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Abstract

Wc calcr.rl¿rtc the trace of the heat kelnel for the general backglouncl of gr.avita-

tional and gauge fielcls by rneans of the covaliant pelturbation theory. The he¿rt keluel

tracrc is obtainecl to the thilcl order in the fielcl stlerrgths (curvatules) for norrcorn-

1>act asyrnptoticzrllv flat manifolcls of an albitrary spacetirne climension. The basis of

nonloc¿rl tensol invat'iants is constluctecl ancl the f'orrn f'actors ale conrputecl in tr,vo

cliff'elent integlerl lepresentations.

The coinciclencc limit of the heat kernel to seconcl orclel in the curvatures is clcr.ivecl

bv the generating fultction niethocl ancl by the perturbation theory. The basis set of

curvatule structures ancl form fãctor.s are clelivecl.

The sholt time behaviors of both results are compalecl r,vith the Schwinger-DelVitt

expansiou' The lalge time asymptotic f'ol the heat kernel tlace is f'ouncl. The one-loop

effective action for the Weyl invariant scalar moclel is computecl in two climensio¡s.

It reveals how third ordel terms vanish truncating the curvatule expansion. The

two-dimensional Green's function is obtainecl similarly. The clerivation of the Weyl

anomaly in four dimensions is carried out starting from the heat kernel trace.

The presented results can be usecl for the calculation of the one-loop nonlocal

effective action and the Green's functions which contain information about vacuum

polarization effects in gauge theories ancl quantum gravity.
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Chapter 1

fntroduction

1.1 Heat kernel

The subject of thc heat kelnel is irnpoltant as a branch of theoletical plwsics as r,vell

as appliecl rnatltematics. Solutions of the heat ecluation ancl its moclifications such

as the cliffusion ancl Schröclinger ecluations have been r,viclely stucliecl in mathematics
,I,2,3,4,5.6]. In the plesent thesis we cleal r,vith tire heat equatiou in the form,

(1 1)

whele s is the proper time along the geoclesic connecting two space-time points z ancl

g. We r,vot'k in culved space-times with metric tensors of constant positive signature,

namely Eucliclean space-times. The space-time climension is arbitlary everywhere

below except in Chapter 4. Ê(V) in (1.1) is a seconcl order clifferential operator

acting on fielcls at the point r. The ^ notation on k and Ê inclicates that these

objects are matlix valued. The heat kernel then is formally,

kçs1r,y) : exp þÊtv"l] 6@,ù. (12)

The solution of the heat equation (1.2) was introduced to theoretical physics by

R. Feynman in the form of a propagator [7, 8, g],

r$\G(r,a) : -îa@,y). (1 3)

Specifically, the heat kernel defines the propagator or Green's function through the
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famous Schwinger equation [10],

G(*,ù: 
Io*oskþlr,y). (1.4)

If Slg] is the actiott of a field theory model then the induced differential oper-ator is,

F¡B(v)6(r,a) : =+= ^ :, , slel (1 b)' 6eA(r) 6çu(s)

We restrict our stud)'to tnodels that possess minimal second order operators [11],

r(v):!î+P-jnî, (1 6)

where the Laplace-Beltrami operator (or sirnply Laplacian),

z : gt,'y ,V r, (1 7)

is constructed in terms of covar-iant derivatives Vp. The opelator F(V) acts on small

disturbances of au arbitrary set of fields ço(r). The matrix chalacteL of Ê(V) alises

from the tensor structure of the target fields çA(r).The matrix conventions are

î:6An, Þ:PAn, etc.

The matrix tlace over index set A will be denotecl by tr :

(1 8)

trî : 6A ¡, trP : PA ¡, etc. (1 g)

In (1.7), the metlic qt'"(r) is charactelized by its Rieurann ancl Ricci curvatules

Rl! o,B : a,ltår¡ - 0BT'å,, + lt;,,1àp - l'ioll,,
R.oll: Rl!o,tr{¡, R.: goþ R.o¡, (1.10)

V,, is ¿r covaliant clet'ivatir¡e with lespect to a,n albitraly connection <rir¿llacterizecl l¡1,

its commuta,toL culr¡atule

IV ,,,Y,]69l : (V,,V , - Y,,V t,)6gn : Rn ,u,u,ëiç" , Rn or,, : tr-¡,,. (1.11)

The modifìcatiou of the potentiarl structule in (1.6) b)' inclusion of the ter.rn in the

R.icci scalal Æ is a tnattet' of convenience and r-clated to conf'onnal invariant moclel

investigations in foul climensions (see sect. 4.3).



Throughout the thesis we etnploy DeWitt's index notations [12]. In this convention

the index A stands for any set of discr-ete indices of tensor-spinor fields. It allows the

intelaction terrn P to be au arbitlary matrix potential consistent with a given field

nrodel. The nature of this indexing convention is that the same notation 'l?.r, 
"u,

stand fol the field strength of a non-Abelian gauge (Yang-Mills) field with the rnatrix

indices assigned to internal degr-ees of freedom, or for the electromagnetic tensor when

it lacks spinor degrees of freedom at all. It can be even the Rienann tensor in which

case there is an additional pair of spacetime indices and Î : gt,. For the set of the

field strengths (generically thought of as cur.vatures)

Ro?þr, T?_rr, p (1 12)

characterizing the background we use the coilective notation ffi. Ndanifolcls uncler-

consideration are asymptotically flat with the sirnple topolog;, -R2, excluding anv

topologicall¡' ¡ott ttuial spaces lil<e -R3 x,S1, specifically their gauge and gravitational

culvatures ancl the potential P 6.tZ¡ vanish at infinity.

Historicalh¡ a gt'eât cleal of work on he¿rt kelnels has been clevotecl to the sholt

time expansion ¿llso l<nown as the schwinger'-Dewitt series [10, 12]:

kçs¡:r,ù : -+r:_'aP pt¡re,,U)i s^ã.n(:r,,¡¡), , ---+ 0, (1.13)lLrs), n:rr

wlrere o(r,y) is the rvorld function [13] or the geoclesic intelr¡al which is one half the

squal'e of the clistauce along the geoclesic betrn'een any trvo space-tirue points z ancl

37. Hele and belou' 2ø is the space-time climension. Thc; bi-clensity D(*,ù is thcl Va¡

Vleck-N4olette cletelurinant [14, 1b],

D : -der (- a;ay,"çr:,fi). (1 14)

The Schwingcr'-De\Äiitt coefficients â,,(ø, g) rna¡, be constluctecl fi.orn Lecunerìcre l.e-

lations lI2,II] ol othel indepencìent urcthocls [5. 16, 17]. Sincre t¡cir i¡veptio' thesc;

coefficients have plavecl a,n enolrnous role in quantum fielcl theor¡' [18, 11, 19] erncl

they ale still an impoltant research tool [20, 21].



Although it is im¡:or-tant to know the two-point heat kelnel K(sln,g) fbr multi-

loop calculations, r.r sirnplel object is its coinciclence limit 1((slz.:r) r,virich is all that

is requirecl fol one-loop computzrtions. In this case (1.13) recluces to

(1 15)

r'vlrcle g is the cletet'minant of the metlicr tensor g: r\et,(gl"). The Schrvi¡ger--DeWitt

coefficicnts ã.,r(:u.:r:) h¿rvc: becrr c¿iici.rlatecl cxplicitlv f'ol r¿ : 0 to J, lr2, !r,4,22].
Paltial t'esults ¿rlr: a,iso av¿rilable fot'n,: 4123,76, rT1. Ãtl ã,,,(r.y) are loc¿l f'unctions

of the backglouncl fìelcls entet'ing the opelzrtoL (i.6). The sho¡t tirne expa.sion rvill

sel've as a lirniting case aucì as a consistency check fbl the ¡esults prese¡tecl in this

thesis.

TIle ultimzrte goal of the plesent lesealch is to use thc he¿rt kernel fo. calculation

of the one-loop effective action ancl the Green's f'unctions [8, 12, 11]. The effective

action contaitts all lelevant phvsical irrf'orrnation ¿rbout a ficlcl theor.y ancl I'eplcsents

the generating f'unction fol the one-particle irreclucible cliagrarns [8, 12]. This fact

is especially irnportant for quanturn glavity where the work with orclina¡y Feynman

cliagrams woulcl be f'ormiclable. Although it is impossible to clerive the effective actiorr

in closed form for arbitrary orders of the Planck's constant ñ, it is very ofte¡ enough

to work out the first ñ, order corrections fol the classical action, i.e. the one-loop

effective action I4z. Since we work in formalism of the path integral approach [g,24],
the effective action is clefined as the Legendre transform of the logarithm of the

partition function (the generating function of the Green's functio¡s). Its iterative

solution is expressed in one-loop orcler through the cliffer-ential operator (1.6) as,

, : *o tnr - f d"*6Q,)(", r)(. . .)

Here the term with ellipses (. . .) stands for the contribution of the local functional

measure [25], proportional to the clelta function at coinciclent points. As shown in [26]

this contribution always cancels the volume diver-gences. For the massless operators

(1.6) the result of this cancellation is a subtraction of the zero curvatule term.

K(r¡,,,, ,r¡ : l!\Ði s"â,,(;r;.;r;), ,s ---+ o,\¡t/(4rs)"n_."

(1.16)



Knor,vleclge of heat ket'nel (1.2) allor,vs one to construct the covaliant cliagrarnrnatic

expansion 127.12.11, 28] to all loop olclers. As can be seen fi'orn (1.16) the one-looJ>

effective action is given by the tr'¿rce of the he¿rt ker.nel,

-IM :: lr* frrnl"¡ + | d,2,tnQù(t;,,¿)(...),

r,vherc¡ Tr', as clistinct fiorn tr in (1.g), clenotes the firnctional tr.ac<;

Tr1f(s) : I d,"r,tlK(sl:r:, ;u).
.t

(1 17)

(1 18)

Ft'orn notv oll ',ve r,vill not inclicate the <lirnension of space-tirrre at thc intcgr.zrl nreasuLe,

d:t:: d2':t:.

The ultlaviolet clivel'gencles appeal in quantum theory as clivelgcnces of the loop

integrals ovel s at the lower limits (i.15). They are to be removecl by a renor.malizatiorr

proceclure [12, 1i]. Fot'massive theolies thele is alr,vays the mass f¿rctor'.-srrL2 in (1.13)

and (1.15) r,vhich tn¿lkes the set'ies convelge ¿r,lso ¿rt s ---+ oo. Unf'ortunately, f'ol massless

theolies loop integrals also diverge at the upper limits. These infrarecl divergences

are shot'tcornings of the mode of computation but not the unclerlying theory. It is

unclerstanclable since upon the ploper time integration the short time expansion of

the heat kernel corresponds to the large rnass expansion of the effective action or the

Green's functions. Thus, â ne\M methocl is needecl which woulcl allow one to compute

heat kernels in the lange of the proper time s from 0 to oo. The general structure of

this method, named the covariant perturbation theory, will be explairiecl in the next

section.

The covariant perturbation theory [29, 30, 31] corresponcls to summation terms

of the short time expansion in a given order in curvatures. This summation for the

heat kernel as proposed in [32, 33] contains an infinite number of derivatives acting

on curvatures, thus it is a nonlocal expression. It has the general form

rr rr(s) : ãñ lar sr/rçr)tr {r * ssù + ,r I,f(s, !,, n2)ffi1w2

+ rt Ð F(s, tr1, n2, tr3)ffi1Dzffie + O[$ù4]] , (1.1e)



where functions .fl ancl 4 stancl for analytic functions of the climensionless -sn
argurnents - fornt factors - r,vhich act on tensor invariants constluctecl of curvatules

.$¿' Despite the similarity with the Schwirrger'-DelVitt series (1.18) this explessiorr

f'ol the trace of tltc heat kelnel is valicl f'or all values of the plopel tiulc; s. The

stluctut'e (1.19) ceases to holcl beyoncl the thilcl older-afiel r,vhich it is irnpossiblc to

expl'ess fot'rn factols solely itt tet'rns of the Laplacians (1.7). At the forllth or.clel new

tvpes of mixecl cleliv¿rtives cornbinations appear' [34]. The valiclity of the cov¿rli¿rnt

perturbation theoly is lestlicted by the corrclition

vvn >> sù2. (1.20)

This means that one can stucly lapiclly oscillating backgrouncl fielcls but their. rnag-

uitucle should be snrall. The opposite case of the slor,vly fluctuati¡g fielcls of the lar.gc

nragnitude also presents plwsical interest [35]. In form of the clerivative expansio¡ f'or.

an extcrrral electlomagnetic fielcl it has been stucliecl in [s6].

Although, summation (1.19) can be irnplernentecl clirectly [16] only the covariant

perturbation theory allows one to clo cornputations beyoncl seconcl orclelin curvatures.

The calculation of third ordel of the trace of the heat kelnel is the rnain goal of the

present research. The motivation came first from stucly of the Hawking racliation effect

[37], the effect of particle creation by a collapsing gravitational bocly [38, 33]. As is

well known a black hole racliates with the temperature proportional to the inverse

of its rnass [18]. As was shown in [38, 33] this quantum effect can be reproclucecl

from the nonlocal curvature expansion in two climensions where the effective action

is known exactly (see sect. 4.1). In four climensions the Hawking i-acliation effect

starts from the thircl orcler in the curvature terms in the effective action [2T, Jg,

40]. Some encouraging results have been obtained recently [41] following this line

of investigations. Unfortunately, the calculation of the effective action (1.17) foL a

generic field model in four climensions lies beyond the scope of this thesis ancl is

discussecl elsewhere [42, 42, 44].

It is worthwhile ernphasizing the difference between covariant perturbatio¡ theory



129,30] ancl the usual perturbation theory on flat space-tirne [23]. In the latter',

noncovaliant vet'tices of all oldet's aÌ'e clivergent. The clivergences lior,vever. can cancel

irr some applications [a5]. In f¿rct phvsiczrl eff'ects are covari¿lnt ¿l,ncl cletelminecl by thc-:

cov¿rt'iant eff'ective ¿rctiou i4l r,vhich is fìuite stalting r,vith thi¡cl ol'clcr' [42]. Covariant

renolm¿rlization theot'y for g¿ìugc fiekls is th<: ruajor arca of applic:rtions of the plesent

ÌescaIch. The infi'¿u'ecl lenolmaliza,tion iu cluauturrr electloclynamicrs r,vas ¿rheacly clonc:

this rv¿ry in [a6].

Since the heat kernel trace (1.18) can bc usecl as a genelatirrg f'unction fol ireat

kelnels [28,471it is tempting to clelive the ]rcat kelnel l{(slr:,r) fi.om this starting

point. With this trace rnethocl one c¿ìn obtain at most only te¡rns valicl to secoucl

ot'clcr in curvatures [48]. AfTer applying the variational nrethocl [a7] r,ve get the ¡esult

sirnilar in folur to (1.19)

K(sþ:,ù : næ{, tc(s, r)$ù + 
"r I G(s, !1, n2, ¡3)s¿1m, + o[ff]] e.2r)

lVe also clerive this expression up to the seconcl orcler clilectly frorn the covariant

perturbation theory ancl check consistency of two methocls.

We shoulcl emphasize that both the Schwinger'-DeWitt expansion ancl the cova¡i-

ant perturbation tlieoly are backgrouncl fielcl methods, i.e. sorne fielcls are treatecl

as classical fielcls - backgrouncl, ancl some as quantum fielcls. The curvatures (1.12)

charactelize backgr-ound manifolds.

An irnportant element of the present study is the use of computer symbolic ma-

nipulations. In fact the work could not be completed without it. As will be seen there

are two kinds of syrnbolic manipulations, one is purely algebraic manipulations with

fbrm factors which is performecl by general purpose software such as Mathemati,ca ancl

MAPLE [49, 50]. The other is the tensor rnanipulations needecl for r,vork with tensor

invariants. These computations have been implementecl r,vith help of. MathTensor [5I]
and Ri,cci [52] programs, both of which work uncler Matl¿emati.ca. Ãll Tþ[ forms in

appendices were ploduced dilectly from Mathemat'ica or I4IA7LE outputs.

On the whole the present thesis is organized as follows. In acldition to the present



Introcluction it consists of three chaptels ancl various appenclices. Chapter.s 2 ancl 3

cont¿rin rnain results of the stucly, the tlace of the heat kernel up to thircl orcler in cilr-

vatures ancl the heat kernel itself up to seconcl orcler'. con'esponclirrglv. The structule

of these chapters is similat': 'we; stalt with a peltulbzrtion exp¿ìnsiou ancl proceecl t<t

¿t cov¿rt'iarrt curvatule expansion. Havirrg stuclied folrn factots we finish -"vith asyrnp-

totic behaviors of TLl((s) ancl Il(s). The last r:irarptcl is cliff'elent since it cleals r,vith

a palticulal class of fielcl rnoclels, larnely lVcyl itrvar.iant rnoclels. Tr,vo sections of

chapter 4 at'e clevotecl to n¿rssless moclels in two clirnensions lvhich ¿rclrnit a closecl

f'olrrr of the exact one-loop effective action allcl Gleen's function. In thilcl scction r,ve

clelive the f'our'-dirnensional lVcvl anomaly dit'ectly fi.om the he¿rt kernel trace. Sev_

et'al appenclices contain t'elevant f'olm f¿rctors alcl a cliscussion of the nonlocal tensor.

invari¿rnts in thilcl olcler'.

Results of sects. 2.I-2.3 were completed by the authol of the thesis as inclepencle¡t

calculatious but in parzrllel to wolk of A. B¿rlvinsky, r,vhile thc check for sect. 2.6 lvas

was clone by V. Zhytnikov. The rest of Chapter' 2 ancl Chaptels 3 ancl 4 are solely

results of the author'.

1.2 Covariant perturbation theory

In pertulbation theory [10,23], the heat kernel is expanclecl in power.s of the pertur-

bation:

1((s) : Ð ¡r"(s) (1.22)
n:0

wlrere K"(s) is a term of n-th power in the perturbation. For the simple case without

gauge fields and flat space-time the pelturbation is just a potential term P. In this

case a closed form of K"(s) for any n can be easily written clown [28].

To set up the perturbation theory for covariant calculations we need to introcluce

splitting of the metric and the covariant clerivative into auxiliary parts ancl perturba-

tions:

gt"' : iP"+hP", (1.23)



Vrp : lrç+irp.

The arixilialy metricl ancl clerivative ar.e taken to be flat. i.e.

Rp"op(i) :0,

11,,,1,1óç : g.

(124)

(125)

(126)

Het'e allcl belor,v the notation [,] is a corrirnut¿rtol intlochrcecl iu (1.11).

Now thet'e are threc itrclepenclent perturbations, one each f'or the rnetli<:, the co¡-

nectiori ancl the potential

ht,,, 1,,, e - [ni. e.zl)

In telms of these pelturbations the cliff'elential opelator'(1.6) is cliviclecl as follows.

r(v) :ñ+V(l), (1.28)

r,vith the pelturbntion

v (í : hp'Í t"l, + 2ipi t, - )n¡ (1.29)
6

Generallv raising and lowering indices are clone with help of the auxiliary metric õttu,

',vith the exception that in the case of (1.2g)

¡r, : (gr" + hr")i,. (1.30)

Perturbative solution to (1.1) can be founcl iteratively ancl has the general form,

fs t Ln rlz
K"(s) : 

Jo 
dt, 

Jo" 
dt,-, l, cltrs!-t-).y"(t*-t--'¡ãV ..."(tz--)ãy"trã, (1.81)

which is in fact merely the Dyson series [53, 8, 24]. An exact solution for the zeroth

order of the heat kernel e"ñ is known lI2, gl,

Ks(slr,u): ;"-f/açr1¡r/4çy¡e-"*Pao@,tì. (1.32)
\47f s )"

Here õ6 is a palallel transport operatol along the geodetic connecting y to r [IZ], g

is the determinant of the auxiliary metlic .4P", à ncl ã is an auxiliary worlcl function

',vhich in the Cartesian coordinates is simply (* - ùr lZ.



With use of (I.32) it is possible to find the lesult of acting the pelturbatio¡ (1.29)

onto the kernel of e'õ.

v (y ¿) I{ s (s nlv o, u,+ r) - i' / u (u n) g t /'' (tJ 
n *') -

Wã'(Y¿,:u)x
f,,*,.[ ã(u¿,v¿+) . -l I

'. 

-t, 
l- 

t3" - ai'v,,)Ùþ:lo',+1 - oL. s¡ jao@.!t¿+t), (1.33)

wherc V,, irt tlte exponent cornes fi'om the covari¿rnt Taylol selies [11] arrcl acts only

on tlre fir'st zrlgilrnent of Û, zrncl õ!' ar'<: vectors at r clerfinecl as

õt¿' : 7l'" (:t:)õi, õL : I 
"6(ir,!J¿), (1 34)

ancl

û(:r;l{,,,s) : il_-}tr" þ)su,þ:) + fin,,,ç,r)Ç,{,]
7¿ ^ 'l

- ;srrp(z) + P(c) - ån(u)î. (1.8b)

Now one has to make the change of valiables that transform (1.3i) into

rrr"(s) : 
lo* d,st...fo* ar*a(l -É ro).1n"" at*

'¿: I

| * [ rIUr . . . cty,tr {Ks(tlr, y1)V (y1)fi6(s1 lyr, gr) . . .

V (U"-t)Ko(sn-rl7n-r,y,)V (UòKo(t*_,1U., *)j . (1.36)

AfTer the integrals over z ancl ú are done, ancl upon another change of variables, we

get

TrK,(s) :2 [ d.n.,6 
rL

,\-,, n la¿>0- --(i -Ð",)"r{r.""'õ...y."""õ}. (1.37)

To clo the rest of spacetime integrals one shoulcl put gr : r âncl make the change of

variables again, this time for spacetime variables,

ul - of , 
I 

^_Utl: 
sr/r(r)s-r/rfu,). (1.88)

loo¿l

Thus, this expression eventually reduces to the Gaussian integr-als over ãp [30].
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Wlren calculated by the algorithm above, the trace of K,r(s) is obtainecl in the

generic f'orm [30],

rrlÇ,(.s) : 
@rñ: I a,r:¡t/2(,ù l.,.od,a6(r- Ë*,, 

*

tL{ exp lso,,(a1,. . . o,,,17)] å s¿ Ê1,@r, . . . a,lrr)}1.,.._,.. (1.3e)
t:0

\,Vith the not¿rtion

lo,roo" 
*á(1 - t *'"'o, ''' u''lt¿)1,,:, : (f),,'

Lhis can be lewlitten

TrfÇ,(s) : ^ + 1 [ o" s,/, ;ís¿tr.(c"Q,, B:,),,.'Ú\ / ( ts)'n"l - '' u't" '

Her-e or,(cr,...a,,lVi) is an operatol of seconcl orclel in V¿, ancl Vi acts on the

pelturbation numbet' i containecl in Bj,. Each telm in Êl@1,. . .enlr¿) where z ranges

fi'om 1 to r¿ is a ploduct of n perturbations (1 .27) at the points r r , . . .r,, respectively,

and the label ¿ on a perturbation means that the perturbation is at the point z¿,

e.g Pl : Þ@).After tlie action of 7, all points r¿ Ð.remacle coinciclent with the

integration point z in (1.39) or (1.41). The simplification following from an integration

ovel u by parts is then expressed bv the identity

Ð7: o
i:t

which is used to put third order form factors into the repr-esentation given in the next

section.

Finally one should make the series (1.22) manifestly covariant. This means we neecl

to replace the pertulbations (1.27) and the auxiliary metric ancl clerivative (1.23)-

(I.24) by the respective covariant curvatures (I.1,2),metric ancl clerivative. The calcu-

lations in covariant perturbation theory are always carriecl out with accuracy O[n"],

i.e. up to terms of n-th and higher power in the curvatures (1 .I2) . It is r,vorth noting

that, since the calcuiatious are covariant, any term in g* is in fact of infinite po\Ã/er

in the cuLvature, ancl O[ffi"] means terms containing n or more curvatures erpli,ci,tty.

(1 40)

(1 41)

(r 42)
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The cut'vature expansions of tlie perturbations (1.27) can be obtainecl fiom eqs.

(I.25) (I.26). Their general solutions ale integral eqriations which are solvecl by

itelations in telrns of R¡*op ancl Tlu, [30]:

h,o{) : z!n"r' - ^ä{(åo,") 
(v,V, jn *") n z(lø än*)

- (V,ån,")(t ränÐ - (t,'Èn.")(1.!nf,)

- å F"å n*)Foän"òI+ offfi3l,

Ê, : u" äu,r- å { lñ,",(v^r¿-)] + z(v^åu^") (t rt"Ln,")
+ 2v,, ((jn*¡v ,v^!n^o)) . oln,l

The rrotation 1/- is for the Green's function of the curvature-fiec Laplacian ñ. Here

and below the simplifìecl notatious for the Gleen's functions are usecl, i.e. tensor

ptopeÌties of then are assumecl to be consistent with the functions on ',vhìch thev ar.e

acting. This fact is important when we make the tr¿rnsition from V to v.
To lowest order in the culvature the behavior of perturbations at infinity is [30],

h,op - o(r-2"+z¡, i, : o(r-2,+t¡,

(1 43)

(1.44)

(1 45)

(1.46)

where r is the geodetic distance from an arbitrary fixed point in the metric ãp". This
behavior remains unchanged at each orcler in the curvature. Since the first term in
(1.29) is the leacling term in the perturbation I/ at infinity, it behaves like

v : o(r-"*').

From this fact it follows that the integral (1.37) converges at spacetime dimensions

n> al(u - 1). Ttrerefore, this expression can be usecl with caution ancl when it is

not suitable eq. (1.36) should be used insteacl.

The expression of ñ through n is gener-ally of the for.m

n:n+O(n,V) +O[m2]

72

(1.47)



\,vhele CI(n, V) is an operator containing the curvature linearly. For a scalar. (..g. n)
this tlansition is as follor,vs.

zx : trx - ,(In"u)v,vpx+ o[ryì2]. (1 48)

Fol'¿r rlatrix like Þ.

ax : !î - z(!n:,')y,,v ¡,x - , i(v"å È.,'),or*] + o[$¿2]. (1 4e)

Ancl fol a vectoL,

úxt, : nXp - ,(!r"u)y ov pxt, + Rtåx"

/L. 1i\
+ 2 (V"; Rfi + y p 

oRft - yr':R"a)v" xri + OlW2l. (1.b0)

The rules (1.48)--(1.50) can ploduce the tlansition forrnulae fol the cornbi¡ecl cases

such as a symmetric tensor,

ãXp, : .Xt,, _ Z(L¡I"a)V.V oXr, + zR!,Xo,)

+ a (v"j n#'+voÏn|- v@1A, u)r*ro,) + oln2l, (1.b1)

ancl a matrix-valuecl vector,

úx, : zx, - r(*^"o)yoy Bxp - , i1v"å o"o),, ok,]

+ z (v"j Rb+vpjt1-r,Io,,o)v-x{r + RHx,+ 0[$è2](1.52)

Tlre symrnetrization over indices ¡L,u in (1.b1) assumes the f.actor rf 2,

ytuy,¡:|{r*t" + x,yp). (1.b3)

As will be seen shortly we will neecl additional curvature expansion for both the

heat kernel trace and the heat kernel. They are [30],

iøÇ"¡u" : R - 2(o"åo,") F,Io.")
+ (v" jn *)F"Io,,) + (o"åo)(o"å") + o[n3], (1 b4)

13



zn : 2R - n(Io*)(v,,v, jn) + +n,,(åo,")

- +(v" jn'")(, r!oo',) no(v"lnu")(o.å" ,,,) *o[ry¿'], (1 55)

Í,,i, : (o,åo) (!o"o,,,¡ - (åo"â ,,)(!v,,nøt,) +o[yì,] (i b6)

Thr: Rierrtarrn tcnsol cloes not appeâr in thc cov¿rriant peltulbation tireor.y [30]. It
is expt'essecl through the Ricci tensol in ¿r nonloc¿rl r,vay once the bounclar.y conclitions

fb¡ the glavitational fielcl are specifiecl. OÌ:rtaining this explession anroilnts to solving

itelatively ¿r cliffelentiatecl Bianchi iclentity:

ZpaÞpu = ]lVrOoR,þ +\ayu.¡¡u¡) -V,VoRug -yayvpug

- VøVP Rua _ yttyt, R,,o + V"Vtt Ryo + VpV" R'")

r R\'IY)to" - Rf Polst'"

- 4Roou'^Ru)Àpo - RoP o^RrrroÀ, (1.57)

r,vlrele tlre sarne If2 factor (1.53) is assignecl to the inclex antisymmetrization. This

accul'acv of the lowest order in the curvature is sufficient for obtaining nonlocal rela-

tions between cubic invariants. However', for the discussion of the Schwinger-DeWitt

coefficients in sect. 2.7,NIrc solution for the Riemann tensor is neeclecl with accuracv

OtÆ:]. The needecl expression is as follows [b4, 34, 5b]:

Roþt": å { }çrrr" o'þ + voyp R,p - v,vo Rpp - vov, Rt"p

-VøVPRva _yÞyuR"o +y"y11¡øo +V{tV"R ")

+ zntl (v^y@ ! pl)"t) + znf(vÀvrølnørø)

- znf(v"ryt" 1¿Éìr) 
- znf (v otytulrrat)

- a(vÀvt"I{\(v^vr,jn")") a(vÀvr" 
I np)(vrv ø)!p,)')

- a (vr v r, 
å 

oy) (o^ o, ä*^") + 8 (vÀ v r " * ou",)(v"v tø 1 nar)

- s (v"vr, å"f ) (v^ vrr lor",)+ 8 (vÀ v" j"rt¡ (v^ yør lo:\
T4



+ 8 (vrv'1¿r'r") (o^o. å*t;)+ s(v^vt"åoy) (vøvør åo-)
+ s(v^vr,' In:)(vøvør ån^") - s(v^v" jnu,t¡ (v,rvørån^-)

-s (v^v, jnu't¡ (v^v" jn "tlt) _s(vøvr"1n^") (v"rvør 1n^") 
)

+ o[n3]. (1.58)

Her-c tlre antisyrnrnc.trizatious on thc liglrt hzrrrcl sicie arc r,vith r.espect to ¡tu arrcl ap.

In this cquation the Riccri tensor plays the lole of ¿r soulcc r,vhich cleter.rnincs thc

Rietlann tensot'up to initial ot'Ì¡ounclary conclitions fbl the oper.ator.n. J1¡ the case

of positive signatut'e asvntptotically fiat spâcìes, the itcrational solution is uniquely

cletelruinecl bv the Gt'een fuuction 1/n r,vith zero bounclaly conclitions at infinity.
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Chapter 2

1- -Bi:;VpV uht"vI
1- 'l

- -ahl -Vrlu + f - rnî.

The trace of the heat kernel in the
third order

2.L Third order of perturbation theory for the trace
of the heat kernel

In this section we clirectlv apply ntethocls of the covariant pertu¡bation theory outli'ecl

in the Introcluction f'ol computation of the tr'¿rcc of the heat kernel up the thi.cl o'cler

in perturbations.

we begin with quoting the results of [80] for n:1 ancl T,t, :2 in (1.39). For n : 1

(note that total derivatives can not be cliscarclecl hele),

0r:0,

nl:-)nî,

Here and below

h: h\"it"r, ñ : g\"l tÍ r,

and the inclices of % and the perturbations are raisecl ancl lowerecl r,vith

metric ãp" with the exception noted in (1.30).

(2 r)

(2 2)

(2 3)

(2.4)

the flat

16



For n:2,

Qz(a t, r"rlÑn) : a1e.2ã2, (2 5)

B3;c,.,,ct2lt¿) : (j,,,,t,, +Itrr*tg")î, (2 6)

B)(*, , ct2ll¿) : -,r'r(Í ri,,h';'¡h,rî

- 2up2(l,h:i\j,,,(i phg")î - zir; s,,,ii + 2ar¡,r(l ,,it:)

t 4a1(l,,hl")t¡,*ig - trr(k - ånri) , e.7)

n3 @', a2l :u ¿) : î (*, a )2 (l rl, h\* ) (l *V t) h,î{t )

+ 4a1o,(l ,,i,;¡çl,i;) - aalc,2(l ,,Í,hy"¡(V"ii)
+ zallÍ,,Í,h,1' ) (h- åor 

t)

- 4az(¿ - ån,i) (trii)+ (p, - |n, î)(k- åo,i) (2 8)

A calculation by the algolithm clesclibecl in the Introcluction gives for r¿ : 3

0r(r, , e.2, arll\ : a2c.sã1 I opsã" I a1a2ñr, e.g)

É3(o, ,(r2,a.l*o) : -i(!nrnrn, +lnrnç"htp, t hithl,hí,), (2.10)

Bl@t,a2,aslr¿):

î 
ltþ,4n,, 

-r 2ã p.ã,8) (o\o? + jnin 
"¡] 

n7o nry" n¡"

- z (ø -?) 
^" 

nL + gL') *" ni * 
ïgL? * ú.)ii ny" n!"

+ B(ø.piiign, + ziTignr*ul * 
l.;ø,9).u(4 - åo,t) hT" hip , e.rr)

B3@r,ù2,c,rlrr):

- i(|ø,un[nt nlnl + 6ø p*D30D)ninl)nit hl'h!"

77



+ r2ã"pD?,ffifÊg

+ Qgr"n'r,D3,D! + sg^,n'*ni,n!, + ag,,,njn2^û"

* 6 g * ¡ Dl,Dr" n? + 12 g,,¡ D'r,D: D?)iî hl" h,ì"

_ çag,,,n'*nÌ, + tzo,,,rn'!"nj

+ ;s"ÐDtrDl + t2o*rDl,nl¡iii{lng"

-le'- |n' 1)(h-!n':)n'
+ (3j,,,,Dlo + 6¡,,,Df; - J¡,,,Dr* - ag,,,D!,)(A - åo,i) iin,Ë"

- 6i,t¡(¿ - ]n,î)iryrf
- |{ø,,,o1D', + s^"DLD}, + 4s,,xDiD'"1Q,- å",i) rtg"h,!" , (2.r2)

f3(.,r , a2, a3ln¿) : n'3*OþniD:DiD'z"h7ø ny n!"î

- s n3" oþ n?,iii gi i - a o'r*n|,n) nlnlii n;" h,!"

+ nnr,nþnin,iTffh!" + (¿ - åo,t) (p, - åo,t)(l,, - år,t)
+ zn!n'o(¿ - åo,i) (h - ln î)Wa

- 6D,r(p, - åo,t) (p,- |n,î)Êg
+ 6@3,DLor, - o,.nrD\)(pr- 

fn, î)i;ng

+ nn[n'zo(P, - ]n,î)ffif
+ snrrn)n3D?(Pr- å",i) ht" h!" , (2 18)

where

nrr:a3v2r - *rÍtr, (2.r4)

D?":*tVtr - *rÍL, (2.15)

Dt:"rlL - orÍ'r, (2.16)

18



ancl

g -9)"0 
: ã poi,o I i p¡ti,o I i t",ã oB.

The expression f'ol Tr/f(s) obtainccl at this stage is not explicitly coval'iant since it

is f'orrlrecl in telrns of the ¿ruxiìi¿rry metlic ¿ilrcl clelivative ancl the pelturb¿rtions. The

t¿rsk is to trl¿rke it explicitly cov¿n'i¿rnt, ancl this is cloue in the uext section zrt the plice

of intloclucing the Grcen's f'unctiorrs of the Lapiacian n.

