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Abstract

We calculate the trace of the heat kernel for the general background of gravita-
tional and gauge fields by means of the covariant perturbation theory. The heat kernel
trace is obtained to the third order in the field strengths (curvatures) for noncom-
pact asymptotically flat manifolds of an arbitrary spacetime dimension. The basis of
nonlocal tensor invariants is constructed and the form factors are computed in two
different integral representations.

The coincidence limit of the heat kernel to second order in the curvatures is derived
by the generating function method and by the perturbation theory. The basis set of
curvature structures and form factors are derived.

The short time behaviors of both results are compared with the Schwinger-DeWitt
expansion. The large time asymptotic for the heat kernel trace is found. The one-loop
effective action for the Weyl invariant scalar model is computed in two dimensions.
It reveals how third order terms vanish truncating the curvature expansion. The
two-dimensional Green’s function is obtained similarly. The derivation of the Weyl
anomaly in four dimensions is carried out starting from the heat kernel trace.

The presented results can be used for the calculation of the one-loop nonlocal
effective action and the Green’s functions which contain information about vacuum

polarization effects in gauge theories and quantum gravity.
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Chapter 1

Introduction

1.1 Heat kernel

The subject of the heat kernel is important as a branch of theoretical physics as well
as applied mathematics. Solutions of the heat equation and its modifications such
as the diffusion and Schrodinger equations have been widely studied in mathematics

[1,2,3, 4,5, 6]. In the present thesis we deal with the heat equation in the form,
0 » R,
—a—sK(s]m,y) = (V) K (s|z,y), (1.1)

where s is the proper time along the geodesic connecting two space-time points z and
y. We work in curved space-times with metric tensors of constant positive signature,
namely Buclidean space-times. The space-time dimension is arbitrary everywhere
below except in Chapter 4. F(V) in (1.1) is a second order differential operator
acting on fields at the point #. The " notation on K and F indicates that these

objects are matrix valued. The heat kernel then is formally,
K(slz,y) = exp [sF(V*)]6(z,y). (1.2)

The solution of the heat equation (1.2) was introduced to theoretical physics by

R. Feynman in the form of a propagator [7, 8, 9,
F(V*)G(x,y) = ~18(z, ). (1.3)

Specifically, the heat kernel defines the propagator or Green’s function through the

1



famous Schwinger equation [10],

G(z,y) = /Oood sK(s|z,y). (1.4)
If S[y] is the action of a field theory model then the induced differential operator is,
Fan(V)6(z,) = o —0 Sl (15)

o VT 50 (@) B () '

We restrict our study to models that possess minimal second order operators [11],
PV)y=oit P éRi, (1.6)
where the Laplace-Beltrami operator (or simply Laplacian),
0= g¢"V,V,, (1.7)

is constructed in terms of covariant derivatives V. The operator F(V) acts on small
disturbances of an arbitrary set of fields ¢*(z). The matrix character of ﬁ’(V) arises

from the tensor structure of the target fields ¢ (z). The matrix conventions are

A

1=6"%,  P=P" et (1.8)
The matrix trace over index set A will be denoted by tr :
trl =61, trP= P4, et (1.9)
In (1.7), the metric g"(z) is characterized by its Riemann and Ricci curvatures

Rl = 8,Ths — 9Tk, + T, Thg — IRV

eavfB T

Raﬂ = R!-Lauﬁv R= gaﬁRaﬂy (110)

V,, is a covariant derivative with respect to an arbitrary connection characterized by

its commutator curvature
[v/u vl/](SQOA = (V/LVI/ - V;/V/L)(SSOA = RAB/Wéngz RAB;U/ = ﬁ;w- (111)

The modification of the potential structure in (1.6) by inclusion of the term in the
Ricci scalar R is a matter of convenience and related to conformal invariant model

investigations in four dimensions (see sect. 4.3).
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Throughout the thesis we employ DeWitt’s index notations [12]. In this convention
the index A stands for any set of discrete indices of tensor-spinor fields. It allows the
interaction term P to be an arbitrary matrix potential consistent with a given field
model. The nature of this indexing convention is that the same notation 7%“,, can
stand for the field strength of a non-Abelian gauge (Yang-Mills) field with the matrix
indices assigned to internal degrees of freedom, or for the electromagnetic tensor when
it lacks spinor degrees of freedom at all. It can be even the Riemann tensor in which
case there is an additional pair of spacetime indices and 1 = 9. For the set of the

field strengths (generically thought of as curvatures)

~

R R, P (1.12)

characterizing the background we use the collective notation ®. Manifolds under
consideration are asymptotically flat with the simple topology R excluding any
topologically nontrivial spaces like R® x S, specifically their gauge and gravitational
curvatures and the potential P (1.12) vanish at infinity.

Historically a great deal of work on heat kernels has been devoted to the short

time expansion also known as the Schwinger-DeWitt series [10, 12]:

~ 1 o{x,y e
K(slz,y) = - )D1/2(:z:,y) > stan(z,y), s—0, (1.13)

a (4dms)w =

where o(z,y) is the world function [13] or the geodesic interval which is one half the
square of the distance along the geodesic between any two space-time points x and
y. Here and below 2w is the space-time dimension. The bi-density D(z,y) is the Van

Vleck-Morette determinant [14, 15],

D = —det( — 050 (x, y)) (1.14)

jiaet%

The Schwinger-DeWitt coefficients a,(z,y) may be constructed from recurrence re-
lations [12, 11] or other independent methods [5, 16, 17]. Since their invention these
coefficients have played an enormous role in quantum field theory [18, 11, 19] and

they are still an important research tool [20, 21].

3



Although it is important to know the two-point heat kernel K (s|x,y) for multi-
loop calculations, a simpler object is its coincidence limit K (s|z, ) which is all that

is required for one-loop computations. In this case (1.13) reduces to

1/2¢,,\ o0
= ‘((]47T§')L3 > stan(z,x), s—0, (1.15)

n=0

K(s|z,z)

where g is the determinant of the metric tensor g = det(g"). The Schwinger-DeWitt
coefficients d,(w,2) have been caleulated explicitly for n = 0 to 3, [12, 11, 4, 22].
Partial results are also available for n = 4 [23, 16, 17]. All G, (2, y) are local functions
of the background fields entering the operator (1.6). The short time expansion will
serve as a limiting case and as a consistency check for the results presented in this
thesis.

The ultimate goal of the present research is to use the heat kernel for calculation
of the one-loop effective action and the Green’s functions [8, 12, 11]. The effective
action contains all relevant physical information about a field theory and represents
the generating function for the one-particle irreducible diagrams [8, 12]. This fact
is especially important for quantum gravity where the work with ordinary Feynman
diagrams would be formidable. Although it is impossible to derive the effective action
in closed form for arbitrary orders of the Planck’s constant ki, it is very often enough
to work out the first % order corrections for the classical action, i.e. the one-loop
effective action W. Since we work in formalism of the path integral approach [8, 24],
the effective action is defined as the Legendre transform of the logarithm of the
partition function (the generating function of the Green’s functions). Its iterative

solution is expressed in one-loop order through the differential operator (1.6) as,
1
W= STr InF — /d2‘”x6(2“’)(a¢, z)(...). (1.16)

Here the term with ellipses (...) stands for the contribution of the local functional
measure [25], proportional to the delta function at coincident points. As shown in [26]
this contribution always cancels the volume divergences. For the massless operators

(1.6) the result of this cancellation is a subtraction of the zero curvature term.

4



Knowledge of heat kernel (1.2) allows one to construct the covariant diagrammatic
expansion (27, 12, 11, 28] to all loop orders. As can be seen from (1.16) the one-loop

effective action is given by the trace of the heat kernel,
1 oo ds 2w, <(2w)
—W:§/ —ﬁK@+/ﬂam (z,2)(....), (1.17)
Jo s .
where Tr, as distinet from tr in (1.9), denotes the functional trace
TrK(s) = /d2“’:z: tr K (s]a, ). (1.18)

From now on we will not indicate the dimension of space-time at the integral measure,
dz = d*z.

The ultraviolet divergences appear in quantum theory as divergences of the loop
integrals over s at the lower limits (1.15). They are to be removed by a renormalization
procedure [12, 11]. For massive theories there is always the mass factor e=*™" in (1.13)
and (1.15) which makes the series converge also at § — co. Unfortunately, for massless
theories loop integrals also diverge at the upper limits. These infrared divergences
are shortcomings of the mode of computation but not the underlying theory. It is
understandable since upon the proper time integration the short time expansion of
the heat kernel corresponds to the large mass expansion of the effective action or the
Green’s functions. Thus, a new method is needed which would allow one to compute
heat kernels in the range of the proper time s from 0 to co. The general structure of
this method, named the covariant perturbation theory, will be explained in the next
section.

The covariant perturbation theory [29, 30, 31] corresponds to summation terms
of the short time expansion in a given order in curvatures. This summation for the
heat kernel as proposed in (32, 33] contains an infinite number of derivatives acting

on curvatures, thus it is a nonlocal expression. It has the general form

1
(4ms)e /da:gl/Q(:c)tr {1 + R+ ") f(s, 01, O2) Ry Ry

+ 8% 37 F(s, 01, Og, Og) R RyR3 + O]}, (1.19)

TrK(s) =



where functions f; and F; stand for analytic functions of the dimensionless —sO
arguments - form factors - which act on tensor invariants constructed of curvatures
R. Despite the similarity with the Schwinger-DeWitt series (1.13) this expression
for the trace of the heat kernel is valid for all values of the proper time s. The
structure (1.19) ceases to hold beyond the third order after which it is impossible to
express form factors solely in terms of the Laplacians (1.7). At the fourth order new
types of mixed derivatives combinations appear [34]. The validity of the covariant

perturbation theory is restricted by the condition
VVR >> 2. (1.20)

This means that one can study rapidly oscillating background fields but their mag-
nitude should be small. The opposite case of the slowly fluctuating fields of the large
magnitude also presents physical interest [35]. In form of the derivative expansion for
an external electromagnetic field it has been studied in [36].

