.(4.14) and Eqn.(4.15) to the Lagrangian equations, the dynamic

equation of the biped during the continuous motion of the collision phase is given

below:

M(θ)θ̈ +H(θ, θ̇)θ̇ +G(θ) + S(θ) = I(θ) (4.16)

θ, θ̇, θ̈, and I(θ) are the 3×1 vectors of generalized coordinates, velocities, accelerations

and external torques respectively ([111, 112]). M(θ) is a 2 × 2 positive definite and

symmetric inertia matrix which is shown below:

M =







m1d
2
1 +m2l

2
1 m2d2l1 cos(θ1 − θ2)

m2d2l1 cos(θ2 − θ1) m2d
2
2






(4.17)

H(θ, θ̇) is a 2 × 2 matrix related to centrifugal and coriolis terms:

H =







0 m2d2l1 sin(θ2 − θ1)θ̇2

m2d2l1 sin(θ1 − θ2)θ̇1 0






(4.18)

84



Chapter 4. Adjustable Stiffness Bipedal Walking Model
4.2. Dynamic modeling of the bipedal walking

G(θ) is a 2 × 1 vector of the gravitational torque as follows:

G =







(m1d1 +m2l1)g cos(θ1)

m2d2g cos(θ2)






(4.19)

The torque related to OLASAT is shown in a 2 × 1 vector defined by S(θ).

S =







−R2Ksp1(∆θ −
π
2
) − γR2Ksp2(∆θ −

π
2
− a/R)

R2Ksp1(∆θ −
π
2
) + γR2Ksp2(∆θ −

π
2
− a/R)






(4.20)

∆θ = θ2 − θ1 and R is the radius of the pulley at the ankle joint. Ksp1 and Ksp2 are

the stiffnesses of the springs 1 and 2 in OLASAT at the ankle joint. a is the offset of

the OLASAT. As mentioned in the last section, OLASAT is in neutral position while

the foot is perpendicular to the stance leg. Also:

γ =























0 (∆θ − π
2
) < a/R

1 (∆θ − π
2
) ≥ a/R

(4.21)

γ = 0 denotes that only spring 1 is engaged and γ = 1 means that both springs

in OLASAT are engaged. The force vector representing the trailing leg during the

double support period is converted to the joint torques using the Jacobian matrix, the

deformation of the trailing leg, and its stiffness (Kt). I(θ) is a 2× 1 dimension vector,

each element of which consists of the exerted torque from the trailing leg at the heel

and at the ankle joint during the double support phase. I(θ) is given below:

I =







−Fl1 sin(θ1) cos(δ) + Fl1 cos(θ1) sin(δ)

−Fl2 sin(θ2) cos(δ) + Fl2 cos(θ2) sin(δ)






(4.22)
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where δ is the angle of the spring model of the trailing leg with respect to the horizontal

line. F = ιKt(L0 − Lt) is the force generated by the trailing leg during the double

support period. L0 is the relaxed length of the trailing leg spring and Lt is the distance

between the COM of the body and the toe of the trailing leg. Lt is calculated by the

equation below.

Lt =
√

(lstep − l1 − lf + l1 cos(θ1) + l2 cos(θ2))2 + (l1 sin(θ1) + l2 sin(θ2))2 (4.23)

lf is the distance between the toe and the ankle joint. lstep is the step length of the

biped:

lstep = l1 + l2 sin(ϕ0) + l1 cos(HSθ−1 ) + l2 cos(HSθ−2 ) (4.24)

where HSθ−1 and HSθ−2 are the initial angles of the foot and the leg immediately before

the heel-strike. ϕ0 is the final angle of the stance leg in the previous walking step

with respect to the vertical line, shown in Figure 4.1. The parameter ι models the

compressional spring behavior of the trailing leg spring, where

ι =











1 Lt ≤ L0

0 Lt > L0

(4.25)

Here, the initial force through the trailing leg during the double support phase depends

on the step length, leg geometry, the relaxed length of the spring, and the stiffness of

the compressional spring. This force can be generated by actuating system on the

trailing leg of the robot which is not covered in the thesis.
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4.2.3 The foot-touch-down

The foot-touch-down (FTD) is the instant the collision phase ends which is accompa-

nied by a sudden change in the angular velocity of the foot to zero caused by impact. It

also causes a sudden change in the angular velocity of the stance leg which is calculated

in this section. In this work, the foot-touch-down impact is modeled by the constraint

equation shown below.

∆FTDθ̇1 = FTDθ̇+
1 − FTDθ̇−1 (4.26)

= − FTDθ̇−1

FTDθ̇−1 and FTDθ̇+
1 are the angular velocities of the foot immediately before and after

the foot-touch-down. The above equation shows that the angular velocity of the foot

suddenly changes to zero. The angular velocity of the leg immediately after the foot-

touch-down, FTDθ̇+
2 , is calculated in Eqn.(4.28) using the constraint Eqn.(4.27).







m1d
2
1 +m2l

2
1 m2d2l1 cos(θ1 − θ2)

m2d2l1 cos(θ2 − θ1) m2d
2
2













FTD(θ̇+
1 − θ̇−1 )

FTD(θ̇+
2 − θ̇−2 )






=







FTDλ̂FTD

0







(4.27)

FTDθ̇+
2 = FTDθ̇−2 +

l1 cos(θ2 − θ1)
FTDθ̇−1

d2

(4.28)

The impulsive Lagrangian multiplier at the foot-touch-down, FTDλ̂, is:

FTDλ̂ = −(m1d
2
1 +m2l

2
1)
FTDθ̇−1 +m2l

2
1 cos2(θ1 − θ2)

FTDθ̇−1 (4.29)

After the foot-touch-down, the generalized coordinate vector of the biped is changed

to q = θ2. The next section describes the equations of motion in the rebound and the
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preload phases.

4.2.4 The rebound and the preload phases

The rebound phase is a continuous motion starting immediately after the FTD whereby

the foot is assumed to be stationary on the ground in which θ1 = 0. The equation of

motion during the rebound phase is described below.

m2d
2
2θ̈2 +m2d2g cos(θ2) +R2Ksp1(θ2 −

π

2
) + γR2Ksp2(θ2 −

π

2
−
a

R
) = (4.30)

= −Fl2 sin(θ2) cos(δ) + Fl2 cos(θ2) sin(δ)

The preload phase is a continuous motion of the leg as an inverted pendulum and

it starts after midstance. However, assuming a second OLASAT during the preload

phase may improve the energetics of the biped by reducing the angular velocity of

the stance leg before the following heel-strike which is left for future research. In this

work the biped is only under gravitational forces due to the uni-directional property

of OLASAT. The equation of motion during the preload phase is given below.

θ̈2 +
g

d2

cos(θ2) = 0 (4.31)

The equations of motion in the normalized form with dimensionless parameters can

help one to study more efficiently the bipedal walking motion in generalized form. It

also assists in the parametric follow-up study. The next section presents the normalized

form of the equations of motion covered in the above sections.

4.3 Equations of motion in normalized form

The dimensionless parameters of the model are specified and listed in Table 4.1. The

equations of motion are normalized by m2l
2
2, the inertia of the stance leg about the

ankle joint. Finally, by replacing the dimensionless parameters into the normalized
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Table 4.1: Dimensionless Parameters.

Parameters β ψ ζ υ ς η ν

Equivalence m1

m2

l1
l2

d1
l2

lf
l2

Ksp1R
2

m2l2g

Ksp2

Ksp1

Ktl2
m2g

form of the equations of motion, the normalized form of the equations of motion are

arrived at. The normalized form of the dynamics equation at the heel-strike appears

below.



















β+1
l2
2

0 βζ+ψ sin(θ1)
l2

1
l2

0 β+1
l2
2

βζ+ψ cos(θ1)
l2

1
l2

βζ+ψ sin(θ1)
l2

βζ+ψ cos(θ1)
l2

βζ2 + ψ2 ψ cos(∆θ)

1
l2

1
l2

ψ cos(∆θ) 1





































−HSẋ−

−HS ẏ−

HS(θ̇+
1 − θ̇−1 )

HS(θ̇+
2 − θ̇−2 )



















=



















HS λ̂1

m2d
2

2

HS λ̂2

m2d
2

2

0

0



















(4.32)

where ∆θ = θ1−θ2. The normalized form of the equations of motion at the foot-touch-

down is







βζ2 + ψ2 ψ cos(∆θ)

ψ cos(∆θ) 1













− FTDθ̇−1

FTD(θ̇+
2 − θ̇−2 )






=







FTDλ̂
m2d

2

2

0






(4.33)

Eqn.(4.34) is the normalized counterpart of Eqn.(4.16).