2.2 The expansion of TrK(s) in powers of the cur-
vatures to third order

Out'ncxt step is replacing the pertulbations ht'" ancl i, Try their expressions thr.ough

the curvatures, ancl elirninating the auxilialy quantities õo¡t ancl I o. Since each

peltulbati oL hI" ot i,., is an infinite selies in the cuLvzltuLe, the expansion to a given

olcler in the curvature involves all lower olclels in pertulbations. The itelational

solutions for hP" ancl i, at'e tteeclecl no\M up to the thircl orclel in the curvature. It is,

of course, possible to work out these solutions to thircl order but we shall avoicl this

direct calculation bv introclucing an alternate rnethocl. Let us rewrite eq. (1.a1) as

follows:

lul * ],n,u\,,
nT<e;¡,+ l<nøgl, + ]iaå1,]

a'n,Bo')"1-'" 
I

rrn(s):ffi | crrarrzt, 
[î + Ê? + :@3),* å(us),]

*@* f a*g',",

.#ñlclrstrzt, lre"at - 1-.sf)o ^,11" ; '""6ot
L' s" z/z

, /Q"Q'- 1 ;r\-r\-r.r)-+(\ s '/2

.# f drs'rzt' [¿e"o. - t.- sCI¡Uo,

L\ s3 -ó/J

.(?sJ),*(î";),
+(c"o'a!)r] + o¡nt1

(2.17)

19
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The purpose of this clecomposition is to single out the terms of zeroth ancl first

orcleÌ in the curvature which can only be local ancl çoinciclent ,,vith the coefficients

ãrr(r.:r) ancl â1(r,:r) of the Schwinger-De\,vitt expansion (1.1b). It is easy to observe

the connection betr,veen covariant pertulbation theoly ancl the Schr,vinger'-DeWitt

technique. Cornparison of thc equation,

rrlí(s) : .fr, lrt,uot/2., ii 
*

¡,vith the tr'¿rce of (1.15) gives an explessiorr f'or.

telrns of perturbation theory,

1 rrridn¿'n) 1 z1g¡- -, ÊL>,]n k 1rll¡t
In particulal,

I d,r o'/z Ír ã"s(r, ") 
: 

.l d,,,: dt/2 tr lî + rf
*ï<4t,* 

å<Agl,l + otn4l,

I a*a',, 
lÊi +)<a,agl,+)6;¡,

+]qr-r,ag¡, + ]taJ),] * o¡wn],

first two integrals in (2.18) we cân use the known exact

I d,r ot/z ft a,s(r,fi: I a, s'/'fi î,

I d.r sttz rr ã,1(r, ,): f a* s,/, t, p.

Ë; å"'('"n"Éi),,]
the Schwinger-DeWitt

. (2.re)

coefficients in

I ctt: at/z fi â",,,(n, n)

,fco: 
Jrt'uã'/'t''' laSî + r-
" L t¿:\

(2.20)

.lo, nt,'tr ã,1(r,r) :

(2.2r)

(2.22)

results

(2.23)

(2.24)

ancl, therefore, for the

It was shown in [30] that the direct substitution of nonlocal expansions of sect. 1.2

into eqs. (2.21) and (2.22) gives the inclentities (2.23) and (2.24) r,vith the accuracy

O[m3]. To third order in the curvature such a check would require a knowledge of the

iterational solutions f.or ht"" ancl f , to third orcler. Instead of cleriving these solutions ,
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rve shall take eqs. (2.23) a.ncl (2.24) as established. Then, aftel eliminatio¡ of the first

two integrals in exptessiou (2.18), the renaining telurs il this explession ar.e a|.ea¿y

of sr:concl an<l thild or'<lcr in pertulbations. ancl. thelefore, the knor.vledge of /¿r,, a¡cl

i,, to seconcl olclel in tlte curvatute ivill suffice fol theil. calculatiol.

Cousiclel uorv the thild integlal in (2.18) *'hich iuvolves telr¡rs of secroncl orclc¡

in lreltulbatiors, Bl,B),Al. It is stlaiglrtfonva.cl to substitute in (2.6) (2.8) the

equatiols exlr.essi.g /¿r'" ancl 1,, tlirough ll* ancl n,,, (t.+S¡- 1t.+4). One has to

r.ake use of eqs. (1.48) (1.52) aud (1.54)- (1.56). I' the seconcl or.cler. fornr factor

itself

^51¿? ^ao l02U (2.25)

rvhen exptessiug tr thlough !, tlìe telrns lineal in the cu::vatule shoukl also be r.etailed

(1.47). \,Vith the use of thei. explicit for.rns given by eqs. (1.48)-(1.52) the expansio'

of the foln facto¡ e"or is as follor,vs:

I dx ottz orr""u - "no)$i,
: I h ¡tz vr, 

lo" 
,tt"t"-Ò"o1tft, V)e¿"$ù, + o[æ4]

: 
lan nrtz lo" 

,lr"lo-t)o,*ro.(r(ülr, v2)æ1æz + o[$è.r]

¡ ^ag2 ^ctrr: I dx gt/2:=-:å-ntn¡, Vz)sr$lz J o[n4]J " Dz-Dr

with ¿ : so1.t2. Here the numbers o' the ar.guments of (?(W3, V2) mea' that (2 as an

operatol acts on $è2, alrcl the curvature that it contains has the inclex 3. Altogether,

expÌession (2.26) r'eplesents a thilcl order cont|ibution with the forrl factor. of a new

type

In this rvay, fol the telms rvith the seconcl olclel folm factol in (2.1g), we obtain

the expansiols up to thircl older':

l,tr¡"'rr(f$&e¡,
: I ax st/z tr (¿r(RÅz + 2Rï" R2àî) 

2

+ ldxstlz¡,((-år, I 2#;ca- sw,.tä,r,,) R,R2Rri

(2.26)
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n,
+ 4#;c1Rl,nîpngpî

/ Z" 1 - D' I \* (3 o,,., ca - 2 .lc¡ r 2--rl- ct - 2;c, - twrr) Rl' R2t,,Rrî

+ (-+]- c, -+lsw'izlsw \ ^'
\ nzn¡ Ll3 ftr zt ) R'it'V 

"R2v trR37

. (ruå c, - n;o,c, + +å" w,) v,,n.lov,R2 ¡,oR3î

*(a' c,,+4-r 1 \

\ n r !z ofuc' + afrswz') R'""v 
"RlþY 'R3n,¡î

* (rofrc, + sufi, ct * 16

+ O [Sù'1] ,

årr,r) R,ti'v o R2 ¡',,vn ni,î),

(2.27)

.[ d*s't'rr(#¿;),
: 

l u,* g'/' t (ßrlol"or,,

+ (z*,*, - 2o? + !) n,n i - znrnl),

+ la,, s'/'t, ((-rät, + zfist- ufr;u,
l.sv2s+ ff'ø, - f'rrr) Rrr,rh

* (rl-s, - !' \ ^

\ !r - 36ilr&)RI"R2,"P3

*(Ln"-' \ ^

\!, ;sv%) R1R$'R3"

1 .^
- 4 - hÈT'Rrot'Rspt"

LJl

+ l(2,,o, - z*?. ålui; ßt + z(a? - aßz)!,s,

- (o,o, - a? + å)'*,] R,R R,î

n l(roro, - ao?* ;) "l;r,
+(+"1 - 4a1.,2- å);u,] ay" n,,,n,î

. (-*uå s, - +ä,v,,) n{v rR V,h

- +=!- srv t" Riov, Rz ¡,o Þsltrz u !

1

- t o, o, 
6, R7 oBV rÊ.l"V,RirP



I ^oi 2 
OsVz.tRit'V "Rt'V nRr,,,

+ l-(+*? - ?l -fL \ ' 3/nr\rßt
+ (4a1cu2 - a*? 

" ?) +'r,rf niþv ,n2v p R3î

+ (s,rl - 8ar * - 

")#uro, 

'R.1"y,R.2 p,'l,,,î

1^
- +fisvz,,nifrv *n;"v ¡tÈ:t¡,,

1

* o oËo, (& + ß2)v ,v ^Rl"v'R 
ro,v,l¿i,

* 8a1 !=u,v*R,*,rR.Npv ¡,R..t'!2tr:l

+ + 
lsvrt(V o R r B t, - y, R. r p o)v a Rg, R,rr!,), * o ls¿r ],

.f a,:u ã' /'tr' (e"o,ar2 ),
: I o, s'/' n (a,fern + (z*l - I) ^,p,

+(*?,a?, - !,1+ $)n,n,t]),
+ | a* s'/'t,(þl#; ,a, + zo?!t, - zol!,a,,

-1 
1 o *@1-Ð(i-i-r) ,u,,fn,nn,Ðn "l¿¿2

. ,/ tr.1 1 \ a 1+ "í (n, n, h - 2 nlAt) R'!i" R'r'Ps * Ut"a"PtP,n't

* 
l("?*3 - ä-l)uft ,, - (*?*?- Ð fia,,
-|ç":"2 - !"2. *) 'uu) R,R R,î

+ (o,,a?,- ä"1) (ul;r, - rl"ù Ry.R,,,,R,î

+ 4a2 -J- ArV rR1" V' 7ir,o h- Jtzz

+ +(a'r- 
ål år Lt2sRl'v ¡"Rzv,ps

- +*'r;l-Asvp Riov,Rr roÞ,'ntnz-

- z!rL{2sïf'y ¡,V,prkEr

r 4a2("? - ål;" ,R,voRgrygRror

(2.28)
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+ z(.o'z,a', - !-1. #) #,,uurfpv oR v plrî

- + (cf,a,, - ä":)Ufu ,, o * R,lov, R2 uo R.3î

- 4*2(*? - ål . *, 3v,l?,¡pvp R,zR¡

- +3, L6rRl'V,,mv,h!t

-n*t or'-,rA3v'7i1,,,o'' nrPr) 
,+ 

o[riù'r] Q.2g)

wlrere (m,n: I,2,3; rn I n)

ulrr:gsaraz'u' ,

esato2!?Ìì _ 1

sfl,,,

C,,,:
g.sd1û28,' 

- 1 - S(L1e.2Zrr,

(sn,',)'

esdla2D?r? _ esdrA2¡,,

s(tr- - !") 1

(2 30)

ßro: (2.31)

(2.32)

(2 33)U-.n.:

1 ,Qsa laltr'" 
- 1ìt - t

'*"- ,7¿* - zj \ ,,%
1r
-),

esat02En _
(2.34)

SAn,

Wn n: ,es{\azD,,, - 1 - Se.1e.2Z*\E
cs*ra2En-1-s0102nrr¡w)

s(n- - !")

(2.35)

(the numbers on the for-m factors refer to the numbers on the boxes appearing in

them), and the averaging ( ), ir defined in (1. 0).

Finally, the last integral in (2.18), with B$ is already of thircl orcler in perturba-

tions. Therefore, it is sufficient to substitute in eqs. (2.g)-(2.I2) the lowest orcler-of

the expressions (1.43)-(I.44),

nr':zÏRP'+ O[n2],

24
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\,Ve thelefore clo not t'ept'ocluce here lesults of this stlaightfor''uvalcl substitrition.

As clistinct fi'om the form f¿rctols (2.30)- (2.35) coming fi'orrr the seconcl orcler. the

f'olnr factol appearing in the last ternrs of (2.i8):

^11,,:V"]Rp+O[m2],

lr:Vr+O[n], ñ:n+Otf¿]

.sfh - expls(a2a3!1 _¡ a1cy3n2 * n1a2n3)] + O[æ]

is an ineclucible nonloc¿rl fhnction of all the thlee boxes.

The final lesult of the curvatule expansion is presentecl in the

irnpoltant ploblern of the basis of the nonloc¿rl tensor invaliants is

penclix A.

ffi1Wr(z;:¿ rR î,

(2.37)

(2 38)

(2 3e)

next section. An

cliscussecl in Ap-

2.3 The û -polynomial representation of the form
factors in the trace of the heat kernel

The final result of the calculations above is as follows [54, b6, g4],

TrK(s): (4h ldr ol/ztr{î + sÞ + s2i nt-"o2)y¿1n2(i)

* (r'Ë *ro Ë *r' Ë ) or-rn1, -s!2, -s!3)w1ffirffi¡(¿)\ ¿: t ¿:i2 ¡--za/

+ s6trLs(-sn1, -s12, -sn3)ffi1ft2n8(2g)
32

* lr' Ð 4(-ro1, -s!2, -sn3)W1ftr$ùr(i)
¿=30

+ ,tFrr(-sn1, -str2, -sn3)Sù1ffirn3(ffi)] + Otm4l) e.40)

Here terms of zeroth, first and seconcl order in the curvature reprocluce the lesults

of [30]. There are five quadratic structures m1n2(i) r,vith i:1 to b:

W1ffir(t;:¿, u,Rl"i, (2.41)

25

(2 42)



nln2(3):¿Æ2,

$ùrn2(4):¿P2.

.[lt tÊ, ( s¡ :7¿ r,,,ñ';"

Theil contriÌ¡utiotìs ¿u'e of thc f<trrrr

I 0,, o'," /(- snr)$àr l;ùz : 
.1 

a,, s, /, .ù/(- sl) t¡ù,

m1n2sù:r(1) :PthPr,

mr S¿2mr (2) :ft, r' oÊr" pÈr7,,,

nl m2 YìB (3) :RI" Rr r, Þr,

n1n2n3(4) :R1R2Þ3,

n1n2n3(5):Rf" R2r,Þ3,

m1n2n3(6) :Prh4r,

n1n2n3(7) :Rrñl"Rs r,,

ml n2nB (8) : Riþ Rz o,ft, p r,

(2 43)

(2.44)

(2 45)

(2.46)

and tlte notatiotl on the lefi-hancl sicle of (2.40) assulnes that n2 zrcts on Sù2.

Tet'rns of third orcler in the culvatur-e nrn2ü¿r(d) r,vith r, : 1 to 33 in (2.40) are

given bv a sutu of contt'ibutions of thilty-thlec cubic stluctules. Eleven of them

contain no clerivatives

(2.47)

(2.48)

(2.4s)

(2.50)

(2.5r)

(2.52)

(2 53)

(2.54)
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fbulteeu cont¿rin

nln2W3(9):R1R2R37,

.$¿1 sì2 n3 ( 1 0) : Rl.Ri 
o 

R.€ uî,

n1 n2n3 (1 7) : Rl' R2,,, Rrî,

secolrcl clerivatives

S¿1 n2 m3 ( 1 2 ) 
:nio V r lZz roy " flt, ¡t,

n1 n2n3 ( 1 3):R í' V,,ÞrV, þ3,

S¿r fù2 mB ( 1 4) :v,,Rl" V " trr,o Þr,

n1 s¿2 n3 ( 1 5) : RT" Y pR.rV, P.¿,

nl Sù2m3 ( 1 6) :V P Ri" V, Rr ro þr,

m1 m2ns ( 1 7): Rf" V rV, P, Pr,

n1n2m,(18):1lr opy rRf"V,Rí8 ,

m1 n2nr ( 1 9): RiP V,nl" V Bí?r r,,

m1 n2 n3 (20) : RrV.RT, V þ ñ, 
B r,

nl n2 n3 (2 1 ) 
: Rl" V rV 

^Êì" 
ft, o,,

mr n2n3(22):RioV *RzY BRsî,

(2.55)

(2.56)

(2 57)

(2.58)

(2 5e)

(2.60)

(2 61)

(2.62)

(2.63)

(2.65)

(2.64)

(2.66)

(2.67)

(2.6s)

27



æ1 ærWs (23) :V t' Rl"V, R2 ¡.'R3î,

nr YùrY¿3(24):,R'i"V,,Ritr V, Rt "Bi,

'nl nrn3(25):1ìti' V, R2 þpV 
a R,i,,î.

thtcc contaiu foulth deli vatives

nræ2S¿3(26):V 
^V 

pR\*V t,V,Ria P¡,

ærm2nr(27):V *Y r¡RIi"V ,,v,Riþ Rsî,

nr wrs¿3 (28): V t, Ri^V, Rg 
^V,Y 

¡t Rtj' i,

ancl one contaius sixth cler.ivatives

yùl ærm3 (29):V 
^V " 

RTP V *V p Rt' V,,V, Rè" î.

These tlvelty nine structules form a cornplete basis of nonlocal

orcler in the culvatur.e. (Ten of them ale pulely gr.avitational,

srvitchecl off thele ate six.)

Aucl there ale four. aclclitional cubic structur.es linear in É.,,,:

nlæ2nr(30):V oftf" v,R Rr,

mræ2æB(31):V ,Titi" R2,BVP R3,

nl wræ3 (32):Pl V unÇ" v,Rr,

(2.6e)

(2.70)

(2.71)

(2.72)

(2.73)

(2.74)

(2.75)

invariants of thilcl

ancl with glavity

(2.76)

(2.77)

(2.78)

mlwrær(S3):V,R1PV oRï"V uV,R . (2.7g)

They are not present in the final l esult as it rvill be shown in the next sectio¡r. Howeve'
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even at this stage not all possible tensol irrvariants enter tÌre heat kernel

Appcnciix A).

Forrn f¿xttols

fn(-sar), 4(-sDr, -s!2, -s!¡)
¿rlc obt¿rineci as integrals ovel'the paLamo.teLs

(( )), : .l,.otlcv1rl'rt2ô(1 - r:t1 - u2)(...),

(( )), : l,.rcla.1cl,a2d,a1¡6(7 - ù.1 - 42 - a3)(...),

ancl, irr tlris folrn, at'e I'ept-escntecl by ltvo n,or¿l,ocr¿l ker.nels:

exp(sû1û2U.)

ancl

cxp(sQ), 0 : e2(r327 I a1asZ2* a1a2ft3.

The function (2.83) appeârs in the combinations

trace (sec

(2 80)

(2 81)

(2 82)

(2.83)

(2.84)

A, ß, c, u, v, w (2.g5)

introcluced in (2.30)-(2.35), ancl the function (2.84) âppears in the combinations,

cf. (2.18):

€"0, e"0-1, e"Q-1-sCI (2.86)

which figure explicitly in the expressions below. The coefficients of these functions

are polynomials in o 's, boxes, ancl inverse boxes. It is assumecl that ni acts on the

curvature with the label 1, n2 acts on the curvature with the label 2, n3 acts on the

curvature with the label 3. There is no question about a commutativity of n- with

V's acting on ffi- in (2.58)-(2.75) since a contribution of any such commutato¡ is

alreacly O[no].

In this representation, the seconcl order form factors are of the form [80],

rt:Q)r, e.BT)
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r,:(ï(,,',,' - !*,'. ,i) ,
+ (o,rr" - (vt2 . i) u * )r),

/,:( (u,'-ä) "- 
s),

,^:(lo),,

(2 88)

(2 se)

(2 e0)

(2 e1)

(2.e2)

(2 e3)

(2.s4)

/1 \
/':(;ß),'

ancl the lesults fbr the thilcl olclel f'orrn fäctols are as follows [b4]:

r, : /1""u\. \o | )\ó / it

', 
: (l","rrr,rt,''), + ç2vD) 2,

Fr: (zar*r""n). ,

I t (c"0-1) t1 lIþ'¡:( ' ,^ 
\ nrnz sr-! " L+ (å - *t' - nz2 t 3a1ù3 t a2.,3- "")

n.r ..l c"0 l/I+ " (-ïarr,ninz. - 
")l î " l(J, * ï*,u- å", 

*, - !o,'
- ï.or'rr' - 

!u*r*, * a23 a3 - äor' r ava2a32 + |or' *r')
Jzl 7 n 1 1 " 1 1 .,* O, [-t"'= 6ara, zot"az ,or"cr2" + 2arar'

* loror- ar3as - |*r'oro, + |oror'o, + ïor'.,r' + araza3r)

. ff (i"* * [*,o, t af a2 + ]*,'o,' - å",*,
* o13a3 * Zala2u3l a1a22a, - f,,*r'*r' - *rar*r')

. # (-;",,,, - **,,o,, - :,,, *,*,))""n),

. (+ (-å. -:)+* 1"1(-",,) n oTfu (;-,,)]
Az
s



(2 e5)

_1Br*(I_1¡r\6,
nr s \rir 2arar) g

.li ()-t-å) _' "å(i.t.#)
* (- l*?* i)1r". (; . :;,-;ff) ,,,),,

ti!), * (lå,-",', . ul; r|-,'\*
3 n¡ \ 6,r\
ô- - I / :zt_t1t__t2/ S /2

(-++. [(-å t cty2+ a,*:) * fr{*, a3 - {\2us)J ,,",,),

11 t "q'¡
\21, s /r'

" 
: (+ (r*,' - 2a1a3- +","r) {
. [(- I*r*r t a]a2as t 2a1a22a,r r 2az,cv3)

Zot
+ ä (-2*rar'a3r2a1a2,.r')] 

""n),
. (;+? *ll,*),,

o : (ui ?4*, -t r6ap2)+ . 
l{-no,,*,cs) + 

ff{ro,ro,*,)] ."n),

* (-zf-þ\
\ -21 s /2,

!3

ls2

2

Q.1

,.:1, I
- r 

\-¡'1,

* (!-\!r (2 e6)

(2 e7)

(2.e8)

Fä:

+

(2.ee)

I t7+ op, (-å * et2 -2a1a2
sf¿,

)-+

1

-2

uz3 a

2
U2

.

f¿_

--
s'

Ìt(

4.3

t)

,

(."'

\(,
)-

I3t.

tQz

QZ

/r i
¿ ___
\ 3 !1!2!g

Ð
t) ¡'2a2as * tot'

o1
Q.t"e.o * -(i:r'q-

t)

ay2a2as * 4o

!1 /

"rtr 
(.-'*t'

It
\-3
2a2a

at3o

Qt2a

!1
trz!

Fg:

I
I

+

e"a-1

t,i (-,i näo: -ï",'
7,1 1

2or'- Zatas 6ara'¡

o, - lrr'a'¡2 ._lor'*r')

'*l,o'u * jo'o'

,gd

(." - t)

2a¡t2o -
J

2 usïQz

I =Qt'

31
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/sFo:(-;
\J

- |*r'oru3 - a1a22a, - |*rt*r' - *r-r,)] +
. [(-# n h*,' - i*,u- ä*,'*,+ $*,",
- l*rt*rqr - crr "*r'*r- å*, '*,r' - lrrr'*r'*r,)
* o' ( L*,,r, - j,r,r*, + äo,r*r, -;*,,,,rr, - |*,rrr,nz \36

- )*r'*ru - h*r*, + |,r,'*r*, - lr''t*2rÌ¿ - j.'*r',o,

+ ),rr*r'' *, - !*rurcv¿z 
* 

)rr.rtt 
*r*r' - !rrr'*r, + 2a] u22 u.,12

+ |*r*rt *rr' + ar. ar' + rrr'aru,r' + Bo, u22 *33 + a23¿rJ3

l.u1,.2a11't + az2 a3'I). # (i*r*ro,' - .,13 û2a32

lttoDo^.)ô1.'-t 
fiaz2a3' - *r'*r'*rr' - 2a1a2itct.t, + fiara3}

-)*rt*r*r" - *rrta¡3 - |.ror*ru - **r,*rn)] .*),

. (uî; (-+-; *),*,,*,,)+ .+ (å _*,0,,";)+

. uh (å - uJ + *,*,)?. är,, - *,o,¡&

. ul;? -++? * (i"t -i*?"2- h),,,
* (*,t-To,,,- å) vnt (;ä -T)*.),,

, /n !1 Cr\

3 \ nztrs s/z'n,l
1

J2!1

/cOIe"" - ))- sf)1
--;
.gó

(2.1 00)

(2 101)

Ftt: (-roå-GI-F.9 . [uå (-å. 2.,t2 +2a1a3* o,,)

* uåt- 2o1a3 + zaza)fa=r),

. (lui (i"r - o;o,,). uf; (i", *'r*,,-;)]+

. fui (-å . 2aJ - zo,*,). uf; (I- r-* * *,*,)]&
*(_!_, o' \ c, -(_r,;#) ?_T*ù,, eroz)\ D2'J2Ds) s'\ ¡r,:

,)z



Ftz : (uh,-, at * 2.,z-t 2a3)Ë . l[rr",azu¡)
1 n, r osO\

I - (2ata2tr.;1) * .--'_ (-2atalat)l :- )D3' "/ nZlS \ -'-r ""'"'"' ) S l t
*1-, I ß,_ rIVn- o1V'¡\

\ -n2I3.e2 -n3 s "22 s /r,

17 / I,^,c"0\, / ^I Llz.¡,fr¡:(_ (zal)-
\u r /,,* \-,äï)r,

Ft,t:(-ruår$. lå,r", (yz) + !e.*,,¡
*"l;(- za,u)];),. (uå çr*ùþ),,

I t osQ 11 /2Fts: ("o(-natrr2a1) * * L" (;"'' -2*''t - zcv,,a2

-2ala2a3 - 2ala11') * 
ä(-zar3c,, + 2af a22 + 2ala2a3)

!¡¡ /- ¡) ^ o ô o \''l 
"sQ\+ 

"Ë 
(2a13a2-2at'rr' - 2ola2a3)J ;/,

. (-'uåä . + (,.? - Ð? -,++),,

F,o : (uå,t-,",1$), . (uå, -ro,\#
*o i 6t\
'-!rn, s2 /r'

Fn :(frrr",,1;), * (- +?),,
D _l^ 1 (e'0-1) | 7 ,r-i8: 

\a.pr"rri-s3_¿ n L"r+(-8ataz+zal)

* 
"å(- 

+a! + 8aya2+ 8ara3)] Ë . l!{+*,ror*r)
+ fr t-s",' o,or)* ;fu t, al a2a3)* ¡þfn *,, a,*r)f+),

*l_¿ r þ),,
\ E1!3 sz

(2 105)

(2 103)

(2 104)

(2.1 06)

(2.107)

(2.1os)

Ótf

(2. i0e)



Frr, : (å,-n-' 2 a2tt3)+)" , / 1 Vz¡\-\-o, r /r'

F,n: l, t ("-t -! I 1

\ ¡r!2tr.ì 
LFf . L"i; ('*" - 4atu3 - 8a2as + 2rv,r2)

. ufu (å - ",' - 4az2 n n",r,)] {
- [å (-?*r.* * 2tt]a2rt3 t 4a1a22ar + 2..,23ùs-I-2oz*3'))

nl lI+ ,- ,- l;azas - rulu2ru;¡ - 2a1a22Q.:r - 2a2;ìû3)u2u3 \J /
n., / . r ^s0\+ -r (-2a,(r22e:t |_2u1*r"r') I :- )lrlz\ ' -*I'-¿*ù)] s l"

. (u* (-!-, + 2ar.'z) # .ui?), ,

Fzt : ("rr,-t uJ +toa1a3){ 
" lå (8a12a2a3)

+ fr r-s',' *,,*,,)* ¡ft tu *,r,rr*r)]+),

*1¿aÞ\\ !r s /z'

F,,:l t (- roaf,_24*1a3-l 4aza3)#
\ nt lrl, t

. iuä (,*ro - l*r' + 25oro, 
- r2a13 a2 * r8a] az' + 25*r*,

- 4a13as * 72a12a2a3i_ 4ayarr*, - 6a12a32 - 4a1a2as2)

- U; (8a,3a, - r2ala22 - r2alazas - +*rorrr)l#

" l+ (-*"" * åo,n* Io,'o, + !*,'*,*3- 2a/.,2a3

:-2alaz2a, + !.r'as2 - 2afas' -2ar3af)
7 /7

+ å (åott", -!*r'or'.-2a14a22 - Zaf a23 -!or'oro,
t 2ala2as - 4a13a22a3 _zaf *r*rr). Ul; (+ar|c,rasr)

. ul; (-åo""' + !*,'*,os - 2ala2ar - zat3e22a3

+ !o,"or, - 2a14a32 + 2a1,a33)] î), . (u* G 
_ r"*) ?

(2.1 10)

(2.ii1)

(2.rr2)
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_, I Cr_7 / ^ " 1., 1\Ur.¿-"4.r,r'*C \*í'í 3*í* *)î
. + (z*,*, - zo?. 

å) ? . +ry - riry),,

Fz:,: (oå- (s,0,'- 16n1 u2 - 8a2*,) +
. luå (-å-' (tz t srYt'*' + 4*,*,*,.)

.Uå; (8,r'',0r,r,, - 8ar *r'*r)]#),

. (uå (å*,' - 2ry,'*,') # .oh; (-å . 4cuf - +*,,,,)

*,1 7 c'-, 7 c¡-,rwnl
' n1!3s2 Z1J2s2'"!, s /r'

I t . ô.lcsr)-1)\
-þì¿,t : 

\ rprq, t-+*ôl ),
*1, I Cr*u I Cr*rI Wrr\- \'!.rq,r, *onËr,tr* "=r, lr'

F2t, :/=* - f-roor"r)9k!)
\ nr!2¡3 \ *-*¿*o./ 

sB / J

. (*uå3.'uå3*uäY),,

I t o o.c"a\
þba : 

\ "ga 
(+* Íaz") ,z ) .r,

Fzz : (#- (8o"", - r2a12a22 - 8a12a2"r) Ë
. iuå (-2r*"o'2 + 4rtla2'+  ,,'uo"*')

+ =+ (-.Aar'ar'ar + 4aJart*r)l *\nr!¡ \ ' ---' --' *'/ ) t, / ,'

D'i I r ,r6a1a2a32)*\,t28- 
\rprrrt- s'/s

n I t (B , c o\e"0\Í2s: 
\!ñrn, \54r"02'0t') ,t lr,

ß3
o

(2 113)

(2.1r4)

(2 115)

(2 1i6)

(2.117)

(2. ii8)

(2.11e)
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4o : (t-;-; (z*3 - 4a1a23 - aala3)

* t ( -! - 2cuyr - 4a12a2 r2a22lrlz \ 3

t 2a2r * 2ala;' ¡4*1a112 - 2a2a32)]Ë),

f n" / 1 \* 
f 
-Ë; (- t*' az t Zcvtrvzs + 2a12r4u3)

* ¡l;,- 2u¡t2ctf,). + (z*i*', - 2atu2*?3 -
* å (år' *2 - 2t\1*za.¿ - 2ap!, + a,tr*rrrrr)f

. (u* (å', - z*,'*") #),,

D _l n r ("",t-1) f- 1
þ11 : 

\-0"Ë,l,f * L"cr?4*'a2+4a22)

. uä (4a2a3)*.å(- n",*ù]Ë)"

. (ufu,no,)?),,

Frz: (r-hË * lfie*,a2 - 2a,2)+ fi?z*,*,¡
*¡furr",",,] 

'), 
n (- ##),,

r,¡ : (#-, 8a1a2 - +*Ðff. [uå (-4a1a22as)

* ufirfn a1a22as)* ufrrtn ,,t2,,z2 - +.,raz\fË),

(oToT)r:@ffi,

nlmlkl

1\
;rÌ1cr3 )ù/

"sl) 
\

-)s /.,

The a -representations is the starting point for all the further clerivations. There-

fore, we present here several reference formulae concerning the a-integrals. One has

(2.r21)

(2.122)

(2.123)

(2.124)

(2.r25)

(aiaia!),: (n-trn+k+2)t'
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The relevant results for the large tirne behaviour of folm factols are [30]

(P (*r, c2) exp(sa pz.)) 
z

r PQ,O) + P(0, 1)

!
s ---+ oo (2.L27)

f P(1,0,0) P(0, 1,0) P(0,0, 1)l

L nrtrB - tr,ls - tril, l
. 

" 
(å) , s -) oo (2.128)

2.4 Reduction of the a-polynomial form factors to
the basic form factors

The problem with the a-representation is that the s!-¿¡gurnents of the form factors

are not confined to the kernels (2.83) and (2.8a). As seen frorn the expressions above,

they enter also coefficients of the a-polynomials onto which the forrn factors are

rnappecl. FoI this t-eâsott, the o-representation is not unique because even with the

delta-function iir (2.82) taken into account, vanishing of the integral like

(o@,o)."t,), (2.12s)

does not iniplv vanishing of the polynomial P(a, !). This nonuniqueness obscur.cs

properties of the forln factols and makes difficult val'ious checks like the check of the

tr¿rce auomall'. 1tt particular, thc fact that the contliÌ¡utions of thc str.uctules (2.76)-

(2.79) vatrish (see below) is not seen frorn (2.121)-(2.124). Thc oligin of the !,s
in the coefficietlts is the tlee fot-mulae which express the peltulb¿ltio¡s th¡ough thc

<rrrvatures (1.43) (I.44). Tlie problern of nonunic¡ueness pelsists in leplesentations

fol the foi'rn factols in the heat kcllnel (Chapter 3) and in the efi'ective ¿lction too.

The technique presented in this section is desiged to lernove this clefect.

These equations are, in particular,

behaviors of the form factors.

useful for obtaining the short tirne asymptotic

*o(å) ,

(P(ot, a2 j aB) exp(sf})), :

where P 's ar-e any of the o-polynomials above.

i
-ã
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Onc r,vay of obtaining a urrique replesentation fol the folm factors in the trace

of the heat kernel is to eliminate ali polvnornials in a. All f'olrn fãctols r,vill then be

explicitly expressecl thlough the basic seconcl olcler fblrn fäctor.

f (€) : (.-",",r), -- .1,,' 
,lrr"-ci(r*cr){. { : -sn, (2 130)

¿rncl tire basic thilcl olclel f'orm f¿rctor',

F(€,,{2,{¡) : (c"0).,: (2.181)

t êuti(I - û1 - cv2 - all)exp(-a1 azt3 - e2astt - ata.¿tz), t,,: -sD,,,,,.J a>o \

(rvlrich is conpletely symrnetlic in €r,tz,{3). The techrrique of elirninating the poly-

nomials in a is as follows.

Aftel use of the clelta-function in (2.81) ancl (2.82). thcle lernain to be consicler.ecl

the contributions of thc uiononi¿rls:

(a'.e--o'.,'e) r: f'o' 

O,*û" exp | - o(r - *)€] ,

(aiaie"a) r: lo' 
d,o, 

|o'-"' o*, aTai,

x exp l- "r(t - (r1- az)ü - rr(1 - at - az)€z - apz€zf .

For the case (2.L32) integration by parts procluces the following equatio¡:

lo'o* fã,".*p [- 0(1 - "x] : { 1; ,l 
rB

which yields the recurrence relations,

("' t-o'o'4) ,: : ("-.o'"') r,

which make it possible to express all integrals (2.132) through the basic form factor

(2.130). Note that this procedure automatically leacls to the appearance of the form

factors with subtractions (2.31)-(2.32). The recurrence relations for them are similar:

(2.r32)

(2.133)

(2.135)

(2.134)

(2.136)
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(.'(.î-)),:i(-, (+)),
, ,r, _ ,1 f *,,,_, /e-","r{ - 1 + ar az{) \-;t ,\'\ -=e-)1, n>.2

âs orìe can check 
"vith 

thc aicl of eq. (2.125). The appe¿lr'arìcr: of the

explainecl by analyticity of the integlal (2.182) in { zrt € : 0. Since

relations inrplv a clivision by {, the zrppezuing subtractiorrs rn¿rint¿l,in

For thc f'orrn fâctols with subtr'¿rctions one has

/c-a 
a:i 

- 1\ /({) - 1\ € l,:T'
f c-oPt€ -7+uraz{\ _ f (€) - t + å{\ 4', l, t'

iu tclrrrs of (2.130).

lo' 
o*, 

Io'-"" 
oo, **? *i'exp ( so l*,:r-o, -o, )

(2 138)

subtr'¿rctions is

thc lecurlelrcc

the analvticity.