Although, summation (1.19) can be implemented directly [16] only the covariant
perturbation theory allows one to do computations beyond second order in curvatures.
The calculation of third order of the trace of the heat kernel is the main goal of the
present research. The motivation came first from study of the Hawking radiation effect
[37], the effect of particle creation by a collapsing gravitational body [38, 33]. As is
well known a black hole radiates with the temperature proportional to the inverse
of its mass [18]. As was shown in [38, 33] this quantum effect can be reproduced
from the nonlocal curvature expansion in two dimensions where the effective action
is known exactly (see sect. 4.1). In four dimensions the Hawking radiation effect
starts from the third order in the curvature terms in the effective action [27, 39,
40]. Some encouraging results have been obtained recently [41] following this line
of investigations. Unfortunately, the calculation of the effective action (1.17) for a
generic field model in four dimensions lies beyond the scope of this thesis and is
discussed elsewhere [42, 43, 44].

It is worthwhile emphasizing the difference between covariant perturbation theory

6



[29, 30] and the usual perturbation theory on flat space-time [23]. In the latter,
noncovariant vertices of all orders are divergent. The divergences however can cancel
in some applications [45]. In fact physical effects are covariant and determined by the
covariant effective action W which is finite starting with third order [42]. Covariant
renormalization theory for gauge fields is the major area of applications of the present
rescarch. The infrared renormalization in quantum electrodynamics was already done
this way in [46].

Since the heat kernel trace (1.18) can be used as a generating function for heat
kernels [28, 47] it is tempting to derive the heat kernel K (s|z, ) from this starting
point. With this trace method one can obtain at most only terms valid to second
order in curvatures [48]. After applying the variational method [47] we get the result
similar in form to (1.19)

2 (a)
(dms)w

Q

K(slz,x) =

{53 9(s, DR+ 523 G(s, 01, Oy, Og) Ry Ry + O[]}, (1.21)

We also derive this expression up to the second order directly from the covariant
perturbation theory and check consistency of two methods.

We should emphasize that both the Schwinger-DeWitt expansion and the covari-
ant perturbation theory are background field methods, i.e. some fields are treated
as classical fields - background, and some as quantum fields. The curvatures (1.12)
characterize background manifolds.

An important element of the present study is the use of computer symbolic ma-
nipulations. In fact the work could not be completed without it. As will be seen there
are two kinds of symbolic manipulations, one is purely algebraic manipulations with
form factors which is performed by general purpose software such as Mathematica and
MAPLE [49, 50]. The other is the tensor manipulations needed for work with tensor
invariants. These computations have been implemented with help of MathTensor [51]
and Ricci [52] programs, both of which work under Mathematica. All TEX forms in
appendices were produced directly from Mathematica or MAPLE outputs.

On the whole the present thesis is organized as follows. In addition to the present
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Introduction it consists of three chapters and various appendices. Chapters 2 and 3
contain main results of the study, the trace of the heat kernel up to third order in cui-
vatures and the heat kernel itself up to second order, correspondingly. The structure
of these chapters is similar: we start with a perturbation expansion and proceed to
a covariant curvature expansion. Having studied form factors we finish with asymp-
totic behaviors of TrK (s) and K (s). The last chapter is different since it deals with
a particular class of field models, namely Weyl invariant models. Two sections of
chapter 4 are devoted to massless models in two dimensions which admit a closed
form of the exact one-loop effective action and Green’s function. In third section we
derive the four-dimensional Weyl anomaly directly from the heat kernel trace. Sev-
eral appendices contain relevant form factors and a discussion of the nonlocal tensor
invariants in third order.

Results of sects. 2.1-2.3 were completed by the author of the thesis as independent
calculations but in parallel to work of A. Barvinsky, while the check for sect. 2.6 was
was done by V. Zhytnikov. The rest of Chapter 2 and Chapters 3 and 4 are solely

results of the author.

1.2 Covariant perturbation theory

In perturbation theory [10, 23], the heat kernel is expanded in powers of the pertur-
bation:
o0
K(s)= > Ku(s) (1.22)
n=0
where K,(s) is a term of n-th power in the perturbation. For the simple case without
gauge fields and flat space-time the perturbation is just a potential term P. In this
case a closed form of K, (s) for any n can be easily written down [23].
To set up the perturbation theory for covariant calculations we need to introduce
splitting of the metric and the covariant derivative into auxiliary parts and perturba-

tions:

g” = G+ R, (1.23)
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Ve = Vwp+ T (1.24)
The auxiliary metric and derivative are taken to be flat, i.c.

Rypas(3) =0, (1.25)

YV, V.6 = 0. (1.26)

Here and below the notation [,] is a commutator introduced in (1.11).

Now there are three independent perturbations, one each for the metric, the con-

nection and the potential

v, T,  P—Z=RI (1.27)

D =

In terms of these perturbations the differential operator (1.6) is divided as follows,
F(V) =0+ V(V), (1.28)
with the perturbation
VE) = BV, 4200, — ém. (1.29)
Generally raising and lowering indices are done with help of the auxiliary metric g,

with the exception that in the case of (1.29)

A

" = (" + w0, (1.30)

Perturbative solution to (1.1) can be found iteratively and has the general form,
s tn [2) ~ ~ ~ ~

Ko (s) = / dt, / dto ... / dt 10Oy oln—ta-BY | ola-t)BygnB (1 31y
0 0 0

which is in fact merely the Dyson series [53, 8, 24]. An exact solution for the zeroth

order of the heat kernel e*0 is known [12, 9],

o) -

34 (2)g M (y)e 55 dp(x, y). (1.32)

KO(SI$7y) = (4’/1'8)“’

Here @y is a parallel transport operator along the geodetic connecting y to z [12], §
is the determinant of the auxiliary metric §*, a nd & is an auxiliary world function

which in the Cartesian coordinates is simply (z — )2/2.
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With use of (1.32) it is possible to find the result of acting the perturbation ( 1.29)

onto the kernel of e*°,

51/4 (3/2').51/4 (?Ji+1> ~

V{y) Ko(silyis yir1) = (4n5,) ao(ys, ©) X
3
a(Ys, Ys = |, . N
{exp [—Z(—%z—fiﬁ — iV, | U(z|et! — &, 52)} ao(, Yir1), (1.33)
7

where V,, in the exponent comes from the covariant Taylor series [11] and acts only

on the first argument of U, and 6 are vectors at = defined as

—

&l =" ()5, G, =V(z,y), (1.34)

and

- T 1
U(zlés,s) = 1 [—%h“ (a:)gw(:lz)+4—§h“ (;L)gugy]

1.2 ~ 1 .
- ;fuf“(m) + P(x) — —6]?(.1)1 (1.35)
Now one has to make the change of variables that transform (1.31) into

TrKn(s):/Ooodsl.../ooodsné(l—isi) /Os"dtx
. 2.%),

/d:v /dyl . .dyntr{Ko(ﬂx,yl)V(yl)Ko(sllyl,yg) .
V(yn—l)KO(Sn—llyn—layn)v(yn)KO(sn—tlynvx)}- (136)

After the integrals over z and ¢ are done, and upon another change of variables, we
get
S - So E {62 E
— n _ i - 1 S
Tr K, (s) = /aizod os(1 > o) Te{ Vet ve } (1.37)

n i=1
To do the rest of spacetime integrals one should put y; = z and make the change of

variables again, this time for spacetime variables,

n ~ (1
Yo — 05,

S (a0, (139

Thus, this expression eventually reduces to the Gaussian integrals over o* [30].
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When calculated by the algorithm above, the trace of K, (s) is obtained in the
generic form [30],

1 1 172 / ‘ -
— [dxg’(x "ao(l — i
s n /dvg () a,-zod ab( ;a) X

TrK,(s)

tr{ exp [sQn(al, . a,ﬁ@)] i s'B(ay, ... anlfl;i)}’q‘-—a-' (1.39)
e 2i=a

With the notation

/ sl =Y @) (e, anlw)|, = (f),, (1.40)
Jai> 1 =
this can be rewritten
TrK,(s) = L 1 /d:c g2 isltr(esmﬁl) : (1.41)
(47‘(‘8)“’ . . = nin

Here Q,(ay, .. .Oznﬁ%) is an operator of second order in fVVi, and V' acts on the
perturbation number ¢ contained in B’fl. Each term in B! (ay, . . . ap|2;) where i ranges
from 1 to n is a product of n perturbations (1.27) at the points 21, ...z, respectively,
and the label ¢ on a perturbation means that the perturbation is at the point x;,
e.g f’l = ]5(%1) After the action of ’VV", all points z; are made coincident with the
integration point z in (1.39) or (1.41). The simplification following from an integration

over z by parts is then expressed by the identity
n o~
V=0 (1.42)
i=1

which is used to put third order form factors into the representation given in the next
section.

Finally one should make the series (1.22) manifestly covariant. This means we need
to replace the perturbations (1.27) and the auxiliary metric and derivative (1.23)-
(1.24) by the respective covariant curvatures (1.12), metric and derivative. The calcu-
lations in covariant perturbation theory are always carried out with accuracy O[R"],
i.e. up to terms of n-th and higher power in the curvatures (1.12). It is worth noting
that, since the calculations are covariant, any term in g s in fact of infinite power

in the curvature, and O[R"] means terms containing n or more curvatures explicitly.
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The curvature expansions of the perturbations (1.27) can be obtained from egs.
(1.25)-(1.26). Their general solutions are integral equations which are solved by

iterations in terms of Ry.g and R, [30]:

2
!

he? = 2%3“”—4%{ (iR’w) AZ

- (LR (Bl ) - (0 ) (7. A )

=
_ % (’ﬁa%mw) (V° —ER,W>} +O[R?, (1.43)

P v 13 1 5 X7 P (V2 1'\)\0 T Se s

B = VzRy-= { R, (VaR27)] +2(V2=R¥) (9,9 =Rao)
+2V, ( (%Raﬂ)%’v“—é-ﬁm)} + O[RY). (1.44)

The notation 1/0 is for the Green’s function of the curvature-free Laplacian O. Here
and below the simplified notations for the Green’s functions are used, i.e. tensor
properties of them are assumed to be consistent with the functions on which they are
acting. This fact is important when we make the transition from V to V.