M̂(θ)θ̈ + Ĥ(θ, θ̇)θ̇ + Ĝ(θ) + Ŝ(θ) = Î(θ) (4.34)

where

M̂ =







βζ2 + ψ2 ψ cos(∆θ)

ψ cos(∆θ) 1






(4.35)
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Ĥ =







0 ψ sin(θ2 − θ1)θ̇2

ψ sin(θ2 − θ1)θ̇1 0






(4.36)

Ĝ =







βζ+ψ
l2

g cos(θ1)

g

l2
cos(θ2)






(4.37)

Ŝ =
ς

l2







−g(∆θ − π
2
) − γηg(∆θ − π

2
− a/R)

g(∆θ − π
2
) + γηg(∆θ − π

2
− a/R)






(4.38)

Î =







− ινg(L0−Lt)β

l2
2

sin(θ1) cos(δ) + ινg(L0−Lt)β

l2
2

cos(θ1) sin(δ)

− ινg(L0−Lt)β

l2
2

sin(θ2) cos(δ) + ινg(L0−Lt)β

l2
2

cos(θ2) sin(δ)






(4.39)

The equations of motion during rebound is

θ̈2 +
g

l2
cos(θ2) + ς

g

l2
(θ2 −

π

2
) + γης

g

l2
(θ2 −

π

2
−
a

R
) (4.40)

= −
ινg(L0 − Lt)β

l22
sin(θ2) cos(δ) +

ινg(L0 − Lt)β

l22
cos(θ2) sin(δ)

The next section shows the simulation results related to the energy economy of the

bipedal walking when OLASAT is incorporated.

4.4 The study of energy economy using simulations

The effects of the adjustable stiffness artificial tendon on the energetics of bipedal

walking is studied in this section through computer simulations. In Section 4.4.1, the

simulation results of bipedal walking are illustrated during the single support phase for
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Table 4.2: Parameters used in the simulations.

Parameters β ψ ζ υ ς η

Value 0.02 0.05 0.07 0.1 0.3 4

a single walking step. The same initial conditions are chosen in Section 4.4.1 for two

different stiffness values of OLASAT. The simulation results illustrate significant im-

provement in reducing the energy loss by proper adjustment of the stiffness of OLASAT.

Then, the simulation results of the robot during single support phase are presented for

5 consecutive walking steps which compare the two cases of the poorly-adjusted and

the well-adjusted stiffness of OLASAT.

4.4.1 Stance phase of bipedal walking during a single walking

step

In this section, a realization of the single support phase of bipedal walking is demon-

strated for two different stiffness values of OLASAT during a single walking step. In

order to study the effects of stiffness adjustment on the energy economy of the biped,

simulations are performed for the same initial conditions. The offset values are set to

two extreme cases representing a poorly-adjusted stiffness and a well-adjusted stiffness.

The parameters of the biped in computer simulations are listed in Table 4.2 in addition

to m2 = 1kg and l2 = 1.0m. The initial conditions of the biped immediately before

the heel-strike in the simulation are specified as follows: HSθ−1 = 15o, HSθ−2 = 105o,

xh = yh = 0, HS θ̇−1 =HS θ̇−2 = 0 and ϕ0 = 11.7o. The initial translational velocity V0 of

the biped before the heel-strike has the magnitude of 1.5m/s with the horizontal angle

of −ϕ0.

Using those initial conditions, the total kinetic energy of the biped before the heel-

strike is equal to 1.125 [J]. The stiffness of the trailing leg spring is assumed zero in

this section, (ν = 0), to simulate the biped’s motion with no external elastic energy
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input. Note that the dynamics of the swing leg is not assumed in the model.

Figures 4.3 and 4.4 show the simulation results of the biped in case 1 (poorly-adjusted

stiffness) and case 2 (well-adjusted stiffness). OLASAT’s offset values for case 1 and 2

give a
R

= 15o and a
R

= 3.5o respectively. In case 1, only spring 1 is involved in OLASAT

which is the minimum stiffness of OLASAT. In case 2 the offset is well-adjusted using a

trial and error procedure which reduces the angular velocity of the foot before the foot-

touch-down to decrease the energy loss. Figures 4.3a and 4.4a show the joint angles of

the biped θ1, θ2 which indicate that the motion of the biped is sustained in both cases

as also shown in the stick diagram of the biped in Figures 4.3e and 4.4e. Figures 4.3b

and 4.4b show the magnitude of the velocity vector of the COM of the body. As shown

in Figures 4.3b and 4.4b, the velocity jump of the COM of the body during the FTD

in case 2, which equals 0.01 m
sec

, is significantly lower than case 1, which equals 0.2 m
sec

.

Consequently, the final velocity of the COM of the body is higher in case 2 compared

to case 1. These results indicate that the biped can sustain the motion during the

stance phase in both cases. Dimensionless kinetic energy κ, is defined as the ratio

of the kinetic energy of the biped to its gravitational potential energy at midstance,

m2l2g. Figures 4.3c and 4.4c depict the κ versus time, and the comparison of the results

indicates that the kinetic energy loss at the FTD is significantly reduced in case 2, that

is by 1%, resulting from the proper adjustment of the OLASAT, compared to the κ

in case 1 which is as high as 29%. These results illustrate the effects of OLASAT on

the energetics of the bipedal walking. The significant reduction in energy loss during

the FTD in the well-adjusted stiffness case results in higher final velocity of the body

compared to the poorly-adjusted stiffness case. The displacement of the COM of the

body during the collision phase together with its velocity vector is shown in Figures

4.3d and 4.4d. Figure 4.4d shows that the vertical component of the velocity of the

body’s COM is gradually decreased during the collision phase which can reduce the

energy loss at the FTD as discussed in Section 5.1. The dimensionless parameter of
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τankle is the ratio of the torque of the ankle joint exerted by OLASAT to m2gl2 during

the single support stance phase. The graph of τankle versus time is given in Figure 4.5

for the above two cases. In case 1, only spring 1 of OLASAT is engaged. The exerted

torque by OLASAT in case 1 is much lower than case 2. As shown in Figure 4.5, the

graphs include different sudden changes of slopes of the τankle in the time period of the

stance phase. In case 1, this behavior is caused by the end of the collision phase de-

fined by point B and by the end of the rebound phase defined by F. OLASAT performs

differently in case 2 while both of the springs are engaged in part of the time period of

the motion. At the beginning of case 2, spring 2 is not engaged. After A in Figure 4.5,

both springs are engaged and they will remain engaged up to D. The change of slope

in case 2 at C occures at the end of the collision phase. Point E is also defined by the

end of the rebound phase in case 2. Figure 4.5 indicates that by reducing the offset

of OLASAT more energy is stored and released during the stance phase. To continue

this study, the next section illustrates the effectiveness of adjusting the stiffness of the

OLASAT in consecutive walking steps.

4.4.2 Bipedal walking simulations in consecutive steps

In the last section, bipedal walking with constant step length was realized by imple-

menting the OLASAT at the ankle joint. In this section, the simulation results of the

bipedal walking in consecutive steps are presented. The goal is to demonstrate and

quantify the effects of properly adjusting the stiffness of the ankle joint on multiple

steps of the bipedal walking. For the first walking step, the same biped configuration

and the same initial conditions as in Section 4.4.1 are used. The biped is moving on

level ground. To demonstrate the kinetic energy loss of the biped in this section, we

defined ∆κn as the dimensionless ratio of the total kinetic energy loss of the biped

after n walking steps to the gravitational potential energy of the biped, m2gl2, at the

midstance.
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Figures 4.6 and 4.7 show the stick diagram and the velocity of the COM of the body

in 5 consecutive steps for case 1. As shown in Figure 4.6, the motion of the biped is

sustained in all 5 consecutive walking steps. Figure 4.7 illustrates how stepping forward

increases the period of each walking step. Reducing the average velocity of the biped

is caused by the energy loss of the impact events. The final velocity of the COM of

the body after the fifth step equals 0.75 m
sec

which is half of the initial velocity of at the

first step (1.5 m
sec

). On average, for the poorly-adjusted stiffness of the OLASAT, 13%

of the kinetic energy of the biped is dissipated in each step and ∆κ5 = 0.0921.

To demonstrate the impact of stiffness adjustment on improving the energetics of the

biped, Figures 4.8 and 4.9 show the stick diagram and the velocity of the body’s COM

in 5 consecutive steps for case 2. Figure 4.8 demonstrates that the motion of the biped

is sustained in all steps. The final velocity of the COM of the body after the fifth step

equals 1.4 m
sec

which is close to the initial velocity of 1.5 m
sec

. On average, well-adjusted

stiffness in OLASAT dissipates 1.4% of the kinetic energy of the biped in each walking

step when ∆κ5 = 0.064. These results show how the proper adjustment of the stiff-

ness of the OLASAT significantly improves the energetics of the biped and makes it

more efficient. This justifies the developement of an automated stiffness adjustment

controller which will be addressed in Section 5.2. The next section presents the results

of the implementation of the above mentioned controller.

4.5 Summary

This chapter presented the results of the effects of stiffness adjustment of the ankle

joint on energetics of the bipedal walking robots. A methodology to reduce the energy

loss was presented through two main efforts. First, a simplified model of the bipedal

walking robot in the stance phase was developed consisting of a foot, a leg, and an

OLASAT which is installed parallel to the ankle joint. The model includes a compliant

trailing leg which simulates the force generated by the trailing leg during the double

94



Chapter 4. Adjustable Stiffness Bipedal Walking Model
4.5. Summary

support stance phase. The concept of impulsive constraints was used to establish the

mathematical model of the collision phase which includes the heel-strike and the foot-

touch-down. Such a model was used to compare the effects of a poorly-adjusted and

a well-adjusted stiffness OLASAT on reducing the energy loss at the foot-touch-down.