(2.13e)

(2.r40)

Elirnination of the polynornials in a frorn the thilcl-orclel folrn f¿rctols is b¿rsecl on

integration by parts in (2.133):

(2.r41)

(2.r42)

where the second order form factors appearing on the right-hancl sicles are subject

to the recurrence relations above. By performing the clifferentiations on the left-

hand sides of (2.IaI) ancl (2.142), one obtains two linear algebraic equations for the

quantities

(ai+1 aie'a) r, (aiai"+le'CI),

containing the highest-order monomials. The discriminant of this linear systern is

A : €? + Ë3 + €3 -z€rË, - 2{,€¡ -2€z€s,

- I þU' (e-ûroz€s - e-"t"'€')), , n: o

-l ("'¡ry'"-o,o',€r)r, n)0,

lo' 
oo, 

fo'-"' o*r h*r *rexp ( s0 1".:, -o, -o,)

- Í ("f (e-oroz€s - e-"'"'Ê'))r, m: o: 
I (tttY'e-o'o'€")r, m> o
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âncl the I'ecutt'ence

(a'1+1aie"0),

p(rt,,nt) :

B(n,o):

n,) 0,

-€z-€r)

relations obtainecl in this w¿ìy are of the forrl

¿

+ zn,fr(ai-iai'c"Q),

. ((¡-€z-(r)
-'- 77 :'st_-ì1---)J / (ai,ai,- lc"o),

(1¡+{r -€z) t
\a| a'!'l' e- "' "",), + P (n' rrt')'

0,

(€,

rn,)0

(aîe-"'",e')r, n,>0

(2.r44)

(2 r45)

(2.146)

(2.147)

(2.148)

(2.14e)

(2.150)

(2.151)

(2.152)

(2.153)

A

P(o,nt):2^ (aTc-orcz€')r, rr, > o

¿

P(o, o) : 2Ï (e-"'"{'), + ((¡-{z-(r)
1e-oto'€' \\ /2'

1a?aP+1e"0\ :\ r z ltt /J

{z(€s+ã-€z) t-t 
"- 

(aiai,e"Q),
¿

+ 2m,? ( aTa?-1e"a\
A \ I Z /3

A \ ' lJ

6(n,m) :9, n > 0, nz > 0

á(n, 0) : 2|(aTe-',o"e,)r, n ) 0

6(o,m): Ga*aÐ (aTe-,,o"Ê,)r, m > o

ó(o,o) : 2.f,(e-o,o,e,), . G*3 (e-o'o,e,¡,

Together with (2.135)-(2.136) these relations make it possible to expr-ess all integrals

(2.133) through the basic form factors (2.130) ancl (2.131). Again one can show that

A
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the a-polynomi¿rls clo not clestroy thc cornbinations (2.30)-(2.35) ancl (2.36) in r,vhich

the f'orrn fäctols ¿ìppear. The lecull'erìcle relations r,vith subtr¿rctions obt¿rinecl r,vith

tlrc aicl of eq. (2.126) are of the folnr

(cfi+ta!,1,(""', - r))., : -{r({¡ 
+lz - {r) (cÍiai(",', - ,)).,

+2nX(r\'-1ct['(""n - i - sn)),
lt ¿ ¿ \

+ ?r¿\q3 - !? - qr/ 
(r\,*ï,-, (""r, _

-11(rt,,m,)^ (2.r54)

(2 155)'y(n,nt,): g, n,> 0, rn > 0

.y(n,o): 6-*3 (cri (e-,,'.r{: - 1 + ao2(2)) r,
r¿)0 (2 156)

(2.157)

?(o,o) : 2* ((e-o'',e' - 1 + *r*r€r)),

. G.*3 ((e-*r,za: _ 1+ *ror€r))r, (2.1 58)

r - s0))
//:l

1+ ar *rtt))"

r) ).

- rCI)\//3

I + aøzg)),

t(0,m): 2* (oT ("-","2{r - 1 + aøz(t))r, m > 0

(*T*T*r(""n - r)), : -€z({e 
+Jt - {z) 

þT*T(""n -
+ 2'| (*T*i'-'(."n - r - so) ),

n "G.tsQ (oT-,o1(."n _ ,

I o(n,m), (2.15e)

(2.160)o(n,m) :0, n>0, m>0

4I



o(n,O):

o(O,m):

,*þr(e-o,o,

({e-€z-{')

'*(G
+

€z-1f

(*T("-"

urrrt))r, n> 0 (2.161)

frrrer.ircFr.

raz€t -r+aøz{t))r,

nz>0

3 /({) 1 ¡ lc
-r-T-6S

A

ø(0,0) : -atdz€z - 1+ *rar€r)),
(€e-(,-t')u.7-::z ((e-o,o,e, _ 1+ ,r*r€r))r,

and, for the cornbinations (2.86) themselves, one has

((""n - t)), : r'({r , (r, Ëù - },

((""" - 1 - sr:)), : F({r,€2,{s) - ;" fiCr+ €z + {s)

in tertns of (2.131). However, the analyticity in Ët,tz,(3 is now maintained by a rnole

general mechanism. Thc analyticity holds only in the surn of the form factors o¡

tlre liglrt-hand side or QJ44) (ancl, sirnilarlv, (2.149), (2.154), (z.r5g)), and it is a

nontlivial fact that, when these form factols are expancled in powel series in {, the

denomiuator A gets always cancelled. The rnecha,nism of mainl,aining analyticity is

based on the existence of lineal difi'elential equations which the fïnctions (2.180) ancl

(2.131) satisfy.

Thc clifferential equations fbl the basic folln factors can be clcrivecl with the aicl

of the lecut't'ence relations above. Fr.on (2.130), one has

d
-;ttel: (o'vrr2s-"'"'€) Ql66)dc"" \ ' /2

u'hich, bv rneaus of (2.135), (2.136), leacls to tlle f'ollowing ec¡ration fol thc func:-

tion /(():

-ftrct: furet.;*.]
Tlre fbt'rn factor' (2.I40) rvith two sul:tlactions explessecl thlough the seconcl clelivatir<:

of /({) is

ftxo:

(2.162)

(2.163)

(2.164)

(2.165)

(2.167)

(2.16s)/1 t2Tq
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Similally, one obtains the equation f'or the form factor (2.131):

0 1r
- re , 

F(q' 
' {2, {,r) : A, l({' - {z - €¡)a

+ tzt¿Q€z€¿ - t3 - (3 + €?)]116', (2, {¡)

- 18{r{z{¡ + (i, + {¡ - ir)a'2 '-fi({i)
, .{zi¡({¡ - €¿ - €,) ",- ,-r z Oz ;l\iz)

^{z(r({z - {¡ - (r ) ",- ,'r z ------ 1t.z-./ (t;l ).

Tlre firnction F({1,€2,{s) is conr¡tletely syrnrnetr.ic irr €t,tz,{3 arcl, t}reref'ole. satisfies

two othet' equations, with 0lÔ{2 ancl 0l0t,t, clerivable fi'orn (2.169) bV symrnet¡y.

Finallv, ¿ìs a consequence of these equations. one can clclive arr cquation f'or. the f'orrn

fäctor' (2.131) ¿ls ¿r fìrrrction of s:

-'tf*rr-,sn1, -s!2,
n' D"!., \
- 

"- 
+ t) f (-sn ¡ , -sn2, -sns)

trr(n3 + ¡2 - nr) r/ .._ \
2D 

-J 
\-sUl/

.ÞQj#@/(-s¡,)

. agj#€,f(_sn,Ì),

D : zr2 * zz2 + !¡2 _ 221r,2 _ 2zt!3 _ 2n2n3. (2.ITI)

This is an important equation since it will be a key tool fol stucly of conformat fielcl

moclels in Chapter 4.

2.5 Final result for the trace of the heat kernel to
third order in the curvature

By applying the reduction technique above to expressions (2.87)-(2.124), the for-rn

factors fr r,vith i: 1 to 5 and fl with 'i: I to 33 can be brought to their'final forms.

Quite rernarkable is that form factors 4¡r , Fzz, Fsz just vanish in this representation:

4lr({r, {r, {¡) : o,
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(2. i6e)

(2.170)

(2.172)



4rz({r, €2, €a) : 0, (2.I7J)

4¡((', {2, {¡) : 0. (2.174)

Tire lesr.rlt oÌ:t¿linecl f'ol the f'orm factor' 4lo carr be fbuncl in Apperrclix B. This

nonv¿lnishing f'ot'ut f¿rctor' flto is, hor'v<;rrcr'. syurrncltlic uncler' :r pclrnutation of the

l¿rbels 2 ¿rncl 3:

4¡o({r, €2, {¡) : 4ro({r, €¡, €z) (2.rT5)

¿ìs oil.e c¿rn check by a clilect inspection of <,:xplession (8.30). On the other harrcl. thc:

structure 30 in eq. (2.76) is antisyrlnetricr unclel this perrnut¿rtion:

nln2m3(30) : V oilloV oR.2R*

: -V oilloY oR4R2 + O[m4] * ¿r total clelivative, (2.176)

ancl, thelef'ore. the coltribution of this stluctur.e vanishes

.fd* o'/'trF3e(-srll, -sn2, -str3)$ù1$è2$¿3(30) : O[n4]. (2.r77)

The clifference is only that none of the properties (2.172) (2.IT4), (2.ITT) appear.

before the f'olrn factors are brought into a unique lepresentation by eliminating the

o-polyrromials.

Because the contributions of four extla structures vanish there remain only the

contributions of the twenty nine cubic structures. The final result is [34,54],

Trltts) : -+ lch sttz tr{î + sP\ / (4ns)' 
,

+ r'I l,(-snr)ffitffi2(z)
i:1

+ r'Ð 4(-snr , -sú2,-s!3)ffi1Wr$ùr(i)
i:I

25

+ r't Ð 4(-s!r, _sf,z,-s!3)$è1W2ffi¡(¿)
i:12

28

+ rt f 4(-sn,, -snz, -sn3)ffi1ftrWr(r)
i=26

+ s6 Frn(-s! 1, -s!2, -sD3)ffi1 ffi2m3 (2g)

+ olm4lÌ (2.r78)
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The seconcl ordel forrn factors ./, (€) for' ,i : 1 to 5 ale

basic seconcl orcler f'olnr factoL (2.130):

[30] expicssed t]n'ough tire

(2.17s)

(2 180)

(2 181)

(2.r82)

(2 183)

h@: 1[1
s ls6/{el 

+ 1(/(€) - 1) _ (r(E) - r + å{)15 ( ----€t-l

/,({) : }tfÐ *

Ju(t) : jtftl,

1(/(€) - 1)

,È

The forrn fäctors Fo(€r,{r,(¡), 'i:7 to 29 ale explessecl thlough thc b¿isic thilcl

orcler folm factoL Fr(6r,{2,6¡) ancl the basic seconcl orcler form factor /(€) The

coefficients of these expressions arc lational functions r,vith a univelsal clenominator

(2.143) raisecl to a certain po\¡/er. The explicit expressions for the (unsvmmetrizecl)

thircl order f'orm factors can be founcl in the Appenclix C.

In expression (2.17S) the form factors,f; automatically acquire symmetries (if
any) of their respective curvature structures tr$t1ffirW¡(¿). These symmetries (uncler

permutations of the labels I,2,3) follow from the table (2.47)-(2.75) ancl implv the

following symmetrization of the form factors:

Fit-(€t, €2, {¡) :

(2.184)

1,
ã(ntg',{2,{s) + F (6r,{r,(z)

-t Fr(tz,{r, €,)),

1'
ã(Afe',€2,{¡) + Fz({s, ã,€z)

-l Fz(€2,{r, €r)),

4t'({t, €2, {g) :
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(2 186)

(2.187)

(2 i88)

(2 18e)

(2 1e0)

(2.1s 1)

(2.rez)

(2.1e3)

: 
å(*rr,, €,, {¡) + Fs(€s, €,, €z)

-l Fs(tz,€¡, {r) -l Fs(12,6r, €s)

+ Fs({¡, {2, €r) + Fe(€r, (r, €r)),

1,: 
u (r'o{et, €2, {s) + Fro({¡, &,€z)

f Jlro({2,€s,€r) + Fro(€2,{r,{¡)

t Fro(€s, €2, {t) + Fro(€r, €r, (r)),

: 
*g,rrr', {r, {¡) -t F,t(€2,€,, {r)),

: 
!çrrrt,, (2, {¡) -t Fs(tr,€', (r)),

: jlnre',{2,{¡) -r Fa(€2,€,,{r)),

*e',r*,, {2, {¡) + rz({r, (r,1r)),

å 
(ort', €r, (¡) + Fe(€r, {r, €r)),

ï@rr(€r , €r, (3) + Fr r (€r, {', {r)) ,

4it'"({t, {2, {s) 4((r, {2, {s),

4it"'((t , (r, {¡)

Fïìt"' (€r , €z , {¡ )

4ì'"'({t, {2, €¡)

4t"'({t, {z, {s) :

4t'' (€t , €2, {¡) :

4t"'((r, {2, (s)

Fið"'(€t, €2, {¡)

ril-({t, {r, {¡) : (2.re4)

(2.1e5)Fil-({t,{r,€s) : Fn(tt,{2,{s),

Pi¡(€r, €2, {¡), (2 1e6)
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(2.re7)

(2.1e8)

(2 1ee)

(2 200)

(2.20r)

(2.202)

(2.203)

Fìl''((t, {2, {¡) : Fr¿({r, {2, {¡),

tr1.SYIIT/C c c \¿'lU \t1: t2: (3/ Fr¡(€r , tz, €¿),

Fið"'(€r, €2, €¡) :

Fiå''({t, {2, {:) : Ftz(€t, (2, {¡),

j 1nrfe,, {2, {¡) + Fro({2, €,, (r)),

] 1n-fe', (2, €¡) + Frs({r, (r, {r)),

å(ort*,, (2, €¡) + r,e({r, {r, {r)),

)@*fer, {2, {s) + Fzo({r, (s, {r)) ,

ï@*frr, 62, €s)'t Fzz(tt, {r, €r)),

)@*rt', {2, {3) -r Fzt(€2,{,, {r)),

|@^cr' €2, €¡) *

|çr*ftr, €r, {¡) + Fzs(€i, €r, €r)),

t 
çr^Cr, €2, €s) * Fza(€2,{r, {,)),

Fìå"'({r, {r, {s) :

(2.204)

¿rsylll/¿ ¿ ¿ \Í19 \(1:(2r(il/

Eìsym/¿ ¿ ¿ \4 20 \tl r !2, t3/

4{''({t, €2, {s) : Fzr(€l €2, {¡),

Fìl'" (Ët, €2, €¡) :

4T'(€t, €2, {¡) :

(2.205)

(2.206)

Fz+(€t, €r, €r)) , (2.207)

(2.208)

4T-(€t, {2, (¡) :

&T-({t, {2, {e) :

(2.20e)
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4Y'"(€t, {2, {s) : Fzz(€2,€r, {r)) , (2 210)

Llsylll/¿ 6 ¿ \4 28 \(1 r (2: Ç3/ (2.21r)

F,î"'(i', €r, €¡) : lf arn(E,, (2, {¡) + Fzs({¡, {r, {z)

r Fzs(€2,{¡, €r)). (2.212)

When takeu sepalzrteiy fi'om their cur-vatule structulcs, the fìlnctions fl rrrake sense

onlv being explicitly symrnetlizecl as above.

Note that all the stt'uctures (2.76) (2.79) r,vhose contlibutions vanish ale lineal in

R.r,. h, the final result f'or the tlace of the heat kernel, thele lemains only one such ¿r

stlucture, namely, n1.ì2mB(13):R-l"V,,hV"k (eq. (2.bg)). Its fb¡r¡ f¿rctoL (8.13)

is symmetric unclel a pelrnutation of the labels 2 ancl 3:

Fr¡(€r, {2, {¡) : F e(fr, {¿, {z) (2 213)

but, because all the three curvatures in (2.59) are matrices, this structule possesses

no antisyntmetry under this per-mutation. Its contribution can be written clown as

I dr or/ztlF13(-s!1, -s!2, -s!3)ffi1W2m3(13)
7r: ; I rtr st/z ftFÈt""lr,,r,v"rl, (2.214)

and it does not vanish in the general case) as one can convince oneself by considering

simple examples.

2.6 The large time behavior of the trace of the
heat kernel

Derivation of the large tirne behavior of the form factors in the heat kernel was given

in [30] to all orders in the curvature (see sect. 2.3). For the basic form factors (2.130)

ancl (2.131) this behavior is

ïe*rr,, {,, {¡) r

)g^rr,,, (2, {¡) r Fza(€2,{,,1r)),

(å) ,
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F(-sn1,-,en2,-s!¡): -ll=l-*=f *=f)*o (:), s---+ oo. (2.216)" ¿t s2\!rn2' D1n3 n2n.¡/' \t,,,,
The lalge tirne bciraviol of all seconcl orcier ancl thilcl olclel folrn fäctols follolvs therr

fì'oln the cxplicit expt'essiotts ¿rbove. Anothel lv¿ry is to use the a-represent¿rtion of

tlre f'olrrr fäctols in serct. 2.3. ancl eqs. (2.I27). (2.I28). \,Vith thc synrnetries (2.1g4)

(2.212) tal<en into accouttt, one can e¿rsily obtain clesireci asvrnptotics f'ol all f'orur

fäctols.

Not all thilcl olclel f'olur f¿rctols contlibute to the lezrciing asyrnptotic orcler.. Thosc

absent ale folrn factol's f; lvith'i:3,5,7,r0,r5-17,2s-29. On the whole, the

result is th¿rt the behaviol of the tlacc of the heat kernel at lalge s is s-,*1, ancl the

coefficient of this asvnptotic beh¿rviol is obtainecl to thircl orclel in the cur.v¿rture. As

shown ln [30], tltis behavior']rolcls at all orclers in the culvature except the ze¡oth.

This power asyrnptotic behaviclt' is charactelistic of a noncornpzrct rnanif'olcl. (For the

cliscussion of cornpact inanifolcls see [bb]).

The explicit asvrnptotic f'olrn of TLll(s) is as folior,vs:

Tr/{(s) : d* ldr o'/z t {utr¡wrr+/V13a9¡pnl}+o

where IVI¿ for 'i : 7 to 3 clenote the first three orclers in cu

Their explicit form is as follows,

futt: Þ,

IVIZ :

Ms:

-P!P-!l¿,,,,!n"*lpr n! 2 n"a - 3- n-"

-åo*!ot"'î+frnjni, e2rs)

p 
-!p!p - znr Ln*.!pa
! ! d D'_ t'Z-- t"

+11n1 nþ + !-¡¿!¡¿!p
36! tr 18 !--!-

-!!pIpn - !p!pln
6n ! 3 ! n

+z!n"o\nÍRo*- hr:nfinî

(å)

rvatur

, s ---+ oo, (2.217)

es of this expansion.

(2.2r8)
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* i!r* ln,,,ni - ln* !n*!oi
-rln"rv,,!R,,*v, Io,o - 2!v,,,y ,,!Þ, ,,! Þ

- rv,, !n'o v' 
1R.,, " ! e n, ! *,,",,v,, !ou, r, äu" 

o

- ! ¡7u rt y o IÈ,," o,, IÈ,, + 
å å no" 

å 
n,,, v,, !n,,,,

*+! R,,,"y,,v^ ll?^" !ft,,,,, n ! ! ¡¡"rty,.L nv,,! n1n t' '\a D 6n-' ','!-"'t)z-,'-

- ]v, !n:"v,!n,," jnî - !!nt,"v,,!R*,'v,!n,rr. (2.220)

2.7 The short time behavior of the trace of the
heat kernel, and comparison with the schwinger-
De\Mitt expansion

Derivation of the short tirne behavior of the tr'¿rce the heat kernel presents no prob-

lern. One tnav use eithel of two form factol lepresentations: the explicit expressions

(2.179)-(2.183) of sect. 2.5 and (8.1)-(8.29) of Appenclix C, ol the a-replesentation

(2.87)-(2.120) of sect. 2.3 cornbinecl with eqs. (2.125), (2.126).

lVe neecl expansions for the basic seconcl orcler f'orm factoL (2.180) and its moclifi-

cations with subtr¿rctions (2.139)-(2.140) only up to seconcl orcler in s but in Chapter

2 they are neeclecl up to third orcler (except for the folrn factor with two subtractions

(2.140)), so a sufficient series is of the form:

/(-sr) : 1 * |ro + #r'o' + rfr'n' * #rr'¡o + o(ru), s ---+ 0 (2.22r)

similarly, we need the basic third order form factor'(2.181) up to o[sa]:

F(-s!1, -sn2, -sls) : |* ,fi{or* !z * n¡)

^1'- 1
n t'';l1ft{oro, * !rtrz -r nrns + !a2 f nr2 1 lrr)J

+ ,': f-f lnrt * r,tr,z2 + nr2!z + !s2nz
611120'

I z'oz2 f nr3 + tr23 + nr2ns + n,n¡2) + ufoo,nror]
"\r 1

+ sol l=_=1lrtret + az'nz'+ ngtr3 + r,za + !z3n¡
2416300
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+ zt2f,z2 + nrnzs + ¡¡2nr2 + !zlr3 + !r,l + !¡.1 + ¡2tr¡J)

+ *f¡,nr'!, + trr!3D2'+ r,'¡r¡r)l
4200r r ù . ' -t -ò-z/J

+ O(s5), s ---+ 0, (2.222)

It is not lvot'thr,vhile to leprocluce the table of asyrnptotic behaviols fbl fbr.rn fäctors.

Inse¿rcl \'ve pt'oceecl to the short tirne ol the Schr,vinger'-De\,Vitt expzrnsiorr (1.1b) foL

the tr'¿rce of'the heat l<emel (1.18) r,vhich is of tire f'oLrn [12]:

Trlf (s) : -+ i "" I d:u (tl/zrr' â,,(:r;.;u).\ / (4rs\' -^ .t\ / 1l:l)

r,vlrere ãrr(:a,:r:) at'e the local Schwinger-DeWitt coefficients with coinciclcnt zrr.gurnents.

In contt'¿tst to (1.15) hele the âr, coefficients appeal unclel thc integral ancl r¡at¡ix

trace opelations.

By insertirtg short tinte expansions of the forrn fäctols into (2.178), one a¡rives at

ec1. Q.223) with the follor,ving results f'ol the integlatecl Schwinger'-DeWitt coeffìcients

as to a4:

I cln grtz rr îLs(r:, *¡ : 
.f 

a, gr/2 rr î,

I rlr gttz il* tt1(n, *) : I a* g'/' fi P ,

ld.n or/z n ô2(r,*¡ : 
.fa* sr/, Í, {}UrU, + +Rr*Rl"

(2.223)

(2.224)

(2.225)

L
I

+

(-

(-

1

45%
1

90n1!2
1 t ^ô- 60!r!r )Ri,v"R2Y BRsr -l

" d* Rfvt"RiPy,R3oBîl_ (#*
1

- *"irrt, v 'v PRl"v 'v 'RiP R'î
2

- ß#*v t"Rl^v, Rf 
^v,v 

u Rt" îj * o [mn],

ahorRIov,R2t"olrî

-i4ln f'vouzp,,vo ng,î
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I u* nr,, rr ô3(r,*) : I a* s'/, t, {#ed * #or*n;" + keo,nr- nc ^ 1^ 1 ^+ ffin., ¡,,R9'7 - ffin,R.ri + 
åP,P.P, - fro,r"or",,ñ.!t,

+ |n,*n,,.A. (*_' ufu - ft.*#;)Rt.R,,,p,
. (å * ft)ni"È,.*T?,,p,+ (- #.#il_l *ffio )n,n,n,î

tLn,2,2\
+ ( - rr* - d" * *ËË, )R'|,R;,,R1,,î

, ( 1 ¡l_- flrr __11'2 \ 
^* (rsræ - ßr2¡1*r* ra90o, - 

^"*rq.)Rl"n2t,,RÌ7, / 2 
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315n1

f]r Eo
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ldr srrz ft ôa(r,*1 : f a* s'/, tr tffie,n * ffierr, n ffiñ,u,Êy,
Zr2 no^ Tl* ffi^tp,Rt'î + fiP,Þ,4 - #r¿ hR,fp4f ,

- ( Dt _- z, , "å)nr"nru,Þr. (ih _ #il" ,Rrh' \1go 1go ' 9
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- ne3
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^rr5"r- 
rrtb"il¡ - ær*Fr)vrnlÀv'Rf ^v*vu4g"î
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Even if one starts with the exact forms factors of sect. (2.5) there are no A-
polynomial (2.743) nonlocal factors here, because the form factors are analytical func-

tions of ( as been explained in sect. 2.4. B:ut the striking feature of this short time

expansion is that it is still noniocal and some of third order structures contribute to

3780!2 6300n3

(2.228)
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a2' One can see that such a behavior is charactelistic orrly of gravitational structules

ancl, moreovet', the nonlocal operators 1/! in the asyrnptotic expr-essions above act

onlv on the glavitational cur-vatures. As ciiscusseci in the Intlocluction, these f'eatures

r,vill persist at ¿ril highel orclels in Sù. ¿rncl the unclellying cause is that the basis set

of curvatut'es for the heat kernel cloes not contain the Ricrrrann tensor r,vhich gcts

autonr¿rtically exch.rclecl via the Bi¿rnchi iclentities (1.bS).

Nor,v we sllor,v that t'estoring of the Riem¿rnn tensol lestores the local shor.t tim<:

expansion. The task is now to bling explessions (2.226) (2.228) to a local f'orr¡

bv t'estoring the Riemaun tensor. The explession fol the Riernann tensor solving the

Bianchi iclentities to seconcl orcler in the Ricci tensol is given in (1.b8). The proceclur.e

tlrat rve use here is as f'ollows. Fot' eaclt 0,rr,',ve first consider a linear cornbination of

all possible local invariauts of the appropriate clinrcnsion with unknowu coefficients.

Next, in this cornbinatiotl) we exclucle the Riernann tensor, ancl equate t[e result

to the nonlocal expt'ession above. This gives ¿r set of equations for the unknow¡

coefficients, which in each case has a unique solution. In the case of a2, ther.e is only

one local invariant with explicit palticipation of the Riemann tensor, namely

ldn o1/z Ropt",Roþp' .

Its nonlocal expansion up to thircl order is as follows

ldr or/z RohoRogla : lar í/, {+R*Rt', - o" * #hR1R2Rs
*r("1; - l)rr"RiB*t,. (å - uf;1" t, R,,,R,

-(r* + #)Æi,v'R2vBn, * oå vp*iov,Rz¡,.*s

*hof'v,R;pv,Rzop t ^(;o- uhl" fv,R2pt"vp Rl,

- -Ét.; v oY BRf"v t"v 'RTP 
R3- -fu v pRT^v,Rf 

^v 
*v ung"j

+o[Ä4].

Expressions of this kind were usecl for other local invariants below.

(2.22e)
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In the case of 43, there ale seven (the iutegral ovel space-time is assumecl):

fiÞRF"oþ R,,rop, ÍrÊogñu" Ro,¡,,r,

Ro{l¡rrH.P'o 
¡,R,o 

Qo{i , Ro,r{J, Rpo' ,Ro o' 0 , 
(2 .2zr)

RftR.orroRDt"o , RR,I"olJ R,¡rro¡1,

R,op R,{1" R,o¡1rr.

¿rncl the coefficient of RR/'"o?R¡t,..¡t tulns out to be zelo. Irr the <r¿lse of ø.1, thelc ale

ten (counting onlv cubic):

il'nÞRþurR.ogt,,, tlPV,Voß,¡tRt'roo,

tR'lJaRW Ropt r, zwfrRoproR,opvo ,

aRRP',þRprog, RrrYPRogopV'Ro7oo, (2.232)

Rv trv oR,¡]Rø'o{t, v t"nrov"Rt)oR}lpro ,

V 
'RB¡V ¡,R)Roßr" , R,oøJRo'Ro{¡t r,

ancl tlre l¿lst one R,oPaR,tt" Rap¡", has zelo coefficient. The numbel of invariants r,vith

the Riernann tensoL cloes not grow fast owing to the Bianchi iclentities (1.57).

The final results âre âs follows. The expressions (2.224) and (2.225) are alreacly in

tlre local fbrm. The expression (2.226) is brought to a local f'orrn by using eq.(2.230):

l rtr strz rr ô2(r, *) : l a* s'/'tr {}U, + +rR*R '
l- 1 - _ a. 1 _ .t^ì* L*Ã"r rùRùþuu - frnu"n*]î| + o[m4], (2.282)

ancl tlre expressions (2.227), (2.228) rewritten in telms of invariants (2.231) and

(2.232) take the folm

.lo* n','tr d3(2, *¡ : I a* s'/, t, {}e"e * ho*ríl,,
1 r t 1 1 t^+ 

180PnÆ 
* L*rrr".Rp" - ñËnnj 1

1^^o 1^+ 
6PPP - *Or"írouT?!¡'
1^^ I

+ nPn"þñ,og * å,o"",0ñ"ÞÈr,
1^^1

- - 
Ru"ÈorÈo' + frRø""P R"oBÞ



- r*lo"u R*r,þ. [-# R,rp,R o,rR"JB

* #nu|,,, R,u'o 
oR.o'o{, * ft o.u ou 

F, 
^R/ 

t" 
^

*ftrn'onu, R.o,,,, - #nf RfR,å)î) + o¡n,1,

.f 
an st /' tr cî,1(t; , ,r,) : 

.f 
dr gt /' t,r' {fif"' e * }Urr', *

* fræ,"'¿27?.u,* ,rr1, n t,,,a2R,,,i

+ fiaÞrt - #" È,1,ÈouRþ,,

* firn"rv,,È,,ov,È,,, * ,*lo Èr,7i,,,Þ

* finu"tft,,,,P * fin "n*nÞ

+ frv,,arov'ñ,op * fier"n
n frn,'"v ,,v,PP * fin*v,,Pv,Þ
- fr n' v,,R.v,, Þ -,r rr-J- 

r þ nn.

" ffieorÆ - ,fiuvrn"ov,Rr,"Þ

- fro'"oRþ,Þ - ffin*R,,,2Þ
* fiUa"o|R*"plÞ + fint"oþy rvoL,BÞ

" ,äo Rftr'Rr, - ffiañr,nti*
- #oo oR.uvgRo,, * ,fion.IR{RB,
- #*"þv oni*v oñr, * fia*v rv ¡È^oR o,

* fiUn,Bv rñøov,È,g + fior,,ora.,ørlÈt,
. 

f 

'*oloo 

*op R*oBtn * ffi o RoBRor,¡Rpp,^

- ffinsovÀ Rt"o|vo R¡",o1- ffin t"'oþy ,v oR,þR

- ffin'o'Þv rL,¡v^ Roþ - firr**v.Ro^v ,R)

* ffio p'voRBryB ni - ffior"r r{oav,RoB

- ffi v t" R'ov,RpoR t ffir"ov oTv BR

(2.234)
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* ffin Rp'rRp,- 
,ru*-J-o 

RRt* Rp,

-#o"XRiRf,- ***ao nnnlî)+ otnal (2.235)

As r,vas cliscussecl in the Intloclttction thele exist inclcpcnclcnt urcthocls f'ol obtain-

ing these coeffìcients. ancl folrl:0,7.2,3, thc ôr,(2. r) hzrve becn c¿rlculzrted cxplicitlv

112. IL 4. 16,22]. Sonre lesults exist f'or'úa Éìs well [16, 6, 23,I7]. Nor,v r,ve carry out

a corrrpzrlisou r,vith these knor,vn explessions bclolv.

Tlre cxpressions (2.224), (2.225) ancl (2.233) f'or'ø6,úr,1 Éìntl ø2 croirrcicle r,vith the

rcsults obtainecl by othel methocls lI2. 1I, 4, 16,22]. It, is e¿rsy to conrpare cxl>r'cssiou

(2.234) f'or'ø3 r,vith othel lesults [4, 16] sirrce they cliffel only bv t]re clefinition of.È2

telm [34].

Tlre infolrnation about ø,1 avzrilable to cl¿rtc is r¿rther incourplete 116, 77, 571. In

all therse pâpels a,1 is clerivecl fbr the he¿rt kelnel expansion (i.15). The paper [57]

is clevotecl to a tnoclel r,vith a rnatrix-valuecl potential on flat rnanif'olcls, thelefble it

provicles only telms constlucted of P rnatrices, which are in agleement r,vith (2.235).

The work 117] concerns only a scalar fielcl rnodel in curved space-time r,vithout

a potentiztl, theref'ore, it contains only pure gravitatonal terrns (tenns of (2.235) in

square blackets). Our lesult (2.235) disaglees with this work even in seconcl older irr

curvature. Futher comparison cloes not make sense because the transf'ormation from

one tensor invariant basis [17] to another (2.235) can only be clone in all curvature

orders simultaneously.

In Ref. [16] aa, in fäct, is not presented in a final form because a basis of tensor

iuvariants is not chosen and, therefole, the result does not have an explicit representa-

tion. After reduction of the result of [16] to the tensor basis of (2.235) the coinciclence

does take place with accut'acy O [$ùa]. Some tensor identities usecl for this reduction

of aa can be found in Appendix A.

Finally, in ref. [6] second orcler curvature terms are obtained fol any Schwinger-

DelVitt coefficient I drtran. The result is consistent with the coefficients leproduced

in this section.

tÈ7t) I



We slroulcl note, that although all the equations (2.233)-(2.23b) arc presently

obtainercl r,vith ¿rccuracv o[$ùa], the results fbr'ø2 ancl ø3 are ex¿l,ct.

Later', in sect. 3.5 we r,vill cliscuss thc; cornpalison of the Schwinger'-De\,Vitt coefiì-

cients f'ol the heat kernel (1.15).
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Chapter 3

3.1 The generating function method for the heat
kernel

The preseut chaptel is clevotecl to conputation of tlte coinciclence lirnit of the heat

kernel kþþ:,r). The b¿rsis of tensol invali¿rnts in the seconcl orclel in curv¿rtules

f'ol the heat kct'nel is constluctecl ¿rncl the f'olm fäctors ¿ìre obtainecl in two integlal

represeutations. The results are checl<ecl by cleriving the Sclrr,vinger'-DeWitt selies of

the heat kernel ancl the functional trace operation. This chapter is based significantly

on the notatiotts and methocls of chapters 1 ancI2, therefbre references to them are

made instead of repetitions.

This task is accomplishecl by two cliffelent methocls. One method is a clilect

application of formulae of the covariant perturbation theory, sect. 1.2; the other, the

generating function method [28], is explainecl in the present section.

The origin of the generating expressions approach is a simple valiation plinciple

]u(o""o) 
: r.(oÊe'i), (3 1)

lvhere ó means the variation of the functional TrK with respect to backgrouncl fielcls

it depencls uporì. The equation (3.1) implies

(3 2)

The heat kernel in the second order

1o(r,¡r(, )) : I ae tr [oÊ(v \ k þlr, u)]1,:,

Since the differ-ential operator F(V) has three independent backgrouncl fieicls, the



netric, the gauge field, and the potential, there are three possible variational equa-

tions [28, 47, I9]. The one we are interested in is,

(3 3)

Thus, the heat kernel trace, interpreted as a functional of tlie potential, generates tlie

diagonal heat kernel value.