To lowest order in the curvature the behavior of perturbations at infinity is [30],
hF = 0(7““2“’+2), I, = O(T—Q‘”“), (1.45)

where 7 is the geodetic distance from an arbitrary fixed point in the metric §#*. This
behavior remains unchanged at each order in the curvature. Since the first term in

(1.29) is the leading term in the perturbation V at infinity, it behaves like
V= 0(r=2+2), (1.46)

From this fact it follows that the integral (1.37) converges at spacetime dimensions
n > w/(w — 1). Therefore, this expression can be used with caution and when it is
not suitable eq. (1.36) should be used instead.

The expression of O through O is generally of the form
O=04+0®R,V)+ O[R?Y (1.47)
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where O(%, V) is an operator containing the curvature linearly. For a scalar (e.g. R)

this transition is as follows,
~ 1
0X = OX-— Q(ERW) VoV X + O[R?), (1.48)
For a matrix like }3,
? 1 af3 % 1 Saf 9 2
8% = OX - 2(ZR¥)V,V,K —2 [(VQER ), vﬁx} L O[RY, (1.49)
And for a vector,

OX* = OX+-— 2(%12“/3) VoVsXHt+ REX®

1 1 1
+92 (vaERg +Vp=RE wERaﬁ> VeX? 4+ O[R?,  (1.50)

The rules (1.48)—(1.50) can produce the transition formulae for the combined cases

such as a symmetric tensor,

- 1
DX = OX" —2(SRY)VaVpX™ +2RPX™

1 1 1
14 (Vaa W+ V= R vWERaﬂ) VXA 1 O[RY, (1.51)

and a matrix-valued vector,
~ A . 1 5 1 A N
— b __of _ paB (. ZRoBb
A%+ = OX* - 2(ZR)V, VX" -2 [(VQDR ), vﬁxu}
1 1 1 . N
+2 (va—D—Rg + Vp= R~ quRaﬂ) VeXP + RERE 4 O[RY(1.52)
The symmetrization over indices pv in (1.51) assumes the factor 1/2,
1
Xy — —2—(X“Y” + XVYH). (1.53)

As will be seen shortly we will need additional curvature expansion for both the

heat kernel trace and the heat kernel. They are [30],

VKR = R-— 2(vaé—1?fw) (Vu—é—Ra,,)
+ (V2SR (Va B) + (V2L B) (Vo R) + O], (1.54)
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Oh = 2R- 4(%12*“’) (V,LVV%R) + 4R,W(-é—RW)

- 4(\7"%]?,‘”’) (vuéRa,,) + 6(vaé-1?,ﬂ“) (VQ%RNV) + O[R¥), (1.55)

v, = (VM%R)(—;-V%,,L)—(-é—vaﬁw)(é—vﬁﬁﬂﬂ)+0[§R3J. (1.56)

‘The Riemann tensor does not appear in the covariant perturbation theory [30]. Tt
is expressed through the Ricci tensor in a nonlocal way once the boundary conditions
for the gravitational field are specified. Obtaining this expression amounts to solving

iteratively a differentiated Bianchi identity:

ORYBw — %(vuvaRuﬁ L VAVHERYE \Vidvid» Tl VY RIS
_ v#vﬁRVa . v[}vuRua + VuvﬁRua + V'BVVR‘”O‘>
+ Ry g _ Rlo pov

. 4Ra(,[“)\RV])\ﬁU _ Raﬂa/\RlWU)‘7 (157)

where the same 1/2 factor (1.53) is assigned to the index antisymmetrization. This
accuracy of the lowest order in the curvature is sufficient for obtaining nonlocal rela-
tions between cubic invariants. However, for the discussion of the Schwinger-DeWitt
coefficients in sect. 2.7, the solution for the Riemann tensor is needed with accuracy
O[R?]. The needed expression is as follows [54, 34, 55]:

Row = L2 (VRYORP 1 VOVHR — GOy v s

= VIVIRY — VOVER + VWP A VAVY RA)

+ 2RV (vAv[a—éRﬂlul) +2R} (vAv[ﬂEl]-Rfﬂ"l)

_9 R[Au(vulv{a_é_ RAV) — 2P (vam% RN
- s(vkvlaéfzgl) (vAvfﬂéRula) - 8(V’\\7{°‘-éRf# (vAvﬂ%Rula)
- 8(V’\V[“—é—RLa) (vAvvl—éRﬁlf’) + s(vAvla-Dl-Rgl) (V”V[“—DI—R”“)
- S(V‘fvwéfz[f) (VAV"%RZ]) + 8(V*V”%R[“[a) (VavA —é—RZJ)
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+ 8 VAV” a) (V/\VV]_I_Rﬁ]) + 8(V V[Oc_l_R[u) (vv]vmiR/\a)

(
(

+8(V, V= R[a) (v”vﬁ DRM) ~ s(vAv R[Ma) (vvlvﬁl ! R”’)
—S(VAV(,ER /L[a) (VAV"%R”W]) — 8(V[“V[“ERM) (vvlvﬁ%m”)}
+O[R?). (1.58)

Here the antisymmetrizations on the right hand side are with respect to pr and af.
In this equation the Ricci tensor plays the role of a source which determines the
Riemann tensor up to initial or boundary conditions for the operator 0. In the case
of positive signature asymptotically flat spaces, the iterational solution is uniquely

determined by the Green function 1/0 with zero boundary conditions at infinity.
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Chapter 2

The trace of the heat kernel in the
third order

2.1 Third order of perturbation theory for the trace
of the heat kernel

In this section we directly apply methods of the covariant perturbation theory outlined
in the Introduction for computation of the trace of the heat kernel up the third order
in perturbations.

We begin with quoting the results of [30] for n = 1 and n = 2 in (1.39). Forn = 1

(note that total derivatives can not be discarded here),

,=0, (2.1)
0 1 .
Bi=—2hi, (2.2)
Bt i Lapi S, polpt (2.3)
17y ety 12 K 6
Here and below
h=h"g,, O=7*V,V, (2.4)

and the indices of ﬁu and the perturbations are raised and lowered with the flat

metric g, with the exception noted in (1.30).
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For n =2,

Qg((lq, (,l’glgz) = (1410[262, (25)
0 . 1 . 1 JEAEY 9 ¢
By(ay, anlx;) = (Zh,lhg + §h,1u,,hg )1, (2.6)
Bl(ay, o)) = a2 (V VW Y had

— 20102(V, b Gua (Vs hE2) 1 — 205, 1% + 20501 (V,I%)

S e f s 1.
+ 40 (Vi) goal's — by (P — 61221), (2.7)

B3(ay, anlr:) = 1(a100)2(V,,V, hY) (Vo V 5heP)
+ donon(V, DNV, 1) — 402y (V,V, 1) (V,1'9)
L > 1 oy
+203(V,V,B) (B — 6R21)
- A\ = - 1 A/ 1_ .
— don (P — gRll)(VuF’Q‘) + (P - -6R11) (P - 6321). (2.8)

A calculation by the algorithm described in the Introduction gives forn =3

Qs3(a, ag, Oé3l€i) = 04261361 + 011CY3'52 + a1a2l313, (2.9)
BY(0n, cz, sl) = ( hihohs + hlhﬂ”hg,w + hg 50, (2.10)

Bi(cu, o, asla;) =
A - - . - 1 ” v
1 {3(gaggw + 20abivs) (DAD2 + —DQDQ)} hsPhg by
— 3(Gono DL + G2, D3 + Zgu,,MDf*)rah“”h

e . 3 ) /s N
+ 3(Gapl$T G hs + 20915 hgep) + 49,521/)015 (P1 - gRll)hﬁL hs?, (2.11)

Bg(ah g, Olglﬂ?z) =

-3 _ v1 e
- 1(5 Jap D, DL DD} + 63,6 D DLDID?) WP 1 1)
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where

+ 1200 D21 914
+ (39w DY D3 D2 + 3G5, D3 DL D} + 6§,,, DL D3 D?
+ 6GarD, Dy D2 + 12, D3 DL D) h” h)°
— (6§, DED + 125, D3 D},
+ 69apD2 D2 + 1244, Dy DTS TS
3,2 1 /a1
— *9—(P1 — 6]?11) (PQ - gﬁgl)hg
~ 1 ~ 2 ~ 3 ~ WD 1 T\ Paz pv
+ (39 Dy + 69,0 Dy — 39, D5 — GgWD,,)(PI - —6—R1 1>F2 hi
~ » 1 N\ Patsb
— 6Gap( P — 6R11>F2 4
3 . b —~ ~ A 1 > 1w od
= 5 0wDADG + G20 DuDy + 45,0 Dy D5) (P — 2 RiL) "Ry,
Bj(au, a, aslz;) = DID3DLDL DI D2 Ry )7 i
— 8D DR DAISTETY — 6D3 DL DL DI D21 B b
. carrns  (n Lo oava 1 avsa 1.
+12D3 Dy D2 D2ESTERE” + (Pr — 6R11> (P, - 6R21> (P - 6R31)
A N TN
2 N2 = = af
+3DLD3( P — SRil) (P =Ral)hg
ors 1 Nya 1 s
- 2 P — F H
6D (P~ sFul) (P, =Bl
~ 1 A\
+6(DD, D} — DLD2D%) (P, - -6—R11)P§h§‘”
~ 1 AN A A
+ 12D, D} (P - g D)rgry

A 1 ~
+3D,D,DID2( Py — -6-R11)hg“’h§”,
Di:agfﬁi — Olgfv/z,
Di:algz - agfﬁi,

3__,. 1 2
D, =a,V,, — 'V,
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and
q,uu)aﬁ Guadvs + GusGva + v Gap- (2.17)

The expression for TrK(s) obtained at this stage is not explicitly covariant since it
is formed in terms of the auxiliary metric and derivative and the perturbations. The
task is to make it explicitly covariant, and this is done in the next section at the price

of introducing the Green’s functions of the Laplacian O.