Second, computer simulations were carried out to compare the energy loss of the biped

in the two cases of the poorly-adjusted and the well-adjusted stiffness OLASAT. Proper

adjustment of the stiffness can significantly reduce the kinetic energy loss during the

foot-touch-down from 29% (of the poorly-adjusted stiffness) to 1%. Simulation results

of the biped during multiple walking steps illustrate that proper stiffness adjustment

of OLASAT significantly improves the energetics of the bipedal walking. On average,

the kinetic energy loss during multiple walking steps is reduced from 13% to 1.4% in

each walking step. In general, the simulation results of this thesis suggest that various

designs of the adjustable stiffness artificial tendons can be included in robot structures

to achieve better energetics.

Future directions of this research may include studying the effects of adjusting the

stiffness of OLASAT and that of energy injection during the double support phase

through the elastic trailing leg. The role of automatic stiffness adjustment of OLASAT

and the stiffness adjustment of the trailing leg spring will be addressed in the next

chapter.
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Figure 4.3: Simulation results during the single support stance period for poorly-adjusted
stiffness of OLASAT. (a)- Joint angles vs. time. (b)- Velocity of the COM of the body vs.
time. (c)- Dimensionless kinetic energy of the biped vs time. (d)- Position and velocity vector
of the COM of the body during the collision phase. (e)- Stick diagram of the links of the biped.
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Figure 4.4: Simulation results during the single support stance period for well-adjusted stiff-
ness of OLASAT. (a)- Joint angles vs. time. (b)- Velocity of the COM of the body vs. time.
(c)- Dimensionless kinetic energy of the biped vs time. (d)- Position and velocity vector of
the COM of the body during the collision phase. (e)- Stick diagram of the links of the biped.
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adjusted ( a
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= 3.5deg).
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Chapter 5

Study of Energy Economy and

Design of Controllers

The previous chapter illustrated that properly adjusting the stiffness of OLASAT can

significantly reduce the energy loss. I also believe that the adjustment of the stiffness

of the tendons as a control strategy can significantly improve the energetics of loco-

motion in bipedal walking robots. This chapter demonstrates the development of the

control methodology of the elastic model of the bipedal walking through the following

efforts. Firstly, the energy loss at the foot-touch-down of the bipedal walking model

presented in the last chapter is calculated. Based on the provided information, a con-

trol strategy based on energy feedback is designed to adaptively adjust the mechanical

configuration of OLASAT. Therefore, it adjusts the stiffness of OLASAT to reduce the

energy loss during foot-touch-down. Secondly, the detailed development of the speed

tracking (ST) controller is provided in this chapter. The ST controller adjusts the stiff-

ness of the trailing leg spring to control the injected energy. It also manipulates the

mechanical configuration of OLASAT while energy dissipation is required for reducing

the speed. Finally, computer simulations were employed which demonstrates the ca-

pability of stiffness adjustment controller and ST controller in reducing the energy loss

101



Chapter 5. Study of Energy Economy and Design of Controllers
5.1. Discussion of the energy loss

and tracking a desired speed of the biped.

The organization of this chapter is as follows. Energy loss during the foot-touch-down

is provided in Section 5.1 using the mathematical model of the biped. A controller to

automatically adjust the stiffness of OLASAT is proposed in Section 5.2. Section 5.3

provides the detailed development of the speed tracking controller followed by a local

stability analysis in Section 5.4. Then in Section 5.5, computer simulations are carried

out to demonstrate the performance of the controllers during the single support stance

phase.

5.1 Discussion of the energy loss

In chapter 4, the dynamic modeling of the biped during the stance phase was described.

The energy loss during the foot-touch-down is one of the major causes of energy reduc-

tion in bipedal walking which is reduced by properly adjusting the stiffness of OLASAT.

This section studies the key parameters involved in the change in the kinetic energy

of the biped, FTD∆E = FTDE− − FTDE+, before and after the foot-touch-down,

shedding light on how the stiffness adjustment of OLASAT can reduce the energy loss.

FTD∆E for the model explained in Figure 4.1 is given below.

FTD∆E = 0.5m2l
2
2((

FTDθ̇−2 )2 − ( FTDθ̇+
2 )2) + 0.5(m1d

2
1 +m2l

2
1)(

FTDθ̇−1 )2 (5.1)

+m2l1l2 cos( FTDθ2)(
FTDθ̇−1 )( FTDθ̇−2 )

By substituting of FTDθ̇+
2 from Eqn.(4.28) into Eqn.(5.1) and after simplification, the

following relation is obtained.

FTD∆E = 0.5(m1d
2
1 +m2l

2
1 sin2( FTDθ−2 ))( FTDθ̇−1 )2 (5.2)
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Masses, lengths of the links and sin2( FTDθ2) are all positive. Eqn.(5.2) illustrates the

direct relation of FTD∆E with ( FTDθ̇−1 )2. It indicates that reducing the magnitude

of the angular velocity of the foot immediately before the foot-touch-down can signifi-

cantly reduce the energy loss of the biped. In addition, Eqn.(4.28) illustrates the direct

relation of FTDθ̇+
2 − FTDθ̇−2 with FTDθ̇−1 which indicates that by reducing the magni-

tude of FTDθ̇−1 the change of angular velocity of the stance leg at the foot-touch-down

is reduced.

By taking the time derivative of the position of the center of mass (COM) of the body,

FTDY −

COM , its velocity is arrived at as given below:

FTDẎ −

COM = l1
FTDθ̇−1 + l2

FTDθ̇−2 cos( FTDθ2) (5.3)

FTDθ̇−2 and cos( FTDθ2) are negative before midstance. The optimum situation FTD∆E =

0 can be achieved by reducing ( FTDθ̇−1 )2 to zero. In such a scenario, the velocity of the

COM of the body at the foot-touch-down will be upward. This indicates that the direc-

tion of the velocity vector of the COM of the body at the heel-strike HSẎ −

COM , which is

downward, should be reversed to the upward direction at the foot-touch-down during

the collision phase to reduce the energy loss. This is made possible by storing part

of the kinetic energy of the biped in elastic form during the collision phase. The two

elastic elements in this bipedal walking model are the trailing leg spring and OLASAT.

These findings serve as the foundation to determine the offset of OLASAT. As a re-

sult, the development of an automatic controller to adjust the stiffness of OLASAT is

necessary to improve the performance of the bipedal walking which is described in the

following section.
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5.2 Design of the stiffness adjustment controller

In general, OLASAT has two major roles during the collision phase. The first role is to

compensate the moment about the ankle joint exerted by the gravitational force of the

body. The second is to store part of the kinetic energy of the biped. Both of these two

roles can reduce (FTDθ̇−1 )2. This section provides a guideline for determining the offset

of OLASAT, a, in order to store part of the energy of the biped, thus reducing (FTDθ̇−1 )2,

and consequently bringing the energy loss down. The development of a controller to

satisfy such an optimal condition of (FTDθ̇−1 )2 = 0 can be possible by predicting the

dynamics of the bipedal walking in advance. On the other hand, perfectly predicting

the dynamics of the biped is not realistic because of the complexity of physical robots.

Thus, a controller is developed in this section to estimate the offset of OLASAT without

requiring the full knowledge of the system dynamics. To design such a controller, the

following assumptions are made in this work.

First, OLASAT is loaded and unloaded passively during the stance phase. Thus for

the following walking step, the offset is adjusted during the swing phase of the current

walking step while the foot is not in contact with the ground. Second, the feedback

signals of the biped are taken to be the angular position, θ2, and the angular velocity,

θ̇2, of the stance leg. The reason for specifying these two signals as feedback is that the

biped is an inverted pendulum during the rebound and the preload phases. Thus, the

velocity of the biped at the heel-strike of the following walking step can be determined

from the angular velocity of the stance leg at midstance, MDθ̇2. This choice allows

enough time to adjust the offset during the swing phase which is important from the

practical point of view. Third, the foot is perpendicular to the stance leg immediately

before the heel-strike and in such a situation, OLASAT is in the neutral position (with

no force). Fourth, the step length is fixed by assuming that the swing leg is perfectly

controlled. Fifth, the angular displacement of the stance leg relative to the ground is
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negligible during the collision phase. This assumption results in the approximation of

FTDθ−2 = HSθ−2 . It ensures that the total deformation of spring 1 in OLASAT is equal

to R HSθ−1 . HSθ−1 and HSθ−2 are the θ1 and θ2 immediately before the heel-strike which

are known from the walking step length.

The stiffness adjustment controller developed here determines the offset of OLASAT, a,

which corresponds to the angular offset of a
R

at the pulley of the ankle joint. Here, the

maximum angular displacement of the pulley (∆ϑ), in which spring 2 is engaged during

the collision phase, is determined first to calculate the offset. Before determining the

offset, we first discuss the selection of the stiffness of spring 1 of OLASAT. The stiffness

of spring 1 must be selected low enough to prevent the leg from bouncing during the

collision phase even for minimum bipedal walking speed while spring 2 is not engaged

(minimum stiffness of OLASAT). It must also be selected high enough to compensate a

portion of the gravitational moment about the ankle joint at the foot-touch-down and

also to store part of the kinetic energy of the biped. Next, we explain the procedure

of determining ∆ϑ.