The rnethod of generating expressions (3.2), or lather its rnodification for the

Green's functions, first has been proposed for analysis of local divergences of the

coincidence lirnits of the Green's functions [2S, 19], and reflects the fundamental

featule of the effective action as the generating function of the one palticle irreducible

Gr-een's functions 124,I21. HoweveL, as was shown in [43] the method can be used to

treat nonlocal curvature expansions as well. This makes it a good tool for two-loop

calculations [28, 20] since to compute even local ter-ms of two-loop graphs one needs to

kuow finite noulocal terms of one-loop generating functions [28]. The wor-k with heat

keluels, instead of the Green's functions, has the advantage that one is not r.estrictecl

to specific space-titne dimensions, and no clirrelgelLces a,l'e pretsent before the ploper

time integrals ale done.

As the generating function we take the ti'ace of the he¿l,t kernel Ti.lf(s) cler.ivecl

fi'orl the cor¡aliaut peltulbation theoly in the previous chapter'. Tlie only irnportant

f'eature of the folrrr factors in (2.40) r'ecluirecl hele is th¿rt they alc functions of the

o¡telator €, : -s¡¿ ancl clo not clepencl explicitly olt the curvatur.es !Ià. This is a

featut'e of the lrlethocl which alw¿rys elirninates one culvatule leclucing- an a,cìcur.ac\¡

O[n"] llv one olclet'. In this crilcumst¿lnce thc rraliation of form fäctors is not r.equir.ccl.

Il principle, one ttce<ls to clelive coincicleuce lilnits of the he¿l,t keluel of the most

genelal folrrr

V* . . . V''VY . . . Vylf(sl t:,y)ly:",. (3 4)

The plopagatols obt¿rincd fi'orn (3.4) b), Schwingel ec¡ration (1.a) ltear all essential

infolnration of <¡uantum field theorl' lr2, rr,27l. The ìreat kelnels vrÊ(slr,!J)lu:,
ancl V*VBkls¡r,ùly:* wele clelivecl up to the first orclel in culr¡atules in [a7] ancl



the computations can be extenclecl to higher orclers. But the generating function

tllethoci is un¿rble to pt'ocluce heat kelnels r,vith rnore than two clerivatives since the

operzrtor F(V) is seconcl orcler in V's. Foltunately, the covaliant pertulbation theoly

erìcornpâsscs ¿rll possiblc c¿rses of (3 4)

To check the cousistencv, all lesults of thc next thlee sections ale obt¿rinecl both

bv the genet':rting fì.rnction urethocl ancl by the cov¿rliant pclturbation theory.

Although. it is possible to st¿rte the fin¿rl lesult irnrnecliately, in this chapter. \,ve

f'ollow thc J>zrtteln of Chaptet'2, i.e., we st¿ut r,vith noncovaliant perturbation t[eo¡y

zrncl pÌoceecl to tlte covari¿rnt curvatüro\ expânsion ancl form fäctot' representations

finishing r,vith the short tinte expansion.

3.2 Second order of the perturbation theory for
the heat kernel

In the covariant peltut'bation theolv, sect. 1.2, the he¿rt kelnel is fir'st expanclecl in

powers of perturbations (1.22)

¡r(r) : Ë rçf,l
n:0

wlrere K"(s) is a term of n-th power in the pertulbations h¡,,, i,,, çÞ - t¡anî¡.
Tlren, K"(s) is obtained in the form (c/. (1.39)),

k,þ)çr,r) : 
fiOu"'@) l,,.ort',,b(r - 4*,,
x exp lso",¡1(ai ¡. . . e,*7 lV')] å stOl@r,. . . dtt+ lzu)1, -,(:.s)t:0

or, with the notation (1.40):

k,G) : -J -qrt, is¿(e"o"+,ôr¡,,.tÚ\- / (4ts)'" 
':o

(3 6)

Here the kernels of nonlocaì form factors f)7¿¡1 are the sarne as in sect. 2.1 but they

appeil in lower orclers than in (1.39).
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The variational rnethocl (3.3) can be clirectiy appliecl to the results f'or ihe trace of

the Ìreat l<eInel iu tet'rns of pet'turbations clerivecl i¡ sect.2.1. a¡cl result in thc s¿ìrne

explession (3 5) Let us now clisplav the f'olrns f'or. o zrncl Ô, fbl r¿:0,

Qr:0'

i,o îuo-r'

The results f'ol n : 1 ¿l,Le

Qr(ar, u2ll\:¿tazú,

Cl(,rt. a2l,u¿):!h,i,
2

C I @', o,2lt: ¿):al (l,,V,trr" -
¿urcl f'ol n.:2

1 r^
;R.)I+ P -za,V,,lt'.lJ/'t

(3 7)

(3 8)

(3 e)

(3 10)

(3.11)

(3 12)

(3 13)

03(41 , a2, a3lVi):a2o.3ã1 I o1u3f'2 I a1a2ú.,,

ô3@r, (12, (r¿1*n¡:(jn,n, + )ny nip s*ruB,)î,

c)(*t, (r2, *rl*o):-Prh, - 2s,piîif + (ø,*(n''. + n?) + 2su*(D: - D|))iinl"
+ î fln,n, - ){ør,rr,Dtt, + g.BD'rrDl, + 4sp*D,,Dro)hi"hiuf 

,

(3.14)

c3@,,a2,a31r¿):(¿ - fn,î)(", - lo,r) + @LDrp+ DxDrp) (¿ - ln,î)n;o
- z(DL* ,t) (pt - åoti) iy - zçn'-n''rnt, + DB,D1t"DÐfihi"

+ 4D3"Dtpfîi| + n'3rnln[oþny"n;nî. (3.1b)

ÐÐ
t). t) The a-polynomial representation of the form

factors in the heat kernel

Nolv one should âpply covariant expansions for the perturbations through the Gr-een's

functiotls to the t'esults of the previous section. Since each pertur-bation, ht"" andir, is
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¿rn infinite selies in the curvatures, the expansion to the second olcler irr the curvatur-es

involves the fir'st orclel in the peltulbations.

Altelnativcly, orre cì¿ìn use the generating fïrnctiolr m<¡thocl (3.3). It is easy to

oÌ¡set've that only thilteen of thc 29 ternsol stluctules (2.47) (2.75) contain rnatr.ix P

ancl thus coutlibutc to the he¿rt helnel itself.

lVhetirer' 
"vc 

obtaiu the lleat l<elnel by the genelating filnction methocl fï'ollr ta,bles

(2.87) (2.I24).r>r' bv ¿,lit.,,, substitr.rtiorr of the nouloc¿rl expansions of sect. 1.2 into

tlre pcltr.rlb¿rtions lLt"' àtt(|î,,, the lesult is

^1
K(sl:u.:u) : ---:-ctt/2{î + r (9,i-"1¡P+92(-sn)fiî)

\4ts¡''- t \"'' \ / /

+r't G¿(-sn1, -sn2, -str3)$ù1ft2[z]
1

+r* Ë G¿(-s!1, -snz, -sn3)sù1ffi2[z]
6

+ s3c,r(-sn1, -sn2. -s!3)Sù1$ù2112] + Otnr]) (3.16)

Here [ù1ft2[z] with'i : 1 to 12 are quadratic structures (note the use of squale brackets

instead of rouncl ones to clistinguish from (2.41)-Q.a$):

n1n2[1] : PtPz,

n1n2[2] :'li,l"7lrr,,

n1m2[3] : Þr¿r,

n1n2[4] : Rt¿zi,

n1n2[5] : RI"Rz*I,

n1m2[6] : V *ñl"VoÈro,,

(3 17)

(3.18)

(3.1e)

(3.20)

(3.21)
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Sù1n2[7] : [V"4 ,VBRT'],

lÊr m2[8] : Y ,,V,ÞrRï" ,

.ryùr m2 [9] : Y oRttu,V P R,i"i,

lnln2[10] : V,,V,RlRl" î,

(3.23)

(3 24)

(3 25)

(3.26)

(3 27)

The'e is an aclclitional cluachatic structu.e linear in. ñ.¡,,

yùl n2(12) : V,ÈlþV,,Rz, (3.28)

which is sepat'atecl from the others fol the sanle reason the structures W1$à2$ù3(z) foL

¿ : 30 to 33 weÌe soltecl out in the trace of the heat kelnel: this stlucture is absent

in the fitral answer. lVithout gravity, the basis (3.I7)-(J.28) recluces to o¡ly four

non-vanishing curvature structures. Svmrnetlies of its structures are obvious.

The form factors g¿(-sn) ancl G¿(-sn1, -s!2, -sng) are representecl by two non-

local kernels: exp(sa1a2l) and exp(s0) same as (2.83) ancl (2.8a). The function

(2.83) appeârs only in the combinations

A, ß, u, v (3.29)

of (2.30)-(2.35); the form factors containing t¡,vo subtractions C, W clo not appear-in

Ê(t) The same feature is present for form factors formecl with the function (2.g4),

i. e., only two combinations

"sQa, 
gsQs - 1 (3.30)

of (2.86) appear. Basically, the second orcler form factors of the heat kernel mimic

the third order form factoi's of the heat kernel trace ',vith their coefficients bei'g
polynomials in a 's, the Laplacians, ancl the Green's functions. But the level of

S¿rlR2[11] : Y oV tsR,t¡",Vt"V" R.lPî.



cromplexity in this order of the heat kernel is less than irr

kelnel tlace.

Here the first orclel folrn factors ât'e forr¡recl of ones in

gt(€) : 2,f u(€),

the thircl orclel of the heat

(2.i78) as

(3.3 1 )

gz(€) : lr({) (3.32)

The seconcl orcler f'olrn fäctols G¿(i1,{r,{¡) for'¿: 1 to 11 ale c:xpressccl vi¿r f'or¡l

f'actors Fo(tr,4z,(¡) of the trace of the¡ heat kelrrcl (2.178) in the follor,ving rvir,y,

Gr({r, {2, (¡) : F ({,, {2, {s) + Fr(€2, {¡, {r) + J71(€¡, (r, (z),

Gz(€t, €2, (,r) : 4l(€t, {2, {¡),

(3 33)

(3 34)

(3 36)

(3.37)

(3.38)

(3.3e)

(3.40)

(3.41)

(3.42)

(3.43)

G¡(6r, €2, {s) : 4;(€,, {¡, (z) + 4;(€¡, (', (z) - å,* - {,)F,z({2, {¡, {r), (3.35)

Go(Ët, {2, {¡) : trr({,, {2, €s) + ;({, - €, -{r)Frs({,, {2, {s),

Gs(€r, {2, {s) : Fs({r, €2, €s),

Go((t, {r, €¡) : Ft¿(€t, €2, {¡),

Gz(€t, €2, (¡) : -Fr¡(€2, {r, 6¡),

Gs(€t, {2, {¡) : Fn(tz,{t, €¡) -t Fn(Ë2,€s, (r),

Gs(€r, {2, (s) : Fra(€r, {2, €s),

Gro(€r, {2, {¡) : -Frc(tz,€r, {s),

Grr ({r, (2, (¡) : .Fzo(€r, €2, €¡),
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Gtz(Ër, {2, {3) : 4r(€r, {t, (r),

llt : (A)r,

ez : ((';-å)" -ß),

Ancl the seconcl orcler folrn f'actors aclmit the form

(3.44)

lvhet'e sotne intet'changes ¿rncl cyclic substitutions of inclices of the algurnents {¿ alc:

macle. In the lelation (3.39) the syrnrnetr.y propelty Fr¡(€r,{2,{¡) : Frr(i,,€1,(z) is

taken into account. It shoulcl be ernphasizecl that tirese lules ale not sensitivc to ¿r

representation of the f'olrrr f¿rctols. they cran Ì:e in eithel of thern: (2.92) (2.i20) oL

(8 1)*(B 2e)

Irr the a -polynorniai t'ept'esentation the fir'st olclel folrn f¿rctots ¿ìtc

G1

Gz

Gs

1e'0'\\ /il'

124, a"c'Q'\\ ' - /:J
/7 IA1 IIA, 18,-!., \
\zO;n¡o,---:+ z-fu"),

/- 1 e"nt 1,2.- \r*?" L(; -2att2a] -azi2a1a2)

+=fi{z*,az - az). ä (*, - zaøz)].,n.), ,

/ I , , 7,Az I ßz(_(a, I -_
\!r' ! 6/ s n1 s

[ !;r ,I or !(r,r).l 4\*Loür\tt'-) ul ") s /z
I t e"Q¡-1 r Eo ,* 
\ opr r, * 1",., (3a1a2 - 2o')

.íU3t 4a2 t2a1_ 2az2 - oo,or)] *
lt 5 1 2 ^ 2n 
f( - s6+ i*' n i*r' + iaøz - azl

- 6a1a22 t 2a1a23 + Jala22)
Dtt2 1+ È; (5tt"' * à", - az3 - 3a1a22 * Zala22

- alez:_2a1a23). ä Gä*+ a2s -?r,o,

(3 45)

(3 46)

(3.47)

(3 48)

(3.4e)

Ga:
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I 4a1a22 - 4a12a22 - 2a1a23 + 2a12a2)

+S*(o, '*r' -*,*r')'l ."n,\ninz' '- " 1' l r'
I^ 1 .*n"-1\ +ll:!r_¿rr2)+ !3 ,7 :rl
f n ¡, t, ts \ L L-r, . Ë, lr*t" )l

.(+-;#) +),
(-r-år#. llrr*,*,) " ": 

(2*1a2)

o =oi r- 2*,,rùf """" \ * ( t 
tn^, ,/, \' n,Dr\ 4(¡l(tzl-l , l, \lpri"") ,r, /r'

- ( !rr*z)<:'4,,\ * (rlUY\ 
.\nz' '/ /J \-!z s /r'

(!r+"/1."" ), - (r++),,
(uå,'-' ",) #),, _' (uå; ç2.,\þ
*, 1 6*\
' 'zrz, 

s2 / r'

(uå,*" 2 - r2a2\# . lfr {*,",' - 2a1a22)

* !f!*' - 4*r' t 4a2a t 4a1a2s - 2ata22)

!o 
-4a1a23'l *\+ffi(z(t(rzz- 'J s rs

. (,uå ? ",ä+ . åfå -,*;)+),,
(uå,-""o'\ff),,

(,-L,#. fftr, aßz)- !{zo,*,)
*!{ro,- 4at -ro,o,)]#), - (ujú#),

(3 50)

At
s

Gt; :

G7:

Gs:

Gs:

u10

Gn:

\f 72

(3 52)

(3 53)

(3.54)

(3.55)

(3 56)

(3.57)

(3 51)

(3.58)
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3.4 The final result for the heat
ond order in the curvatures

kernel up to sec-

As cliscussecl at the beginrring of sect. 2.3 the c-polvnomi¿rl replesentation f'or. th<;

folrrr f¿r,ctoLs (3.a7)_-(3.58) is uot unique. Due to this f¿rct thele is ¿ln extla c¡.raclratic

structule (3.28) r,vhich rvill be absent in the final answel f'or' Ê(r) Thus, lve neecl to

proceecl to the cxplicit t'ept'esentatiou of sect. 2.5. This ¡,vas clone again in tr,vo ways)

fir'st is tlte tlc¿rtment of (3.45)-(3.58) with the a -polynornial lecluction ploceclur.e

of sect. 2.4 ancl the use of a cornputel proglarn sirnilar to that usecl to clerive forrrr

f'actors of Appenclix B. The other is the use of expressions (3.31)-(3.48) ancl the clata

of Appenclix B.

Both methocls result in the f'ollowing expression f'ol the heat kelnel

Ê(r) : fiOo','{î + ,(0, (-sn)P + er(-sn),Rî)
5

+ r'I G¿(-sr,, -s!2, -sr3)Sù1$ù2[z]
i,:L

10

+rt Ð G(-slr, _sr'2, 
-s13)ft1Sù2[z]

,¿:6

+s'1G11(-s!r, -s22,-s!3)ffi1ffi2[11] + O[nr]],

where quaclratic tensor structures mlyù2[i] are clefined by (3.17)-(5.27).

The explicit form of the seconcl orcler forrn factors is [47, 48]

s'(O : Í(€),

(3.5e)

(3.60)

(3.61)

The structure and complexity of the second order form factors are similar to those of

the thircl orcler form factors in the heat kernel trace (2.178), thus they ar-e placed in

Appenclix C.

The obvious check of the calculations above is the functional tlace operation

(1.18). We can use the o -representation of the form factors for this consistency
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check. All total clerivative terns shoulcl be cliscalclecl. ancl all secorrcl orcler form

fäctors reclucecl to fir'st orcler ones by iclentities like

t, lat: nt/2(t:)F(-srl1. -sn2. -su3)ft1.ù r::tr .frtr; 
gt/,(r,),f (-sn2)ffi1[ì2 + O[n:r].

(3 62)

\,Vhile fit'st orcler tet'ms collzrpse to a single local P. thc t¿rbles of seconcl or.clel for.rrr

f¿rctols leclucccl five folrn f¿rctols of tho tlace of the heat kelnel (2.ITg),(2.183). in

othcr worcls. f'ollor,ving the line of the genc':r'ating function zrpploa.ch r,vc st¿rrt r,vith the

heat l<ernel tr'¿rce ancl encl up r,vith the same object but in the lor,vel orclel in cur.vatur.c..s,

This allows one to conclucle that thele exists a link bctr,veen two neighboring olcler.s irr

tllel cut'vature of the heat kelnel tLace, namely, e¿rch lor,ver olclel is cornpletely clefinecl

by the highel olcleL, i.e.,

Krr-t (3 63)

'uvhere

K,,

is a given olcler in cur

g'/'Ð4(vr, . . ., v,,)ffi, . . . sù,(z)
i

:tr I dn

vatures.

(3.64)

3.5 The short time behavior of the heat kernel,
and comparison with the schwinger-De.witt
expansion

This section is devoted to derivation of the short time expansion for the heat kernel

K(s) following the way of sect. 2.7. We intencl to clerive the Schwinger-DeWitt series

for the heat kernel (1.13),

nI/2 oo

K(s):: 
-\-'snâ,n(r,r).\ / (4rs)" f:o

All we need to kno¡,v are short time expansions of the form factors in (8.f 6). Again, the

f'orm factors g¡ ancl G¿ cã,n be treatecl in either the explicit representation of sect. 3.4

or in the a -polynomial representation of sect. 3.3. For the latter case, the integr-als

(3.65)
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(2.I25), (2.126) shoulcl be usecl. Fol the folner case, the short time expansions of the

basic forrrr fäctors ¿uc alrcacly intloclucecl in (2.22r) and (2.222).

Genet'allv, a"ll arr(t:, r) are local f'unctions of the bzrckgror.rncl fields, but even tho¡gh

the nonlocal clenolnirt¿¡tols A cancel in the short tirne selies, neveltheless the tr.ee 1/n
noniocal terrns ¿rlc still plcsent cluc to (1.58). By cornpaling thc nonlocal expausion

of If(s) with (3.65) wt: get the f'ollo',ving uonlocal folnr fbr the Sclrr,vinger'-DelViti,

coeffìciellts:

a1(r,:fl: þ.

â"r(t:.:t:\: 1tßî 1 1^ ^ 1/ 180 L+ 
6nP * io,Pz+ uRI',Rr"'

,1 !., f], ¡-1.,2t_( _ _ _o r _, + _r 
\R,rr"Rrrrî' \1go 4btrr go¡, - lgonllri

,fl',2,
+ (- ffi; n n* )YuR,1,,,vFRlî

1
+ 

¿So,o, 
Y oY ,R4¡,,VPV" R,ipî + O[n3],

â4(n,n): åo'Þ + fi^a'nî
- (z' -2, - 

=i) 
p,Þ,+ (#. # * fr¡of,o,,,' \24' 24 ' 24

, lZ.¿ nl lcr ^ , Z, --no \ ^+ (860 - *ä * ,*) 7Rz-r ( - ,r* + ffi)n'n i
, / zt2 ¡l nrns ns2 n:ì n.,Jn (ffi., + ñõ * #Ë - ,,6" + ffio,,rËú,)nY"n,r,î

+ frvrâf'voñro,- fito-n ,vBng")+ frvrv, 
p,Rl,

't -2,/ 1 us Dl n3+ (ffi' - tr** * ffir_r- ö)voatt,vt'Rï"î
* nhorv,RrRË"î. (,ffi*. #Al yovBRyu,v,v,Ripî

+ o[m3],

, 1 oa 1 .,äa\r,r): *loP + 
1b120nrÆ1

,!rn, !,!. !l!¡ ng2 Dr2 nr2r ^ ^+ ( 360 *#*#+ft+ä +-#o)P,P,

. (,H. # .#" +#. # * *#)¿ ï'ft,,,

(3 66)

(3 67)

(3.68)
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* /rln3 _ 3t2 
- 

D2' _, n3' , _n,no !.¡!.rr ^+ (ß120 - n^ 3780 ' 3780 ' riú+ ,r*2)h&z
, Zr2 E,8., fl , n., 2'2 \ ^+ (- m"* r 4b3600------- 

- **ii * *u*) RtR'zr

. tr-l rr 2 r= 2-t r-ì r-t n il n '2

, / ¿J¿l u3 Lll u1u3 L_r1" Lt¡-
t37800n2 37800n2 25200 37800D2 37800

,nrnz, n32 , n¡l ¡.,3*7b6ó***x, *øañc, - 
^ 

,",)R\'"R2,"'î,Z',n.¡'\^
+ (2520 * 

"A+)* 
fu)v¡,Rtl"v"R.2u,

, / nl !:l [r r.- : .+ (- *, - * - 
"á")[v.,P, 

,vrnï"]
,D, n. E.,r

+ (840 * ú*,*)Y¡,v,PrRti"
-( 

Ztz 
- 

E, - EJ' , n, , !¡!r E; 3 
^

\gøon, - 0800 - 3150!, - 6800 
* 4ä"r- iT¡Ë*)vo?',,,,vt'Rv2"î

./42nl n.r\
n ( rru,n= 

* ffi * fr!¡) v ¡,Y, R 1 Rti" î
,7!"!,f]u2\

+ (rx,oo * tùh * %ñr, * 5ßËË, )v*vph,,,vt'v"RT/tî + o[sù3,.

(3 6e)

It is wolthwhile to mention that, it is also ¡rossible to clo the above cornputations

r,vitlr use of the short time expansions of the tlace of the heat kernel (2.225)-(Z.Z2B)

and the relation (3.3), but if one w¿r,nts to obtain the same accuracv, i. e., to know

the fburtlr coefficient aa(r, r), those expansions shoulcl be clerivecl up to fiftlt order in

the proper time s. This fact f'ollows clirectly from the Schwinger-DeWitt series (3.6b)

and the variational principle (3.3):

ãn-t(ï,r) : g-t/z* I clr gt/zr, ã,n(r,r). (3 70)

As with the heat kernel ttace, local coefficients an(r,r) are restorecl by using the

Green's function solution of the Bianchi identity (i.58). To clo this we have to fincl

an indepenclent basis of quadratic tensor invariants containing the Riemann tensor

for eaclr of the coefficients an(r,r). Fortunately, it is easy in the seconcl orcler, such

a basis for a2(r,z) consists of just one structure,

R¡"roBRþ""P.

7I

(3.71)



Sirlce thet'e are several clerivatives elirninating the Riemann tensor lvith help of (1.57)

in possible cornbinations f'ol the thircl ancl f'oulth coefficients, the situation helc is

rather sirnplc too. Thus, the basis for' ø3(r;.:r) nrav contain ouly

z(R,¡rropRu"ott), R¡,ro¡lVFVo R'l). (3 72)

¿rncl fbl a,1(:t.:u),

n2 (Rt,,oþR"','i), Z(Ru,o¡tYt'Y" R,"{J), Z(R¡,,.,¡lVpV" R"lt). (3 73)

Tlren r,ve fbrru the; local arr(:r:,r) with these invali¿rnts ¿rncl other acceptal:le tcnsor

invat'iants which ¿rre rnerely (3.17)-(3.27) mixecl r,vith a nurnbel of the Laplacians n.

The necessat'v nonlocal expansions fol the invariants (3.71)-(3.73), actually boil clown

to a singlc cxplcssiorr

R,¡"roBRI"oÞ :  R¡,uagV pV ,*|n,u+ O[Ã3]

: 
fro'vþRlovpvoRz,p. uå(!, + n2 - !3)v PRlovoR2rp

. **Lf !,' + r'r' +!s' + 2.rt2 - 2ltr,r - 2.2.r)Rl'Rl' + oU?31 , e.T4)L _ 1"2

which is substitutecl into these combinations containing unknown nurnerical coeffi-

cients. Equating the result to (3.67)-(3.69) gives a uni,r1ue solution for unknown

coefficients [48]:

. I ^ 1 ^ 1^^ i
ã"2(r, r) - :!p + ñnÆÎ + ;PP + ;Rp,Ru,
* [*o* p,Roþt''' - #or,r*)î *olnr],

ã4(n,r): #o'þ + fiz,nî
+ finçeP) + fizÞe + fin"e
+ frr1âr'ñr,)+ frrâr,ízr, + $Uor"oo*
+ frr1Pol - #" pn+freon

+ frvrâr'voño,- ålo"U,vuñu,)+ frvrv, 
pR,

(3 75)
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* lr*I", Rtludo Rpud^ * ho,"oþv ry oR,a joor"o*,,,

- 
'*lo,o,"Ru,)- 

-ho,' R'ovoR,p,* ,**ao, v,R.¡1ø'

- #no n *, 
b 

"ro-i- 

r (nn)] + o l$ù31,

ã.,(:u.t:\: 1 ¡'P+ 1 ¡'ßî' / 840 15720

* fro1rrP¡ + 
,*-L 

oror * froiorr¡
+ ]=z'rÞPl + -l-¡'pp + Lpr.'p

360\/360360
¡-L azv,''ft,,,,* ' Ru'z2i¿,,,,n r on,'rlft.,,,,

3360 3360 ì'v 2520 - -Fv

1^^1^1
+ 

1 6 g 0- 

n ( n Rt' " R ¡,,) + 
t t z o 

o' ( R! " R ¡,,) + * u, 
n ( æ t'" aR,,,)

* t or¡Ênl_ 7 a'PR.+ 7 pún15120\/30243790
+ 7 z'(Pnl+ 1 nPnfi+ 1 rrP¡nl3780 \ / 15120 3780\ /

11^^t
+ 

2b20n(V t,Rt'"v"Ro,) f u^r,,oWaYoRo, + frlv,,R''voÈo,
- frt"o,p,vuva"l - #o lv*p,ypnrt"1- --L,o. Þ,=voRa,1

+

L
I

I
I

-Lrv,,v ,ÞR.r' * hr rv,Þzpu' * fro{v ,v,PR ,¡

[rru*a"r,Rp,opR,¡",ool*#oçRu,o\v*voR,B)+fr n'oþzvrvoR,{t

,h.o.o BT¡",ypv'RoP - #o(o. Rp,vt"R ol + ffiv oRp,rv,R o

-r rol 
o,o t v, RR,t"')* 

r, *I o v t v, R,Rr'" * ffi o t"v, Rt Rt",

son*_J- 
o' (n r"' R p,) - ffiu " (Rr,, z R p,l - *h o t u.2 

Rp,u

(3 76)

+

+

- r, *a 
o puu z R ¡L.v - *h . 2 

R R + 
n r ru*a 

o { o 
"n¡

-nrru*lo RrR* øhor(nn)l î + o[ns] (3.77)

Two terms in (3.77), Rp"D2Rp, and DRt'"zR¡rr, are displayecl here with corrected

numerical coefficients iu comparison r,vith [48]. Alt]rough, ø2(2, z) was computecl with

Olnt] accuracy, its expression above is in fact exact.

We compare the coefficients above',vith results available in literature. Again, our

main concern is the fourth coefficient aa(r,r), as the expressions (3.75), (3.76) for

/ó



a2(r, r) ancl ø3(r, z) coincide with the results obtainecl by othel methocls lI2, II, 4, 16,

17. 23,57], taking into account clifferencies in clefinitioirs and cul'vatule clonverrtions.

In lef. [6] the first orcler culvatut'e teluls ale presentecl fol auy Schr,vinger'-DeWitt

coefücient a,,(:r;.:r:). This result is fullv consistcrrt r,víth sirnilal telrns of the cocfficients

(3 75) (3.77).

The onlv geuet'icr t'esult for ct",1(:¿;,:u) is th¿rt of Avr'¿lrnicli 116], but this lesult urifbrtu-

tlatelly lacks ¿r fittzrl replesentation. The vely teclious r.vor'l< of its recluction to a tensor.

invat'i¿rnt basis, r,vhich 'uvet cltoose to be thc basis above. r,vas petlfbrrnecl, pzrrtially r,vith

lrelp of tlre tensor- rnanipulation progra,ms Math,Tensor [5I] ancl |ri,cr:'i, 152]. Irr fact,

this lecluction is much rnore difficult in contr'¿rst to a simiial ploceclure for the tr.ace

l'drfiaa(r,*), see sect. 2.7. The use of cornputers in this context is ulr¿rvoiclabìc be-

cause of the presetìce of total clelivatives. This fäct rcsults in cornputations of objects

like a totally inclex syrntnetrizecl combination of the R,icci tensol ancl six covaliant

clelivatives ancl its subscquent l'ecluction to the folll of 13fi keeping all comrnut¿rtor

curvature telms. The result clelivecl this way flom [16] is in a full agr.eement with

(3.77).

As inentionecl in sec|.2.7, tÌre wolk [t7] reproduces only pure gravitational teLnts,

thus onlv terms of (3.77) in square brackets can be compared. The expression (3.27)

disagrees r,vith that lesult in several numerical coefficients. Taking into account, that

results of the paper [17] fail to ploduce a colrect form for the trace of the fourth

schwinger-Dewitt coefficient, this i,vork rnust be considerecl wrong.

In view of these observations, we shoulcl remark that the work on the fourth

Schr.vinger-DeWitt coefficient should be continued because there is no reliable com-

plete generic result f.or aa(r,r) in the literature. Therefore, such a result f.or aa(r,r)
must be obtainecl using all possible sources like [16, IT,2g,Ig).
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Chapter 4

Weyl invariant models

4.L The one-loop effective action for the Weyl in-
variant scalar field model in two dimensions

In this chzrptet r,ve study fieicl rnodels th¿rt ¿rle invali¿rnt ¿rt the classical levcl uncler

the local rescaling of the metlic

nt" (n) : ç"('') qt" (r)

and the corresponding rescaling of scalar fielcl in ly' climensions,

lN-2) , ,

Ø(r) : "'-z-o\r)g(r).

-w :: [* dt çt xçr) - rrr(s)l*:o) .2Jo s'
There is only one curvatule in two climensions, ø: 1, since

R,, : )n*o,

75

This tlansformation was introcluced by H. Weyl [58, 59], hence, the term lVeyl invari-

ance. Although, two tetms, Weyl and conforrnal, are usecl in the literatule [g, 18, 60]

ancl this thesis orì par, the former is preferable to distinguish fi'om the globalconformal

transformation wliich forms the conformal group in flat space-times.

As discussed in the Introcluction the curvature expansion for the effective action

(1.17) in two dimensions does not generally exist clue to infrarecl cliver-gences appearing

at every order in the cur-vature. Nevertheless, it is formally clefined by the expression

(see Introduction),

(4 1)

(4 2)

(4 3)

(4.4)



ând the terrn lineal in the scalal Pticci (tr/zR vanishes because it is a total clelivative

[rs, so].

Thelc is an excelttion¿rl c¿rse r,vhen the effective action (4.3) pt'oves to be zrnalytic

in the curvatille. This occulcs in the conforrnal inva,r'iant scalal cluantutt fielcl rnoclcl

[18, 30]:

tr'Î : 1, f7,,, :0. Þ : lnî.,6 (4 5)

In this c::tsct, the effective action is expernclabie in polvet's of the culvature. because

the integlal (4.3) cÌonveÌges at thc upper limit at each orclel of this expansion, owing

to specific cancellations in tlte asyrnptotic behaviols of the folrn fäctors at large s.

Fultltet'rnoLe, in the case (4 5), the expansion of trZ in polvels of the culvature shoulcl

tet'rninate at the seconcl po\,vel thereby vielcling an exact lesult 138, 61, 30]; ihe ter-ms

of thilcl ancl highel powels in the culvatule shoulcl vanish older by orcler. In this

section we check explicitlv the vanishing of the thircl orcler terms [a2]. We will work

out this result directly fï'orn the lteat kelnel trace without cornputing the genelic

effective action.

By using the conditions (4.4)-(a.5) in (2.778), we obtain Trlf(s) as an expansion

in powels of the Ricci scalar only:

rr rf (s) : * [dr o1/z {, n ,rf q¡,f_.rr2)R1L2
L1t8r I ¿:r

2eI
+r'I C¿F¿(-sn1, -sn2, -sD3)Æ1Êz&s:_ O[Ru] l, a:r

i:l )
(4 6)

where

c2: \, ct: c5:0, (47)

ancl

(1,.-I n.-! n-_ I t1 - 
1 

-7 n 1L't:216, Uq:6, Us:.I2, Ua: g6, Cs:I, Crc:4, on:2,

crc: *Fr- !z - trs), crc: fit", - !z - !r), cn : åor,
czz: åt", - nz - n¡), czs: if o, - trz - !i), czs: åt", - !z - n¡),

11
6' "" - 36'

1
(,1 

- 
---2',
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Co,.: aro, - n, 's2 *2

16. - n¡), Czt : 
^oror. 

Czz : Toror.
e2 c3

Czs: äor(o, - nz - nr), Cz;t: Ì-l,lrlr.

Cz: C.¡ - Cz - Ca: Cn -- Ctt -- Ct,t: Cts: Cy-t : Czo: Czt :0. (4 8)

We insert the croefficients (4.7) and (4.8), ¿rncl the explessions f'ol the f'olrn f¿rctols

./¿ ancl fl given in sect. 2.5 ancl Appenclix B into (4.6) using ¿rs usual the algebrzric:

trr:rnipulzrtion proglzrn lulAPLE [50]. Then, Tr'I{(s) clivicled lty s tal<es the folrn

1 r [,,n.,1/2[1*[1 1(./(-slz)-t\:TLIl(s) : 
4n .l 

,L* o'," \e 
+ 

løf(-rnr) - s (-Él
-! ( f(-'rz) -t- *srz\l ^ ^+s[ff)]n'n'

t a,22n22'2
+ 

| -sF(-sn1, -s!2, -s!s) -tr
L

1
+ /(-sl1) uOn;f"16 - 4n,i'n 2 - 4lrt'n3 * 3n1'rn2n,

+ 24nr3nr'n, + 5n1'1¡32 + 24nr3zr!¡' - 2t]12222212

f 32lrlr3n¡' - 2bnr2arz3'- 36lrl rtnrt i bn23n"3

- bnr2ns4 - gtrr2lr'l * 4rrrr5 + br2¡s5 - tr¡6)

_(f(-s¿t)-t\ t ,-t- t=il- ) rú"r(!''' - 2!13!3 - 722'2n'z'

- 10n1!22n3 + 8¡in rz.t' - 2rJ22zs2 + 2n1¡r3

* 3lrlr3 - Dsa)

-(f(-sat)-t-1çtr,\ R- (ff ) *"rt"" + 4'rnz * Dztr¡ - trs2)

1!o/
- 

"- " 
."(/{-to') - /(-tn'))

1 z2 (f(-st2)-1 /(-sr3) -1\-nr-on8r,\ r", str3 /
1 3no / f (-sa"\ - 1- lsno

Ilz - !s Snr \ (s.r),

W)] n,o,os+otn4l), t):r (4e)

in terms of the basic form factors (2.130) and (2.131), ancl the polynomial D (2.I7I).
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Bv using the lalge time asymptotic behaviours (2.2I5) ancl (2.216), one can now

clreck that. ¿rt s ---+ oo) the leadingtelms Ilsin (4.9) cancel at both seconcl olcler ¿rncl

thilcl olclcl in the curvature so that

lr,r1,¡ : "(å) 
, s...+oo (4 10)

As ¿r t'esult. the integlal (4.3) convelges a,t the up¡rel iimit. The convcrgencìe ¿rt the:

lowet' lirnit irl the cut'vature-depenclent terrns liolcls t¡ivially. Olriy thc terrn of zeroth

ot'clet'in the crut'vatule is ultlaviolet clivergent but, in the efi'ective action (4.3), this

terrn gets subtlacted out 126, 2b] as r,vas shor,vecl in eq. (4 B)

For the calculatiorl of the integlal (4.3) one can use the clifl'elerrtial eqrizrtions for.

the basic f'olm fäctols, eqs. (2.167), (2.168) ancr (2.170) of sect. 2.4, and rnake the

f'ollo,,ving substitr.rtions in (4.g):

n' n"n"
-t;F(-sn1, -sn2, -sn3) :

, n1(nr + !2 - n,)J"f(-s¡r)
#(t, f- tn 1, -s!2, - "or))

.?(ï#g/(_"¡,)2D
¡B(!1 + n2 - !")r"f(-s!¡),

/(-sr) - 1

2D

d/:rlr(s! + jf {-,n),

(4.11)

(4.12)

The result of these substitutions

in .ç:

/(-s¡) - 1- åsn
('n)'

1
+ ¿/(-sr).