2.2 The expansion of TrK(s) in powers of the cur-
vatures to third order

Our next step is replacing the perturbations 2** and fu by their expressions through
the curvatures, and eliminating the auxiliary quantities Jap and V.. Since each
perturbation h* or lA“,L is an infinite series in the curvature, the expansion to a given
order in the curvature involves all lower orders in perturbations. The iterational
solutions for A* and f‘u are needed now up to the third order in the curvature. It is,
of course, possible to work out these solutions to third order but we shall avoid this
direct calculation by introducing an alternate method. Let us rewrite eq. (1.41) as

follows:

~ ~ 1 A 1 -
K (s)=1; 72t (1 B+ S(B), + (B,

+

A B
/ dz G/ tr [B + S(L53),
PO B
(B, + 5(0aB); + 5 (B,
52 ) 39”——1——39
~1/2, 2 130
+2(47rs)“’/d$g o [< 82 B >2
sQo___l
H——
83 ) et — 1 — 503 -
~1/2 3 30
+3(47rs)‘*’/d$g tr [< 83 B3>3
et 1 e
+< §2 B3> +< s

+(e*% B3),| + O[R1]. (2.18)

Bz> + (eSQ2B§>2J
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The purpose of this decomposition is to single out the terms of zeroth and first
order in the curvature which can only be local and coincident with the coefficients
ao(z, ) and 4, (z, ) of the Schwinger-DeWitt expansion (1.15). It is easy to observe
the connection between covariant perturbation theory and the Schwinger-DeWitt

technique. Comparison of the equation,

. 1
TrK(s) = (dms)

with the trace of (1.15) gives an expression for the Schwinger-DeWitt coefficients in

o0 n
/d:v g%ty [i + > 1 sl<eSQ” f)’i%l ; (2.19)

terms of perturbation theory,

/d.’l; .91/2 tr &Wb(xa 'U)

. © 1 min{m,n) 1 .
= [dzg'Ptr |01 — ——((Q)™'B') |. 2.2
/dLg tr {m +;n ; (m_l>1<( "B (2.20)
In particular,
/d:c gt ag(z, z) = /d:1;§1/2 tr [i + BY
1, 1. A
+ —2—<B§)2 + g(Bg)g} +OR1, (2.21)
\ N I 1 .
‘/alzvgl/2 tra(z,x) = /davgl/2 tr {Bll + §<QQB3>2 + 5(321)2
1 - 1 4
+§<QSB:?>3 + §<B§>3} + O[RY, (2.22)

and, therefore, for the first two integrals in (2.18) we can use the known exact results

/alar:gl/2 tr c“zo(ac,:z):/dacgl/2 tri, (2.23)

/dxgl/Qtr cil(yc,:zc):/claz:gl/2 tr P. (2.24)

It was shown in [30] that the direct substitution of nonlocal expansions of sect. 1.2
into egs. (2.21) and (2.22) gives the indentities (2.23) and (2.24) with the accuracy
O[R?]. To third order in the curvature such a check would require a knowledge of the

iterational solutions for A** and f‘# to third order. Instead of deriving these solutions,
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we shall take eqgs. (2.23) and (2.24) as established. Then, after elimination of the first
two integrals in expression (2.18), the remaining terms in this expression are alreadly
of second and third order in perturbations, and, therefore, the knowledge of W and
f‘,[ to second order in the curvature will suffice for their calculation.

Consider now the third integral in (2.18) which involves terms of second order
in perturbations: 139, BY, B2, It is straightforward to substitute in (2.6)-(2.8) the
equations expressing A* and f‘,l throngh R, and 7A2w, (1.43)-(1.44). One has to
make usc of eqs. (1.48)-(1.52) and (1.54)—(1.56). In the sccond order form factor
itself

™ — e“‘““’ga, (2.25)
when expressing O through 0, the terms lincar in the curvature should also be retained
(1.47). With the use of their explicit forms given by egs. (1.48)~(1.52) the expansion
of the form factor e is as follows:

fda; g2 Ry (0 — "Ry
= /dmgi/2 ) /Oa dt e PO(R, V)e!"R, + O[R]
= [dog"? [" arele0 10 0(my, V)%, + O]

alls el
- f dw g 5Oy, Vo)R R, + O[RY) (2.26)
Ly — O

with @ = s, Here the numbers on the arguments of O(R3, V2) mean that @ as an
operator acts on Ry, and the curvature that it contains has the index 3. Altogether,
expression (2.26) represents a third order contribution with the form factor of a new
type.

In this way, for the terms with the second order form factor in (2.18), we obtain

the expansions up to third order:
] — 50y
[d.fcg tr < = BQ>2
_ ] de g'/* tr(Co(Ry Ry + 21" By 1),

+/dq: 1/2m~<(—ic to e gn s Blaw )RRRi
T g 0, 1 0,00, 3 i2 O, 12 14 iis
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- 4[]2 CiRY Rfj‘ﬂR
3 1 o1, - .
+ (3131:126 22 Cs—f-Q 2D36 20, sz2> R Ry Rl
1 ~
+ <—4 Ci— 4——3W12 + 2——3)/\/23) RYPV 4 RyV s R31
0,05
1
o5 — (1 pY 2o
—+ (8[}1[‘362 D] 2C3 + 44— 9W12> V' R \V4 RQ/Laj?Sl
1 W Q.
i (8515263 +4E|2Dsc1 +4——3W23> B V“RQ \ R‘Mﬁl
- 1224 “
-+ 16D1D562 + 8 2[1361 + 16 5W12> RV R25/LV RS >2
+ OB, (2.27)

)RR - 2R, B)),

3

1 1 0.
dx g'/? '<(—2— — By — —>

‘f‘./ T gt D281+2D183 0,0,

+ (2a1a2 — 203 +

By

Oy 0Oy N
+8Vo3 + D—8V23 — ——SVgg) RiRy Py

1
+ <2E:B?, - 3= D233) R Ry, By

].. A v A

+ (EIBQ - §SV23> R]RIQL R3MV
1 af 45 7%

- 45‘1‘83]%1 R2a Rggu

1 1
+ [(2a1a2 — 204? + 6) —B; + 2( - a1a2)-5~31
2

Uy
1 R
—(a1a2 — CZ? + E)SVQB} R1R2R31

1\ O
2 3
=+ [(20610[2 — 4&1 + 5) . 5283

(40[1 _ 40[1012 e g) Bg] Rl VRglLngl

+ <— 0 D283 18V23) R’l“’VuRQV,,Pg

—4

D1D2 BsVFRY*V R 6 Ps

1 A 14
515332121 oV RECV, RSP
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1 > S [y -
- 4D—18V23R?ﬁva7€’2 VR
1
0,0,0,
1
mPYMES

+4 (Bi + By)V . VAR VR g0, VR

-+ 80[1 BlvaﬁlaﬁRguvuRg

1 Aa
+4E—SV23(V(1R15# — V,LRlﬂa)Vﬁ'RSVR;;/.L,,> + O[.SRJI},
1 2
/d:z: g% tr <e"‘921§’§>2
. { B X A
= /dlgl/z tr <A2 ':Plpg -+ (20&% — g)R1P2

1 1 R
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1 1
+2(ofd - 5ot + 36){]151/123121 Vo RV Ry
1 )
—d(atal - —6—oz"{) ASVARIN R Ty
— da (oﬁ—l) AsV'R 1, VP Ry R.
2141 6/ 0 O, 3 lvp 2413

1 ~ ~
- 4E—SUQ3R] VILPQVUP;g
1

1 . .
- AgV”R1,,#V“R2P3> + O[] (2.29)
2

1 2

—4(){2

where (m,n =1,2,3; m # n)

A7nzesala‘2mm’ (230)
esalaeﬂm —1
B”‘:T’ (2.31)
m

e*Metn — 1 — sonap0y,

Cm: (SDm) ’ (232)
esalagDm . esalaiZDn
U= s(Dm — Dn) , (2.33)
1 esalagﬂm —1 esa1a2Dn —1
Vo= — 2.34
" s(On -0\ 5O, 50y, ) (234)
1 I Yo Y
Wmn“s(r_—lm _ Dn) ( (SDm)2
R salazmn) (2.35)
(s0,)? ‘

(the numbers on the form factors refer to the numbers on the boxes appearing in
them), and the averaging ( ), is defined in (1.40).

Finally, the last integral in (2.18), with BY is already of third order in perturba-
tions. Therefore, it is sufficient to substitute in eqs. (2.9)~(2.13) the lowest order of

the expressions (1.43)—(1.44),
h“”:z-é—R’“’ + O[R?), (2.36)
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A ~

Lu=V" SR + O[R, (2.37)

V.=V, + 0%, O=0+0R]. (2.38)
We therefore do not reproduce here results of this straightforward substitution.
As distinet from the form factors (2.30)-(2.35) coming from the second order, the

form factor appearing in the last terms of (2.18):
¥ = exp[s(aaasy + aq 3Oy + cyapds)] + O[R] (2.39)

is an irreducible nonlocal function of all the three boxes.
The final result of the curvature expansion is presented in the next section. An
important problem of the basis of the nonlocal tensor invariants is discussed in Ap-

pendix A.

2.3 The o -polynomial representation of the form
factors in the trace of the heat kernel

The final result of the calculations above is as follows [54, 56, 34],

1 12, [ R ) 5 '
. — : - ) (—sO
TrK(s) (ms) /dm g tl{l +sP+s ;fz( s09) R R (4)
11 25 28
T <SSZ+S4 > +s Z) Fi(—s01, —sH,, —s03)R Ry M3 (2)
i=1 =12 i=26

-+ SGFQQ(——SEll, —SDQ, —SD3)§R1§R2§R3(29)

32
+ [34 > Fy(—sOy, —s0,, —s003) 9 RoW3(2)
=30
+ S5F33(—8D1, —SDQ, ~8D3)§R1§RQ§R3(33)] + O[§R4]} (240)

Here terms of zeroth, first and second order in the curvature reproduce the results

of [30]. There are five quadratic structures R;%,(:) with i = 1 to 5:

Ri1R2(1)=R, ., RY1, (2.41)

R1Re(2)=Ri R,1, (2.42)
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R1R,(3)=P1 Ry,

R Re(4)=P, By,

R R (5) =Ry, RE”.

Their contributions are of the form

/d93 "% f(—sTo)Ri Ry = /d-’l? g ARf(—sO)R,

and the notation on the left-hand side of (2.40) assumes that Oy acts on R,.