∆ϑ(n + 1) is calculated from the feedback loop of the stiffness adjustment controller

for the walking step n+1. Walking step n is started from the heel-strike which includes

the double support phase and will end immediately before the heel-strike of the step

n+1. The inputs of the stiffness adjustment controller are the angular velocity of the

stance leg at midstance, MDθ̇2(n), of the current walking step n, and the stiffness of the

trailing leg spring of the following walking step, Kt(n+ 1). The output of the stiffness

adjustment controller is the offset of OLASAT for the walking step n+1. Kt(n+ 1) is

determined by the speed tracking controller explained in Section 5.3.

Part of the kinetic energy of the biped at the end of the walking step n is stored in

the trailing leg spring during the collision phase of the walking step n+1. Based on

the results obtained in Section 5.1, the OLASAT should also store part of the kinetic

energy during the collision phase of the walking step n+1. Here, the elastic potential
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energy, 0.5Ksp2R
2(∆ϑ(n+ 1))2, of the walking step n+1 stored in spring 2 is assumed

to be proportional to the difference between the kinetic energy of the biped at the

end of the walking step n, 0.5m2(l2
EN θ̇−2 (n) sin(ϕ0(n)))2, associated with the vertical

component of the velocity of the COM of the body, and the elastic potential energy

of trailing leg spring, 1
2
Kt(∆L

2
col − ∆L2

dss), during the collision phase of the walking

step n+1 where ϕ0(n) = π
2
− ENθ−2 (n). ENθ−2 (n) and EN θ̇−2 (n) are the angle and the

angular velocity of the stance leg at the end of the preload phase of the walking step

n. ∆Ldss and ∆Lcol are the deformation of the tailing leg spring at the heel-strike and

the deformation of the tailing leg spring at the foot-touch-down of the walking step

n+1. The following equation describes the above energy relation.

1

2
Ksp2R

2(∆ϑ(n+1))2 =
1

2
Kadjust(m2(l2

EN θ̇−2 (n) sin(ϕ0(n)))2−Kt(n+1)(∆L2
col−∆L2

dss))

(5.4)

Kadjust is a proportional gain and ∆Lcol = L0 −
FTDLt, where FTDLt is the length of

the trailing leg spring at the foot-touch-down of the walking step n+1 which can be

calculated from the kinematics of the biped using the following assumptions. Here, the

stiffness of the trailing leg should be limited preventing the right hand side of Eqn.(5.4)

from having a negative value. The step length and the initial angles of the foot and

the stance leg for the walking step n+1 are known values in this work. Preload is also

assumed as a free rotating inverted pendulum under gravity. EN θ̇−2 (n) can be calculated

from the angular velocity of the leg at midstance, MDθ̇2(n), using the following energy

relation:

0.5m2l
2
2(

EN θ̇−2 (n))2 = 0.5m2l
2
2(

MDθ̇2
2(n)) +m2gl2(1 − cos(ϕ0(n))) (5.5)

The first term in the right-hand side of the above relation is the kinetic energy of

the biped at midstance of the walking step n which is measurable from the feedback
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signals. It is assumed that the double support phase is ended before the midstance.

Thus the injected energy, through the trailing leg spring during the double support

phase of the walking step n, is converted to the kinetic energy of the biped which is

measured at the midstance. The second term of the right-hand side of Eqn. (5.5) is the

change in the gravitational potential energy of the biped between the midstance of the

walking step n and the heel-strike of the walking step n+1 which can be calculated by

assuming a fixed amount for the step length. By calculating EN θ̇−2 (n) from Eqn.(5.5),

which results in EN θ̇−2 (n) =
√

MDθ̇2
2(n) + 2g

l2
(1 − cos(ϕ0(n))), and by substituting it

into Eqn.(5.4), ∆ϑ(n+ 1) is determined to be as follows.

∆ϑ(n+ 1) =

√

Kadjust

R2Ksp2

√

m2(l2 EN θ̇−2 (n) sin(ϕ0(n)))2 −Kt(n+ 1)(∆L2
col − ∆L2

dss)

(5.6)

Finally, as mentioned above by assuming that the angular movement of the stance leg

relative to the ground is negligible during the collision phase, the offset a
R
(n + 1) is

calculated from the relation below.

a

R
(n+ 1) = HSθ−1 (n+ 1) − ∆ϑ(n+ 1) (5.7)

5.3 Design of the speed tracking controller

During stable walking on flat terrain, the limit cycle trajectories of a legged robot can

be analyzed using a Poincare map, also known as a return map [114]. This tool has

been used extensively in the legged robot literature [38, 115]. For an n-dimensional

dynamical system ẋ = f(x), a Poincare section S is an n-1 dimensional surface that

the system crosses exactly once during each period. By integrating the dynamics

forward from one intersection of S to the next, we can describe the discrete return map

dynamics of the system as xn+1 = rxn [116]. The advantage of doing this is that the
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limit cycle stability of the periodic trajectory in x can now be studied by looking at

the fixed point stability of the discrete system in xn. Although it is rare that we can

obtain an analytical form for the return map dynamics, r, here the numerical return

map analysis is used. The step-to-step return map [38] is taken at the midstance

point. This is a natural configuration of slicing the trajectory because it simplifies the

analytical analysis and because it is an event that is easy to measure using position

sensor that is installed at the ankle joint of the biped. For the bipedal walking model

proposed in the previous chapter, the states of the system after the collision phase are

the angle, θ2, and the angular velocity, θ̇2, of the stance leg. However, the angle is

fixed at midstance. Thus, regulating the velocity or the kinetic energy of the biped

at midstance provides a stable limit cycle. Velocity regulation or speed tracking (ST)

of the proposed bipedal walking model, including the adaptive stiffness adjustment

controller, is a challenging problem which is discussed in this section. The ST controller

adjusts the stiffness of the trailing leg spring to regulate the velocity of the biped at

midstance during consecutive walking steps. This stiffness adjustment can be done

by developing the compliant control on the actuator systems in the trailing leg. In

addition, the effects of elasticity in the actuation system and other artificial tendons

in the robot should be considered. However in the thesis, the implementation details

of the stiffness adjustment of the trailing leg are not covered. The input of the ST

controller is the biped velocity error at midstance in the current walking step and the

output of the controller is the stiffness of the trailing leg spring for the next walking

step. As a result, the ST controller is an event-based and time-independent controller.

The walking step n is started from the heel-strike which includes the double support

phase. The walking step n will be ended immediately before the heel-strike of the step

n+1. In this section the background of developing such a controller is explained first.

Then, the detailed form of the ST controller is described.

As mentioned before, potential elastic energy in the trailing leg during the double
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support phase is the major source of energy input to the biped. Since the mechanical

energy of the biped is suddenly changed in each walking step during the collision phase

(heel-strike and foot-touch-down), a force from compliant trailing leg (assumed as a

massless pre-compressed compressional linear spring) is applied on the COM of the

body to inject the energy to the biped for regulating the kinetic energy of the biped

at midstance which regulates the velocity at midstance through direct correlation.

Geometric progression is used to regulate the kinetic energy of the biped at midstance,

MDE, to the desired one, MDEd. The n+1 term of this geometric sequence, MDE(n+1),

with the initial value of MDE(n) and the common ratio of µk for every walking step

n > 2 is given by:

MDE(n+ 1) = µk
MDE(n) + (1 − µk)

MDEd (5.8)

The behavior of the above geometric sequence depends on the value of the common

ratio. If the common ratio is positive and less than 1, there will be exponential decay

towards MDEd. In such a scenario, the required kinetic energy change of the biped in

walking step n+1, ∆Er, is given below by substituting MDE(n+ 1) from Eqn.(5.8) in

∆Er =MD E(n+ 1) − MDE(n).

∆Er = (µk − 1)( MDE(n) − MDEd) (5.9)

The actual kinetic energy change of the biped in one step, ∆Ea = Einj(n + 1) −

Ediss(n + 1), equals the summation of the total injected energy, Einj(n + 1), and the

total dissipated energy, Ediss(n+1), of the biped during the walking step n+1 from the

heel-strike to the midstance. Einj(n + 1) equals the summation of the elastic energy

from the trailing leg spring, Einj
t (n + 1) = 1

2
Kt(n + 1)(∆Ldss)

2, and the gravitational
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potential energy of the foot, Einj
g (n+ 1) = m1gd1 sin(HSθ1), which is given below.

Einj(n+ 1) =
1

2
Kt(n+ 1)(∆Ldss)

2 +m1gd1 sin(HSθ1) (5.10)

where Kt(n+ 1) and ∆Ldss are the stiffness and the initial deformation of the trailing

leg spring in walking step n+1. ∆Ldss is calculated from the kinematics of the biped

preceding the heel-strike. To regulate the kinetic energy of the biped at the midstance,

the actual kinetic energy change of the biped should be equal to the required one which

correspons to ∆Ea = ∆Er and results in the following equation.