1r.rr(r) :

firr-'"r)

* I* n"' *{- 1 + Iþ,,2)R1R2

t h(s,27,ú2,f,8)RrR2Rs + O[Æa]],

-lrr-'"r)
dt' z

I

dr\ 3¡

å (åtr-"r -

/(-sr) - 1

(4.13)

is that the expression (4.9) becomes a total clerivative

u : I (4.14)

1 /(-sr) -

s!

4
') 

, (4 15)

r,vhere

/(s, !) :
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h(s, !r, tr2, tr¡) : h|t'" + hlYrn a ¿lvttt, (4 16)

ancl hl'v"', /zlv"', ¿;v' ale the cornpletely symrnetlizecl in n1, D2, n3 functions

h,t : sF(_sn r , _s!2, _,çn;r) "#, Ø.r7)

h,2 : ,/(-s¡,)-* - f!,'t-2tr,3!, +2r,,D,,,,-n.',-2n,:r!,- " 8D2nrlz'
* 3nrlra - 81,2!rls * 8!rnrn¡' - 10l,lr2l3 - 2nr2=.,2)

//(-s¡,) - t\ _ 1 ,- ,, .- -

t-' *= ) +n"pr(trt'+ 4n1!2 r nzn¡ - n¡')' (4'18)

Lr : 
';+*tr l-å (åt(-"r,) - rtrt-'",r)

t(L/(_s¡z) _1 1/(_sn3)_l)l 
(4 1e)-o \o, r", - ., r'!r / j

The inseltion of (4.74) into (4.3) gives fol the effective action:

w : ! [0. s1/2 (t(o,zr)R1a2
ó,TI J \

+ h(0,81, rt2, nr)RrR2Ra + O[Ila]) , u) : I (4.20)

where use is rnade of the fact that the functions I and h vanish at s -+ oo. With

the short time asymptotic behaviors (2.22I) and (2.222) ancl the explicit expressions

above fol the f'unctions I and h, we obtain

hìt- l":o : o,

âi'*¡"=o : -hår,nl":o: -#o'+=r+o, , (4.2r)

with the final result

l(0, r¡ : :: ä(0, r,, D2, ri3) - o,\ / ' 72 1

w : # ld,r strz o!r+ o[Æ4] , u) : r.

(4.22)

Thus,
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Here the second oldet' telm in the curvatule replocluces the r-esult of [30] ancl the

results of lefls. [61, 38] obtained bv integrating t]re ¿rnonraly of the stress tenso¡ trace

(see sect. 4.3).

Tlius the thircl olclel contribution to the effective ¿rction I,7 ¿rctr.ially vanishes. aucl

the mechanisnt of this v¿rnishing is that. urrdel spccial conclitions like (a.a)-(a.b). the

thilcl olclet' contribution in s-lTr-If(s) becomcs a tot¿rl clelivative of ¿r fii¡ctiotì va'.-

ishing at both lirnits, s : 0 ancl s : oo. The sarne mecha,nisrn unclcr.lies canccllations

of nonlocal tet'ms in the clerivation of the lVeyl anornaly in fbul climcnsions, sect. 4.3.

4.2 The Green's function for the conformal scalar
field model in two dimensions

In this section we cottsiclet'the sarne fielcl model as in sect. 4.1 but erppliecl to cornpu-

tation of the Greert's function. The Green's function is obtainecl from the heat ke'nel

clelivecl in Chapter' 3 with help of the Schr,vingel ploper tirne methocl (1 4)

" 
: 

.lo* 
o'(n1r; - K(r)l*:o) Ø.24)

Wiih use of the ploperties (4.4)-(a.5) to recluce the heat kernel of sect. 8.4 to the

f'orm

lf(r) :

+ ,'Ë Co Goç-s27, -.s22,-str3)1?1Æz + olR3l) , Ø.25)

wlrere for factors g¿(-sz) are given by (3.60)-(3.61), ancl form factors G¿(-s!1, -s82, -sl:)
by (C t)-(C.11). The coefficients Ç and Õ¿ are:

^7/2 ( 2

h\1+sf c¿s¿(-sr)R

_1
ct : 6, c2: rt
-1ra--r:\J7-;) 93:

.fu

cro: ïor, cr,,

t-
ã' c¿:7'

t
s": 
7zrÚz'

-1c': i,, ce:

Õr: Õu - Õz'
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Aftel compactification the final expression looks like:

n(s) : #{1+"f1/(-,o) -; 1l

l

+ " [sF(-5n¡. -,s!2, -sn,,) 
tr'?-n"

L'!\'/D2
n'

+ ,/(-snl)ffiçn13 - 3nrn,'- 3nstr t2 + zl,nr2

- 2Jt !z!¡ + är,!r' + b!2!32 - nr,, + Sfrir!22 - trr,,)
1

- /(-'¡s) +pzor?zr tr¡3 + 3!,2n,2 - 3n,!r. * !ra - nz!¿'l

+ 9n1n2! 3" - 4z12nz!¡ - 3!ztr:l + TalJsJz2 + Zar2tJ22)

* ( f(-sat) - tl J+1o¡ * nz - ¡i)\ sflr ) znrP''3 -r ¿2 - '

('f (-st¡) - 1\ J ^r-trrn¡ +r,t2- 3!2!r - ¡rnz)* 
\ ro, )zorn\ -r-ù ' -

1 , .. rr- 1o,:EJ (/(-srr) - /(-s¡r)) ü
, 1 (Í(-tn,)-1n,-or\ 

".,
- 1 /(-srs) -

s!¡ ')
RtRz

+o[n3]], a:r.

/(- R
sn) -
stl

n'I
-t
22" I

(4.26)

One should note that this expression cannot be obt¿linecl frorn (+.g) by the gener.ating

function method because there is no potential term P with which to make a va¡iation.

A straiglrtforward check with help of the large tirne asymptotics (2.21b) and (2.216),

shows that the whole expression behaves like O[l/s] at large s.

To pelfoltn the proper time integration we resort to a technique of the previous

section, namely, we lewrite K(s) as a total der-ivative in the proper time s:
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.tri.Jä(53-ry)l o'o'' (427)

arxl7r?'Y"'is the svmnett'izecl iri !1, !2 f'unction. Due Io (2.2I5) (2.2l6)the exp'essio'

irr the curly bla,ckets v¿rnishes at lar.ge s. therefor.e,

G(r,x) : -hnt,t (r,e,l) f rz.y,',(o, 1,. ¡r, !r)) + O[n3] . (4.28)

As ¡eaclily seen in this linlit only a linear. Æ tcr.rn sulvives ¿l,ncl the selies telurinates

at the fir'st olcler:
."7 /2 t

G(r. t:) : -' ,' ln + O [4,]' 4rZ (4 2e)

A sirnilal telm in the Gleen function coincidence limit f'or t¡,vo-climensional cornpacrt

manif'olcls r,vas f'ouncl in [62]. Since wc sholvecl that the seconcl olcle¡ is exactly zer.o

we nì¿ìy presulne that the atìs\Mel (4.29) is exact in the same fashion as the o¡e-loop

effective action is exact in two climensions (a.23).

4.3 The \Meyl anomaly in four dimensions

A crucial check of the lesults above is a clelivation of the Weyl anomaly (also callecl

the conf'ormal anomaly or the trace anomalv) fbl the conformal invariant quantum

field in f'our climensions [63, 64, 9]. As any othel quantum anomaly the Weyl anomaly

exhibits breaking of classical invariance by the quantization proceclure. In this case

the Weyl invariance (4.I)-(4.2) of the classical fielcl model results in the vanishing of
the trace of the stress tensor [t8], Tør@) : 0, but this is violated by quantization,

gt"" < Tr"@) >+ 0- Since the quantum correctecl stress tensor is given by the effective

action,

1Tr, 2: Zl-'/'ffi (4.30)

it is important to reproduce this effect from the results obtainecl in the first chapter

of this thesis' Not only shoulcl it give an aclclitional check for our clerivations but also

reveal how the localWeyI anomaly appears from the nonlocal effective action (the

heat kernel trace).
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To have as m¿tny cut'vature structures as possible invoivecl in the check, r,ve choose

the follor,ving nroclel of the quanturn sc¿rlal fìelcl (ø : 2):

slçl : lU 

,f 
a,,t o'/' (, ,,r'r,',n + f v'v * frfr, ø,) , (4.31)

t: (et )' \ç, )
f¿rurous rp'l rrroclel fol the cornplcx

9: çt i i2z,

(4.32)

scal¿rl cluarrturnIn fäct. this is thc action f'ol the

fielrl

rewritten in terms of the real components.

Tlre gauge abelian (electlornagnetic) freIcl A¡,,

(4.33)

Y tQ : 7t"g -l A,,JQ, V 1,QT : 0,,g' + ArçT ir ,

't:(j' å)
ancl the gravitational fielcl in (a.31) are background classical fielcls.

The action (4.31) is invariant under the Weyl transformations (4.1) ancl @.2):

6"su" (*) : o(x)st'' (:u), 6,p(*) : |o@)p@), 6,Ar(r) : g. (4.36)

The Hessian (1.5) of the rnodel (4.31) has the form of the seconcl orclel clifferential

operator (t.0) (tinies a local matrix) in which the potential term is

ò _ 2^' ( B,pJ + pz2 2grp, \1 - - 4l \ 2ptpz 3pr'+ çt' ) '

TÌre commutatol curvature is definecl through (4.24), (4.3b):

ñr,: i1are, - o,Ar). (4.8g)

From (4.36)-(4.38) we find the Weyl transformation laws for the curvatures and

n-operators:

(4.34)

(4 35)

(4.37)

(4.3e)6oP: oP, 6oñ-r, :0,

83



6oRp,: (V rV, + )s*n)o,

6oR,: (3tr + Æ)o,

(r5"l)P : ozÞ - yooV"Þ.

(6 
"a)R t,, - ozTl p, + 7?,,,,2o + V roy,"l?.u,, - V,oV o Èo,,,

(6"2) Rt,, - 6DR¡,, I R,,,zo + V ooY" R,,,

I V ç,oY ,¡R - 2Y" oV 1¡,R,r. ,

(ó"n)À : oZR-V.,oV"R..

-6"w : -# .fdr sttz o@)tr a2(r,r)

(4.40)

(4 4r)

(4 42)

(4 43)

(4.44)

(4.45)

Having obtainecl tltese lar,vs, one carr f'olget the particular content of the rnoclel (4.3i),

(4.37)-(4.38), and merely consicler the transformation (4.8g)-(4.4b) in the effective

action. For the climensionaliy regularized one-loop effective action (1.17), the r-esult

shoulcl be exactly [64, 6b, 66],

(4 46)

where ã'2(r,r) is the seconcl DeWitt coefficient (3.75) at coincident points. Since the

function ø(r) is arbitrary in any compact clomain, the anomaly (a.a6) provides a¡
additional check oÍ tr ã"2(r, r).

As mentionecl befbre for the derivation of the four-climensional effective action the

dimensional regularization is usecl 122,30,42]. But in fact, in the present section we

will bypass this question since we clo not compute the effective action 14¿ itself but

only its anomaly (4.40).

Expression (4.46) is the general form of the Weyl anomaly in four clime¡sions
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[18, 67, 64, 60, 68]. For the moclel above,

6,: I a,* (o{*)0,'"# +}"r4,nfi) , (4 47)

¿rnd

n-r/r(r,u,6I'V +],rôLI'\- 1 ,'' \'' 6qr,, ,' ö, ) 
: zçanrtra2(t:':u)' (4'48)

In the plcsent technique, ec1. Ø.46) cau bc; obtainclcl onh/ lvith :r given ¿lcclu.¿lcy

O[Yù'] alrcl lvith the Riernantr teusol expressccl thlough the R.icrcri tensor.. To lo'uvest

orcler, onc cì¿ur use the cx1>r'ession for RÌo,r,,, given Iry @.7\. Aflel elinin¿rtion of tire

Riernann tcus<L in a2(:a,z), cc1. (4.46) takes tlte f'or.lrr

-ô"vv : =+-. I tt:r: sttz t. {- lçze¡"" 2(4t¡''¡ *"" ¡. 6'-

- 6lron)oî - iu',,o _ Iu',
1/ n, no ¡.,2\- 1so [t 

+ zfr - 4il . ;fr) Rtl'R2p,o3î

7 /2 no \
- * (tr, - 

"*) 
vt'Ri^v'R'r^o'î

-å-"1-; Yov BR1"vt'V'RTþo'î) * o[m'] (4.4e)

whet'e the notation in the nonlocal terms is the sarne as befor-e with ø playing the

role of the thircl curvature. It is the latter equation that will be checkecl below by a

clilect tleatment of TIK(s).

The way of cleriving the Weyl anomaly that we now pl'esent is basecl on carrying

out the conformal transformation in the trace of the heat kernel. We use the expansion

of Tr 1{(s) in powers of the curvatules given by eq. (2.178). To enable a comparison

r,vith the effective action (1.77), one should subtract from the heat kernel the ter-ms

of zeroth and first order in the curvature. These are the first two terms of expression

(2.178). For TrK(s) with these terms subtr-acted we introcluce the notation

rrK'(s) : trr(s) - å* ld,r strztr (î + sP). (4.b0)

We begin this check by calculating the result of the transformation (4.39) -(4.45)
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in the quachatic telms of TrK(s):

d" I at, s,/, t,' {å O,-,nz)rÊ, $¿,(,)} ,

.[o* n',, R,,,lf (_ sz),yt'v,lo

: 
.lo*orzz 

/(-s1) - å(- 
s¡s)¡n,,, 

vf Ví ll.tp,or+ o[R3..],

with the explession fol the commutator

(4.51)

wlret'e tlre f'unctions /,(-n) ale given bv (2.179) (2.183). In this or.clcr.orc shoulcl

tnake the óo-valiation not ouly in the culv¿rtule stluctrlles l:ut also in the f'ornl fäctor.s.

Irr tirc terln linear in R.t'" r,vhicrh appe¿ìr's ¿rfTel clelninating ouc of the Ricrci tensors bv

(4.40), in ot'clet'to ctn¡;loy the Bianchi iclerrtitv, orx: shoulcl cornmute /(-s¡) r,vitir thc

clerivatives Y¡,V,, ¿rncl t'et¿liu tlte cornrnutator'. By the clelivation',vhich is simil¿il to

tlrat of ec¡. (2.26) r,ve get f'ol the basic seconcl or<lel forrn fâctor:

(4 52)

in which the Riemann tensoL should eventually be expressecl via the Ricci tensor.

In the seconcl orclet' terms (4.51) one has to cleal with the seconcl orcler folm

factors (2.130) ancl (2.139)-(2.140). For the basic seconcl form factor the variation is

as follows,

I dr srrz tL n, (4,¡(-sr2))w2

[z,v rv,]o : 2Y ç,"R,¡oY"o i 2Ro1¡,V,¡Yoo

- V ohprVo o - 2Rorp¡rVoYP o

: I o* s'/' t ry(ó,n2)n1mz + o[w3].

rI rl: 
Jo 

da(I - a)a 
Jo 

OP""u-.')Bsa.

(4 53)

(4.54)

(4.55)

To treat similarly the form factors with subtractions, they neecl to be rewritten in

the integral form, e.g.

/(-sr) - 1

s!

The confolmal transformation in the cubic terms of the heat kernel trace is easy

to carry out because, within the required accuracy, only the curvatures in ffi1$2ffi3
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neecl be valiecl. c/. sect. 3.1. The result is a sum of contlibutions of the ten tensor

stluctules:

. -sn,r. -sn.,)Sù,u/

s!1. -sD2, -sn + olvù31. (4 56)

r,vherc:

y¿rnr(i))

,)YìrSùror(r) 
)

- (29

il f ar s,/, t,' {I n{-,o,

: Ir1,, !]'/'t.r'{Ë Uf -.t '' 
I o:,

.W1$ì2o3(i)

$ù1$ù2o3(2)

[ì1$ù2ø3(3)

$ù1Sù2ø3(4)

$l1D2a3(5)

[ì1$ù2ø3(6)

ffi1üù2o3(7)

$ù1Sù2o3(8)

R1R2o3î,

Rl" R2r,qî,

Rf"V,V ,,Rzosî,

Vt"Ri^V rRz¡"sotî,

Y oV BRlr,Vt'Y" R.lPo3î,

Þ1R.2o3,

(4 57)

(4 58)

(4.5e)

(4.60)

(4.61)

(4.62)

(4.63)

(4.64)

(4.65)

(4 66)

\,ve do not specify the form factors ,s¿ as they are unimportant here.

The total result for TrK'(s) divided by s is of the form

1ó"TrK'1r¡ : 
& |dr srtztr-{o!ú1(s, r)P * or,t2(s,!)Æî

10

+ t 4(s, n1, !2, n3)ffi1ffi2ø3(i)) + o[mr],
i:1

wlrere ffi1ft2o3(z) are the tensor structures (4.57)*(4.66). The functions tr,tz,T¿ are

obtained as certain combinations of the fbrm factors in the heat kernel. By making

(4.67)

: V oV BÞ1R,|P os,

: prhor,

$ù1ffi2o3(9) : 771"R2r,q,

Sù1ffi2ø3(10) : V þRl"V"7iz,.,os.
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the substitutions (4.11)--(4.13) in the sarne wây as in the previous sections one brings

tlre functions úi, tz.T¿ into the f'olm of a total clelivative:

d-
la
1,1 : --Ll,

il,.9
tr: !tr, r,: *7üS

(4 68)

Tlre final result f'or'ú1, t2,Tris prcsentecl in telms of the basic folm fäctors irr the heat

ket'nel, /(-s¡), F(-sn1, -sn2, -sn¡), zrncl the cletclminant D (2.771). Filst or.cler.

f'orrn f¿rctol's at'e,

; 1/(-sr)-i
" 12 .s!

1/(-sr) -1-fsr- t þ'tr), '

(4 6e)

(4.70)

(4 71)

(4.72)

ancl second orcler fblln fâctot's can be found in Appenclix D.

The conf'ornal variation of the effective action (1.I7) cân nor,v be obtainecl as

-6"w :* lr* þ¿"Trx'(r).

Flom (4.67) and (a.6S) we find

-öow 
1 r: -fu J 

ctr srrz t {ozlt(0, r)Ê + o.l2(0,!)1?Î
10

+ I Z(0, zt,12, n3)ffi1ffi2ør(¿)) + o[nr]
i.=1

where use is made of the fact that the functionslr,l2,f as given in eqs. (4.6g)-(D.10)

vanish at s ---+ oo. The behaviors of these functions at s : 0 follow from the results

of sect. 2.7 :

1

ú' 10. n):1.

.1
úz(0, n):-,

1 ,_
2Qt +7rlo,*o,):0, s: o

(4.73)

(4.74)

(4.75)

88



i(n * ÍrL,,*o,):

Tl:0, s: o

Tz:0, .S:0

!' n.
180tr2 1g0trr

i
-I
190 |

!3
90!r

ft,
J¡

ool, -
!¡2

180n'l2' S:0 (4.76)

(4 77)

(4.78)

(4 7e)

(4.80)

(4.81)

(4.82)

(4.83)

(4.84)

1- - 1

)Q, + Z,lo,*o,):45¡, +

1 ,- 1

, (n n Trlo,*o,):45nür,

fa:Q, s: o

¡31

45a" S:045!1n2'

S:0

1,- + \ 1

; (n n Ttl.,,*o,): 
r,

1 ,- - \ 1

2lro 
+ Trlo,*o,):¡,

1 ,-
;(nr * 7rolo,*o.,):0,

S:0

S:0

s:0.

With these expressions inserted in @.72), one arrives at eq. (4.49) r,vhich is the correct

lVeyl anornaly. The clerivations of the present section show that to procluce the local

Weyl anornaly one shoulcl take into account both seconcl ancl thircl curvature orclers.

then no nonlocal anomaly telms [69] appear.

Because the Weyl transformation is inhomogeneous in the culvature, the expan-

sion in powers of the curvature does not preserve the exact conformal properties of the

effective action. These propelties can only be recoverecl order by order. This short-

coming of covaliant perturbation theory has been removecl in recent works [70, TL].

To clarifo the remark at the end of sect. 4.1 we reproduce here the Weyl anomaly

in tr,vo dimensions as well. Because eq. (4.46) is now based oil û1 (*,*) insteacl of

a2(r,r) [iA], the anomaly is,

or" lw
ò qt"'

1 ,,^:6*9'/'R'
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As nrentionecl before the two-climensional cffective action (4.23) r,vas or-iginally clerivecl

fi'om this ¿rnotnalv. Now this lesult is easily obtainecl from tho nonlocal tr.¿rce of the

heat kelnel (4.9) f'ollor,ving the line of cleriv¿rtions pleser.tecl in this sectio¡.
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Chapter 5

Conclusions

Let us surnnalize ancl ¿rnalvze ollt' stucly. In this thesis we have clevelopecl the r:o-

vari¿rnt pertuÌbation theot'v f'or the hcat kernel tlace to thc thit'cl ot'cler. in culvatur.es.

Starting r,vith this orclet' there is a, qualitzrtive chzrnge in clerivations - they r.equi'e use

of computels. The thircl orclel basis of the curvatule invaliants has been const'uctecl

ancl nonlocal for-m factors acting on it cornputecl in two cliffere¡t integral 
'epresenta-

tions. Large tirne ancl short time asyruptotics at'e calculatecl for the tt.ace of the heat

kernel. The cornpat'ison with the Schwinger-DeWitt series is carriecl out up to ancl

including the fourth coefficient. It is shown that for the two-climensional conformal

invariant moclel of scalar fielcl theory that the thircl orcler terms cancel producing the

Polyakov action. The correct f'orm of the \,Veyl anornaly in four clirnensio¡s is clerivecl

from the heat kernel trace showing how the nonlocal effective action cr.eates the local

anornaly.

The coincidence lirnit of the heat kernel is computecl up to seconcl orcler in cur-

vatur-es by the generating function methocl from the above results f'or the heat kernel

trace, ancl by the covariant perturbation theory. The basis set of seconcl orcler non-

local tensor invariants and forrn factols are obtainecl. The comparison of the short

time expansion and the Schrvinger-DeWitt selies is completed. The diagonal Green's

function f'or tlie two-climensional conformal invariant moclel is clerivecl ancl is shown

to telrninate at first curvatur-e orcler.

In fact, to obtain the one-loop effective action (as well as the Green's function)
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in four dimensions r,ve neecl to rnake iust one adclitional step _- to integrate ovel' the

plopel' time (1.17). In the forn fäctol lepresentation of sect. 2.5, this operatio¡ is

trivial 142). It is provecl that only seconcl olclel in curvatules is ultl'aviolet clivergcnt

rvhile thircl ancl highel oncs a,re filritc [aa]. To sec this fäct orre neecls to knor,v a special

f'eatule of the nonlocal inv¿rt'i¿rnts basis: hiclclen iclentities anrong glzrvitv invar.iants

¡,vhich t'ecluce the nurnbcr of irrclepencient inv¿rliants in sJrzrcetirnes rvith climension

2u < 6 [34]. Ill fbul clilnetsions there is onll' one such iclentity r,vhich can r.ecluce

the nunlber of nonloclal pulely glzrvitzrtional culvaturc str-ucttu'es by one. Since these

iclentities clepencl on spercctirue clinensious, but all (exccpt Chapter 4) clerivations

of thc pt'esent thesis ¿rre v¿r,licl fol rn¿rnif'olds of albitlaly climensions, \,ve have not

utilizecl these 'hiclclen' iclentities. Nevertheless, the analysis of these hicklen iclentities

cloes shor,v how the Gauss-Bonnet inv¿rri¿rnt becornes topological in f'or-rr climensions

[34]

The lesults of sect. 2.5 ¿rncl Appenclix B alrcacly has all pirvsiczrl infor.mation

containing in the one-loop effective action, howevel it is obviously impossible to work

with the effective action in this fblm. The only nonlocal ingreclient that eventually

enters the theory is the Green's function, thus we neecl to tlansforrn the nonlocal

folm factors into the massive Green's functions [29,3i]. Seconcl olcler for.rn fäctor

transforms, upon proper tirne integration, into

[*u*,(+--- -1- -),Jo \-'-¡ m2+tr12)'

whele p2 is the parametel of ultraviolet renormalization [30]. For thircl orcler form

fäctors the following construction can be obtaine(l lBI, 4Zl,

r dm12 dm22 dms2 p(rn1, mz, ms)
Jo

These spectral forms encode all infolrnation about the moclel into a set of spect¡al

clensities p(mt2, mr2, m32) l3g].

Even having obtainecl the above spectral representations one has to do one more

plocedure before proceeding to physical applications, namely, switch from the Euclid-



ian spacetille to the leal worlcl with the Lorentzian signature of the rnet.ic. lr'mecli-

ately, one gets insteacl of a unique Green's fïurction a variety of the;m [12]. Hor,vever..

first one shoulcl obtain the efl'ective equations by varying the Eucliclean effective ac-

tion ancl orllv therl replzrce noltloc¿rl Eucliclcan folrn f¿rctors i;y thc Lorcntzi¿rrr Gleen's

firrrctions. If one is solving a Cauchy ploblem 'uvith ciat¿r in t¡e ¡er¡ote perst (f'o' ex-

pectation values of fielcls ilt the st¿rrrclald lz¿-vacuurrr) tiris plocrcclur.e boils clo',v. to

using Lhe retarderJ massive Gleen's fìrnctiols in the eff'ective ecluatiorrs [38, 29, 40].

Tlte technique cxplzrinecl above woulcl lcacl oue to intelesting phvsical applications

in cluarttum gravity. It was shown that certain asynptotics of the spectr.al folrns

goverrl the eilergy flux at firtrrre infinity 140, 431, r,vhich allolvs one to stucly sorìe

aspects of the Hawking t'acli¿rtion ín four climensions [38, 2T, Zg]. Alt]rough this

proble[r is fal fi'orn bcing solvecl, sorne interesting physics has been a¡eacly cle.ivecl

from the third oldet, e.g. the effect of glavitation¿rl wave c¡eation bv the vacuunl.

polalization [a1]. There at'e also zrtteml>ts to clelive quantum corlectio's f'or.ihe

Newtott gravity constant frorn seconcl olclels of the nonlocal efl'ective action [22].

In the context of other possible applications of the results of the present stucly to

high-energy physics we woulcl like to make a link to so-callecl string-inspirecl methocls

f'or gauge theories which are rìow receiving much attentio¡l (for a review see [23]).

Although there are several techniques uncler this name such as supersyrnmetry r-ela-

tions, color decornpositions etc., the core of them is the world-line methocl [74]. In
essence, this is the path integral pelturbation theory ancl the world line pararneter

is in fact the Schwinger pÌoper time as clear fi'orn refs. lTS, T6l. As was shown in

[77] the form factor stlucture for some effective actions obtainecl this r,vay cloes i' fact

coincide with that of nonlocal effective action of [30, a2]. On the rvhole, the stri'g-
derivecl methods have lecl to significant progress in calculating one-loop colrections

to QCD processes [78]. These methods are much more efficient than conventional

Feynman rules [73] clue to the obvious fact that one works with the effective action

instead of the partition function, ancl one therefore calculates vertices lvith no extel-

nal lines [8,24]. In fact one has to remember that chiral pei-turbation theory is one
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of tlìe most significant application areas for the Schwinger-DeWitt series [1g]; it is no

sulprise then that uoulocal extensions of the sholt time expansion are useful there

as well. We conclude by rernalking that, of course, it is in combination with othe¡

methods like supersymmetly that made the world-line technique so successful in phe-

notnenology. So far an exact relation between the covariant perturbation theory and

the string-based methods is yet to be understood.

QCD appiications discussed above deal witli calculation of 5-point vertices while

we studied nonlocal third order terms which are 3-point vertices in field theory lan-

guage. A natulal question arises: do we need to compute highel olders in curvatures?

Answering this question we should remember that there was a stlong pþsical rnoti-

vation to derive the cubic oldel iu curvatures. But if one does want to work out the

next ordersT otle should note that it is even more technically complicated than in thir.d

oÌder. For example, the mixed-box arguments appeat in form factols beginning with

tlre fourtli ordei [34]. Although the oper-ators tr, ,D2,... in for-m factors commute

with eacli other because they act on different functions, the mixed-box argurnents

Z1+2, !t+3,... clo uot conurute with cach othel ancl with nl, [2,.... Thelefore, begi¡-

ning with the foulth orcler oue has to oldel these argurnents in a definite way. Also,

while working with the a,ccìuracy O[mt] ancl higher it is iurpoltant to fix the orclering

of delivatives in tensol invariants of lower. orcler.s.

Tltc fact th¿rt the \Ä¡eyl auornaly cau be obtainccl dilectly fïoln the heat kernel

and tlte effect lies in the lilnit s ---+ 0 has been emplovecl fol axial anornalies bv L.

Alvarez-Gaumé and B. Witten [79] and developecl fulthel in [80.81]. The rvolk of

S. Ichiuose and N. Ikecla [81] clesclves sJrec:iaì interest sincre these authors der-irrecl 1,h<;

\Ã¡eyl auotua,ll' f'ot- scvet'¿ll fir:lcl rrrodels couplecl to glarritl, in tenls of noncorraliant

pcltulbation th<:or.1'.

\Aic ernphasize howevel that our detlir¡ation of the \Äict l anoma.ll, is. first, melell, ¿¡,

check of clelivatious, âttd secoud that, it is done stalting from the covaliant expr.essiorr

for the cotnplete noulocal heat kclnel tlace. It shoulcl be rnentionecl that besides the

delivation of the \A¡eyl anomalS' in the \Mâ¡r s7" did it ili sect. 4.3, this anomaly has



been also obtainecl from the one-loop effective action itself starting from two clifferent

replesentations for its f'olm factols found in 142. aa] by A. Barvinsky et aI.

Further stuclv in this clit'ection lies in the constlnction of the confolmal ciecorn-

position f'ol thc one-iooir effcctiv<'; action 171]. Then the conf'orrnally invarizrnt pzrr.t

of the covat'i¿urt crilv¿ltulc cxpansion f'ol ttrc genelicr cff'ective ¿rction can be ler,vlitterr

iu ¿r ner,v confolntal basis. This also rnakes a paltizrl surrrrnation of the culv¿rtur.e

exltansion possible. Sucrh parti¿l,lly suurmecl ¿rction sirnplifies ch.asticallv [20]. Thct

¿rnomalous part of thc eff'ectivc¡ action exactly leploclucing the lVevl auornaly i¡ f'or1r

climensions can be founcl.

Considering fulther' ¿r sumntatiorr of the curvature expansion, we shoulcl rnention

the fäct that such a sunmation is incleecl possible in a closecl cornbinatolial forrn f'or.

the pet'turbation theorv witlt ¿r scalal potential [23] ancl evcn f'or. a rnoclel r,vit]r the

Abelian gâuge fìelcl [36, 82].

The obvious and recess¿try gener.alizatiorr of the covariant cur.v¿rtur.e expansiorr is

the delivation of the heat kernel ancl its associatecl Green's function with sepa.atecl

points, k1t1*,y), which contaius much richel physical information ancl is suitable

f'or two-loop calculatious. While the conventional perturbation theory is alreacly

f'ormulated for the case of the nondiagonal heat kernel [23], covariant clerivations

of this kincl are not found in the literatule. For the case of the Abelian backgrouncl

gauge fielcl, such theory was developed in Lef. [82], ancl for the gener-ic case in (1.6) to

the second orcler [83] (however this lesult is not explicitly covariant). On the r,vhole,

the covariant derivation of k çt¡n,gr) similar to the present stucly can be clone by

generalizing ideas of [82].

Covariant derivations of the present stuciy are restrictecl to asymptotically flat

spacetimes and the form of the minimal (having derivatives in the form of a Laplacian)

second order differential operator (t.6); this case covers many physically interesting

models but of course only a fraction of them. Nevertheless since the main iclea

of covariant perturbative calculations is sufficiently simple, it might be possible to

obtain formulae of this kind for other types of manifolds (e.g. compact) and operators.
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SimilaÌly it is well known that the covaliant nonlocal technique can be easily rnoclifiecl

to inch.rde the effect of finitc ternperature [8a].

The heat kernel r,vith separatecl poirrts is an essenti¿ri elernent of tr,vo-loop calcu-

l¿rtions [28]. Einstein c¡uzrutttrrr glavity is finite at one-looir btit clivergent at tr,vo-loo¡r

ot'clet'[20]. No finite telrrrs of the tr,vo-loop eff'ective action in qu:rntuur giavity has beerr

cornputecl so fãr', thus it pt'eseuts ¿ì new challenge ¿lrrcl tcsting glouncl f'ol cov¿r¡iant

pertuÌbation theot'v to to plocluce such teLms. The f'olm of these two-loop ter.nrs is

cspecially impoltzrnt in vielv of the fact that they ale lequilecl fol the lenor.rnaliz¿rtion

of clivergencies [28].
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Appendix A

The basis of nonlocal curvature
invariants in third order

In this appenclix a cotnplcte basis of nonlocal invariants is constructecl f'or the thi.cl

olclel' tet'rns in the spacetime culv¿rtule ancl m¿rtter' fielcl strengths. lVe assurne that

the basis f'or lor,vel olclels is known ancl fixecl [30, 34]. The cliscussion of br-iilcli'g a

similal'basis for'¿ur albitr¿rly n-th olcler.can be f'ouncl in ref. [84].

We begin with the construction of purely gravitational invariants. In this case,

since the Riemann tensor is eliminated, using a clumrny indices notation .R.. for the

Ricci tensor, we write down the general forin for nonlocal invariants in the trace of

the heat kernel as

I dr sttz Ë q,(qJ,) R..R..R... (A i)

Here the covariant derivatives can be commutecl freely because the contribution of

their commutator is of orcler o[Æ1.]. Arnong (v v) only a lirnited number (< 6) of

clerivatives can have indices contractecl with the indices of R..R..R.., while the rest

of the derivatives contract with one another to form the covariant Laplacians acting

on separate Ricci tensols or their pair-s. This follows from an iclentity

2V¿Y¡: (V¿ a Vr)' -V? -Y't = !¿+r - n¿ - nr (A 2)

the prod-

and n¿+r

where V¿ denotes the covaliant derivative acting on the z-th Ricci tensor in

uct Ã1..42..R3... The same notation is assumecl for covariant boxes D¿

106



acting on the separate ¿-th Ricci tensor ancl the separate zÅ;-th pair of those respec-

tively.