(2.43)

(2.44)

(2.46)

Terms of third order in the curvature 1R R (4) with 2 = 1 to 33 in (2.40) are

given by a sum of contributions of thirty-three cubic structures. Eleven of them

contain no derivatives

RiRRs (V=P B, P,
RiRaRs(2)=R ", Ry RS,
R RoR3(3)=RE“ Ry 0, Py,
R1RoM3(4) =R Ry P,
RiRoR3(5)=RY Ry ., B,
R1RoR3(6)=P, Py R,
R1ReR3(7)=Ri RE" R,

R1RoR3(8)=RPRy, * R gy,

26

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)



R1RoN3(9) =R, RoR51,
R R R3(10)=RY RS ,RS 1,

3p

, n
RiReR3(11)=RY Ry 31,
fourteen contain second derivatives

Ry RoR3(12) =R VF Ry V' R,

R RoR3(13)=RI"V, BV, B,

R RoR3(14)=V , RY V' Ry 0 B,

§R] %2%3(15):R/1L’/vu[{2vup3’

Ry R R3(16)=V*RY*V,, Ry 0 B,

R RR3(17)=R“V,V, By Py,

Ry RoR3(18)=R; 0V, RE*V, R,

§R1 §R2 §R3 (19):R‘f‘ﬁva7%’2‘" vﬁ,]%«& )

R RoR3(20)=R; V4R VP Ry 5.,

R1RoR3(21) =RV, VAR R 3 00,

R ReR3(22) =RV, R,V Rs1,
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(2.55)

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)

(2.65)

(2.66)

(2.67)

(2.68)



R1RoR3(23)=V*RY*V, Ry 0 Rs1, (2.69)

R RN (24) =RV, RSV, Ry 01, (2.70)

R R (25)=RY"' Vo Ry 3, VRS, (2.71)

three contain fourth derivatives

R RaR3(26)=V, V3 RV, V, RS P, (2.72)
RiRoR3(27) =V, Vs RV, V, RSP Ry1, (2.73)
R RN (28)=V, RV, BRI\ V, VR, (2.74)

and one contains sixth derivatives
R R N3(29)=V,\V, RV, Vs RE YV, V, R)71. (2.75)

These twenty nine structures form a complete basis of nonlocal invariants of third
order in the curvature. (Ten of them are purely gravitational, and with gravity
switched off there are six.)

And there are four additional cubic structures linear in Ry

R RN (30)=V 3KV Ry R, (2.76)
R R R3(31)=V , RA® Ry 0y V2 R, (2.77)
RiReRN3(32)=P VRV, R, (2.78)
Ry R R3(33)=V, RV RV, V, Rs. (2.79)

They are not present in the final result as it will be shown in the next section. However
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even at this stage not all possible tensor invariants enter the heat kernel trace (see
Appendix A).
Form factors

fl(——SDfZ) F’i(_SD], —SD‘Q’—SD3> (280)

are obtained as integrals over the parameters

((“»2:iézﬁhmdq2ﬂl—wma—ag(.), (2.81)
<( . )>3 = 50 d(,l’.l dOZQ d()é;g é(l — X — Oy — a3)( . .), (282)

and, in this form, are represented by two nonlocal kernels:
exp(sa; ) (2.83)

and

CXD(SQ), Q= G{QCX;;Dl + (){1(13D2 + (11&2[:'3. (284)

The function (2.83) appears in the combinations
A B, C, U, vV, W (2.85)

introduced in (2.30)-(2.35), and the function (2.84) appears in the combinations,
cf.(2.18):
e e o1, 2150 (2.86)

which figure explicitly in the expressions below. The coefficients of these functions
are polynomials in « ’s, boxes, and inverse boxes. It is assumed that O0; acts on the
curvature with the label 1, Oy acts on the curvature with the label 2, O acts on the
curvature with the label 3. There is no question about a commutativity of O, with
V’s acting on R, in (2.58)-(2.75) since a contribution of any such commutator is
already O[RY).

In this representation, the second order form factors are of the form [30],

J1=(C),, (2.87)
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1 1
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(o~ 1) 4-8),
(4,
(),

and the results for the third order form factors are as follows [54]:

1
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The a -representations is the starting point for all the further derivations. There-

fore, we present here several reference formulae concerning the a-integrals. One has

nim!
anam —
(e10f’), (n+m+1)
nlmlk!
a”amak _
< P2 T (nrmAk+2)
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These equations are, in particular, useful for obtaining the short time asymptotic
behaviors of the form factors.

The relevant results for the large time behaviour of form factors are [30]

_1P(1,0) + P(0,1) +O(i>,
s ] 52

(P(a1, ag) exp(say ), =

s — 00 (2.127)

_ 1 [P(1,0,0) P(0,1,0) P(0,0,1)
(P(al,a2,a3)exp(89))3--s~5[ 0,00, + 0,0, + 0,0,

+0 (—813) . s—ooo (2.128)

where P ’s are any of the a-polynomials above.

2.4 Reduction of the a-polynomial form factors to
the basic form factors

The problem with the a-representation is that the sU-arguments of the form factors
are not confined to the kernels (2.83) and (2.84). As seen from the expressions above,
they enter also coefficients of the a-polynomials onto which the form factors are
mapped. For this reason, the a-representation is not unique because even with the

delta-function in (2.82) taken into account, vanishing of the integral like
(P(a, D)eSQ>3 (2.129)

does not imply vanishing of the polynomial P(a,0). This nonuniqueness obscures
properties of the form factors and makes difficult various checks like the check of the
trace anomaly. In particular, the fact that the contributions of the structures (2.76)-
(2.79) vanish (see below) is not seen from (2.121)-(2.124). The origin of the O’s
in the coeflicients is the tree formulae which express the perturbations through the
curvatures (1.43)-(1.44). The problem of nonuniqueness persists in representations
for the form factors in the heat kernel (Chapter 3) and in the effective action too.

The technique presented in this section is desiged to remove this defect.
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One way of obtaining a unique representation for the form factors in the trace
of the heat kernel is to eliminate all polynomials in a. All form factors will then be

explicitly expressed through the basic second order form factor,
. < 1 ] < ;
f(&) = <G“a‘ag*>2 = / dae™ (=8 e = g0, (2.130)
Jo

and the basic third order form factor,

3

F(&,6,8) = <C$Q>‘ = (2.131)

oo Pad(l— ap — oy — a3) exp(—a1008 — @€, — arasbs), & = —sO,,
Jaz

(which is completely symmetric in &1, &, &). The technique of eliminating the poly-
nomials in « is as follows.
After use of the delta-function in (2.81) and (2.82), there remain to be considered

the contributions of the monomials:

<oz7fe*"“0‘25>2 = /Olda a™ exp [—— a1l — oz)f], (2.132)

1 1—an
<a?a§"e59>3 = / dog / day o o
0 Jo

X €xXp [ —a(l — o — )by — ar(1— o — )l — C¥1052§3]- (2.133)
For the case (2.132) integration by parts produces the following equation:
v d [0, n=0
/0 do o exp [— a(l — oz)f] = { 1 om0 (2.134)
which yields the recurrence relations,
1
—ajas _ = —ayaaé
<ale ! >2 =3 <e a2 >2 , (2.135)
1
ny—aiesf\ n—1_ —ajasé
(afemest), = 5 (ol o),
1 —onasg _ ]
— - {ap? [T 2)) > (2.136)
2 ¢ 9

which make it possible to express all integrals (2.132) through the basic form factor
(2.130). Note that this procedure automatically leads to the appearance of the form

factors with subtractions (2.31)-(2.32). The recurrence relations for them are similar-

<a1 <——_—§ - 1>> -1 < (——~—f - 1>> (2.137)
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e (=) (557)
1 ¢ 2 2 § 2

1 alavg__l
—s(n-1) < n—2 +O”O‘2§>> . n>2 (2.138)
2

as one can check with the aid of eq. (2.125). The appearance of the subtractions is

explained by analyticity of the integral (2.132) in ¢ at € = 0. Since the recurrence
relations imply a division by &, the appearing subtractions maintain the analyticity.

For the form factors with subtractions one has

<c—magf - 1>2 _ f(f)g— L (2.139)
<c“°‘10"35 ~1+ a1a2£> _JO-1+4¢ (2.140)
& 2 &

in terms of (2.130).
Elimination of the polynomials in « from the third-order form factors is based on

integration by parts in (2.133):

1—ao
/ dOéQ/ dal Q‘Tllagl exp (SQIa:s:l—al—aQ)
<C¥§n (e—alazfs _ e—ala2§1)> n=210

- ) 2’ (2.141)
<a"fa§”e”ala’~’%3> n >0,

57
/Olda2 Al—agdglria?a? €xXp ($Q|a3=1—a1-—a2)
(o (oo ) e

2’ (2.142)
<a?a'§”e—a1°‘253> , m >0

2
where the second order form factors appearing on the right-hand sides are subject
to the recurrence relations above. By performing the differentiations on the left-
hand sides of (2.141) and (2.142), one obtains two linear algebraic equations for the
quantities

<O/f+1a§n sQ . <&1am+1 39>3

containing the highest-order monomials. The discriminant of this linear system is

A=E+8+ 8 — 266 — 266 — 268, (2.143)
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and the recurrence relations obtained in this way are of the form

<an+1 Mme 9Q> _ _51(53 +& _fl) <an m sQ>3

(6PN
2
A
n—1 o™ sQ
+271-—<(y Qg e >

+777,__(€3—_~A_ 1)< n,m—1 9S2>3

atay e

. ¢
_ (53 + fl 82) <Q/7LO,me—ala2£3>2 + /8(77': TI’L)t

12

A

B(n,m) =0, n >0, m >0

,8(?’2,, 0) _ (53 —i 51) < ale— @b > n>0

B(0,m) = 22 < }”o“a‘a’*1>2, m >0

:8(0, 0) = 2% <e“a1a2§1> + M <e—a1a2§2>

2 A 2’
<Oz1 G,m—l—l GQ> _€2(€3 +§l — 52) <a?a§nesﬂ>3
+ 2777,% <a’fa§n‘1689>3

m
afre™

n n(§3 - 52 — 1) <a1 _1

3

(53 + & 82 51) < la e—a1a2§:a>2 + (5(77,,777,),

6(n,m)=0, n>0, m>0
6(n,0) = 2 <a"‘ ‘al""*2> n>0

m >0

8(0,m) = ————(53 A )<a{”e“°‘1°‘2§1>

9 bl

5(0, 0) — 22_2 <e—a1a2§2>2 + (6_3__22_:6_1) <e-a1a2§1 >2 .