Einj(n+ 1) − Edis(n+ 1) = (µk − 1)( MDE(n) − MDEd) (5.11)

By replacing the injected energy, Einj(n + 1) formulated in Eqn.(5.10), in the energy

relation of Eqn.(5.11), the following relation is obtained:

1

2
Kt(n+ 1)(∆Ldss)

2 +m1gd1 sin( HSθ1) = Ediss(n+ 1) + (µk − 1) MD(E(n) − Ed)

(5.12)

in which

MDE(n) − MDEd =
1

2
m2l

2
2(

MDθ̇2
2(n) − MDθ̇2

2d) (5.13)

where l2
MDθ̇2 and l2

MDθ̇2d are the actual and desired velocity of the biped at mid-

stance. By substituting MDE(n) − MDEd from Eqn.(5.13) into Eqn.(5.12), we have:

1

2
Kt(n+ 1)(∆Ldss)

2 = Ediss(n+ 1) −m1gd1 sin( HSθ1)

+
1

2
m2l

2
2(µk − 1) MD(θ̇2(n) − θ̇2

2d) (5.14)
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Figure 5.1: Schematic diagram of the speed tracking controller.

The required elastic potential energy, 1
2
Kt(n + 1)(∆Ldss)

2, for regulating the kinetic

energy of the biped can be calculated from Eqn.(5.14) in which, the dissipated energy,

Ediss(n + 1), the foot initial angle at the heel-strike, HSθ1, and the angular velocity

of the stance leg at midstance should be known. In this work, it is considered that

the initial deformation of the trailing leg spring, ∆Ldss, to be constant and the elastic

potential energy can be adjusted by changing the stiffness of the trailing leg spring,

Kt. Since random perturbations exist in the leg and the foot initial angles, Ediss(n+1)

and MDθ̇2 can not be predicted accurately. However, the lack of accurate prediction

is also influenced by adjusting the stiffness of OLASAT. Thus, designing a controller

based on Eqn.(5.14), with the objective of regulating the kinetic energy at midstance

by adjusting Kt, is a challenging problem which is explained below.

In this work, the controller (shown in Figure 5.1) is designed as a reinforcement

learning system in which the above energy relation in Eqn.(5.14) is used. By weighing

the resulting feedback signal, MDθ̇2
2(n) − MDθ̇2

2d, against the perturbation applied,

Ediss(n+ 1)−m1gd1 sin( HSθ1), the controller can effectively tune the system to fulfill

the control objective. As shown in Figure 5.1, a learning system is assumed to have
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the following relationship:

1

2
Kt(n+ 1)(∆Ldss)

2 =
1

2
Kt(n)(∆Ldss)

2 +Kh
MD(θ̇2

2(n) − θ̇2
2d) (5.15)

which is similar to Eqn.(5.14) by assuming two things. Firstly, the injected energy

through the trailing leg, 1
2
Kt(n+ 1)(∆Ldss)

2, eliminates the energy disturbance terms

of Ediss(n+1)−m1gd1 sin( HSθ1). Secondly, the variation in the injected energy in each

walking step, 1
2
(Kt(n+1)−Kt(n))(∆Ldss)

2, is proportional to the square of the velocity

error with the gain Kh = 1
2
m2l

2
2(µk − 1). Kt(n + 1) is determined from the learning

system which is set to be always positive. ν(n + 1) is the dimensionless parameter of

the stiffness of the trailing leg in step n+1 which is computed from Kt(n + 1) and is

equal to Kt(n+1)l2
m2g

as listed in Table 5.1.

Using this method, ν(n+1) is updated from its value in the previous walking step ν(n).

By adjusting the trailing leg stiffness using Eqn.(5.15) and Eqn.(5.16), the injected

energy to the system can be controlled to accelerate the biped.

The above ST controller can only inject the energy to the biped. However, it decreases

the stiffness value of the trailing leg spring while the desired speed is lower than the

actual one. In addition, the automated stiffness adjustment controller adjusts the offset

of OLASAT to reduce the energy loss. Thus, the remaining way to reduce the speed of

the biped is to naturally dissipate part of the energy of the biped during the collision

phase and this is possible by re-tuning the offset a
R
(n) resulted from Eqn.(5.7). The

following equation shows the offset re-tunning method.

a

R
(n+ 1) =











a
R
(n+ 1) +KoEv 0 > Ev

a
R
(n+ 1) 0 ≤ Ev

(5.16)

where Ev is the error in the square of the angular velocity of the stance leg at midstance

and equals MDθ̇2
2(n) − MDθ̇2

2d. Ko is the gain of the offset re-tuning controller. In
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this method, the energy is dissipated by poorly adjusting the stiffness of OLASAT. By

considering the existence of spring 1 in OLASAT, the collision phase is still compliant

and the impulsive force at the foot-touch-down remains lower than the force at the

rigid impact. The next section explains the local stability analysis of the biped.

5.4 Local stability analysis

The local stability of the passive walkers is traditionally quantified by examining the

eigenvalues of the linearized step-to-step return map ([38, 116]), taken around a point

in the period either preceding or immediately following the collision. Return of a

perturbed state variable to a limit cycle can be mapped discretely from cycle to cycle at

the same phase. Mapping all possible perturbations from one cycle to the next produces

a return map. A linearized version of the mapping function can yield quantitative

measures of stability for a local region. The percentage of the perturbation remaining

after each cycle is given by the eigenvalue. Eigenvalues closer to zero indicate a more

rapid rate of recovery, whereas values closer to one indicate a slower rate of recovery.

A stability value (eigenvalue) of 0.3 means that only 30% of the perturbation remains

after a single cycle. In the next cycle, the remaining perturbation is reduced again by

30%, so that only 9% is left. Reducing the perturbation by a constant percentage after

each cycle results in asymptotic recovery. While in this work the velocity is regulated

at midstance, a position sensor can detect the upright position and the motion of the

biped. The biped is an inverted pendulum preceding or following the midstance. The

return map of this analysis is evaluated through the θ2 = π
2

when θ̇2 > 0.

The state of the bipedal walking model is described by 2 variables (θ2, θ̇2), therefore

the return map has dimension 1. To evaluate the eigenvalues of the return map of

the biped in consecutive walking, MDθ̇n2 is created which represents θ̇2 at midstance on

the nth walking step. For the velocity regulation, the equilibrium of the return map is

MDθ̇2d. Finally, a least squares fit of the matrix A to satisfy the following relation can
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be performed.

( MDθ̇n+1
2 − MDθ̇2d) = A ( MDθ̇n2 − MDθ̇2d)

This was accomplished by accumulating the data from all walking steps into matrices

X = [ MDθ̇1
2 −

MDθ̇2d,
MDθ̇2

2 − MDθ̇2d, ....,
MDθ̇n2 − MDθ̇2d, ....] (5.17)

Y = [ MDθ̇2
2 −

MDθ̇2d,
MDθ̇3

2 − MDθ̇2d, ....,
MDθ̇n+1

2 − MDθ̇2d, ....]

and computing

A = Y XT (XXT )−1 (5.18)

The eigenvalues of A give the linear approximation of the return map eigenvalues. The

next section shows the simulation results illustrating the performance of the controllers

to regulate the velocity of the biped.

5.5 The study of energetics through simulations

The performance of the stiffness adjustment controller developed in Section 5.2 and

the ST controller implemented in Section 5.3 are illustrated in this section through

computer simulations.

5.5.1 Bipedal walking simulation with stiffness adjustment

controller

In this section the performance capabilities of an automated stiffness adjustment con-

troller, explained in Section 5.2, are discussed. The initial conditions of the biped are

the same as case 1 in Section 4.4.1. In order to simulate the poorly-adjusted stiff-

ness, a
R

is assumed to be 15o in the first walking step. This is equivalent to a single
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spring. Here, the stiffness of spring 1 in OLASAT is defined through trial and error.

The objective was to find a stiffness which prevents the leg bouncing at the FTD for

different initial velocities, and which is high enough to store the elastic energy during

the collision phase. This results in increasing the stiffness of spring 1 from ς = 0.3

(in previous sections) to ς = 0.5. The proportional gain of the automated stiffness

adjustment controller, Kadjust, can play an important role in optimally adjusting the

offset. Optimal iteration procedure to obtain the best gain remains as future research.

Through trial and error simulations, it has been observed that adaptive adjusting of

Kadjust, as a function of the angular velocity of the stance leg at midstance, provides

a better performance of the controller. Thus, in the simulation results of this section,

the relation Kadjust = 3lMD
2 θ̇2 is assumed. The simulation results of the biped in 5 con-

secutive walking steps using the automated stiffness adjustment controller are shown

in Figures 5.2 and 5.3. The motion of the biped is sustained as shown in the stick

diagram of the biped (Figure 5.2). The first walking step shows a sudden jump in the

velocity of the COM of the body, shown in Figure 5.3. The controller is activated after

the first walking step by sensing the angular velocity of the stance leg at midstance.

As shown in Figure 5.3, the sudden change in the velocity of the COM of the body is

significantly reduced after the first walking step. The energy loss is also significantly

reduced, ∆κ = 0.074, compared to case 1 in Section 4.4.2.

5.5.2 Simulation results and discussions of speed tracking con-

troller

The bipedal walking studied here is regulated by the adaptive stiffness adjustment

controller (Eqn.(5.7) of Section 5.1) and the ST controller (Eqn.(5.15) of Section 5.3)

followed by the offset of OLASAT being adjusted by a retuning controller. The goal of

this section is to demonstrate the performance of the controllers in tracking a desired
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Table 5.1: Parameters used in the simulations.