Tltc lea¡t'angernent of clelivatives in (4.1) accolcling to (4.2) leacls to ther follor.ving

gcnelzrl stluctlu'c of the thir'<l olclel nonloc¿rl inv¿rli¿rnt

I d:,: or/z l¡(!r, ...ni, Dr+2, n1+3, X&.v,) R,1..Ra..R,3... (A 3)
<6

r'vherc Jt(!t,.'.niJ, zi+2,nr+3,...) is an opet'atol firnction of boxcs ¿rr:curnuiating th<;

result of the iufinite suutm¿rtion of cleliv¿rtives in (A 1) A nonloc¿tl fo¡rn facto' ;r
selves as a coefficient of the invar.iant (V".V) Rr.Rz..R3.. r,vhich is a nernbet. of the

1t)
basis of nonlocal invaliants.

Unclel the zrsvrnptotically flat bounclaly conclitions which guarzrntee the absence

of sulfäce telrns [30], the integlatiorr bv pzrrts can be r,vritten ¿rs

Vr*VztV3:[], (44)

("f. 
"q,. 

(I.42))' This lelation implies that the thilcl orcler form factor is a functiorr

of three boxes acting on tluee separate Ricci curvatures:

F(n , , !r, !s)([. .J) &..R2..R3...

-

(A 5)
<6

The mixed-box arguments !1*, etc. appear in forrn factors beginning only with the

fourth orcler [34].

Tlre full set of inva¡iants (& V) RI..R2..R3.. inclucles the structules with six,

four, two ancl zero number of ¿.rñåtives whose inclices are contractecl with the inclices

of Ricci tensors. We use the following general rule: in any structure with derivatives

saturating the contraction of Ricci curvature inclices, the covariant clerivative acting

on one of Ricci cuÏvatures can be contractecl only with an inclex of another cuLvature,

for otherwise the Bianchi identity generates the invaria¡t with two clerivatives con-

tracted r,vith one other, rvhich in view of (4.2) shoulcl be absorbecl into nonlocal form

factor and do not entel the tensor invariant itself. This rule together- r,vith integration
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bv palts prociuces the follor,ving identification in such invariants

R1,r.Vp R2..43.. : _ Rttr.Rz..Vlt RJ..+ ( ) (A 6)

ìlloclulo forn factot' teÌ'ms ancl higher oldels of the culv¿ltule clenotecl bV ( ) Then

it imneacliately f'ollor,vs that the only inclepenclent inv¿rri¿rnt with six cleliv¿rtives is

v ,v ua76v.,V 6Rl"V ¡,V,R.T{t , (A 7)

(r/. eq. (2.75)).

In att invariant with foul clerivatives one pail of inclices belonging to the R.icci

curvatules should be contractecl, the lest of thern being contractecl r,vith inclices of

clerivatives. Thele are tr,vo such contractions: RIRiPRB ancl ÃfÀ-Rï^Rl" which gen-

elate in view of (4.6) the following inclepenclent invaliants r,vith f'oul clcr.iv¿rtives (cf.

eqs. (2.73)-(2.74))

v*v p&l"v rv,Rltt R3, y r?î^v,R.f;^voy pR!í" (A 8)

(tlre inclepenclent invariants with Vo or VB acting lespectively on AfÀ or Rl¡above

are ruled out by integration by parts which recluces them to the first of the stluctures

(A 8))

There are four tensors with two uncontractecl inclices RlPRrRr, Rlofu2roRs,

Rl"RiPRsap ancl Rl"R2BrRt, that give rise to the following invariants with two

clerivatives

RlPvoR v oar, VI" Ri'V r&z ¡"aRB,

Rl"V oR2BrVþ Rl,,Rl"V pRiPV,Rzop, (A e)

(c/ eqs. (2.68)-(2.71)).

Finally, there are thlee obvious invariants that contain no clerivatives

RyR2Rs,

(c/. eqs. (2.55)-(2.57)).

Rl.RipRS t",
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It shoulcl be ernphasizecl that the full set of cubic invariants follor,vs fro¡r the

above structut'es (A 7) (4.10) by all possible pelmutations of three curvatule labels

1. 2 ¿rncl 3. But accorcling to our notations in (4.3) and (4.5) such perrnutations

in (V...V) R1..R2..Rrloo câlt ah,vays be replacecl by the collesponclin¡4 pelnrut¿l,tion of

a,rgurneuts in the folrn fäctol F(D1, flz, n¡), so th¿rt the inclepcnclent set of invariants

c¿rn be fixed with the enunrer'¿rtiorr of curvatules chosen al¡ove.

Let us consiclel tlo'uv tlte fì.rll set of invariants involving the rnattel fìelcl stlengths

7?,,, ancl P in the cubic orcler in !Ê. !\¡e fir'st consicler P3 ¿rncl É.!. invaliants. The

single Pil invaliant is tlivi¿rl

n'Þ1P2Þ3, (A.11)

("f.ect. Q.47)).

The Ìrirealchv of stt'ttctut'es (& V)Ar..Rr..i?r.. inclucles a priori the invali¿rnts
-.-.<6

r,vith 6, 4, 2 and zero trumber of ãlerivatives. Howevel, the Jacobi iclentity f'or the

conrnrutatol curvatule

v oñp, + V pR ,o + Y,Èo,, - o,

which leacls to the relation

v oÈu,ño" : *o ,U,oñ,o ,

essentially reduces their nurnber.

Consicler first the invariant r,vith six derivatives. Up to total derivative telms

and commutators of V's it can be representecl as tr V, jroV* ifV oiy in terms of the

transverse vector

jo : v sñ^", Vo j" : o.

ln view of (4.12) this vector satisfies the relation

(4.14)

V ri" : V"ip. - nR?r+ O In2], (A.lb)

which means that the above cubic invariant with six clerivatives not forming boxes is

absent.

(4 12)

(A i3)
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The set of invaliauts r,vith four clelivatives again lecluces to the only str.uctur.e

tV rit,,ÎNji r,vhich cìoes not stlaightfolr,varclly clisappear' (up to ilrelcvant terrns) clue

to eqs.(4.12) ancl (4.i5). However'. in vier,v of (4.15) one can rewlite this structu¡e

as tlV,,,lr ",Î;r,Îí). intcglate it bv palts ancl agzrin use (4.15) appliecl to ,12 ancl .13.

Therr it t¿rkes the folut - 1,Î't,V"(,Îtirò ',vhich clisappears up to the tot¿rl cler.ivative

tclrn in vier,v of the tlansvelsality of (A.1a). Thrrs, thele is no inv¿rr.i¿rnt r,vith f'our.

cleliv¿rtives cither.

The invali¿rnts r,vitlt two clet'ivatives oliginate fïom all possiblc clifl'erentiations

of the f'ollo',ving two stnrctulcs tl nl'n;øn3aB âncl trnT7nt;*ÈiB und, by integr.zr_

tion by parts ancl use of the,Jacobi iclentitv, boil clown totÌRti"VrtZgÞV,n,op ancl

trlZi?,Îr.,.ÎrB. But the fir'st of these invariants lecluces to the seconcl one bv the

f'ollo"ving sequence of transfolrnations. Filst integrate it by pzrlts ancl use (4.13) to

convert it to the folrn 2 t,r,Îyni?VoÈ,rþ,. Then intc;grate bv parts again ancl use

(4.15) to intelchange the inclices in V*ii. The sequence of a new integrzrtio¡ bv

parts ancl the use of (4.13) eventually leacls to the equation

t Rl" v rniþ V,Rr,B : 2 t r Rîo j, o 
jz 

B t z tr Îði,P jr.j, B + 2 tr z æ7 unf ,n"., ..

-ft Rl" V t,RgP V,RraB I O [ ffi"] + a total clerivative, (4 16)

wlrich can be easily solvecl for tr nt|"v rlzgþv,ñroB in terms of the invariant

trniaVønzroy"È3,B (A.17)

and the only possible É.3-invariant without clerivatives

nn¡onf ,Rí., (A.18)

(under a proper permutation of curvature labels). As a result there are only two

7?3-invariants (c/. eqs. (2.43), (2.b8)).

A similar technique can be applied for a construction of all the rest gravity-matter

invariants' Again their number- is essentially reducecl by using the ide¡tities of the

above type. Here are some examples of such a reduction which we present without
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clerivation starting with a corollaly of (4.16)

tniþv.n!í'v þ'l?rr, : ¡(atRf,nî\ilr,, * R4'eV rtzy"v,n;rt

+ii2o¡¡V ¡,fr|"v,,Rï") + O[l}ù4] t a total clelivarive.

t IV,, V¡ R | " y o R,2o,v o7?.1,' : - ] tl. ( 
", 

7?., o ¡1v,,R 6" v,Rí't

¡ z 27?2 o pV r4t;" V,R'{t - z rÈ, u ¡tV,,Rl" V 
"72ïu )

+O[.ryì'r] * a total clelivative,

r,t v oR.|'v pñT"Rr,,, : _-Tr, Riøv *Rü"v tñr,,,

*tr R,f"Y,,V 
^R)"Rr,, 

+ O[yì4] * a total clerivative,

trYt'R,ryovo4i'Rrr,- ,r.[- å,", r nz * nr)Rrftl'È,1,,,
1., 1

+;Riþv'R5"v ,,Rrr" - ànrv oñi''vrrR.rr,,

-R'l"v pv 
^nì"nr.,f 

+ o[n4] * a total clerivative,

(A 1e)

(A.20)

(A 21)

(^.22)

t,rR.l"V *V ^Rì"v,voftroo - ,.1 - zrar?f"Èr,,oñ3,o - nrRl"v rv ^R)'Rro,
1+7{lt -.2 - =r)Rl"Y"R2o¡,YBRBþu - zr4f"V rY ^nà'n 

.,]
+OI n4] f a total clerivative (A.23)

So, finally, besicles tr,venty nine tensor stluctures (2.a\-Q.75) present in the final

answer fbr the he¿rt kernel tlace and four aclclitional structures (2.76),(2.Tg) there are

six structures linear in R ,.,,

Rl*RîBMr, Þrv rÊ.r,o

V pRl' R2*BYP h, R1y ¡"í?2,oV" Rlo,

RTPV rÙr,oV" RlB, v"afÀV^V ¡"R2,oy" R{B. (A.24)

These structures form a complete basis of nonlocal invariants in tliircl orcler in the

curvature. Although thirty nine invariants are admissible by the requirements of

covat'iance and asymptotic flatness, in the fieid theory calculations the last ten struc-

tures have a speciai status. As shown in Chapter 2, the trace of the heat kernel for

the operatoL (t.6) (and the corresponding one-loop effective action) do not contain

111



these structules br:cause their forrn factors eithei. iclentically vanish ol have such sym-

mett'ies unclet' the pelntutation of the box argurnents that nake thei. co'tribution
vanishing in vie'uv of the svmrnetlies of the structures thernselvcs (see secrt. 2.b).
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Appendix B

The explicit representation for
third order form factors of the
trace of the heat kernel

Ali lesults of the pt'esent zrJrpcnclix 'uver-e obt¿rinecl by thc symbolic rrrarripulation p¡o-

grams IVIAPLE ancl IV[utl¿entat'ic:a. Although it is leally irnpossible to ¡,vor.k r,vith t]rese

clat¿r 'çvithout use of cornputets, 'vve think it is necessar.y to plesent thcrn her.e since

they are an essential part of the rnain results of this thesis.

In telms of basic folrn factors (Z.t3O),

/(€) : ("-",",*), : 
lo' 
a*-a(r-a)(, { : -s!,

(2 131),

F({,,{r,€¡) : 
f,rod}a6(1 - e.1- az- at) x exp(-a1 azt¿- c,zc,ttt- ata,¿tz),

and tlre polynomial (2.143),

A : €? + €3 + €3, - ztrtr- 2€r€s - 2Ëz$,

the explicit expressions for the (not symmetrizecl) thircl order form factors in the trace

of the heat kernel are as follor,vs:

1

F'({r,{2,€s) : åt(€t,€2,{¡), (8.1)

Fz(€r,€r,{¡) : -F((r,€2,{s)|ffi(- Btr'€r- 3{,'€, +2€ÅzËz+ 3{s3)
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4ôô
+ rt(-€r'€, - €,r'tl * 2tt€zl+ {r')]

a¿ c ¿

+ /({rlafrste ,'' - €r' -t 2€ztt - f,,')
( .f (€r) - 1\ 4€, ,rr.2 _,c.ç.. _ c.2 _,c.c. t nc c. î*r)*\ 

{, /Or,"tt -¿\t(z-(z--zir(¡f zi2(3-l

_2 I (f(t,)-t_lE,) -1\
ir-{z\ i, 'â-)' (R'2)

F,({', {2, €¡) : F({r, {2, {¡) l?#G, - €z -€¡)(-{, + €z - {¡)

- å,r, t t, -€.,)] + rc)I#(-{, + €z - €¡)

+ f Gùff(€' -{, - (,,)

+ /((¡)å,*,' - €r't, - tt€z' * €r3 - 3("{¡

+ 6(r€z(s - 3€r'* f B€r{¡2 * 3(z(¡2 - €r"),

.En({r, €2, €¡) : F(€r, €r, {¡)[#(-n{,* - ¿{,t€ z * 32{16qr' - 28t,"t "

+ 4t 14 tz4 * 2tt7 $ + 26ü6 &t¡ - 90(r 5{ 
r' t, + 62€14{23{¡

+ 38€16{32 - 60{15€z€t2 + 42qra¿r'Ër' - 20(r3€23{e2 - g2€,u€s3

+ azçr4¿r¿r3 + 206,36r'€r'+ b0€,0€¡" - 28(136r€ta + 6¿12qrz¿r+

+ i4€13{35 + 6{12€z€¡5 - 22Ër',€.¿u - 2€r{z€s6 -t 2€ttz7 + (s8)

4
+ 5ft(-s{tt + s6r3çr' + 56,'14, - 2€r3€"€z - zt}t'ts
+ €r3€e' r 2tr2 tztz' - 3€r'(rt * €r€z{s3 - 2Ërtso + €ru)]

/ 1\ 2
- ("(g', {2, {e) - ;) ñ(^€" + zqrq, - 2(r{¡ - {r')

1

- f G,ù 24ñ^t 
({tt - 2€,7 Ë, + 34qt6$2 - 74€rut 3 + 52ç4qra

- 38613€15 + 46¿12qra - r4trt 7 - 5{r8 - 8(r7(e + sg6,66r6,

- 76tt5t'{s f 9o{raçrt{, + 16{,3{r'1{s - rJ4€:t2t(, + 684,4ru6"

+ 6€27(s + 286,6412 - 106{1512€r'+ 80{,4{22{¡2 + 2gg,36136rz

+ 88€12{24 qt2 - ttl,qr€rt€r' + 46qr6¿rz - b6{,u{¡3 + 78{14{2{33

- 8{r3{z'{rt - rztr'€rt€r'+ 48{1424€¡3 - 146(25{33 + 70Er44r+

(B 3)
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+ 58€13{2(84 + 94{12{22€s4 + zg{,{236¡4 + tg06r46r4 - 56{,r(rr,

- rt}Er'qr{s', - i0g{1€22{,b - tto6r34r,'+ 2g6,rEr6 + b0ç,6r4rrj

+ 344126.,6 - 8{,{¡7 - 6tz€¡7 + {¡s)
1

- /(€¡) 24L:\r(-€,* + {,t{, - 14{,0€r' + 46{rí{r3

- 32€ru€rn Ì 8€,7{¡ - B0{,6i2€t * 44{15qr't, - s4€rt{rr{,

+ r2gri\ qít{s - 28(,tt€s' + 7g6,5ç rtr' - 1g€i.t 2 (,,t2 - 32€} €z,t €¿2

+ b6q,5{.,ir - 22€/tztr3 - 16{,r{rr(r, - 1g{r2{r3{¡', - 70€,,t(r.t

- 128(1'€r(ru - 82€r'tr'{¡'t + b6€,'€¡u + t66gr2¿r{:ls + 7gq,4r2çrs

- 28€r'€16 - 78{r{z{su + 8{,€rt -t Ttz€;¿7 - {r*)
_(t(e,)-t\_t , A . (
- t- €, ) ¡Pçtq'o + 24E"{' + 4i6' ''€," - 24€,3€z't - 73,.t2t"''

- 32€rt u * 3€ro - 6€,"{¡ - 8{,u(r{¡ +r2Ersqrz{s * 40{,24rrrE,

+ 74€1Ë24* - 16{25(¡ + tb6,46rz - 32{,3{r{¡" - 26€r,trrtrt

- 24€Åzrt' + BSgr't6r' - 20€,'€r' - 16€,r€r{u, - 52€Å22Ë.¿J

- 40€23{s3 + 1b6r26.,a + 40€1{2{3a +z'qrr¿r't - 6(,(ru - 8(z(s5 + {ru)
_(¡Gù-t\_t . R E- (-=, ) +Ac{'o + 7ç''{' - 15{" t" + e€'3{'3 + 6{r"(¡

- 42€tut ts f 18{r34r'63 + t86,t(r3{, - 15€r46a2 + i76rrçr6rz

- ztt2€z'€s'+ 206,36s3 + b2g,'6r€r, + g{r€22€¡r - 1b(,2€¡4

- 23tÅzttn + 6(,{rt - b€z{¡s - €ru)

-*Qrts-l({,))@"troE2-<3'
_ 1 (il€ù l /(€¡) -1\({,-{z-(r)

€z-{s\ €, {s ) 4t, )

Fs(€r, €2, €¡) : ("(*,, (2, €¡) - Ð ä- rArlEffi
(ttt¡ - t\ (-z€, + b€r)-\ (, ) 4€,€, '

Fo((r, €r, €s) : F(€r, {2, (¡) l- uþrfrttn + 4Er3E, - 6tr'€r'

(B 4)
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- 2{,3€¡ r 2tt2tz€s - 2trtzt,tz - 2{,{e3 + {¡'1) - *l
1

- ./({t)tfu({t'' -t 5tt2tz - ;€rtz' - €zJ

+ €''{s * 6{r{z{¡ -t tz'€.¿ - (,{¡' * €zt} - (r')
1

- /(€¡) ftr{-zt" t 2€t2€z-t 2€,'* - 2*€z* - 2€rtr'+ {r"),

4({', iz, {¡) : F(€', €2, €¡)lfffr,t - 5€,5(¡ + 6{,'1{r€, + {,4(¡2

- 6€,'r{r(,r' + B€r'€r'{r'+ 6{,3{¡'r - 4{,'€r{¡'r - 2€Å22(,îJ

+ 8{r3(¡' - 4€r'tr't * 3{r{z€¡'r - 9t,€¿', - {,(¡5 + {¡6)

* ftie, " - Ttr''t, + z+gt,E q,¡ + 8{,3{¡2 - 42tr2tzt.} + s4ErEr2q.rz

- 2tt2€23 - B2tÅzt¡" - B4Ër,tr, - 2€,(rt + 336rqra + {rr)]
/_. 1\ 2* ("(q' , 42, {¡) - ;) ñ(€'' - 4{,{, + 10€2f3 + 2€¿2)

1

+ /({t)¡i;(-{'t + i44,66, - 10{,t'{r{, - 42€,5{,s2 +z€it€z€.¿2

+ 62t1tt'er'+ 70414qr3 + B{r'r(r(¡'l + 4€r'(,"'€r, + 1166,6rrç,,,

- 70€,3(r't - 46tr2t t3'1 - 17g6162"€ru - bg(23(¡4 + 4zqr2qrs

+ 76{1€283u + 90gr'6rt - 14{,€ru - 34€z{16 +zt.¿7)

+ r({r)ff(-z{,0 * Ttrat - 8{,'€r' + 2t}tz, + 2tr€24 - €25

+ 3{,'1(¡ - 8€,3{r{u + 6t}€22t, - {r't€, + 2t}Ës2 - 4Ër't €s"

- 6trt'€t'+ 8{23€e2 - 4€,'{¡3 * 4{r€z(s3 - g€r'€a3 t €r{r't + (ru)

- //(E')- t1 t
- t Ä / tor(-€t'-2{'''4r -36{rs{z{r*20{,3ç12\ sr /'
+ zsqr2¿rqrt - s+4.r€r'Ër, - 28€,r{¡3 + 40(1{2€BB

- 4€r'€r'+ 14{1{34 i 6btsa - z€su)

- /r(e') - t¡ _ 1

" (-=-- ) ,ænft,o - 6€,'{z + i5ç,o t' - 20trt{r3 + 75€12t o

- 6{t{r5 * {ru - 8€,'€s + 2s6,4çr6a - 32(,36r't, + 8€,,€rt€,

* 8€r€za€¡ - 4(rt{, + t34,46r2 - 76€,3{r(s' + 1186,'t'€r,

- 60€i{23{a' + bE '16r' - B2€r't (¡' - J2tÅz2tz3 - 13€,,{¡4

+ 82{1€2{so - 5€r'trn * 84r€¡5 -r 4tz€s5 - €ru)

(B 6)

116



- 1 (¡(tù-t /(€¡) -1) 9, (87)ir:{'\ {, - {, )2€,,'

&({,, {2, {,r) : F((r, {2, {3)tT*f -{'o + oE'''{, - 8{,'r{r€r - 4{,"{r'

+ tzqr2qrçr', - 6t.,t',{¡2 - 4(]t2{¡,r + 4tz2€33 * 6{r(.r',l - 2€z€t1- 2(¡r')

n fff-z€,'r + 18{r'(, - rr€r.sz{¡ + 6{,{¡2 + 10çr4r2 - ro6rr¡]

/ 1\ B

- (t(q', {2, €¡) - ;) ,.:d(-{"' -r 6{12€¡ + 1061€z€,r - 6{r(¡2

- 2tr€s2 + 26r")
aö c ¿

- f (€tl5t'f fe''' - 4f,'{, r 4{r2€z€¡ -  €rtrËr" + 2tz2tt'

f 4{,{¡3 - 2tto)

+ r{a){f,Í&({', - 2('r(z -r 2€ttz3 - t '' -4{,,'€,
+ 6(12(r€¡ - 2€r3{¡ + 6€r2{s2 - 6{r(r{¡2 - 4€,{¡,r * 2€z{¡3 + 6¡'')

- (f (e') - t\ ,c'c c'

\ {, / fft(3{'' - 2{r{¡ * 4tz{s - 4€'¡2)

-(¡(t,)-t\ 
z . ,i (

- (=-/ ntq, te'' - 2€'t"€z - lt''I€" + 20{r''(" - 25t'2€z'l

+ 74€Å25 - 3{ru - 6{ru{s + 2tratzts - 44trrtr'€,¿ - 44t12{23t¡

+ 82tÅ24ts * 10{25ç, + 1b6,46r2 + tzgrsqrgt, + rr4¿rr€rr€r,

- 36€r{23€r'- 9€ro(r, - z0€,r{r, - 2g(,r€r{r', - T6tÅ22€sB _ 4{rs€s,l

+ t56t2çr4 + 22(Å2{*a + trE 2qro - 6{,{ru - 6{r€su + €e6), (B 8)

&({r, €2, {e) : F(€r, {2, {s)lrhatu*,"€, - 24tr'ot' - 26{,s{r3 + tz6qr.qr4

- 108€17€25 +z4gr6q"u - s4(,n€rt€r+ 1b0{18€23{3 - 1b6{17{2,1{3

+ 60616ç15€3 - 4b6€1'€rt€r' - 60{,6€rn€r'+ 222tf€25€a2 - 396(,u{ro€rt

+ taz¿r{¿r',€ro + 36a6r3çr3Er6 + tg66r26r'€rt - 3(r{r€¡t0 + {¡tr)
1

- *æf ttO€to€, + +o0qt7 ¿r' - 500E,6€rt + fizqrsqrt

- s{r6€r2(a f 760{,5grt€, - 510tt4€24t: * 400{,açr36rz

- 200€r3€2t{r, - 896*2&2€r5 - ib64,gr{r7 - zr{rn)]
/ 1\ 4

- ("(e', {2, (¡) - i) ø-(-€" * 5€16€z - e{,ttr' + b(r4€23 + tz6r5qrq,
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+ 4€tnt't, - {,'€r'4, - (,'€r'{r' + Ttr'Ër'{r' - 8€r{z{su - Tt¿,)

/-, 1 {r*{z*{3\ z , t* ("(*',{2,{¡) - ,+ :ffJ 
at,ere, ?zt,'er-ß€it€,22

+ 10ç,ir6r3 + 184,:rçr2 €.¿ - 20tlt'€r' + 22€Åz€¡a r €rt,)
1

+ /(€' ) 
288AG 

(5{rtt + 50Ertn€, - 2€re tz€'¡ - r22€t!) *2

- t34qr86r(r'+ soagr't'tr' - rr4t1t{r" - 4g{,7{z{¡'}

- 664¿16qr'€r' + tt++qrsqrs{r, + 228ã7 *4 + 686,6çr4r't

- itgo{,s(r'€r't - tt00q,u6,3€r', + t462¿rr¿ra{r't + 1g0{16{i5

+ 23z1rs¿t{s" + tzgzqra¿r2qr5 - 2000{,'{r'€ru - 126g€:&4ãs

- 140€Å256,,5 - taoq,t€ru + 36(,''{r€¡6 + T2ìt1r{rr{ru

+ zs+4¿r2qr'€r" + 476(Åz'Lt.¿6 + tgogrul ra - 22gtr4(sz

- so+6,36r6r7 - tz0a (,r"t,t'7 - 496(r(z3 qr7 - rszqr46T

+ it+6r3grt + 106r'4r€rt + SO6,6r'{r* - 2t06r3638 + r22¿r2grtt

+ r24€Å2tto + 202¿r'{r*' - 50{,€¡t0 - 30{r€¡to - 10{¡tt)

_ /.r(ç') - i¡ '\ {, ) tzx'e47€tn - {"{' - 1036r7€z{s

+ 256çr74r', + 42qr6ç1r2 - tz+Eruer'Ër'- iz46r66r3

+ 4t8çr56r{r" + zg+6,,0€r'€rt - 304,3{23€rt - t2{,u€r'

- +ta1r46r€r" - 8{,3€z'{¡4 + tz8¿r2qr'{ro - 190€r{244s'r

+ tzz¿t4qt' + 278Er3gr6r5 - tao6 r',t',tr, + 3306,6r34rs

+ t6614615 - Z4o6134u6 + 
'A:r',qr{ru 

- OO€r(r'tru - 26€z3tz6

+ 4€r2tt7 - 170{r(z€r' + r)qr'qrt + 90616r* + €r{st - {rn)

. (*=fio) 
"ä(-¿€,n 

+ tto6,s6, + soo6,zç,6,

- 400€r7€s2 - r46lr6t €s2 + t7+tf €22€22 + b866,64r3

+ Jaz¿r'gr€rt - 46€Ítz2tz} - iozoç,3qrt{r, - 1766,b6r4

- s5+gr4¿r6r't + 696€13€22{84 - ThÌqr2€rr{r* - tso6r6r46r4

- z7zlra¿tu + 706,34r{rt + r650{sL2g2{rt + soo6,€r'€¡u
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- 26{s2'ttt' + so+1,34r6 - 790g12€r{¡6 - 182t1{22(36 + b8{2ir(,6

- r20t12{;t - tg{,€r(r, - 50€rr€,r, + 24qr¿rr + 2zE qrr _ 4{rn)

. hil=(r{e,) - rcù). å# * (tq:: -,9::)

/
F,r({'.{2, {,r) : (,t(r', {2, {,r) -

( tG,) - t -r å{' ¡ zq,-\---=7-)tE,'

r,,({,,€2,{¿) : - (r,r,,€2,€¡) -Ð #,,6((,'' + 2t,,rtr- rt,rtz,

- (,"(, + {r'{r{.l - B{,'€¡' - 4tÅzt} + 5{,{e3 - {r'')/ 1 {r*{z*{3\ z*(t(r',{2,{¡) - r+ä)æAC2{r +{¡)

' -','+ €¡) - ('rte'¡ - ti r- /(i,)tu€,€,( \ (- )ei;L.s, +{3)

- (/({') -ut 
+ åc') 

uäte''* 6€'3€' - 8t'"€" -t2€'tz'

- €ro + 2€,t{¡ * 2€rtz21*+ 4€23€¡ - 8€,,€s2

- 10{r€z{¡' - 6t '€r'* 6€,€¡3 * 4{z€s3 - {r't)
( f G) - 1+Pl ^:_ (- zËrs* 6{,,r€z - 4€,r€r,* (---=a-- ) s^'t't't-'e

* 2€ra{¡ + z+¿r3E ¿z - 26tf €z'(, + 28{,3€s,

- 6o€,'€z€r' - 44€r,tr, + 129,çr(r, + 6€,€¡a

*l 1 (tß!_1+j€, f(€z)_t+' 2t, - €, \ ---€7- - ---*-

Frz(tt, €r, €s) : F({', {2, {s)l - frfo - $ -€r)'(-€, - {z + {3) x

x (€r - €z + (3) - $f -re ,' -r €r€, i €r' +€r€s - 2(r{¡ + lrr)]

- /({,)*,r, - t, -{¡)(-(, - €z * €s)(€, - 4z + {3)

+ ÍGz)ffi,*, - t" -{,)'(-(, - €z + {3)

B

;. è .rq I (2<3

(B e)

(8 10)

(8.11)

å)

tt-r q3
(
\2
nÁ

+C
q11

-L2'

+5€

e)
ru)
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ÁÈ.

- /({¡)Ë(c' - €z - {r)((r" - 2€,€,, + €22 - €Ì2)

-(f(t')-t\_2* (- u ) ñt €r(-{''i, 
+ 3€t2€22 - 3(,€23 + {r'r

- {,'€, + t86'2grçr * 3(1(126¡ - 4{r'}€, + 3€,'(¡'

* 3{r{z{¡2 * 6€r'(,,r" - 3{r {¡'r - 4€z€s3 + {r'')

-(f(t,)-t\ 2* [ ) xnte"' - 3tr'€r r 3€Å,2 - {z']

- 3{r'4, - 6€r{z{s - 7€r't,, f 3€,(¡2 * 9{z(¡2 - €r')

-(f(t')-t\ z* 
[-=- ) *G,' - 3€"t, + 3€Å22 - €,2')

- 36''{¡ - 6(rfz4¡ + 9{22{¡ * 3{r{82 - T€rt¡'- {r")
1 (f(€,)-t /({z)-r\z-(r-€2\ {, - *, )tt
1 (tG,)-t /({¡)-r\z-€r -€3\ {' - t' )a'

l7r¡(€,,(2,€¡) : F({',€2,{s)å,-rr r{z *(¡) - /({,)å

- rGù:ã(-€, - €z + (3) - /(€,)å(-€, + {z - €¡)

-*=(rte,l -/({.,))å,

4o(€,, {2, €e) : F({r, €r, {¡) I - rtf-et
x (-€' - tz-r €r)(-(' + €z + {¡) +

A
+ /({')o, (-€' + €, - €s)(-€r - (z

A

- f Gp)o? (-(' - {z f €r)(-{' + (,
l

- /({r)Ë (t" - Z&tz + t' - tr'),

F,s({r, €2, {s) : F({', {2, {¡)t- ffrf -{r * {2 + €r)'(€,n t zËr3€,

- 6€t'€r'*24rtz3 * {ra + 2{,3€s +4{r2€z{¡ -2trtr,*- 4€rB{¡

- 6€r'€t' - 2tr€z€z' + 6tz2 €s2 * 2{i€s3 - 4€ztf + €¡4)
4

- ¡ft(tse ,'' - zztrtt, - r2€r'€r2 + 14(i{23 t €ru

+{z-{s)x

ål
+ €s)

+ {s)

(8 12)

(8.13)

(8.14)
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- 22tt3€'¿ + 40g2qr¿.¿ - r4tÅ22{¡ - 4(23{s - r2€t2Ë¡2

- 14{r(z{s' + 6(,r'€r'+ 14€1{33 - 4€r€rtt + {ru)]

' !\ a8{'
- (t(C' ,€2,€.ù - ,1 L2

LÈ.
+ ./({')ff(-e' * {z + {,r)({r't * r€,'t€,, - 6€,'€r'

-t 2tÅzr -r (,r't + 2€,3{¡ + 4€J€z€.¡ - 2€r€z'€¿ - 4{r3{,

- 6€rttr' - 2tÁztt' + 6€z2t] f 2{16¡'r - 4€r(¡,r + €¡'1)
1

- f (€z)6arn (-{t - tz + (s)(9{r" - 8{,u€, - 35titt'
+ 646,:r4rs - JTtr' €r't * g(r(25 - t u - g{,r,{,

+ 6{ra(z{¡ + z0ç'2qrt€¡ - 2aãËr44, + 6(rt'{,

- 35{,'r€¡2 + J4€}t22{r' + 16{,{r3{¡2 - 15{z'1(¡2

+ 64€13(33 + 20t12bt' + 166,4r,(r, + 20{23(¡3

- 37€r2t.¿'1 - 24€Åztto - tst'€r't + g€rEru * 6{z{¡i, - (ru)
1

- /({¡)6¿6f -s{rt + 17€16€z + 27grs 6z - 9e{,u{r 
j

+ t0tq,36ro - 45tr'€ru + g{,€ru - €r, - €ru€, - 6{,r{r€,

+ 47€,{b2{¡ - 84(r3€23€s + 8r{,'t ot, - 38{,{25€s

* 7€r6€s + 48ç,5612 - 4rËra€rtr' - BLtrrt rtr,

- ztr'tz3€r' + bb6,6ru€r, - 2rËz5ts2 - 29€r,1€s3

+ ++qr}¿rgrt - 30{r'€r,{r, - 20{r€236¡8 + Bb€24{33

- 2T€t3tz4 - 33€r2{z€rn - 25Ër€rrtru - 3b€rr{sn

+ z9E,26rs + 26{sÅ2*u + ztgr2¿rt - 7€,€ru - T€r€36 + {¡z)

- ( Í(tù - t\ {#,r, ,, - €rt, - 2t r- (r€s i 4€z€s - 2€,s,)\ {' )a
*(f(€,)-t\ t* (=-/ *A (-e t - €z + €¡)(3{'a - 46€,3€, + 44q,2çz

- ZËrt 3 t t a - 10{r3(s + +oqr2¿rqs - ztÅ22* - 4€r3€s

+ t2¿r2Erz + 10(1{2{3' + 6t'€r'- 6(,€¡3 - 4€r€s3 + (s't)

n (r(g') - t) lr-u€,'+ r*trntz - 22€rr€zr+ 186,26rr\ {¡ ) x't'
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Fro(€,, {2, {¡) : F({i, {r, {r)$( -2€r' -r 2€Åz+ {¡t)

- (r,r,, {2, (¡) - ;) 
^¿¿(2{, 

- {s)

- rGù;Å,* (tq=) #,-rr+€z-{s)

- (.tq=) åaosî,, - 8{,'{, + 6€,'€,'- 16(,

+ to6t26rgs r 36{,26r' - z)tr€rtr' - 32€,(¡3 + b€¡'1),

- 7tr€z't * {ru + 43{,'r{¡ - 76613{z€: f 1g{,26r'{, + 20{r{23{¡

- 5{z't€¡ I 2trtt €,t' + 6€12{z€¡2 - 78t Å22 t:' + t06r34 ," - 42€,'€rtt

* 4€r{z€¡3 - 10{z'€¡3 + €,{,r'r * 5{z€¡'' - {¡u)

.#* (rres- r({,))å
i (.fGù-t /({,r)-1\1-{2-€3\ ç - i, ia'

s3

F'z(€r,{2,{¡) : F(6r,{2,(¡)t- þf-e r* $+ (r)'-
+ r(€,)þ(-{, + €z + {3) - .f (€,)fr{-e, - e,

x (3(12 - 4€rt" t t, - 4€r{e - 2tz* + ts2)
1

- /({s)ar6 (-€r +(, - 6¡)(3€r'-  tr€rt €r'- 4€r{s - ztzË.+ t.¿2)

-åQcs-l({,))å,

Frs(€r,€2,(¡) : F(€,, (r,€¡)l- þfert - 8€rt{¡ + i+6,46rE, + 106,4412

- B2€r3{z€a2 + 186r'gr'tr' + g{,2€r€s3 - 16€i€22{e3 + 4g136rr

- 10{t2{sn * 8{r€z€sa +2tz2€t4 * 8(,{s5 - 4t €l5 - z{s6)

- ft{ze,' - 32€,3{s + zzgr2E qs i r2(r2Erz

- 32€r€z(e' + togr"lr'+ t66r6r3 - ro€ro)]

- (.,r,,€2,{¡) -Ð &G,' -{r{¡ + {,{s - {s2)

+ r({,)S(-{,t + 6€r'1€¡ - 8€'3€z€¡ - 4€,3{r' + rz¿t2E Erz

(8.15)

(8 16)

(8.17)

4-,._l
¡i

*(e)x
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- 6tr€z'ts' - 4€r't,tt + 4€22€s't * 6€i{¡'1 - 2tzt¡a - z{ss)
RÊ.