(2.144)

(2.145)

(2.146)

(2.147)

(2.148)

(2.149)

(2.150)

(2.151)

(2.152)

(2.153)

Together with (2.135)—(2.136) these relations make it possible to express all integrals

(2.133) through the basic form factors (2.130) and (2.131). Again one can show that
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the a-polynomials do not destroy the combinations (2.30)—(2.35) and (2.86) in which

the form factors appear.

The recurrence relations with subtractions obtained with

the aid of eq. (2.126) are of the form

< n_HG/gL((‘SQ . 1)>3 _ _51(53 -+ 52 — 61) <(1711a£n< /sQ . 1)>3

(

| A
+ 27‘1,21 <oz? 11’2”( e —1— éQ)>
+ 7n—————(€3 — X — &) <o/{oz§” 1(659 —1—= sQ)>3

- BT 8) (e — 14 ajants))
2

A

+ v(n, m), (2.154)
y(n,m)=0, n>0, m>0 (2.155)

,y(n’ O) _ (53 - i - 51) <&7lz(e—(11ag£g — 1+ a1a2€2)>2 ,
n>0 (2.156)
v(0,m) = 251 < (e_a“agf1 -1+ a1a2§1)>2, m >0 (2.157)

7(0,0) = 2% <<e—ala2§1 -1+ a1a2§1)>2

P Rk ) i —&) ((emme® — 14 sy ) >2 , (2.158)

arlzagﬂ-l(e s 1)>3 e+ a—6) <a7lza§n<esﬂ _ 1)>3

o(n,m) =0,

A
+ 2m <oz1am‘1(esQ —-1- SQ)>3
A b2 3

. (53 + 52 - 51) <a71zagz<e——a1a2§3 — 1+ a1a2§3)>2

A
+o(n,m), (2.159)
n>0, m>0 (2.160)
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o(n,0) = 2% < Tlem™® 1+ mams)) ., n>0 (2.161)

O'(O, m) _ (€3 - i - §1) <a71n(e—a1a2§1 — 1+ a1a2§1>>2,

m > 0 (2.162)
o(0,0) = 2% < (emoeatz — 1 4+ b)),
p 8288 (mme 14 ai0,8)) (2163)
and, for the combinations (2.86) themselves, one has
(7 =1)), = F(€1,6,8) — % (2.164)
(e =1-5Q)), = F(&1,6.8) - - + ——(51 +&+ &) (2.165)

in terms of (2.131). However, the analyticity in &;, &, & is now maintained by a more
general mechanism. The analyticity holds only in the sum of the form factors on
the right-hand side of (2.144) (and, similarly, (2.149), (2.154), (2.159)), and it is a
nontrivial fact that, when these form factors are expanded in power series in &, the
denominator A gets always cancelled. The mechanism of maintaining analyticity is
based on the existence of linear differential equations which the functions (2.130) and
(2.131) satisfy.

The differential equations for the basic form factors can be derived with the aid

of the recurrence relations above. From (2.130), one has

_ 4
dg

which, by means of (2.135), (2.136), leads to the following equation for the func-

tion f(£):
d 1 1f(€)~1 ,
“d—ff(f) = Zf(f) + 2 £ (2.167)

(©) = (amagemmt) (2.166)

The form factor (2.140) with two subtractions expressed through the second derivative
of f(f) is
1 1

FO-1 35O -1+
e T1oe
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Similarly, one obtains the equation for the form factor (2.131):

0 , 1
—-—F(f],fg;fg) - F[(€1—€2_£:3)A

9&
+ &63(268 — & — & + 5%)] F(&1,&.8&)
18668+ (L + 86— H)A

+t3 | AZ f(&1)
+ 2g2§3(§3 g;‘z - fl)f(&)
N 25253(52 ;253 — 51)’]0(&;). (2.169)

The function F(&,&,,&3) is completely symmetric in &, &, &5 and, therefore, satisfies
two other equations, with 9/9¢ and 9/9¢;, derivable from (2.169) by symmetry.
Finally, as a consequence of these equations, one can derive an equation for the form
factor (2.131) as a function of s:

0,0,0,
D
0,(03 + Oy — Oy)

0
—S—F(—SD]77—8D2,—SD3) = (S

e + 1) F(—s0;, —s0y, —s03)

5D J(=s0h)
00200,
e ) (2.170)
D =0, + 0y 4 052 — 20,0, — 20,0, — 20,05, (2.171)

This is an important equation since it will be a key tool for study of conformal field

models in Chapter 4.

2.5 Final result for the trace of the heat kernel to
third order in the curvature

By applying the reduction technique above to expressions (2.87)-(2.124), the form
factors f; with ¢ =1 to 5 and F; with ¢ = 1 to 33 can be brought to their final forms.

Quite remarkable is that form factors Fy;, Fao, Fis just vanish in this representation:
F31(61,6,8) =0, (2.172)
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F3(61,82,6) =0, (2.173)

F33(&1,&,8) = 0. (2.174)

The result obtained for the form factor Fiy can be found in Appendix B. This

nonvanishing form factor Fjg is, however, symmetric under a permutation of the
labels 2 and 3:

F30(&1,62, &) = Fs0(&1, 8, 6) (2.175)

as one can check by a direct inspection of expression (B.30). On the other hand, the

structure 30 in eq. (2.76) is antisymmetric under this permutation:
R1RR3(30) = VRV Ry Ry
= — V3RV, R3Ry + O[R"] + a total derivative, (2.176)
and, therefore, the contribution of this structure vanishes
/d:l,‘ g2 tr Fyop(—s0,, —sO,, —s03) R Ry R3(30) = O[RY]. (2.177)

The difference is only that none of the properties (2.172)~(2.174), (2.177) appear
before the form factors are brought into a unique representation by eliminating the
a-polynomials.

Because the contributions of four extra structures vanish there remain only the

contributions of the twenty nine cubic structures. The final result is [34, 54],

1 R .
TrK(s) = (dms)” /d:l; gl/? tr{l + sP

+ 82 25: fi(—SDQ)\SR1§R2(7;)

=1

1
+ 3 > Fy(—sOy, —s0y, —s03)R 1 RN (4)
i=1

25
+51 D> Fi(—s0y, —s0, —s03) R Ry (4)
i=12
28
+8° Y Fy(—sOy, —sOy, —sO3) R RoR3(2)
=26

+ 88 Fyg(—s0y, —s0y, —s03) R RoR3(29)
+ O[R]}. (2.178)
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The second order form factors f;(€) for i =1 to 5 are [30] expressed through the

basic second order form factor (2.130):

(f(&) —1+39)

i) = & : (2.179)
Ao = | L f(fHé(f(é‘)f -1 (f© —521+é£) s
o) = 1—12—f(f>+%<—f%, (2.181)
fa(§) = %f(é% (2.182)
fs(§) = %(—f@g_ﬁ (2.183)

The form factors Fi(&1,s,&3), 1 = 1 to 29 are expressed through the basic third
order form factor Fi(&;,&s,&s) and the basic second order form factor f(&). The
coeflicients of these expressions are rational functions with a universal denominator
(2.143) raised to a certain power. The explicit expressions for the (unsymmetrized)
third order form factors can be found in the Appendix C.

In expression (2.178) the form factors F; automatically acquire symmetries (if
any) of their respective curvature structures trR; $oR3(4). These symmetries (under
permutations of the labels 1,2,3) follow from the table (2.47)-(2.75) and imply the

following symmetrization of the form factors:

F(6nn6) = 3(Fil6n6.6) + Fil66,6)
+ Fi(6,65,61)), (2.184)

F6et) = 5(Fl6n6.6)+ Be6,6)
+ F2(§2a 637 §1))> (2185)
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FY™ (&1, 6,83)

EP™(&1,6,83)

E‘:)Sym (gl H 527 53)

F7™M (€1, 69, 63)

F’Zsym (é_l ’ £27 53)

Fg" (61,62, &)

Fg™ (&1, 6, 6)

FR§™ (&1, 62, &3)

F™ (&1, 62, &s)

Fi3™ (61,62, 8)

FI™ (&1, 6, &)

F3(81, 62, 6),

%(E1(€1,52,€3) + Fi(62,61,6)),
%(F,)(&,gg,@ + (6, 61,83)).
%(Fﬁ(gl,fg,gg) + Fy(&2,61,63)).
%(F—i(&,ﬁg, &) + Fr(&1,65,€2)),
%(Fg(fl, &2,6) + F(61,6,8)),

1

5 (Fo(61,60,6) + Fy(63,61,60)
+ Fo(&2, &3, &1) + Fo(&2,61,8)
+ FolEs, &2,61) + Fao(61, 65, &),

é(Fm(&, §2,&3) + Fio(&3, 61, &)
+ F10(&2, €3, &) + Fio(&e, &1, &3)
+ F1o(&3,&,61) + F10(§1,§3,fz)),

1
§(F11(§17§2,§3) + F11(527§1’€3)>’
F12(€17€27 53)7

F13(€1>€27 53);
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(2.186)

(2.187)

(2.188)

(2.189)

(2.190)

(2.191)

(2.192)

(2.193)

(2.194)

(2.195)

(2.196)



FIT™ (61,2, 63)

F™(€,6,8)

Fig™ (61,82, 8)

E™ (€1, 69, 6)

PR (61, &, 63)

FI3™ (61, &, &)

F3™ (61,6, &)

Fo{™ (61, 62,63)

F™ (&1, 6, 6)

F33™ (61,60, &3)

FY™ (61,6, 8)

FI™(&1,&,8)

F2Sf}3,m(§la 527 €3)

F14(&1, 62, 83),
Fi5(61,2,83),
%(Fm(fl, £2,8) + Fio(6e, f1;€3)>;
Fi7(&1,&2,8),

1
5(]?18(51, £2,83) + Fig(&1, &, f2))a

1

5 (Fm(fl €0, 83) + Fig(&y, &, 52)>:

1
5 (Pool€1.£0,65) + Po(61,6,,6)),
Fy1(&1, &2, &3),

1

5 (FQQ(&, £9,8&) + Foo(&1, 63, 52)),

%<F23(§17 &2, &3) + Fos(&o, 51753))’
1

7 (Poal61, 6.6 + Bus(,60,)).
%(F25(§1, 52, €3) + F25(€1: 53762))’

%(F26(§17 62, 63) + F26(€2: 517§3)>’
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(2.197)

(2.198)

(2.199)

(2.200)

(2.201)

(2.202)

(2.203)

(2.204)

(2.205)

(2.206)

(2.207)

(2.208)

(2.209)



™ (61,6,8) = %(Fw(scl,fz,fa)+F27(§2,fhf3)>, (2.210)
FM (6, 6,8) = %(Fw(fufmfa) +F28(f2;€17£3)), (2.211)

Fg™ (6, 60,8) = %(FQQ(&:&:&) + F29(85. 61, &2)
+ Fog(&2,83,81)). (2.212)
When taken separately from their curvature structures, the functions F; make sense
only being explicitly symmetrized as above.
Note that all the structures (2.76)-(2.79) whose contributions vanish are linear in
7?,,“,. In the final result for the trace of the heat kernel, there remains only one such a
structure, namely, R;RR3(13) = ﬁf”vuﬁgvyz% (eq. (2.59)). Its form factor (B.13)

is symmetric under a permutation of the labels 2 and 3:

F13(81,6,8) = Fi3(61,6, &) (2.213)

but, because all the three curvatures in (2.59) are matrices, this structure possesses

no antisymmetry under this permutation. Its contribution can be written down as
/dCL 91/2 tl'F13(~S|:11, —SDQ, “SD3)§R1§R2§R3(13>
1 N . .
~ / dzg'* e FR™ [V,P, V, P, (2.214)

and it does not vanish in the general case, as one can convince oneself by considering

simple examples.

2.6 The large time behavior of the trace of the
heat kernel

Derivation of the large time behavior of the form factors in the heat kernel was given
in [30] to all orders in the curvature (see sect. 2.3). For the basic form factors (2.130)

and (2.131) this behavior is

f(=sO)=—-== + @) < ! > 8§ — 00 (2.215)

s2
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1 1 1 1 1
F(—s0y, —s0,, —s03) = E§<DID2 + .0, + D2D3) +0 (;) , s — 00. (2.216)

The large time behavior of all second order and third order form factors follows then
from the explicit expressions above. Another way is to use the a-representation of
the form factors in sect. 2.3, and egs. (2.127), (2.128). With the symmetries (2.184)-
(2.212) taken into account, one can easily obtain desired asymptotics for all form
factors.

Not all third order form factors contribute to the leading asymptotic order. Those
absent are form factors F; with ¢ = 3,5,7,10,15 — 17,25 — 29. On the whole, the
result is that the behavior of the trace of the heat kernel at large s is s~+1, and the
coefficient of this asymptotic behavior is obtained to third order in the curvature. As
shown in [30], this behavior holds at all orders in the curvature except the zeroth.
This power asymptotic behavior is characteristic of a noncompact manifold. (For the
discussion of compact manifolds see [55]).

The explicit asymptotic form of TrK (s) is as follows:

TeK (s) = [z gt { M+ Myt MO }+o< ) s — 00, (2.217)

(4 )“’
where M; for ¢ =1 to 3 denote the first three orders in curvatures of this expansion.

Their explicit form is as follows,

M, = P, (2.218)
My, = —pip_lp, lfzw Iplp
o 2 3O
1 3
= ,W—RWH R Ri, (2.219)
6 18
A 1 el 1 al el 1 1 ad
— —P P I Y Sl »J )
M; PS PSP — 2RV, =RG=RS,
11_1_. 1 _1_1
_llplpR_lplle
60° O 3 O
1ol s 1 1.1 .
2GR SRRy, — 5 RS R RI



11 .1 1.
el ,ur/ r o Ly
12DR R,“,Rl S DR SRl
1 1o 1 1.
Raf’v“ SRV SR = 2=RIV, = PV, = P
L] 0 O

A 1 1.4 1.4
_QVIL——RHQVV—RI/&_P + Q_Rab’v;L—RWV ERuﬁ

1
Raﬁv Rﬂ”vﬁ R,w + RV Raﬂvﬁ Rﬁu

+4—R"”V,LVA——RM—RQ,, + ——Raﬁva—Rvﬂ—m

. 11
—gv“ ]?”“V R,la LR — 35 Vs R‘”V Raﬁl (2.220)

2.7 The short time behavior of the trace of the
heat kernel, and comparison with the Schwinger-
DeWitt expansion

Derivation of the short time behavior of the trace the heat kernel presents no prob-
lem. One may use either of two form factor representations: the explicit expressions
(2.179)~(2.183) of sect. 2.5 and (B.1)~(B.29) of Appendix C, or the a-representation
(2.87)~(2.120) of sect. 2.3 combined with egs. (2.125), (2.126).

We need expansions for the basic second order form factor (2.130) and its modifi-
cations with subtractions (2.139)~(2.140) only up to second order in s but in Chapter
2 they are needed up to third order (except for the form factor with two subtractions
(2.140)), so a sufficient series is of the form:

1 Lo, 1 3.3 1 4
) =1+ =80 4+ —s202% 4+ — ¢33 O . (2.2
F80) = 1 Gs0 4 g55°0% 4 o1o60° 4 o +0(s°), s—0. (2.221)

Similarly, we need the basic third order form factor (2.131) up to O[s4]:
1
F(—s0y, —s0,, —s03) = 5t s——([}1 + Op + O3)

s —[180(5352+D O + 0105 + Og” + 02 + 0,%)]

1
e 0,052 + 0,20, + 0,20
+86[112O( 3+ 2" -+ U0 4 O3°0y

1
+ 030, + 0;% + 0,% + 0,20, + 0;0,2) + %515253]

1 .
+ gt — 105% 4+ O0520,% + 0,0,% + 0o 4+ Oy305

71 L5300 C
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+ 0,700 + 0,0,% + 0202 + 0,0,% + 0, + 0y + 0,035°)

1 .
+ 200 0,05°0, + 0,0;0,% + |:112|:]3‘:'2)]
+0(s%), s—0, (2.222)

It is not worthwhile to reproduce the table of asymptotic behaviors for form factors.
Insead we proceed to the short time or the Schwinger-DeWitt expansion (1.15) for
the trace of the heat kernel (1.18) which is of the form [12]:

1

TrK(s) = ( 4ﬂ8)w

s" /dL g2t (x, 2), (2.223)
n=0

where G, (z, z) are the local Schwinger-DeWitt coefficients with coincident arguments.
In contrast to (1.15) here the a, coefficients appear under the integral and matrix
trace operations.

By inserting short time expansions of the form factors into (2.178), one arrives at

eq. (2.223) with the following results for the integrated Schwinger-DeWitt coefficients

ag 10O ay:
/dw g tr oz, ) = /dx g% tr 1, (2.224)
/d:L’ g trag(z,z) = /dacgl/2 tr P, (2.225)

1~ 4 1 - N
/dmgl/ztr do(z,z) = /d:z:gl/2t1'{—P1P2 + —721,“,72‘2“’

+ %RWR/;% — ﬁRlel + §60DTET2R RoRs1

(- 451Dg " 90m, D VR QR RE, 1 <9011:12 180D|:1 Dg)Rl T ]

+(- 90511[]2 ~ 60;@3) RV o RyV Ryl + o VRV g R

* zif)mzmgR!IWV“REwV’“%‘*ﬁi + (4551132 - 455253)3‘1‘”VQR2WV Rg1

- mvavﬁfzf”vuvmgﬁm
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Even if one starts with the exact forms factors of sect. (2.5) there are no A-
polynomial (2.143) nonlocal factors here, because the form factors are analytical func-
tions of ¢ as been explained in sect. 2.4. But the striking feature of this short time

expansion is that it is still nonlocal and some of third order structures contribute to
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az. One can see that such a behavior is characteristic only of gravitational structures
and, moreover, the nonlocal operators 1/0 in the asymptotic expressions above act
only on the gravitational curvatures. As discussed in the Introduction, these features
will persist at all higher orders in R, and the underlying cause is that the basis set
of curvatures for the heat kernel does not contain the Riemann tensor which gets
automatically excluded via the Bianchi identities (1.58).

Now we show that restoring of the Riemann tensor restores the local short time
expansion. The task is now to bring expressions (2.226)-(2.228) to a local form
by restoring the Riemann tensor. The expression for the Riemann tensor solving the
Bianchi identities to second order in the Ricci tensor is given in (1.58). The procedure
that we use here is as follows. For each a,, we first consider a linear combination of
all possible local invariants of the appropriate dimension with unknown coefficients.
Next, in this combination, we exclude the Riemann tensor, and equate the result
to the nonlocal expression above. This gives a set of equations for the unknown
coefficients, which in each case has a unique solution. In the case of ag, there is only

one local invariant with explicit participation of the Riemann tensor, namely
[d26"2 Rag B, (2.229)

Its nonlocal expansion up to third order is as follows

/ dz 9"/ Rop s RO = / dz g'/? {4Ry R — R+ LR\ R,R,
2 2
L pa pBb
+2(D2D3 DI>R1aR2ﬂR3u+ <D1 : D2>R1 Ry R
2 3\ . .
—(D XN D2D3>R VaRaVsBs + 55 V*R{*Vy Ry o Ry
2
Ly iy
D2 ~Ri'V v R3Qﬁ+4(D oR D2D3)R1 VoPR2p, VRS,
Iy 8
1 af al %] Ly
~Goo, Ve Ve ViV Ry Ry - T, Ve EP Ve RSV VRS }
+O[RY]. (2.230)

Expressions of this kind were used for other local invariants below.
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In the case of a3, there are seven (the integral over space-time is assumed):

‘Gl‘]5 RpwveB R;Lua[i: tr,]%aﬁ’]éw/RaﬁlW’

Ra/fw R R " R‘L%R“UV,)RUQ%: (2.231)
R Ruwo RO, REWOOR,., |
R R Ry

and the coefficient of RR"”“ﬁR,u,a[; turns out to be zero. In the case of a,, there are

ten (counting only cubic):

trOP R R, trPV, Vo R,z ™8,

trRPORM Ry, DR Ropue R,

ORR“PR s, R, V¥ Ropy, V¥ ROPOP, (2.232)
RV, V,R,gR™8, VRV R,y RFPV7

VoRpV, R)RPw ReORP Ry,

and the last one R"‘/‘DRﬁ”Raﬁlw has zero coefficient. The number of invariants with
the Riemann tensor does not grow fast owing to the Bianchi identities (1.57).
The final results are as follows. The expressions (2.224) and (2.225) are already in

the local form. The expression (2.226) is brought to a local form by using eq.(2.230):
1/2 A 1/2 4., Iy I 5 5 v
/dm g/ tragp(x, x) = /d:vg t1 §PP + 1—272!“,7%“

RePw _ LRM,,R“”} i} + O[RY], (2.233)
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+ [180 b 180

and the expressions (2.227), (2.228) rewritten in terms of invariants (2.231) and

(2.232) take the form
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DRRR] i} + O[R]. (2.235)

As was discussed in the Introduction there exist independent methods for obtain-
ing these coefficients, and for n = 0,1, 2, 3, the 4, (z, ) have been calculated explicitly
[12, 11, 4, 16, 22]. Some results exist for ¢, as well [16, 6, 23, 17]. Now we carry out
a comparison with these known expressions below.