Parameters β ψ ζ υ ς η ǫ

Value 0.02 0.05 0.07 0.1 0.3 4 0.05

speed during consecutive walking steps on a level ground.

Parameters of the biped used in the computer simulations are listed in Table 5.1.

m2 = 1 kg and l2 = 1.0 m. The initial conditions of the biped immediately be-

fore the heel-strike of the first walking step in the simulations are specified as follows.

HSθ−1 = 15o, HSθ−2 = 105o, xh = yh = 0, HS θ̇−1 = HS θ̇−2 = 0, and ϕ0 = 11.7o. Note that

an actively controlled swing leg is assumed during the single support phase to provide

a constant step length without any dynamical effects on the biped. In the simulations

Kh = 1, Ko = 20 and the initial value of ν(1) is equal to 5. The proportional gain

of the adaptive stiffness adjustment controller, Kadjust, can play an important role in

optimally adjusting the offset. The optimal iteration procedure to obtain the best gain

remains as future research. Through trial and error simulations, it has been observed

that adaptive adjusting of Kadjust, as a function of the angular velocity of the stance

leg preceding the heel-strike, improves the performance of the controller in reducing

the energy loss.

Simulation results are presented in this section for 4 cases. Case 1 shows the per-

formance of the ST controller during acceleration while the desired velocity is larger

than the initial velocity. In contrast, case 2 simulates the response of the system

(biped+controllers) during deceleration while the desired velocity is lower than the

initial one. In order to simulate the response of the system to disturbances, case 3

includes disturbance in the initial angle of the foot and of the stance leg of the follow-

ing walking step. In case 4, the response of the biped to different desired velocities

is observed through simulation. Then the local stability is studied by calculating the

linear approximation of the return map eigenvalues.
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Figures 5.4 and 5.5 show the simulation results of case 1. The initial velocity of the

biped at the heel-strike of the first walking step is equal to 1 m
sec

and the initial value

of ν(1) is equal to 5. The desired velocity at midstance, l2
MDθ̇2d, is equal to 1.5

m
s
. Kadjust is assumed to be equal to 4 l2

EN θ̇2. The velocity of the upper end of

the stance leg (the body) is shown in Figure 5.4 for the time period of 50 consecutive

walking steps. It has been shown that the velocity of the body rapidly approaches the

desired value. To gain insight of how the group of controllers (the stiffness adjustment

controler, the ST controller, and the re-tuning controller) perform, Figures 5.5a, 5.5b,

and 5.5c illustrate the velocity of the body at midstance (l2
MDθ̇2), the dimensionless

value of the stiffness of the trailing leg spring (ν) and the offset of OLASAT ( a
R
), re-

spectively. The horizontal axis of Figure 5.5 indicate the walking step number. There

are two dash lines in Figure 5.5. Line A defines the walking step number in which the

velocity of the biped at midstance reaches the desired velocity for the first time. Line

B defines the step number after which the velocity of the biped at midstance remains

steady state. The biped accelerates in a period of first step to line A, as shown in

Figure 5.5a. In this period the ST controller increases ν to inject more energy in each

walking step, as shown in Figure 5.5b. By increasing the velocity of the biped, as

shown in Figure 5.5c, the offset is reduced to store more energy in OLASAT during

the collision phase. From line A to B, the actual velocity is decreased and approaches

the desired one caused by a decrease in ν, as shown in Figure 5.5b. This happens

because less energy is required to keep the velocity constant compared to the energy

requirements during the acceleration period. The discontinuity of the velocity of the

body, shown in Figure 5.4, is caused by the impact of the foot-touch-down. The upper

limit and the lower limit of the velocity of the body are shown with two lines in Figure

5.4. These two lines approach one another in each walking steps. This is caused by

reducing the energy loss during the collision phase. This energy loss reduction is also

brought about by reducing the offset in OLASAT (shown in Figure 5.5c). Reducing
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the offset in OLASAT is also caused by reducing ν. As shown in Eqn.(5.6), the effects

of Kt(n+ 1)(∆L2
col − ∆L2

dss) term is reduced by decreasing the stiffness of the trailing

leg spring. These effects are caused by coupling the stiffness adjustment controller and

the ST controller through the stiffness of the trailing leg spring. In general, the results

of case 1 illustrate the good performance of the group of controllers in regulating the

velocity and in reducing the energy loss.

Figures 5.6 and 5.7 show the simulation results of case 2. The initial velocity of the

biped at the first step is equal to 1.8 m
sec

. The desired velocity at midstance, l2
MDθ̇2d,

is equal to 1 m
s
. Kadjust is set to 4 l2

EN θ̇2. The velocity of the body in 50 consequtive

walking steps is shown in Figure 5.6. It has been shown that the velocity of the body

approaches the desired value through a rapid deceleration. Figures 5.7a, 5.7b, and

5.7c illustrate the velocity of the body at midstance, the dimensionless value of the

stiffness of the trailing leg, and the offset of OLASAT for 50 consecutive walking steps.

Line A, in Figure 5.7, defines a step number in which the actual velocity of the body

reaches the desired velocity and remains steady state. The biped decelerates rapidly

from the first walking step to line A, as shown in Figure 5.7a. In this period, ν is

rapidly decreased (as shown in Figure 5.7b) to reduce the injected energy during the

double support phase. To decrease the velocity of the biped, as shown in Figure 5.7c,

the offset is retuned to be higher. As can be seen in Figures 5.7b and 5.7c, the value

of ν and the offset approach constant values after line A. In general, the results of case

2 illustrate the reasonable performance of the group of controllers during deceleration

and speed regulation.

Figures 5.8 and 5.9 show the simulation results of case 3. In this case, to test the

robustness of the controllers, an angular disturbance of ±3o is added in the foot and

the leg initial angles which results in HSθ1 = 15o ± 3o and HSθ2 = 105o ± 3o. Here,

the initial velocity of the biped at the first walking step is equal to 1 m
sec

. The desired

velocity at midstance, l2
MDθ̇2d, is equal to 1.8 m

s
. Kadjust is assumed to be equal to
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3 l2
EN θ̇2 to prevent bouncing caused by disturbance effects. The velocity of the body

is shown in Figure 5.8 in the time period of 50 consecutive walking steps. It has been

shown that the velocity of the body rapidly approaches the desired value even in the

presence of the disturbances. The discontinuity in the velocity of the body is caused

by the impact events and the disturbances. Figures 5.9a, 5.9b, and 5.9c illustrate the

velocity of the body at midstance, dimensionless value of the stiffness of the trailing

leg, and the offset of OLASAT for 50 consecutive walking steps. Two qualitative lines

of A and B are placed in Figure 5.9. Line A defines a walking step number in which

the actual velocity is very close to the desired velocity. Line B defines the median of

the actual velocity during the 50 walking steps which is very close to the desired one.

The biped accelerates from the first walking step to line A, as shown in Figure 5.9a. In

this period in order to inject more energy, ν is increased in each walking step as shown

in Figure 5.9b. By increasing the velocity of the biped (as shown in Figure 5.9c), the

offset is reduced to store more energy in OLASAT during the collision phase. After line

A, the decrease in ν causes the decrease of the actual velocity, as shown in Figure 5.9b.

This happens because less energy is required to keep the velocity constant compared

to the energy requirements during the acceleration period. In this period (as shown in

Figure 5.9c), the offset is tuned close to 6o to reduce the energy loss during the collision

phase. As can be seen in Figures 5.9b and 5.9c, the values of ν and offset approach

constant values as well. In general, the results of case 3 illustrate that the controller’s

composition are robust with respect to the disturbances in the initial angle of the foot

and the stance leg.

In case 4, Figure 5.10 illustrates the simulation results of the biped for different de-

sired velocity values. The initial velocity of the biped at the heel-strike of the first

walking step is equal to 1 m
sec

. Different desired velocities at midstance, l2
MDθ̇2d, are

0.6 m
s
, 0.8 m

s
, 1 m

s
, 1.2 m

s
, 1.4 m

s
, 1.6 m

s
, and 1.8 m

s
. Kadjust is assumed to be equal to

4 l2
EN θ̇2. In the simulations, Kh = 1, and the initial value of ν is equal to 1 for all
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of the desired velocities. Ko in cases 1 to 3 was equal to 20 which is set to 50 here to

reduce the steady state error of velocity. The horizontal axis of Figure 5.10 indicates

the walking step number. Figures 5.10a, 5.10b, and 5.10c illustrate the velocity of the

body at midstance, the dimensionless value of the stiffness of the trailing leg spring,

and the offset of OLASAT respectively. The results show that the speed of the biped is

successfully regulated in the desired velocity, as shown in Figure 5.10a. A comparison

of the results of Figures 5.10a and 5.10b illustrates that the steady state value of the

trailing leg spring stiffness is increased at higher speeds of the biped. This indicates

that more energy is required to regulate the higher speeds. Comparing the results of

Figures 5.10a and 5.10c shows that by increasing the speed of the biped, the offset of

OLASAT is reduced. By reducing the offset more energy is stored in OLASAT dur-

ing the stance phase. After 50 consecutive walking steps the linear approximation of

the return map has the following eigenvalues: 0.6615, 0.8844, 0.8996, 0.8946, 0.8948,

0.8901, 0.8851 corresponding to the desired velocities of 0.6 m
s
, 0.8 m

s
, 1 m

s
, 1.2 m

s
, 1.4

m
s
, 1.6 m

s
, and 1.8 m

s
. The largest eigenvalue of 0.8996 indicates that the system is

locally stable. In general, these results illustrate the good performance of the group of

controllers in regulating the velocity as well as in reducing the energy loss.