- f Gn)ft t-e' * {z r {¡)({r't - 2t,,t€, -r 2€Åzr - €r't -4i,3(,
* 6(12€z{¡ - 2€23* + 6{12{¡2 - 6€Åz€¡2 - 4{14¡3 -t 2€rt¡'i + {¡4)

. (ry) *(-3ir'' * 8{,'{, - 6{,iz{¡ * 2€t€¡2 i 4€z€s2- 4{¡3)
\ \L /

/.i ({,) - t\ 4. (tä--tj ¡qt-r'" + 176''rqz - 2€t'€r' - 4G€i'€rr + 356'Err

- 3{ru * 5€r'r€s - 44€3tz€t t 22{12E '{, + 4€,{23{: + i3(r4ç,

- 10(,'{¡' + 30€r't tr'- BB{r(22€rt - 22t t€e2 + 104,2gr3

+ 4(r€z{¡3 + 18{22€3:r - b{,{,r'' - T€z€;t + (e5),

J',*r({r,62, {¡) : F({,, {2, {¡) lffte,'' - 4{,'(, + 4tr2€zts

+ 2tz2ËJ * 4€r{¡3 - 2{¡'') * frfel' - 2{,3{s + tzqr2¿r¿,

- 18(t€z{¡' + 8€r'€r'+ 106,6rs - 4€r{¡3 - ¿€ru)]

/ 1\ 16* ("(q', {2, €¡) - ;) ñ€r(€'' - 1'{¡ * €z{,r - {¡2)
a¿ ¿ ¿

- f (€,)ïP(-€,t + 2tr'€s- 2€r{z{¡ -t2tt€.¿2 -t2€r€s'

+ r({,){fli&(-€,' r r€}tz - BËÅ"' + €23 + {,2€¡

- 2tÅzts + €r'Ës * €,€¡2 - €r€e' - {r')

- 4tÅ"2€'¿2

- 6t'r'tl'

- z€¡3)

(B 18)

(8.1e)

- (tq=) F,-*" - 10(r€z€s r 6€r€e2 -t 4€z€s2- +{si)

- (tq..) **tt*'o - 8{"{' + 6tt2tz2 - €24

* 4€,3{s + zo612¿r¿s - 28ËÅ22€s t 4{136, - 18{,'€¡,

+ 16{1€2€3' - 6{sr'€r'+ 12€1€33 * €z€s3 - {rn)

, 1 (¡(tù-t /(€e)-r\1-€r-{s\ €, tt )i'

F,o(€r, €2, {s) : F(€r ,tz,tz)lgfufe,t - 7{,6€¡ + r14,5gr6s + 6(15{¡2

- 19€ra€z€¡2 + r4qr36'tr' + 5{,0(r3 - 4{,'{r€rt - r4Ërr€rr€rt

+ 10{1(23€3t - t0{,'{ro + 11€r'€r€e4 - 10€r€22€r't - Tt tËrn

r23



(8.20)

+ 3(,t(¡u - 2tÅzts" + 9tz't.¡u * 2{r{¡6 - trts6 - €rt)
,

- #r-te{,'r + 80{i3{¡ - T6€J€z€.¿ - r2€3ti2

+ 64{,{16r' - 42€r'€,r' - 64tr.tr" + B€r{r' + saqr4¡l

/ 1\ 24 .* ("(e 
' 

, {z' {¡) - ;) ñGr - 2{¡)

t._
+ /({')5ù(6'u - 54'u4, + 6€r'1€z€¡ + €,'r{¡2

- 6{r3€r{s' + 8€r't'€r' + 64r"grt - 4€,r'tr{¡3 - 2tr€,22€}

+ 8€23(¡3 - 4tt'tso * 3(r{z{¡a - 9tr't,¿'t - €,{.t + (ru)
4

-./({s)fi2{ze"'- 9€,t{, + t5{,''t' - 104,3{r'ì * 3{r{25

- t u - b(tt€¡ + ts{'4qr6.¿ - 22tltz2tt :-8{,t(r3€¡

-t 3€i€z'1€s - 2t u* + €i'1(¡2 - 2tr3t €r'+ 8{,2622{¡2

- 14{r{23{r' + T€rutr' + 6(r'€r' - rzt}tz€s' + 6{,{z'{¡3

- 4(,r'ts{ * 3€r6z€Ba -7€r't o - {r(su l_2tztf + €ru)

- (¡(t,) -t I åt-ti{,,,+ 24t,rt¡- 20tltz€t*20q,2qr2\ €' )x'
* 24{tE ¿tt + 6tr'Ës2 - 24tÅs3 - 8{r€s3 + z€s4)

- (¡c'ù - t) år-c,u + bg,a6, - 104, '€r' + r0€,2€z.\ 4t ) a'<'

- 5{t€ro * {rs + 19€,a{s - b2€r3€z{s + 42gr2qrz¿,

- 4€r{23{e - 5t ot, - 1o{,3€e'+ 806,2grg12

- 30{r€22€e'+ t06r3çr' - B4€r'€s3 + 126,4r6rs

- 1o€22(¡3 +zT€Ås4 -¡ b{r€¿a - {ru)
1 (rGù - t /({r) - r\ 1-{r-å\ t, - €' )t''

Fn(€r, {r, €e) : F(€r, (2, {s) | - ff(-€, + (, - €¡)(- €t - tz+ €e) x

x (-(, * {z r {r)' + #,-r, + €z + {e) x

x (-€r3*B€,2{, -Jtrt2 *€23-6{,'{,

+ 4€r€z{s t 2t 2€s * 3€r{¡2 - 7t €r'+ ¿€rt)l
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/ 1\ 32* (t(q', {2.€¡) - il ñi({'' - ZtÅz-r €r2 + 4€th - 2€zt'¿ + €,¿2)

+ /((r)fft-e' I {z - {r)(-(, - tz-r€¡)(-{, + 1z + {¡)2

tr. , 16{r€¡,
- J l€z)-Ë(-et - €z+ {¡)(-{' r iz * (¡)3

- /(€¡)Spf -er * {z + €u)(-€" -t z(",2€z - r€r€"'

* {r3 + {r'(¡ - 2€Åz€¡ + €z'€.¿ * {r {¡2 - €rt,} - (r,,)
("f(€r) -1\32€,, -:t ^,.,-- tt=-J z"t-''' + 34''€' - 3€'€22 + q''l

- 5{,'€¡ * 4{r{z€s + tz'€.¿* 3€r{¡2 - 5t €l2 + 3€¡'r)

-(fG,)-t\ s Í- t- 4, -/ ^'A 
(-€r' + 96'''E' - 22t"'€" + 22t''€z'

- 9{r{r't * 425 + 4tru* - 4{,3(r{¡ + r6t:t22{¡ - 12(r{23(:

- 4(rutt - 6{,3(¡' - 186,2€z(r' + t0E,4r"tr' + 6(r,}{¡,

+ 4{r24s3 + 12(1€2€3t - 4t'trt - t,{r'' + {r€e't)

- 
( f (€,') - t\ 8{, ,. ,t ¡c B¿- (ttî- J ,..,. r.r -'*qr <z * 6{1'€r'- 4€,tti
\ <3 / Ls"Ët

* Ëzn + 20Ê13{3 - 44t}tztz -t 28{192(s - 4€zs€a - 2€12€2,

- 4ËÅ"ts2 + 6tz2 tf - 204r€s3 - 4t €s3 + €¡4)
1 (f(€r)-t /({s) -r\¿-€r-€3\ (, et )t''

Fzz(€t, €r, {¡) : F(€,., {2, €¡) lrfufet 
to + 4€,'{, + 2€r8{z€a - 30{,8{¡'

- 32tl €rts' + 1486,6 €r'tr'+ 106,661613 - 2406,5(rr{r, + 248t14Ë2rAB

+ ib6{16(3n - g€ru€r€14 - 2B4Er4t rtrn - 192413€23€34

+ 230€12 €20€r' - 264{15€85 + 186€14€2(rt + 416û3 €22 *5

- 240€12&t€rt - t04ç,6r4çr5 + 28€25€85 + 1b6{14{36

- 224€13 ú€ru - 72€12 t' €26 + t266,çr3€ru - 28tzo €s6

+ ttz¿r2gr€rt - 80€r(22{s7 - r6tz3€{ - 30{,r€¡s

*4{r{z€¡8 +26qr2Ers *4€,{¡e -L2Ëz€se +2€¡to)
i

+ fi3(zse ,u - 52€r'€r * 148{166r€¡ - 844{16{32

(B.21)
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+ 180€15(2{r'+ 100g{14€22(r'+ 1004(15{r3 - 164g€14{2{13

- 760(13{2',{r" + 952qr2E t)qr3 + 3204,','{r',t + t¡s6{,r{r€r',t

- tttoq,26r't;t - 244fi{2;tg', + z5}qra¿r4 - 2964,86,¡s

+ Tzqt2qtqrt'+ 6126,çr'€,r" - 2b6(zir€¡5 * g2(,2Er6

- 522€Å24,t' - B8(r'€r" + t646,ç r, + t2lqr¿Bt - 34€rs)]
/_ 1\ 2 "- (a(C'. {2, (¡) - il *n+rer({'n - 16(,i{¡ - 44€,6€z€.t

+ 44€1('€32 + s06,5çrgr' - 1164,'t €r't,rt - 52{, t€¡,

+ 2086,49r(r'+ 64€13€z2tz3 - 64{,rçr3(r3 + 206,4614

- T2€r\tztít + r64Er2€rr€¿'t + 52(r{23{r', - 106r.t€ro

+ 8€,''4¡'t - 96tlt €ru - 84(,€r,tu,, + B€r3(¡t - 4{'2{¡,i

f 36{t{rçru + 8{r'{rtt - 4€,6rt - 8(r{¡7 + z€¡8)

*(rG,,€2,(,r) -I*€r+{z+{'¡ 
16 '¡ -'t\ ¡+ --f ) e,€r('{''' + loE''{' - 5{''{'

* 5{r2€z{¡ - {,(r'€¡ + B€r2{¡' - 2€r'ts' * €r{s3 f B€z{s3 - (r'')
È.

- ./(€t)ùF(-€tu - 6€t8{¡ - 8€,7€r€s + z4¿r7 ¿uz

+ +o6166rg12 - 108q15 t'tr' + z4g16gr3 + 48gr56rqrr

+ T2€|€22€r' - 176{13€23€33 - 182ç,5€r't - T6€14tzt{

+ zso6t36r',{r',', + tzo¿r'1r3¿r4 - t106,4r't€ro + t326,a63u

- 80€r3€r€r5 - zr61r2€r'tru + r44tÅ23(¡u + 2Bt 4Ë25

- 24{13616 +tz}gr2qr€ru - 24€Åz2tz6 - b6(r3(s6 -24tlt,¡,
- 16€r(z€a7 + 40qr'gu7 + 6€,€¡8 - 14{r€e8 + z€se)

1

+ /(6r)¿¡q, (-t¡€rtt - 29€r'0t, + s3s6,e6r2 - bbb€rs{23

- tgg€r7€zn + ttrt86,u{ru - t842gr5qr6 + 10506,4617

- 3ts6r36r8 + 63612çrn - 13{16rto * €rtt

- 59€rtO€s + tooç,egr{r + 6b{,8grt€, + tsz¿r7 613q,

- t3oo6t66r4€, + 2300€i5€25€B - 1s46{rn€ru€, + 920413617g,
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- 86TËt2h*{, + 106€r{ze{¡ - 11(210{¡ + 24T¿reErz

- 305{18(2 €rt - g48Er7 E'qr' + tsz0ç,t'{r"{r' - 4g4€['t24*12

- 366(,''{r"€r' - 484¿rr E 
6 g¡' + g44(r' 

€r7 €,} - 369q,ç186,,2

+ 55ç10612 + 274,8qrir + 440¿17qr€¡'] - 66g{1(i(22g3r}

- 1080{1u€r'{r' + 2Z4Zg,4¿r'.r', - 56gq,36rsç,¡t) - g24qr2{r,,(r',

+ 696qrqr7€r' - 16b{28{irir - 726q17 6,¡'r + 150q,641614

+ rsz+4,56r'tr'' - 12986,'tqr"€r't - 506,34r'rqr't + 4}4qr2çsE.,'r

- T14*$6{14 + 330{27{:14 + 594E,66,,5 - 1028ç,u{r(rr,

- 258tr4t',{ru + 1000{1''(r'{rt - gg(,'{r't 
€r,, + 252q,{zo{¡t

- 462E 6¿t5 + 2704,51ru + 9989,''{r{ru - 260{13(22(¡6

+ 252Er2¿r'{rt' + zo+¿r¿r4Er6 + 462¿rs¿36 - b226,'1gr7

- 456çr36r{rt - za+gr2¿r2¿r7 - 4s66,qrr(rt - 3306r'14rz

+ zts6'36r* + tg96r'1r{rt + z|gtÅz2ts\ + 16b6r34,,8

- 39€,2{ee - 86{i(z(¡o - 5b€r,{rn + t1ç,6rt0 + 11grgr1o - {rtt)
- ( f Gù - t) 4,-u €,, - Tt,u€a - 18{rb{z{¡\ e' )sx
+ 62¿t5 ¿tz + 9€r',1(z{s2 - 6g{r3{22€r', - 25{r4€¡'r

+ itzçr3{r€r'+ 38{i2(22{e3 - 28€r€23€¡t - 44€rttro

- 57tt't €r'' + 54¿r¿r'€ru + 1b{23{¡4 + 19{12{35

- 36€r€z€¡u - z7€r'tru + t04r4ru + ttrgrgr6 - 3{rt)

_(f(tù-t\_t ¿ - õ .- (=-/ *u(,(-3€" + 5{"(' + 386'iç'2 - 166{'6€'3

+ zsagrs¿r4 - 292¿r4{rt + tz0113ç16 - bg€,2€rt + 11{1€28

- 6rn + 18b€18{s _ zlatr7€r€s - 696{iut't + tbSoç,56r36,

- oso6,4çrn€, - st0ç,3çr56a .t 488{,26ru€, - tt+¿r¿rz q,

* 9€28(¡ + tt64,76r'+ 90ç,69r(r'- T90Er5qr2¿r2

+ +so6,4Er',{r',+ 696(13{24€s2 - 854tr2Ërut} + 2984,ç16612
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- J6t 7 
ts' - g9z6,6gr,r + 1014E,u4r€r, + 8204,'rEr26rrr

- it¿g(,3{r"{r'+ Jz+qr2¿r4q,¡t - 2}zqr{ru{r3 + g4ç164.,3

+ tsB6,5gr't - tr64qrut tr't + tOtr0q,ir6rr€r't +zB2€J{ziJ€,iI

- 240€rtratít - 126€r,,€r', + g46{,a{ro + 90ç,,r6rç,s

- 352112qr"tr', + 3g46,4r:14r" + r26E',tq,,5 - 34gg,,1616

+ 3t06,2çr616 - t066,€r,t,r,t - g4(r3{¡,j - i40q,2q,37

- 78ü€zts7 + B6qr'¿,r7 + 324,4,s - 9€z{¡s + {r*')
_ /.f(E')-t+år't )

\ gl t)xtA(3€''-42€"$-72€'6€z{'¡

+ t046,66,,2 - rr4¿r5€z€r2 - r2gtr4€rr€32 - 126g1,,438

+ 2886,'14r{r' - 12(,', qr"€rt - 4g€rrt 3{r, + 96{,'1€¡'1

f 826rirçrç ta + r44Er2 t 't ',t + oo61113ç J + 70¿ra ¿r4

- 70(,3{¡" - t44Er2¿r€ru - r62¿rqr2Ers - 1124r3g,,5

+ 48€r 2€s6 + 90€1€2{36 + b66r'6ru - t8{,{rt - r6t"t,t, + z{¡B)

-//(€r)-i+å¿"t 
1

\ e3 
t 
) 'xtø(s{'' 

- 55€''7 €' + 767q'6q'2

- zss¿t\qr3 + 335{,'1614 - ZSS6I36 r" + \25¿rr€ru - grtr&t n t€ru

- T2(,t7 *+ zsb4,6çr(¡ - 414€rs t r t, + i0tr6,,1çrr6s * 180{,36ra6,

- ss36t26ru€r + zto6,€ru{, - b1{27{¡ + zso6,6çr2 + 189q,56rç12

- 8ss6t44r'Ër' - 70€,3{23{s2 + Tl.4¿r2E o€r'- +ozqrç\g2

+ ttrs4r66r2 - 5z0qrs¿r3 + 6416rr€r€s3 + 204¿r}¿rr6s

- 250€t2€z'{r' + 116{1€24€13 - tgtgr56r3 + 4b66,'i4r4

- +ztqr3ç{ro + 6os6r26r26r4 + szs6r6rt(ro + 9b€24{s4

- tbz6,36u5 - 8236,261615 - zrs6,{rr{ru - 2b(r3{su + g{,r{s6

+ 2sTt1€2€s6 + btçr'6ru - zqt,.€rt - trg€r{s7 + togrs¡
1 , .,-.\ 1 1 (f(t)_t_/({,})_r\ i+ 

6, - ç (/({,) - /(€,)) TÃ-* #_ e, \ €, €¡ ) tz€,

_ 1 (f(€,)-i+f{, /(€s)-r+}6r\z- €, - * \--- 17- - ---æ- ) t,

728



_ 1 (fGù-t+ä€z_/(ç,) -r+å{¡\ r

€z - €¡ \ {r' t,r' ) 4€,'
(8.22)

&¡({r,(2,{,¡) : F({r,{2,{s)#,r," - 9€, ''€r'+8{,''{r'- {,'{,r

+ 3(r4(z{¡ - 2trt\tr'€¡ - 4€,'t{¡'- 4€,3{r{¡t + g€rt€z'€.¿t

+ 6{r'ì{¡' - 6tr'€rË¿'' + {r'{r'' f 6{r€z{s'r - 5€r€¡5 + {rtt)
/ 1\ 8- (t(e',(r,€,r) - il 

''o..eø(-{'' 
- 33i' I{z + 34q,'tEr'

-t 2€t'1 (;¡ + zzErr ¿rq¡ - 34(r '{ ,' €, + 2€rt €,r' + 42Er2 qrlrz

- B{,'{¡3 - 24tÅztsr + 7(,{¡'' - {r")
* (eír,{2,{,r)-1+€r r{z+{'\ s ¡)

\ -rr % )x''q6{'€''+t06'62-4€Å'¡+('r2)
1 ( .f ({,) - r\ ro(,

- ,f({¡) ,U" - (^ä-J ¡¡ti-r, * {z - €,,)(€,'' +2€,,'€,

- 6€r'€"' -l2tr€zt) t t't - {,t{, + €,t{r{, + €,€22{¡ - (rr€,

- 36''{¿' - 8{t {z(.r2 - Jt"'tf f b€r {¡3 r b{z€¡3 - 2tro)

_(.r(tù-t\ z / a - a- |'- {, - ) fM€t€r({'o - 8Ë't'€' + 28Et6¿'2 - 56{'5€23

+ 359,4414 - 9{,7€, + sz6,66rE, - 112(,5{22{3

+ 69{14{2:r€a + 3b(r66r' - 110{r5€z€s2 + t25qr4qr2Er2

- b0€r3{r3{r' - 77{r5€s3 + 63{14€2€sB + 146,8grz613

+ 105{14{34 + 364'36r{ro - 73trt€r'€zo - 91€,3€¡5

- 73tt2t €su + 496,'4ru + zb4,6r{ru - 1b€,{¡7 + €u*)

-//(€,)-t+|e'\ 4 , ¿t¡.* (- / Ã16*(-6"{, +5tt4tz2

- 10€r3€r3 + 10€12€24 - b{r€ru + {16 + €ru€¡

+ b06,46r42 - 22tf tz'{, - 36{,r€r3€s + 1g€1{24€s - 6€zu6¡

+ €r4€e' - 22tf €z€s' + 56g12qr'€r' - 2tÅz'tz2 + tb6r4çrz

- 10€13€¡3 - 44tt'€zËtt - 22Ërt "€rt - 20€zs€s3 + L4gr2¿ra

+ 2J€1t2â4 + tb6r'6r' - 7€,€rt - 6{r€¡5 + 6s6)

- //({r) - t + lr't 1* \--d ) ,ñtã(z€'o - 72€r'€, + 3o{,41r2
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- zltrrtzr - 4{,5(¡ + tz¿r{qrqs - 8€,3{2, t.¿ - 26t}t.¿2

- t8+çt36r{¡' + zt}€,'t'€f + 72qr3q.,3 - 1364,'€rtrt

- bo€,'{¡'' + r62€Å2t n - 4€,€ru + 5€r")

, 1 (.f(€'¡ -r+|{' f(€r)-1+u]€r\z- {, - €, \----r7- - ----i}- ) €,'

Fz,t(€t,{2,{s) : (t,r,,{2,{¡) -Ð &r(ir'- 4€r{,r r zqrq,, +2qr'¡
/ t ir*{z+{,¡\ 8* (,t,r,,{2,{¡) - r+ ä ) 

"err,,
* (./((') --t + *€' I =' (5r,,t - 16{13i¡ -t 4€J€z€¡'\ €? )n'qrqr'""
+ r2tt2*2 * 8{r{r€s2 + 6tz2ts'- 8(r€r3 - 8fz(s' + z€r'')

_//(1,) -t+å{,\ 4 ,..,
\ {3 " ) a1* ({' '' - 4€' 'r t'z + 6q'z 1"

- 4trtr3 * {r't - 7{,'€,r + ttlr2çrq¡ - €,{r,€¡ - 3{r3€,

+ 7€t2t¿" f 6€r€r€s2 + ztz2€s'- €r€¡3 - {r{¡3)

* 1 (f(€z)-t+åt,_/({3) -1+å€3\Z' 
{z - {¡ \ tr' €r' ) €,,'

Fzs(Ët, (2, €¡) : - ("(*,, €2, (¡) - ;) 
^ã 

?€,' - 2tzË¡ + z€f)

* (r,r,,{2,(s) -;.ta#þ) #r=,€, - 2{¡)
,/ aq1s2s3

-(f(€r)-t+ät,\ + , ¿4

" (--d )ñ6tr(.€,'' + 4{,3{¡ + 166,2614,

-t 4tt€ztz2 + 6tz2€s2 - 4€,€¡3 - 8€r€e3 + 2€¡'1)

_//({s)-r+å{¿\ s tt,t' \ €"r " )arç,* 
({''' - 4€"€' + 6t}tz2

-  trt 3 t €rn - 4€,3€, + 4Ët2 €zts i 4ËÅ22 tz - 4€rt t,
+ 6€t'6¡2 -  tr€r€s' + 7411262 - 4(,{¡3 - r2t €23 + {s4)

* 1 //(€r) -r+å{,_r(e,) -r+å€,\s'{'-€r\ €r' €z' )€t'

Fza(t', {2, €s) : F(€r, €2, €e) lfffxr^ - 8€r3{z + 6€12tz2 - 4tr'ts'

* 4Ë'€ztz2 + €¡'1) - Sf-ter3 + 3ç,'6, * 44,2{s
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- 4{r{z{s * {r{¡2 - {r')]
* ("(r,, {2, {,r) - ;) 

"rõ 
(2€,' + 4€,t€z -4{r{,r + (¡2)

- /({,)Spr-e t * tz- €,)'(-{, + (z + {¡)

- f G,ù #È r^?2tt7 + t84,6ç z - 42€r" €22 + z6¿ra çr;t
-â \l\2

+ 144,66., - 76€r"t €s f 1786,'t €r't,, - 116€ri]{23{rr

- 42trt€r' + tt0q,',16r{r' - 684,3€22{¡' + 206,4çrr

- 40(r3{z{r' - 30€,,€rr€,r,t - 70€,3{:, - b0€,r(r{r,t

+ 4zlt2gts + 26tr€2ãu - 14{,(ro + 4rt)

. (tq-t) *(s€,' - (r{z - 2t' -{r€s + 4tzt¿ - 2t¿2)

- /r(e,) - t¡ r (- t- il-/ ¡q'{rr-2€" + 6{'''{' - 4t'3t'22 + 18E'4q'

+ z+çrsqrqs - 4ztt2tzt€, - 52€rr{¿, + 52qr2qrçz

+ 684,2qrs - 20€r{z(:t - +z€rtr'l + 5{¡r,), (8.26)

Fzz(€r, {2, €s) : F({r, €2, (g) l- ?f,o:e(,t - 4{,t€ z - r6tf tz2 + 686,s6rs

- 50€,0{14 - 2€r'€l + r06,6çrgs - 18€,5€z'€, + 10{14{23{¡ - 4trutr,

- 4Ëru€r€s'+ 52qrn¿r'tr' - 44Ëf tz}tt2 + 2{rb{¡3 - 6{r'r€r{s3

+ 4€t3€z2ts3 + 46,'t6rn + +trtt tro - g€,,€r,€r't + 2{,t€¡t

- 2tt't ts' - 4{r'{ru * 2€r{z€e6 - 2trË27 + {r')
I

+ 5ft(-s€rt - 30€,6{z + 108{,ut' - T5tr4€rr + €r6€¡

+ :og,56rçs - r29{lt't, + 98€r3(r3{s + ib6,5612

+ zt¿r4¿"qu' - 36€,r€rrtr, - 12€Ítsr - 12€,8€r€sg

+ 24Er2 qr2€rt - t7{,,€r, - r2€rr Ëz€sn + 2t6r26rs

* 3€r€z€¡5 - B€,€e6 - ert)]
/ 1\ 4- (t(e', (2,(¡) - i) *tæ;(-o('' + 306,u€, - b4€,u€r'

+ 304r46rs + 386,66, + tzo¿r'qr{3 + 258{,'1{124,
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- 4r6tt3€z'(., - 66(,t{¡, - zzzEr4qr€r, + 2glt}&2*2

+ 6(,'1(¡3 - r2t,"(rçr' - tT4Er2¿r'{r' + g6(,.{¡'t

+ zsE.,2Erlr't - 78q,'..ru - 6€,(r(.u + 1g6,6ru + {rt)
/ t*{rr{z+{,,\ to ,.,* 
[t,r', €2, {,r) - , + T) æ;({,'' - 4{,3{, + r€î€22

- 7(,''{¡ - 2B€r2€r€:: * 9(1'tr' + 11€r{z{¡2 - (,(r, - €¡'t)

+./((,1ffr-e1 * {z - {r)'(-{, + {z + {¡) x

x ({''1 + 2(,}€z - 6t,.'t' -t zË,€r'\ t €ru - €,'€, + tr"trt,
T ütz2* - 4r3(, - 2trtz€.¿2 - €,€r' - €r(r" + €¡'1)

1

- .f ({3) 

^Ñtrt 
(-ztt" + 26¿r'o{, - 222€1e€22 + 790g,sgr3

- 1268(r ' €ro + 676ã6 &s + z2¿r10 g, - ztzqre qrq,

+ 8949,86r'{, - 2224¿17 q"3(a + 3692{,u€r't€, - zr|Ztrs tzs tt

- tt06,e6r' + 7sa6,86rtr' - tgt66r76r2€r, + 2r20il6b3*2

- saz6t56r't€r' + 330€r8{r3 - t}szqr7 E (r' + i912{i6622(33

- 400€rs{z'€rt - +soqruqruqr3 - 6606r7(r't + t42gç6qrgr4

- 484¿r5¿r'€ro - ze+¿r4qr3¿s't + 924qr6(r5 - ¡o+€,u€r{ru

- sa06,4qr'€ru - 40€,3€r3{a5 - oz+Ersqr6 - b886r46r6r6

- 504€13€2'(ru + 660614{37 + stz¿r3qr{rt + 524¿12¿r2gr7

- g3o€13€88 - bb86r2€r(r8 + tto6,2çre

+ 86€1{2€3n - 2z€rtr'o + {rtt)

- ( ¡Gù - t\ 19$1sg,6 + sz6,u6 z - 76€ratz, + 8€,r€r, + 67112qr4\ ç' )sx
- 32€ttzu - 2t u * 2(r5{s + 3€i'r€z{s + b16r3Er26, - ttg6r2623ç3

+ os4,Er46s - 13{ra{r' - 30{r,€r{r, + Sìtrr€zrË., - 2g€r{r3€e,

+ 18614grz - {rt€ru - rT€ltztrt - t0€,€rrtrt - 32{23€¡3

+ 16ç,2414 +72€Å2{1"'+ tSEr'6rn - b{,€rt - 2{s6)

_(¡(tù-t\_t z o- \.- €'--l 5 d6 Gz€'o + 20E'81' - 70€'7 Ëz'
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+ 110{16{2'- 58(,t{ro +20¿18¿,, - 1944,7{z{s * 44tf tz2t,¿

+ rzro6,5çr'{, - ttzoqr'tqr't¿¡ - 88{,7{,12 + 390g,6qrg.,z

- 642¿rsqr't,r' + B+04,'1qr3ç¡' + 224€16ç33 - 37gç,t{r{r',

+ \bzqr\¿r'{rt' - 39g613q2iì6,¡,r - 364q,5{r'' + s266,''{r{r't

+ 38{1t€r'(,r't + 39z4,4Eru - uu€,'€r(ru + 102{r'tr'€,,rt

- 280(r"{rn - z5+Er2¿rE,r6 + r28Er2qrt + 10b6, tr€t7 - 34{,{¡8 + 2{r*,)

- /./({r) - t + å{r \ ¿{' txc (:' [ È2 
- 

I n¿.- \u(r -22€r'€z+ 35(r't€r'_ 2)€rt]€z\
\ \l /a\2\;)

- 5tr't u + 10{1{2s - 3€rtt - 2ztr" €t - gT €l tzt.¿

- 166{13{z'tt + zzzqr'€r"Ë, + +s¿rE 4E: * 19{154, + 36€14{82

+ so6,36rç,r2 - rg2Er2€r'tr, - r20€ttz3{r, - 44t nt.¿,

+ 2{,'r{r'+ soç,2qr1r'+ 62q,4r'{r" + 46{13€13

- 27t,,'tzu - 10{r(z(¡u - tg€r'€r'' + 96,6.,u - {z{¡', + z€¿6)

_/./({¡) -t+ul{s\ t t 
^I c2 

-, 
.,-1. . \-u{'t+30€'Û{' - 54tr"1r'

\ s3 / L^ \L\2
+ 306t46r3 + T4¿16¿, - z0+Er5¿r{s + 1b0(,utr't, - 20{,3€r3{¡

- zoa6,5qr2 - strs6,'16r€t, + 8b26,3çr2gr2 + 3zggr.1618

+ zzgçr3 qr{s3 - tt06gr2 qr2€r. - B4€,t€r't - zgz¿r2 qrçt

- zr}tt2€tu + ts+gt6r€¡u + 78€r€¿6 + T€s'),

F,e(€r, €2, (s) : F({,, (r, €r)ff Gztro + 2€r't '

'Ër'+ 1o{,3€s

'+€rËr-€r€s+{r')

* ( f(t') - t\ SFr-4r * {2 - {,)(€,' Í 2tÅz + €22 - 2tÅs\ {' )a
- 2tz€'¿ + €¡2)

(8.27)
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-(.rGù-t\ 
cocz

\ (, ) lC2€, 'ì + 2t,'€, I 2€t2 €l - 2Ë,ttz€.¿ -r 2tt€.¡2 - {rr)

* (/(e') --i + åe') *å?t, i' - 4€,'{, + 6q' 't' - 4€t€z',
\ \l / a q2q3

t €z'1 - 12{,'}{s - 16tt2€rtt -128(r{r2(r * 18{,26r' - z)(,r€rtr'

- 6€r'tr'- 4€,{,r'} * g€26¡,r - 3{¡'t)

- ('/((¡) -t + å€'r) l?cr' , -4(,r -t 4€t2€zr 6{12(¡\ e; / ¡'i'€, ' =\ I

- 1o(r{z(¡ - €r"),

Fz:t(tr, €2,6¡) : F({r, {r, (¡)11#(u{,u(, + J€r't€22 - r2(r3tz3 * 6{15(¡

+ 12¿1362€r * 3(,''6.,2 + r2¿r"çr4r' - r}tJ€,r2(;¡2 - 18{r{z(¡4 - 3(3,i)

16
+ fr(s{rtlz r 6{1ut " - 74tr'i€r3 -F 3(,5(¡ + 18{,:r4r2ç,

+ 6(r'1{¡2 + 1g{1'(r(r, - r6trr(,rr€r, - 2r€¡tzt.¡'t - z(ro)]
/ i\ 16* ("(ç', {2, €,r) - ;) ñ;,€rtr(et,'tr'- 16(,'{r3 + 30ir'{r'€,

+ 9{r'1€¡2 + eo1,3g16r', - 34trt€r'tr, - 30(,€z(s'r - (ru)

- (",r,, {2,€¡) - ;. v#þ) dä ?st:€,- 3{,'€s

* 4€r6z{s + s{s3)

+ /({r)ry(-{r5 + 6,'1g, + 2€r3€r' - 2€r't B - tr€ra

* €r5 + {r't{, - 4(r3{r€s + ztt2tz2t¡ * 4{r{23(¡ - 3€za€s

+ 2€,3€¡' +2€f tzts2 - 6{i€22{¡'+2ttËr'

- 2€r'{¡3 * 4€r{z{¡3 + 2€22€s3 - {r€r' - 3(z€eo + 6¡5)

" (t9--,) * ?zt,u *t,at,+Tttz€22 -Tt,'t,
- tt€rn * 2t u t {ra{e - 18{r3€z{t * T{r2qr2{s * i6{r{r36,