5.6 Summary

This chapter addressed the energy economy and control aspects of bipedal walking

model composed of adjustable stiffness elasticity. A simple controller based on en-

ergy feedback was designed to automatically adjust the mechanical configuration of

OLASAT. Therefore, it adjusts the stiffness of OLASAT to reduce the energy loss

during the foot-touch-down. An event-based time-independent controller was devel-

oped, based on geometric progression with exponential decay in kinetic energy error,

to adjust the stiffness of the trailing-leg spring. This controls the energy injected to

the biped in tracking a desired speed at midstance. A re-tuning controller was also
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integrated with the speed tracking controller to tune the stiffness of OLASAT. The

local stability of the system composed of a group of controllers is studied by eigenval-

ues of the linear approximation of the return map. Simulation results show that the

combination of controllers is successful in tracking a desired speed even in the presence

of the disturbances in the leg’s initial angles. The results of the local stability analysis

also show that the largest eigenvalue is smaller than one, which testifies to the local

stability of the system.
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Figure 5.2: Stick diagram of the links of the biped during 5 multiple walking steps with active
stiffness adjustment controller.
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Figure 5.3: Velocity of the COM of the body vs time during 5 multiple walking steps with
active stiffness adjustment controller.
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Figure 5.4: Velocity of the body. Desired velocity is 1.5 m
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Figure 5.5: Results of the simulation during 50 walking steps. Desired velocity is 1.5 m
sec

. (a)-
Velocity of the body at Midsance. (b)- Stiffness of the trailing leg. (c)- Offset of the springs
in OLASAT.
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Figure 5.6: Velocity of the body. Desired velocity is 1 m
sec
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Figure 5.7: Results of the simulation during 50 walking steps. Desired velocity is 1.0 m
sec

. (a)-
Velocity of the body at Midsance. (b)- Stiffness of the trailing leg. (c)- Offset of the springs
in OLASAT.

125



Chapter 5. Study of Energy Economy and Design of Controllers
5.6. Summary

0 5 10 15
0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

Time [sec]

V
bo

dy
 [m

/s
]

Desired midstance velocity

Figure 5.8: Velocity of the body including the disturbances. Desired velocity is 1.8 m
sec
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Figure 5.9: Results of the simulation during 50 walking steps including the disturbances.
Desired velocity is 1.8 m

sec
. (a)- Velocity of the body at Midsance. (b)- Stiffness of the trailing
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Conclusions and Outline of Future

Work

6.1 Conclusions

The conclusions of the thesis are summarized here.

1. Conceptual design of an automated adjustable stiffness coupling (AASC) with the

ability to adjust its stiffness over a wide range was introduced. Then, Adjustable

Compliant Series Elastic Actuator (ACSEA) was developed by adding AASC

between a geared electromagnetic actuator and the load. A new force control

method for ACSEA was developed by using the velocity control mode of the

electric motor instead of using the current control mode.

Through simulations it has been demonstrated that the velocity control mode

improves the performance of the actuator to accurately regulate the torque. The

ability of ACSEA with the velocity control mode to regulate an oscillatory desired

torque is limited due to the force and velocity saturations of the actuator, and due

to the low stiffness of the AASC. The large force bandwidth is limited because

of saturations and it can be adjusted by changing the stiffness of AASC.
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2. Three mechanisms of adjustable stiffness artificial tendons (ASAT) were devel-

oped to investigate how adjustable stiffness compliant behavior can indeed im-

prove the energy economy in bipedal walking. It is demonstrated that the energy

loss in bipedal walking is tied to the stiffness of ASATs during the collision phase.

It is shown that properly adjusting the stiffness of ASATs improves the energy

economy.

3. A more in-depth study of the effects of ASATs on walking energy economy has

been carried out by introducing a new simplified model of bipedal walking with

OLASAT at the ankle joint. Such a model also consists of a linear spring which

simulates the force generated by the trailing leg during the double support phase.

Properly adjusting the stiffness of OLASAT reduces the angular velocity of the

foot preceding the foot-touch-down. It assists in storing more energy of the biped

in OLASAT during the collision phase which will be returned during the rebound

phase. In general, simulation results in consecutive walking steps illustrate that

properly adjusting the stiffness of OLASAT at the ankle joint significantly im-

proves the energetics of the bipedal walking robots.

The above study demonstrates the positive effects of OLASAT in energy economy

and suggests that the foot with such a mechanism to adjust its stiffness is im-

portant in the design of energy-economic bipedal walking robots. The adjustable

stiffness bipedal walking model can be employed as the basic mechanical model

in locomotion, since it is simple and it can adjust the energy economy.

4. The linear spring in the trailing leg of the bipedal walking model during the

double support phase is the major source of energy input to the biped. Because

of the adjustable stiffness capability of the trailing leg spring, the injected energy

to the biped can be controlled and the higher desired speed can effectively be

regulated. Reducing the speed is possible by re-tuning the stiffness of OLASAT.
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A reinforcement learning controller based on the geometric progression of the

kinetic energy error of the biped at the midstance has been developed to adjust

the stiffness of the trailing leg spring which successfully tracks a desired speed.

The results support the fact that using a simplified model of bipedal walking

instead of complex models helps to better understand the general behavior of

the energetics of the bipedal walking. In addition, simple models provide the

opportunity to test a number of mechanical design concepts of ASATs before

physical implementations.

5. Through simulations it has been demonstrated that the combination of the bipedal

walking model with adjustable elastic elements and the speed tracking controller

can at the same time improve the energetics of the biped and regulate its speed

even in the presence of disturbances. The local stability analysis of the system

was also carried out by calculating the eigenvalues of the linear approximation of

the return map, which shows the robustness of the system.

The next section proposes the potential topics of follow-up research of the thesis.

6.2 Outline of future work

The outline of future work is described below.

1. In this work the dynamics of the swing leg was not considered in the bipedal

walking model. Modifying the model of bipedal walking to include the swing

leg is recommended. This is possible through two different approaches. The

first approach is assuming the swing leg as a mass–less spring, similar to the

model introduced by Geyer [6], in which the simultaneous controlling of the

swing leg angle with passive motion of the stance leg will be the main research

question. The second approach is assuming the inertia of the swing leg and

controlling the torque at the hip joint. In the second case, the effects of energy
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flow (input/output) of the swing leg can be studied. In both approaches, the

knee joint can be locked or free. When it is free (passive) the effects of RASAT

at the knee joint, with the ability to adjust the stiffness in a wide range, can be

studied.

2. In the thesis, OLASAT was only in effect during the collision and rebound phases.

However, studying the effects of storing the energy in elastic form during the

preload phase may help to improve the energetics. Then, such a stored energy

can be used during the double support phase. This can also reduce the velocity

of the COM of the biped before the heel-strike of the next walking step leading

to the use of less stiffer springs in OLASAT during the collision phase which in

general reduces the weight of OLASAT.

3. In the thesis, OLASAT is assumed passive during the stance phase which helped

to reduce the complexities in this study. However, a series combination of

OLASAT and an electric motor provides an adjustable stiffness SEA. This combi-

nation can be installed parallel to the ankle joint and the dynamics of the actuator

can be studied in a more sophisticated model specially during the double support

phase. This is possible by replacing the linear spring model of the trailing leg

with an articulated leg and the actuator at the ankle joint. Then the energy input

to the system can be directly calculated by measuring the output power of the

electric motor. In addition, this series combination includes switching between

the stiffness of the springs which makes the torque control more complicated.

4. Most physical springs have some hysteresis. The compression springs used in the

artificial tendons and ACSEA in this thesis have no hysteresis and were assumed

to be linear. Considering the effects of hysteresis in design is an important issue

and using new materials in springs may result in a change in the behavior of

ASATs and ACSEA.
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5. In the thesis, the trailing leg during the double support phase was assumed as

a linear spring. The assumption simplified the analysis. However, assuming the

trailing leg as a nonlinear spring or as an articulated leg with actuation can

lead to a more detailed study of the system. This may result in developing new

concepts of elastic actuators and tendons for robotics applications.

6. In this thesis, the speed tracking controller in combination with the stiffness

adjustment and re-tuning controllers were used to determine the required con-

figuration of OLASAT, energy, and force. Using the adjustable stiffness elastic

actuators inside the model of the biped and using a torque control loop can be

the next stage of the research.

7. This thesis focused on the design of simple controllers in regulating the velocity

of the biped. There exist other complex control systems that can enhance the

performance of the system. The investigation of passivity-based control in speed

regulation of the biped with adjustable stiffness elasticity is an interesting subject.

The efficiency of the proposed control method in the thesis can be compared with

that of other control methods such as passivity-based and energy optimal control

methods.

8. In this thesis, simulations were performed for specific parameters and initial con-

ditions to show the advantages and limitations of ASATs in bipedal walking

robots. However, parametric study with rigorous simulations may help to com-

plete the study.

9. The physical development of each ASAT in series with an actuator is recom-

mended to test the real performance.
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Appendix A

Derivation of Dynamic Model of

the Robot

According to the kinematic model shown in Figure 4.13, the coordinates of mass center
of each link are:

xc1 = d1cosθ1 + xh (A.1)

yc1 = d1sinθ1 + yh (A.2)

xc2 = l1cosθ1 + d2cosθ2 + xh (A.3)

yc2 = l1sinθ1 + d1sinθ2 + yh (A.4)

xc3 = l1cosθ1 + l2cosθ2 + d3cosθ3 + xh (A.5)

yc3 = l1sinθ1 + l2sinθ2 + d3sinθ3 + yh (A.6)

The velocity of mass center of each link are:

ẋc1 = −d1sinθ1θ̇1 + ẋh (A.7)

ẏc1 = d1cosθ1θ̇1 + ẏh (A.8)

ẋc2 = −l1sinθ1θ̇1 − d2sinθ2θ̇2 + ẋh (A.9)

ẏc2 = l1cosθ1θ̇1 + d2cosθ2θ̇2 + ẏh (A.10)

ẋc3 = −l1sinθ1θ̇1 − l2sinθ2θ̇2 − d3sinθ3θ̇3 + ẋh (A.11)

ẏc3 = l1cosθ1θ̇1 + l2cosθ2θ̇2 + d3cosθ3θ̇3 + ẏh (A.12)
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Appendix A. Derivation of Dynamic Model of the Robot

The kinetic (Ki) and potential (Pi) energy of each link are:

K1 =
1

2
m1d

2
1θ̇

2
1 (A.13)

P1 = m1gd1sinθ1 (A.14)

K2 =
1

2
m2d

2
2θ̇

2
2 +

1

2
m2l

2
1θ̇

2
1 +m2l1d2cos(θ1 − θ2)θ̇1θ̇2 (A.15)

P2 = m2g(l1sinθ1 + d2cosθ2) (A.16)

K3 =
1

2
m3d

2
3θ̇

2
3 +

1

2
m3[l

2
1θ̇

2
1 + l22θ̇

2
2 + 2l1l2cos(θ1 − θ2)θ̇1θ̇2 (A.17)

+2l1d3cos(θ1 − θ3)θ̇1θ̇3 + 2l2d2cos(θ2 − θ3)θ̇2θ̇3]

P3 = m3g(l1sinθ1 + l2sinθ2 + d3cosθ3) (A.18)

From (A1) to (A18), one obtains:

∂P

∂θ1

= [m1d1 +m2l1 +m3l1]gcosθ1 (A.19)

∂P

∂θ2

= [m2d2 +m3l2]gcosθ2 (A.20)

∂P

∂θ3

= [m3d3]gcosθ3 (A.21)

that can be formulated in general form of:

∂P

∂θi
=

[

midi +

(

3
∑

k=i+1

mk

)

li

]

gcosθi (A.22)

From (A1) to (A18), one obtains:

∂K

∂θ1

= −[m2l1d2 +m3l1l2]sin(θ1 − θ2)θ̇1θ̇2 −m3l1d3sin(θ1 − θ3)θ̇1θ̇3 (A.23)

∂K

∂θ2

= −[m2l1d2 +m3l1l2]sin(θ1 − θ2)θ̇1θ̇2 −m3l2d3sin(θ2 − θ3)θ̇2θ̇3 (A.24)

∂K

∂θ3

= −[m3l1d3]sin(θ1 − θ3)θ̇1θ̇3 +m3l2d3sin(θ2 − θ3)θ̇2θ̇3 (A.25)

that can be formulated in general form of:

∂K

∂θi
= −

i−1
∑

j=1

{[

midi +

(

3
∑

k=i+1

mk

)

li

]

ljsin(θi − θj)θ̇iθ̇j

}

(A.26)

−

3
∑

j=i+1

{[

mjdj +

(

3
∑

k=j+1

mk

)

lj

]

lisin(θi − θj)θ̇iθ̇j

}
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Appendix A. Derivation of Dynamic Model of the Robot

From (A1) to (A18), one obtains:

∂K

∂θ̇1

= [m1d
2
1 + (m2 +m3)l

2
1]θ̇1 + [m2l1d2 +m3l1l2]cos(θ1 − θ2)θ̇2 (A.27)

+m3l1d3cos(θ1 − θ3)θ̇3

∂K

∂θ̇2

= [m2l1d2 +m3l1l2]cos(θ1 − θ2)θ̇1 + [m2d
2
2 +m3l

2
2]θ̇2 (A.28)

+m3l2d3cos(θ2 − θ3)θ̇3

∂K

∂θ̇3

= m3l1d3cos(θ1 − θ3)θ̇1θ̇3 +m3l2d3cos(θ2 − θ3)θ̇2 +m3d
2
3θ̇3 (A.29)

that can be formulated in general form of:

∂K

∂θ̇i
=

[

mid
2
i +

(

3
∑

k=i+1

mk

)

l2i

]

θ̇i (A.30)

+
i−1
∑

j=1

{[

midi +

(

3
∑

k=i+1

mk

)

li

]

ljcos(θi − θj)θ̇j

}

+
3
∑

j=i+1

{[

mjdj +

(

3
∑

k=j+1

mk

)

lj

]

licos(θi − θj)θ̇j

}

From (A1) to (A18), one obtains:

d

dt

(

∂K

∂θ̇1

)

= [m1d
2
1 + (m2 +m3)l

2
1]θ̈1 (A.31)

+[m2l1d2 +m3l1l2]cos(θ1 − θ2)θ̈2 +m3l1d3cos(θ1 − θ3)θ̇3

−[m2l1d2 +m3l1l2]sin(θ1 − θ2)θ̇1θ̇2

+[m2l1d2 +m3l1l2]sin(θ1 − θ2)θ̇
2
2 −m3l1d3sin(θ1 − θ3)θ̇1θ̇3

+m3l1d3sin(θ1 − θ3)θ̇
2
3

d

dt

(

∂K

∂θ̇2

)

= [m2d
2
2 +m3l

2
2]θ̈2 + [m2l1d2 +m3l1l2]cos(θ1 − θ2)θ̈1 (A.32)

+m3l2d3cos(θ2 − θ3)θ̈3 + [m2l1d2 +m3l1l2]sin(θ1 − θ2)θ̇1θ̇2

−[m2l1d2 +m3l1l2]sin(θ1 − θ2)θ̇
2
2 −m3l2d3sin(θ2 − θ3)θ̇2θ̇3

+m3l2d3sin(θ2 − θ3)θ̈3

d

dt

(

∂K

∂θ̇3

)

= m3d
2
3θ̈3 +m3l1d3cos(θ1 − θ3)θ̈1 (A.33)

+m3l2d3cos(θ2 − θ3)θ̈2 +m3l1d3sin(θ1 − θ3)θ̇1θ̇3

−m3l2d3sin(θ1 − θ3)θ̇
2
1 +m3l2d3sin(θ2 − θ3)θ̇2θ̇3 −

m3l2d3sin(θ2 − θ3)θ̇
2
2
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that can be formulated in general form of:

d

dt

(

∂K

∂θ̇i

)

= [mid
2
i +

(

3
∑

k=j+1

mk

)

l2i ]θ̈i (A.34)

+
i−1
∑

j=1

{[

midi +

(

3
∑

k=i+1

mk

)

li

]

ljcos(θi − θj)θ̈j

}

+
3
∑

j=i+1

{[

mjdj +

(

3
∑

k=j+1

mk

)

lj

]

licos(θi − θj)θ̈j

}

+
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∑

j=1

{[

midi +

(

3
∑

k=i+1

mk

)

li

]

ljsin(θi − θj)θ̇j(θ̇j − θ̇i)

}

+
3
∑

j=i+1

{[

mjdj +

(

3
∑

k=j+1

mk

)

lj

]

lisin(θi − θj)θ̇j(θ̇j − θ̇i)

}

In general the inertia matrix during continuous motion is a 3×3 matrix that is obtained:

∂K

∂θ̇iθ̇j
=



























mid
2
i +

(
∑3

k=i+1mk

)

l2i i = j

(

mjdjlj +
(

∑3
k=j+1mk

)

lilj

)

cos(θi − θj) j > i

(

midili +
(
∑3

k=i+1mk

)

ljli
)

cos(θj − θi) j < i

(A.35)

The inertia matrix before heel strike is obtained as:

D =





D1 D2

D3 D4



 (A.36)

where D1 is a 2 × 2 matrix:

D1ij =





∑3
k=1mk 0

0
∑3

k=1mk



 (A.37)

and D2 is a 2 × 3 matrix:

D2ij =















mjdj +
(

∑3
k=j+1mk

)

ljsin(θj) i = 1

mjdj +
(

∑3
k=j+1mk

)

ljcos(θj) i = 2

(A.38)
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and D3 is transpose of D2 matrix:

D3ij = D2ji (A.39)

and D4 is a 3 × 3 matrix:

D4ij =



























mid
2
i +

(
∑3

k=i+1mk

)

l2i i = j

(

mjdjlj +
(

∑3
k=j+1mk

)

lilj

)

cos(θi − θj) j > i

(

midili +
(
∑3

k=i+1mk

)

ljli
)

cos(θj − θi) j < i

(A.40)
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