- 6€ra{¡ + 7(13(¡2 + Ttf tz€s' - B0€r€r'Ë22 +  qrsqrz

- T€r'Ërt + 16€1€2€3t + 4t'Ërt - €,{¡a - 6{z€¡a + 2(rt)

. (*=+e) 
^ä,-{,u 

- 3€,at, + 74¿,8 ç,2

- 14€t2 €23 * 3{,€ra * {zu - 3€,n{¡ - 36{13{r{ s * 22{12 qr2 q,

+ zo1t6r36e - 3€rn{¡ + 14çr3çr2 +zz¿r26qr'- 46€lt,€r,

(8.28)
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+ 2{,r3€t'- 14{,2{¡3 + 2o€1{2(rt + 2€rrt,rt

* 3{r(¡'1 - 3{r{.'t + {¡5), (8.29)

4ro: f({',(2,{¡)l#(-* - €z-r {,)({r6 - 5€,r'{, +8{1'}{2'l

- rStr'€r'' * 56¡"€, - 6{¡u{, + 24q.r4 Er2 - 36{23{¡'r + 24gr'I q.r2

+ 8413{¡3 + 4€iI*2 - i3{,2{¡'1 - b(r5{¡ + 4€rt€."2 - r2tr,t€}t,

+ B24,26rrr(z - 3g{r2{,r'€,rt - 6{,''{¡€, - 12€r3{r{r, + 3zç,26rrç.,

- 3{¡''{, €z - 2fi{r'r{r' - 2*€,23€f - 3{r{z'r{¡ - 6{rt,{,r + b€,izb)
,

- ,n^- (B tt'trtr' + t7¿r21lE ' - o8{r'{¡{r - 63(,'r tr' + Ttr'trt

+ 26qr¿r4 - 68{,13€r€z -l rT{r2¿r'Ë, + 26€,'r(z{¡ + 316,46, - r2€.¿3€,r,

- r2tr't 3 + t84r'16, - 6{rt' + 18ç¡44, + 7{r3{,' - 63{s,€,,r + 3t4,'rg,

* 5{rt + 266144, - o{ru)]
/ 1\ 4n (t(ç', {2, {,r) - ;r) åçr{rÃ({'' 

+ 2€z€ù

)
+ /(4r)5ft{e" - 5{t5€, + 8613{z'r - r3t12t u * b(¡5(, - 6{ru€,

+ 24¿u4¿rz - B6€23€e3 + 24{14q,2 + g€,3{¡3 + 4Ër4tr, - 13€,r€r't

- 5{,"{¡ + 4troËr'- 12{,3€.12 tz + J2(r2¿r'€, - Bg€r'tg,t,

- 6{r'1(¡{, - 12€,'r€¡{r2 + 82€îtz'€, - e€ro€ Åz - 2€Ås3Ë22

- 2tt€23Ëz' - z{srlro€s - 6{rt€s + b{,€25)
1

- f (tù nfu^(20€r'{r'{t - 664r36et{,'+ tzt¿ro¿r2¿r * 148{136,3q,

+ 8r¿r4qrz €s - T4Ë25 tB€1 - 1b1{ r, trn€, + to+6r2çrr€,, + B4€rr€z2tr}

- tst¿r2¿to€, - 35€23€¡o + 35414613 - 27Ë15t.! + 29¿13¿r',t - 69{24€13

+ 19615412 i Ttzïts + zr¿r2lrs + bB€22{15 - 4T€16€, + 9tç,3gr+

- 189€i'16s3 + t6s6rt6r' - g{r{ru - 6b€r6(¡ - z25tr2ËrtrL

+ t806,36r€rt - 4rtr4Êz€z' + s+4,56r6s * 86{,{r6rs

- 3€t2€¡5 - 7€ru€, f €s7 + 9€rt + Tt 6Ë, - tr')
1

- /(€r) 12ù, (20{r3€¡3€t + ro+613çr'€r' - tStqr4qr2qr * 180{r3gr36,
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- 225t24ü'€, + 86€ru€s€t + rzrqr2¿rn{, - 66t'€z3tr' + B4qr2¿r2Ert

- 4rt 2tr41: + 35{r31r't - 3b{ru{r3 + 214156r' - 1899r3q,'t

+ 914r'rq,'r - Jt"t€r' - T€26* - 2r€r'€t" + t6bqr2ç,u - 65{,u(,

- 69(,'r(r'r + 2g4,4çr3 + b36,5612 f 7{,€rti - 4T€t6* + gtg,26rq.,,l

+ t486,34r€r'- 1b1ç1'r{2€r2 + b4{ru{r{, - T €t€zt¡',

+ 194,2ç,,5 * 7{¡6{z - {r7 + g{rt - 94rtti, + €27)

(.f(€,)-1\ 1 .-" -,,ì. (^ll -6^-({''{, + 6€13(z'r - 4€,'€r'' + (¡"{r - 6{¡''4,

+24114Ez - 36{13{13 +24¿141l2 + 6€,3€¡3 - +tit€¿', - 4€r2€s't + {,t{¡

- 4ti'tz' - 46€,3{r'€z * 60(,'€,rtt,- 80{r'{¡' t " - rLtra€,¿tz

- 46{t3{r{r' + 60¿r'qr'{, + slrugr{z - 6{r€¡ttr' - 6trt'tr'
r 5€r€z'16¡ - 6{2"(¡ + €i{zs)

- ( J(€,) - t\ 
- 

1 ,'* 
[- 4r- ) ,{i.æ(-{'u r2€"'t'+ 72€t'{" - 8€,'2€z'L + 3(¡"{,

- 7€ttt" + 6{¡'1{22 + 346r36rs - Szt o€.¿'- 2€,3(r3 + 3(,''{r' - 2€r't.¿'t

- {tu€, - 8€,0{r'+ 326,3612(2 - 106{1'{r'€, + 66Er2qr2$' +9{,"{r€,

+ zoEr3616r' - r4€r'€r'(, + 70(r"{r€, - tozqr6r3 tr, + nzqrE rqr2

- 85(r{za{s t 27{25(: * 2{,(rs¡

-(fGù-t\-t , .. - a- (-f ) 
'{iÑ((''{' 

+ 2{13{23 + 2€t2tz'I - 2{su{'

- 2rt.¿5€z + 53ç146rz - 34{r'€s3 - 6Ë14Ës2 - 12€r3{s3 + g{,4{s2

+ 8{r2{s4 - 26,u€, - 3Ëro€r'- z0{r3€e'tz + r4{r2Ert{, - 66tr'€z'Ër2

- 9{ta€s{z - 32€,3{¡{z'+ too6r'çr'€, + 8b€eo{r{z - ttzErl 3¿r2

+ toz6,qr3t' - zO{r€za{¡ * 7€25€s - 3{,€r5 + €16)

* (-=f-J ¡fr-r(- €s' + 2€r* - 2{'{s - t' - 2tÅz + 3€J)

- (f 
(tz) :: + ätz) 

#,*' - 2€Åt - Bt'* t,2 + 2€Åz i ztztz)

-//((¡) -t+å€¡\ ¿r^

\ eg ) çpe2ã& + 2(r€¡ r Ztz€s * tr' + €r' - s€s') (8.80)
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Appendix C

The explicit representation for the
second order form factors of the
heat kernel

Like the thilcl orcler f'olrn f¿rctors of the trace of thc-: heat l<elnel in Appenclix B, the

second orcler f'orrn factols of the heat kernel ale explessecl through basic fblrn fäctors

(2.130), (2.131) ¿rnct A (2.14J):

Gr(€r, {2, {e) : F((t, €2, {¡), (C 1)

Gz(€,,,€2,€s) : F(€,, €r,{¡)t#(€, r €z -(,)(€a + {, - (z)

* f re, - Ëz -{,)] - r(tù!#((, + {, - 6,;

-rGùW((,+{2-6,;
.l

- /({a)oz (-6{t€r{r - 3{'{¡'

- 3t €t'f S{e(r' * 3€s{22 * {¡'+ €r{r' + t €r' - €r' - (,t), (C.2)

Gs(€', €2, {:}) : F({i, {2, €¡) t - #(- 2trËz€r2 - 2tÅzts2

T4tt2€ztzf €,n + to + €rn - 6Ër'Ër' * 2{s(,3* 26r€a3 - 6€r'€r'

r 2€ztr3 -t 2trt 3 + 6€z'€z' - 4€r3ts- a€r€e3) - *l
AÈ.

+ /(1t) n, Q€rtt - €r' + €r€¡ + €'€, - €z')
1

+ f (t )þ({' + €, - €r)(€" -t2€zts - €r' - €s')
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1

+ /({¡) þ(ztrtrt¡ - {r{r'+ 4r4,' + tr\ - t tr"
f €,'- €r€22 + S€rtt'- 3{¡{r' - €r'), (c 3)

Gu(tr, {2, {¡) : F({r, €r, {¡)lgfuter' - 4trtt7

- 16{12{36 + 68{,i}4r5 - 100{r't{¡'t + 6g6,uqr'- 16€,tt{r'

- 4t,,' * f 2€,8 + 16{2{r {¡u - 60(z{r'{,,0 + 8{r€,3{¡ I

+ 68{2{1'1€33 - 48{r{¡'€rs -  t"tÅt') * 8(z€r7 + 96qr2[¿2gra

- 136€1362'{r'' + 36{,t'{r'{¡ - i6€, ut"r' + 64trt€r'€,rt - 2g€¡(,'t€z,l

- 4o{ru{r3 + +a6r4E 4¡

1-
+ 

5fu(se,," - 16€,{¡'+ 4{rt{¡3

+ 24tr2tr3 - 26€$ro t 8(,u + za6r4regz - 52tt2t12tz

+ t2¿r4gr+ 201,261922 - zotÌË2\f
t/ 1',2* (r({', (2, €¡) - Ð^(Ër' - 4{,t, t 2(,t'+ a€r{z)

1

+ /(€t)ua,, (-{,'{r" + €¡2{r5 * {16€,

- €t{ro - €r' + (rt + roEr(ru€, + b€ro€r'- {rt - 9(zu6e'

r 5€¡€26 f 5(z€s6 + z3qr2¿r+€z + 57{16rnt' + 12{,3{¡3€,

- 29€.¿'tr4{z - 20€r3€r€r' - 6(r{¡€15 + 3¿¿¿r2qr4

+ ttçr26r6r't + 3{r€ru - 42€r"€z3t' - 68€,€¡3€13 - 22trtz5€z

+ 74ã2&2bt - t4t,?Ërt€r'+ 3{s€,0€r2 - b€,3€¡'t + 5{r4€¡3

- 3(B€r6 + 5€r5{22 - 9€ru€r' - 2Ttr4t 3 +2T€13b4

-ltr't5+5{23{34)

- rGù.L,^r(-€rt - 2{,{s6 + 38€12€85 - e0€,3(s4

+ 90ç146r: - 38{s'€,5 f 2€e{r6 r2tr'- 106r€eu{, + 506r2çrag,

- 24tr3Ës3Ëz -t 2g2qrnË, - 20€e(,5{, + t+¿r6q, - 66{,'{s3{r'

+ 364r2ç,s &' + az¿rErn€r' - 54€r't' - 44trtteËr3 + 386,4613¡

* ( rG') - t) 3l(ng,'{z r 3{1a + 2tt2€22 - 8€,€r3'\ {r )x'
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(-2(z + {s)
8(r(z

(c 4)

(c 5)

- t o - 8{¡{,3 -1 4t.¿€23 + 16€r t.t€z' - 6t 'tr'+ 6412(¡2

- {r't - 8€,(z{¡2 + 4€z€s3)

. (tq--,) #,tr, " - 22t,t,'- 2o{,,€,,

+ 5zçr26tr - 26€¡4''t r 2tr" f 36{,613çz - 52€¿2€}tz

f 8€¡{r3(z - 6€ittt + 1B{,2qrqz2 + 4qrrq"z\,

Gu({,,€2,€t): (.(r,,€2,{¡) -Ð #- /({r)C#
( J'G,ù - 1\ (-2{z + b{,)-\ ç ) 4t,€, '

Go({' ,tr,€t): F({', €r, {¡) l- þett-r tz- (¡) x

x (-{, - tz-r {r)(-€, -r tz Í*rl n å]
+ r({')$(-€, + €z - {s)(-€' - €z + {,)

- fGù*l(-{' - {z + {3)(-{r + {2 a 1r;

- /({¡) þft: - 2Ët€z + q22 - €r2),

Gz(€,, {r, €:r) : F((r, €r,6r)f (-{¡ - {' + €z) - f Gùå

+ r{a)f- /(€e)å,* + 6z - {r)

.*ä(r{e,l -/(€,))å,

Gs(€,, (r, {s) : F((', {2, €¡) | - #t-E, - {r + {r)' - å
+ rcùftr(-{u + {z + {1)(- A€ztz - 4tÅz * stz' - 2Ê

+ r{o)ffi(€a + (, - 6,¡

+ f&ùft;(€¡ + (z - (,)(-a€r€¡ - 4€r{z t 3€r' - 2€Å

-*ä(rrr,r -r(&ùä,

Gs((,, €2, €¡) : F({r, {2, (:) þ{-rtr' r 2tÅz+ €r')

- (.(E,,{2,€s) - *l"- (2{, - €s)

2
- -,(-(r +tz-

- ç3/\-ç1 - ç2 -l_ ç3/

+ €¡)(-i' + {z + (s)

',2 
-l tz2 - €r'), (c.6)

/({')å(-{s +{2 + {r)

(c 7)

4tz,
-ILL

"o\-q3-q1
8.'

-Ãj
- 2€r€s + {r2 + {s')

. 8''
i¡) + Ãl

€r

L
ç1

- €z + {',)

+{z+(s)

¿2r- t;] /,

(-{, - {r + {r) -
, -{t)

1

,€z

L\2

- t")

, - tr)Fa€z€¡ - 4€Åz + 3€r' -2€r{s f €,' + 6r'¡

f (Ð)?,
'<2

11 8
;) ", , l'¿{r - €s)L' a\7\2

(c.8)
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r,,\ 1 /({,) -r32*, --.I(i¡) 2t,€, 
* -ï-fr(-e' + {z - (¡)

- /({t- r 
,#frt,,, - 8{,,,{, + 6€t2€22 - 16{,,r{¡

ç3 a-q I q2

+ i66,2qrqs * 36{12{r' - 20€,.€z€.¿' - 32€,6¡3 + b{s'r), (c 9)

Gro({r,€2,{¡) : F(ii,{2,{¡)liftfe, r{r - $)'(-zt tr€r'

- 2€ztt€rt +  grçr'z€t + E2't f {,'r + {r't - 6€r'{r' + 2g.rgrtt + 2€rtrtt

- 6tr't t -l2tz€l i 2€r€z'r + 6€126¡2 - 4(r3{¡ - 4{,{r")
4* *u(-14{z€¡{r2 + rl¿rqrtt + +o¿r¿r2qt - r4tzâ€s2

- 22tztzt\ - r2tr,€r, - 4{,,}6¡ - 4(r€¡3 + 6(12(¡2 + {s'r

* 19{2'r - L2€r'€r'+ 14619,3 - 22€rt 3 + (,0)]
/ I\ 48{z*(t(E',{2,{¡) -il-M

1

+ ./({' ) ur¡i ie, r {r - {¡)(- 16{r{,'6r' - 20t'¿€22 t,3 + 241rq',q,r

* 8(¡{rt - 64€13{¡'r + 3b€32€24 -t 37{r2¿r4 * g€r€25 - 64{,3€13

+ 37€22t| + Bb€12{24 - 8{r€rt - 8€z€,u - 9{ru * €r6 f €¡6

- 20tz'€Å;' - 846r,{*, €r, - 6{¡{,{ro - 16{z€13€ t2 + 246qrqra

- 6€15(¡ - 6€,(¿" - 20{,t€s3 + 1b6r46rz + ts6,26r4¡

- f Gù#(€¡ + {r - €z)(_2tz{r{,'- 2Ëz€Å} t 4tÅz2tt

-t tra + €r' + {r't - 6tz'€z' r 2€.¿€23 -l2t ts3 - 6€r'€r'

* 2{z€t3 *2tr€23 + 6€12€¡2 - 4€,'€, - 4€,{e3)
1

- /(€r)ú, (-a1€s{t2€rn + J4¿r'qr't t + B0€22{s3(r2 + 4tqr2Erqra

- 44tr€r3ts3 + z0çr6r3{rt - 26t trts' r9tr'* €,7 + g4€¡€r3€r3

- s1€s€22{,0 + 386rgr(,u + 7{z{86 + 83€22{1(s'L +zlqr¿r2qr+

+ 2€s2€22€,' - bb{r€r'tro - 4Bt}€rs + 2T¿r3qr4 + 2g *3e24 - 29Ë22€s5

- {rt + 6{e{,€ru * €s{r6 - 7€s€,6 + 21€15€32 * 7€r€¡6

+ 3b{13{34 - 3b{,'1€s3 - 2rtr2tss - lTtrËr6 + 99€13€24 - 101{23{1't

- 27tr'Ë25 + 458 2¿ts - 9€z{r6)
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- //(e') - t\ t* (.-ï- ) UrñG, 
* €' - {¡)(-2{z{¡(,'+ 10{z{,{¡'

+ 40Çqr2Es f 3(2'r f (,'t + tí' + l.zE'trt - i0{¡(r3 - 6€r{¡'l

+ 44ã2&2 - 2€z€t'- 46€,(r" + 6(,'{r' - 4{,"€, - 4{,{¡3)

- (f e'ù - t) $l (-,rF,F, +)r.,2 -r €z€t* {riz t2t,, _ J€zr)- \ t' ) N \-'*qlq' -¡ 'z(:r

_ /.f(er) - t¡ _t .ì c 2c 2 t o(\c c cil- t c- t efot+er€,{,r'} + 18{¡€r'€r'+ 20{¡{z(r" - 3€rt
\ ca /\2,

- 22€,'trt\ + 18{13{22 * i36,4r'r - 7tzt,t't * {rt - 42(,r't¿t)

- 76€.¡tt €2" * u{r tr't,r' + 43{3614 + 2€.¡2 €23 - 18(z€¡2€ rt + €r{,,r't

- b{r{r'' - {rn - 101,'{r'' + 10{,3{¡2 + 5{r{¡r)
7r.l

- 1a: u¡(/(1') - f (tù) 
uE,

r (f(t,)-1 f({r)-r\1-GirE,\ E' - €r )€,'
Grr((r, {2, {¡) : F((r, (2, {¡)lfftrer^ - B€,3{z + 6€}tz2 - 4€,'tr'

* 4{ttzts2 + {¡'r) - frt-re,' + 3q, 't, + 4¿,'g,

- 4tÅzÊzn {r{¡' - €r')]

* (r(e ,, {2, €¡) - ål^{¿ (2€,' + 4t,t" -4€r€e + {¡2)

- /(€')TF,-*' * {z - €r)'(-€, + €z + €s)

1

- /(€e)¡,r6*-{-2tt' + 18(16{, - 42trtt" +26ã4b3

+ 14{1663 - 76(15€z€r * 178{1'1{r't, - 116{13{23{3

- 42€rsts'+ tto6t46, tr' - 68€,3€r',{r2 + 70{1'1€33

- 40€,3€r€r'- 30€,'€r'{r, - zO€r,€so - b0€r,{r€¡4

+ 4z¿r2çs + 26€r€2€3t - t4(,€ru + {¡7)

.- ( f(t'') - t\ 32!{se,, - tr€, - 2€rr- €,€¡ + 462{s - ztsr)'\ 6r )n'
_(¡(t¡-t\_t z ^... ^-,1 -- t-ã-l 

^dõ(-2{" 
-t6€l'€z- 4€'3622 + 18(14{3

+ z+qr3qr¿t - 42€r'€r't, - 52€13(f + sz¿r2¿rErz

(c.10)
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+ 68(12€33 - 20{r{z{¡t - 42trtru + b€e5), (c.11)
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Appendix D

The form factors for the Weyl
anomaly calculation

f, : F(-s! ¡ , -sn2, -str¡)*frf or- - 4n r!¡7 - 16n,2n.,r;

+ 68t1'31.15 - 100l,an¡a + 68lr5nrr - 16n16112 - 4zrr¡¡,

+ 2n18 + 16n1L]2!s6 - 60r,zrzn¡s + Bn,illrtr,l'l + 6glranztr¡,1

- 48rr5rrnr' - 4l16!r!, + glr7l, + g6n12!12!r,l

- 136n13n r'art + 36l15lr'¡, - 10!r6nr2 + 64!13lr3trr2

- zïzr4r,t!, - 40!r5!r3 + 46nr4zr't¡
7/-. t\ 1

- ; (F(-sn1, -s!2, -sns) - ;) ,ú(3rr'- 16r,rr4

+ 4!r3!r2 + 24zr2zr'l - 26rrlr' + glrt + 2glr3lrl,

- 52ar2ar!r' + I2nrar4 + 26r,lallz2 - 20zr2nrt¡
I /- 1 i \ 2n ,, (fi-s81, -s!2, -su¡) - ; - ùt(or * !z * "ù) O,

x (¡s2 - 4nln, + 2zf + 4n1tr2)

, (f (-tn') - 1\ ¡, , _ Ð_ r.+ I -# I lf -¡.,'8,5 + !r nz6 - nztrr6 + r'r7 - nr7
\ str /6Do\ o I

+ !s7 - 37nr2arno, + gnrslr2 + BtrB¡16 + blr4trr3 - b!r4nr3

- B!r6n, - brr5trz2 - 27nrsnra + z7zraazs + b¡r2tr2b - 5nr6D,

- 3lrtrr'1!22 + 42tr3nr2zr2 - 74tr2lrt¡r'- 12nr3nr3!,

- 23!r4lr'o, + 20lrn13lz3 - bZtrrl r'Jro + 22nr5ara,
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- 11!Jn12!r^ + 6!snrnzl' + 68113lrl z3 + 29arz!r'ln,

+ 14l,3lr'tfr' - 10D3nrto, + !¡5nr' - 5n2'in3:l + gnr2trrs

-- ,l- il r- (i- \
- ÐLr3 L]2 - OL_IZ LrJ/

_/./(-'¡r) -tt n"

\ ,n, - 
)ffi(n¡7 + 2!.,{jn, _ 38Lt',¡lt2 + 90n.,ln''}

- g0!,'trr'' + 381,21," - 2u.,n,u - 2tr7 + 10l15nrtrz

- 50!,,4 D r' n, + 24nrlr n, 3 n 2 - 2232 z r'' J" + 20!,,!, 5 tr,

- r4]2rlr6 + 661',3]r'ar'- 36ft,3lr'f'r' - 62n,]¡ ,''nr'

+ 54lr5lr' + 44nrzr'¡r'- 38nr''nr')

_ (/(-s¡r) - 1_ ås¡r) Tjf 
",3., 

_ 4nrn.3r _ 6!,2n,2
\ ('o,), ) Dl '-

+ 6f,r2a.r2 + 8nr!2n3' - 16l,l r'2, - 4nr:1n,, + 81,3!,

- 2zy2z22 - 4n,3n, - 3nr'1 -l Sftrlr3 + tr2'l)

, //(-s¡¡) - 1 - f'qn'\ ¡''. (ff )ffia"'u -zzntrr'r -20tr'3n'2

+ 52lr2lr' - 26nrn ,u + 2zru + 36113lr n2 - 52!3'arar'

+ Slrlrsl z - 6r,22r' + 18lrl ,'ar' + 42r2zr3¡, (D 1)

: I /_. 1 1 _.\ 2fr: 
s, (f(-.slr, -sn2, -5lr) - ;- UtFr * trz * or),) 

"*(Í(-sts) - 1\ or(-!3 + 2nr)
-\ r., ) B.rz,
, ( f ?snr) - 1 -_þ.r) ns(-bn3 + 2n1) 

(D 2)- \ 1'ry ) n"ro, '

: -F(-snl, -s!2, -sls)ffir,f - 9r,r4lr2 - 9!12!,4

- 2]razrzs t 16n13123 + 8D13! r"n, + 8nr3nrnr2 + 16113lr3

+ 1Olr2tr'ar' - gzr2f,a - g[3'1!12 - r2arzarD¡3 - r2tr2zr3ã,

+ 8lrnr4l3 - 8n112'¡rt - 8nrnr3trr2 + 8¡1n2¡ sa - 2zrsz,

n

.,) - å)
12n12r,,

r44

- arzaz4 - znrs], + !s6 + 4nr3!r3 - as2rra + ¡26)
1/* ; ("f-sn1, -srl2, -s

- 22nr3z, - 22nr3z, -
${noo,'.r.rr 19r,4

2 
-r2nr2z22 _ rLrrzrzn,



- 14lrnr2trz Ì 14!r!¡3 + 14lrlr3 -l r'za + 6rz2a,2 - 4nr3!,

- 4r,2zrr + !sa)
1 / 1 I \48nr- p (F'(-s!1, -sn2, -s!,r) - ;- 

^t(or 
* nz + ls)7 

D2

-(f(-t=')-t\¿o'' -* ['É )#("''' + n"n' + n''rnz - 8tr'3tr'2

- 8¡rtllz2 + 8nr2nz:l + 8n,2n*' - !, zr'' - 4nr!rrln,,

- !rn¡'l - 4nrn,rilnr * 10!rn rtzr, * 3tr2'l!3 - z2r, - Drr,

- zr.r2ars - 2r,3lr2 + 3n2n34)

- ( retz') - tl 
==t=,(or* + n,* + 28¡,unr'- 56!,'nr'

\ r!, ) aot 'r\"r ' "l

- 56u,ilur5 + 70u,'tn,l'l + 281,2n¡tt - 81,7n, - 8!,1r7

- 61¡,'ur!r't - Tr,rr:rT + 35tr24 nr'' - 3bnr3nr5 + 2rar2nr6

+ 99lr4lra - 9glr5lz3 - 29¡,3f.ri'- nr2!r6 +2gar6zr2

+ zt7 zz - JtzzT - zz7 z' - 21lrslr3 + 7116l:2 + 2S1,6!zn¡

- 27zr2zrn3" - 5tr,anr2nr2 + 13gl,4nz!83 - gglrs!r!r2

+ 31!1tr2lro + 1001,'nr'nr'+ 50lr3lr'nr'+ 81trr'1trr3!,

- 4lnr2zr'zro + 66ar2zrazs2 - 3gnr2nz5tr¡ -  T]rr,rsf,,2

+ r4a1rl26¡3 + 60n1Ez4n¡3 - 4zr3]r4ns - 66u1ur,'2,

- lbftrlr3n3'l - s4nrnr2a'5 + 1gl12!23!33)
/ -/ , \
//(-s¡¡)-1\ tr''

- t-="r- ) *øf"'un' + 29tr'4trtr - ns7 + 9nr7 + zz7

- 7116z, - 3bnr4lr3 - 2r]r2zru + Zlrla6 + Bblrslra

* 7tr36t, - 43lr5lr2 -27ar5zz2 +27ar3n34 - 2gnr2!r5

- 17z16z, - 9trrnr6 + 45ar2ar5 - 101lrazra + gglr4!r3

+ 27nr5=r2 + 6lrslzne - 26lrlrslr * 30lr2l r'art

¡_25zrzr2!3'l - 81tr12!r413 -¡ 84!13nr'tr, + 20Dr!r3nr3

+ 34lr3lr'[:r' - 55lrnr4l t2 + 2ar'Jrtar' - 4l]ra¡,r2n,

+ 4lnr4=rDe' - 44nr3nras3 + 33!12azzta + 38lrlr5lr¡
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_ //(-snr) - 1- ås¡r\ t0¡t¡r_ rn..2 _r¿.^... rert 2

\ (rt,Ë )le2z¡¡2 
t 4!2n3 * ¡u.rr-

- nrtz - 2zz2 - nsnr )
( .f (-sr.r) - 1 - *srz\ t. (ff,) Obuit'u 

+ ¡'u + 58n 

"'"+ lblr2lr'l - 18n,i]!r" - 20nr3n13 - 27zr2zr'1 + 15!,'1D,2

- lrstr¡ + 10nr2lr'1 - 5¡rir¡z - 10tr23¡:3 + 5u.2trra

+ 31tr14n2n¡ - 34u,iltrrE¡'- 88l,3lr2ls t 6n,'nrEr3

+ 12lr2l,'zr' + 22=rlr4n;l * 8n, trr2tr¡'l - 6nr2trr3n,,

- 3Onrlr3nr'+ 11n1n2!34 - 6nr"!3 - 9!15n,

- 5nrnr5 - 6n1n35)

_ (/(-srs) - 1_- åsrr) j:f- 22,, -1,nrrtrr2 - 5lztrr,r
\ (str¡)' ) n,P"t'

+ 10lr2lr3 + !¡5 - nr!¡'l + 3Err'- 6tlr2nrn32 - 4trrlriln,

- 181,2tr3 + 22nr3lr' + 18lrl r'f',r'+ 76lr3lrl.,

- 2olrnr3üB - 18u1'r,r"rtr+ 5lr4l, - 13lr4l,

- 43lr4l, - zzrsf,r2 + 4zn'Înr3 + Tnrnra¡
r (f (-snz) - 1 /(-srr) - 1\ nB

- !, - tr, \ r., sn3 ) 6",

_u t ¡/(-s¡z) - 1_- ås¡z _ /(-s¡s) - l_- åsns) !¡, (D 3)' !, - n, \ (rur), (strs)2 I zt' \-'

f^ : -I(r1-ror, -s82, -sn3) - Ð #atrs' + 2zt2 - 2r2rrr)

1 / 1 1 _ .\* p ("t-sfl1, -sn2, -sDs) - ;- ut\, + ¡, + ns))

.. 8(-ns + 2!1)
^ Darz,
//(-sr3) - t\ tr3

-\ 
", )r.r.'

, (f(-t¿t) -1-årlt\ Szltzllsf trr-¡z)-\6)T
, 1,f(-s¡¡) - 1- ås¡s\ ot* [-1r*r, ) nznpr(5¡'u - 321'3lr * 36tr321'2

- 1611113 * 2Zl - 2Ons2trinz f 16n2tr¡!r2
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- 8tr2trr3 + 6]t2t22), (D.4)

f, : ¡(-r¡,. -srr. -srr¡1!tÞ(!rI - 4!r2¡32 + 2Dr,r

I .{Dr!2n32 - 8tr2tr13 + C)a t2D22)

- I (.,-"o, -str2. -sD3) - å) #f..,, - !r!¡2 - 4!,2D,

+ 3tr13 * 4¡r!2D:] - 3112tr2)

' ] (r1-ro,.-str2.-sD3) -T_ *r'r,-, n, + !,)) rå",
x (l,' - 4D1D3 t 2n 12 + 4l rnr¡

_ (¡(-"¡_, ) - I 
)' 

Uoir'or,o,, 
+ trr 2!¡ _ 3},2t,r, 3D tt,22\sD,)D

- trrD¡2 - 2a rt]'2n¡ - Dz3 + trr2tr3 + nrnr2 - nr3¡

- (Iesq) - 1l 
l=' = 1-or7 r l4D,trr6 - 428,21"5

\ ,tr, ) 2Dra,ar' ur r rauru3 - ¿12

+ 70n,3trr{ - z0Dr4nr3 + 42a 15DJ2 - 14nr!,6 + 2n,Z

- 26!r¡2D35 + 50D,2nrtrr4 + 40!r3lrDrB - 110!r'rtr2o32

+ 76¡15D2tr3 - 18Dr6n, + 30e,2Dr2trr3 + 6g!r3trr2Dr2

- 178!,d!r2!, + 428 rsl22 + 116!,3nrj!, - 261,4nr3¡

* /"f(-str) - t - ås¡,\ 32¡,2 ^* 
[- 1r.¡u:=. )-tifto" - DrD3 - ¡]-2

+ 4l2¡s - 2ar2 - 2a"2¡

-'/"f(-s¡¡)-1-ås¡,\ n"* 
\ tt¡¡""J orott:t-tor'+42!'D'r -68trr2tr33

+ b2trr3trr2 - 18!14tr3 + 2lr5 + 20tr1¡2tr83 - 52E r2trar2

- 24tr13tr2¡3 - 68,4tr, + 42ar2lr2lr+ 4n,3nr2¡, (D.5)

iu : -r1-"1r, -snr, -sl3)-!1nra - 4trr3¡, + 2otr,23 t 6122r:12

- 6Jr2tr2 - 2J1o22r', + 4tr,2lrtr, + 2r']f,2 - 4trrtrrB

- 2e rf,r]r2 f trsd - 6tra2!12 + trla * 2Drnr3 + 2!str13)

*! ( r,-ro,.-sro. -s- ' 
1\ 4Dt

s\' "")- z) n
- (f (-so') - t\ 4o",n[ * ) n"(Fto"f trr!¡-rz2-."2+2r,2r.B)
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- ( letnù - tl Þro,, .t uzDS - trr2!¡ - uz2o,\ '¡, ) D"''
- trr!¡2 + 2!2!l!3 - nr3 - s!r!r2 + Blrnr2 -¡ lr31

- (/t-'¡-rl 
* t) 

*ro,, - iz']+ trr2D¡ _ Ez2trt
\ s!¡ ) D,'

- trrtr¡2 + 2!2!1ll.r + Dzt + B!2D32 - 3lrtrr2 - !r3¡. (D 6)

4tr"
Tz - F(-sat. -saz. -sa)fi(¡.r'z - 2DrD3 -2fj|28"t3r2

- zara" ¡ nr2)
1/ .o.,,-1\ B

- - (É (-snr. -sDz. -. ", 2./ D

,(f(-ttr)-l \ 2 ,-,3rr ,nrn ¡r,2r,2 o¡2n2t[ 
"", ) orpr(o"o' + !t3tr¡ -7D12r,2 - ó!r-ur-

- 6tr,2trrD., - 11c,nr2D, + 3¡1!33 + TD[)231 !,Drtrr2

+ 4!23!3 - 6r,22r'82 + 4!2¡s3 - !24 - EB4)

, (Ietq) - 1\ 8D22(trr - trr - !z)-\ 
"o, ,:

_ /"f(-s¡¡) - t\ z¡,
- t-=D., - )ornrFtt -3tr¡Dr2-5!2!12+2l3tr1tr2

+ TâtDz2 I 3trrtrs2 + 3tr2!J2 + f,z2r's - lr3 - 3lr3¡

_ 1 (f?sat)-t_/(-s¡3)-1\ 2tr3-Dr-tr3(-="-- ,+ ,¡6 (D7)

4 : f1-"1', -str2, -sD3), (D.8)

= -. . 2trr !tlb : -1,'(-s[r ,*s]z, -sa)-fi-=(-!¡' . 2.( - 2D1.2)
1 / 1\ 2(-D3 + 2trr)+ : (F(-snr, -str2, -s!3) - ;)'#
/./(-str,) - 1\ 8D2Dt2(tr¡ - ¡z t- !r)-\ r", )- D, 

-
( Í(-saù - 1\ os,- (t-*i---j )fit-"tt + 6tr32Dr - 6D3tr,2 ¡ 2¡,3

+ 6tr3D2!1 - 2ú2a12),

fro : -F(-s¡r, -str2, -sl3)fr1113 - 2tr,!r2 - 2tr,2D, a 2tr,3

+ 2trr!2D3 - 2D2Dt2)
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* 1 (r1*"o,, -str2. -str3) - å) å
/ Í(-sa,) - 1\ 8!r ,_ 

"- (ff )f,""' -2t)2'r-D" - Ez')

, (f{-tnt¡ - t\ +rl1rrz -22t2 r2trFz)-[-"¿-)- (Di{))
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