The expressions (2.224), (2.225) and (2.233) for ag,a; and ay coincide with the
results obtained by other methods [12, 11, 4, 16, 22]. Tt is easy to compare expression
(2.234) for a3 with other results [4, 16] since they differ only by the definition of 2
term [34].

The information about a4 available to date is rather incomplete [16, 17, 57]. In
all these papers a4 is derived for the heat kernel expansion (1.15). The paper [57]
is devoted to a model with a matrix-valued potential on flat manifolds, therefore it
provides only terms constructed of P matrices, which are in agreement with (2.235).

The work [17] concerns only a scalar field model in curved space-time without
a potential, therefore, it contains only pure gravitatonal terms (terms of (2.235) in
square brackets). Our result (2.235) disagrees with this work even in second order in
curvature. Futher comparison does not make sense because the transformation from
one tensor invariant basis [17] to another (2.235) can only be done in all curvature
orders simultaneously.

In Ref. [16] a4, in fact, is not presented in a final form because a basis of tensor
invariants is not chosen and, therefore, the result does not have an explicit representa-
tion. After reduction of the result of [16] to the tensor basis of (2.235) the coincidence
does take place with accuracy O[R']. Some tensor identities used for this reduction
of a4 can be found in Appendix A.

Finally, in ref. [6] second order curvature terms are obtained for any Schwinger-
DeWitt coefficient [ dxtra,. The result is consistent with the coefficients reproduced

in this section.
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We should note, that although all the equations (2.233)~(2.235) are presently
obtained with accuracy O[R1Y], the results for as and ay are exact.
Later, in sect. 3.5 we will discuss the comparison of the Schwinger-DeWitt coeffi-

cients for the heat kernel (1.15).
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Chapter 3

The heat kernel in the second order

3.1 The generating function method for the heat
kernel

The present chapter is devoted to computation of the coincidence limit of the heat
kernel K (s|z,z). The basis of tensor invariants in the second order in curvatures
for the heat kernel is constructed and the form factors are obtained in two integral
representations. The results are checked by deriving the Schwinger-DeWitt series of
the heat kernel and the functional trace operation. This chapter is based significantly
on the notations and methods of chapters 1 and 2, therefore references to them are
made instead of repetitions.

This task is accomplished by two different methods. One method is a direct
application of formulae of the covariant perturbation theory, sect. 1.2; the other, the
generating function method [28], is explained in the present section.

The origin of the generating expressions approach is a simple variation principle
1 sFY _ sl
—;6('I‘re ) = Tr(6FeT), (3.1)

where § means the variation of the functional TrK with respect to background fields

it depends upon. The equation (3.1) implies

S5(TeK(s)) = [ da [V i (sla, )| (32)

y=e’
Since the differential operator F(V) has three independent background fields, the
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metric, the gauge field, and the potential, there are three possible variational equa-

tions [28, 47, 19]. The one we are interested in is,

R(slz,7) = %5;( SR () (3.3)

Thus, the heat kernel trace, interpreted as a functional of the potential, generates the
diagonal heat kernel value.

The method of generating expressions (3.2), or rather its modification for the
Green’s functions, first has been proposed for analysis of local divergences of the
coincidence limits of the Green’s functions [28, 19], and reflects the fundamental
feature of the effective action as the generating function of the one particle irreducible
Green’s functions [24, 12]. However, as was shown in [43] the method can be used to
treat nonlocal curvature expansions as well. This makes it a good tool for two-loop
calculations [28, 20] since to compute even local terms of two-loop graphs one needs to
know finite nonlocal terms of one-loop generating functions [28]. The work with heat
kernels, instead of the Green’s functions, has the advantage that one is not restricted
to specific space-time dimensions, and no divergences are present before the proper
time integrals are done.

As the generating function we take the trace of the heat kernel TrK (s) derived
from the covariant perturbation theory in the previous chapter. The only important
feature of the form factors in (2.40) required here is that they are functions of the
oj)erator & = —sO; and do not depend explicitly on the curvatures ®. This is a
feature of the method which always eliminates one curvature reducing an accuracy
O[R"] by one order. In this circumstance the variation of form factors is not required.

In principle, one needs to derive coincidence limits of the heat kernel of the most
general form

VLV VYR (812, y) e (3:4)

The propagators obtained from (3.4) by Schwinger equation (1.4) bear all essential
information of quantum field theory [12, 11, 27]. The heat kernels V, K (8lz, y)ly=a

and V,VzK (s, Y)ly=2 were derived up to the first order in curvatures in [47] and
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the computations can be extended to higher orders. But the generating function
method is unable to produce heat kernels with more than two derivatives since the
operator F'(V) is second order in V’s. Fortunately, the covariant perturbation theory
encompasses all possible cases of (3.4).

To check the consistency, all results of the next three sections are obtained both
by the generating function method and by the covariant perturbation theory.

Although, it is possible to state the final result immediately, in this chapter we
follow the pattern of Chapter 2, i.e., we start with noncovariant perturbation theory
and proceed to the covariant curvature expansion and form factor representations

finishing with the short time expansion.

3.2 Second order of the perturbation theory for
the heat kernel

In the covariant perturbation theory, sect. 1.2, the heat kernel is first expanded in

powers of perturbations (1.22)
K(s) =" Kn(s)
n=0

where K, (s) is a term of n-th power in the perturbations b, Tr, (P —1/6R]).
Then, K, (s) is obtained in the form (cf. (1.39)),

Kn(s)(z,z) = (4733)w§1/2(x) /

a;20

d"o (5(1 — Z Oli)
1

n
X exp [sQnH(al, .. .an+1|V’)} Z le’i(al, e Qg ]Ty)
1=0

._(35)

or, with the notation (1.40):

1 L ~
g2y sl ety (3.6)

Ka(s) = (dms)e” &

Here the kernels of nonlocal form factors €2, are the same as in sect. 2.1 but they

appear in lower orders than in (1.39).
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The variational method (3.3) can be directly applied to the results for the trace of
the heat kernel in terms of perturbations derived in sect. 2.1, and result in the same

expression (3.5). Let us now display the forms for € and & , forn =0,

9120, (37)
=1 (3.8)

The results for n = 1 are

92(%,&2]{71):@1@25, (3.9)
~ 1.4

Can, aglxi)zih,l, (3.10)
A -~ 1 ~ N ~

Cl(oy, aglg)=c? (V,Lvyh‘“’ — 6R>1 + P =20V, I* (3.11)

and for n =2

Qs(cu, a2, 03| V) =050, + 10305 + arpDy, (3.12)

Co(on, 0, aglxi):(ihlhz + %h’f“ 5 Gondion )1, (3.13)
Ci(an, az, 05]zs)=—Prhy — 20,5178 + (Q,W(Dg + D7) + 20,0(D; — D,‘f)) e
1 [t~ 20D+ 526 DEDE + 4 DD

(3.14)

A A 1 av/a» 1. A 1_ .
Ci(an, 0z, asla)=(P, — 6Rll) (P - 6R21) +(DyDj + DED3) (P — 6311)hg‘ﬁ
—2(D} + D) (P - éRli)fg — 2(DZD3DE + DEDL DIy

+4D3 DT + D3 DD Dy hgP1. (3.15)

3.3 The a-polynomial representation of the form
factors in the heat kernel

Now one should apply covariant expansions for the perturbations through the Green’s

functions to the results of the previous section. Since each perturbation, A*" and fu, is
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an infinite series in the curvatures, the expansion to the second order in the curvatures
involves the first order in the perturbations.

Alternatively, one can use the generating function method (3.3). It is easy to
observe that only thirteen of the 29 tensor structures (2.47)—(2.75) contain matrix P
and thus contribute to the heat kernel itself.

Whether we obtain the heat kernel by the generating function method from tables
(2.87)-(2.124), or by a direct substitution of the nonlocal expansions of sect. 1.2 into

the perturbations h* and I',,, the result is

1

K(SI.’II, .’L’) = (4—7TS>_WQ

Y21 4 s (gi(—s0)P + go(—sD)RI)
5
+5% ) Gi(—s0y, —sUy, —sU3) Ry Rad]
1
) 11
+83 Z GZ-(—SEH, —sUy, —SDS)%l%ﬂi]
6

+ 83G12(_8D17 _SD27 *-8[33)%1%2[12] + O[%k}]} (316)

Here 0, R,[1] with 4 = 1 to 12 are quadratic structures (note the use of square brackets

instead of round ones to distinguish from (2.41)—(2.45)):

RiRs[1] = P By, (3.17)
RiRa(2] = RY Rop, (3.18)
R1R,[3] = PRy, (3.19)
R:1Ro[4] = Ry Ry, (3.20)
R1Ra[5] = R Ry, 1, (3.21)
R R (6] = V,RE VR, (3.22)
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RRs[7] = [Vo Pr, VaRE?, (3.23)

R R (8] = V,V, PLRY (3.24)
R1R2[9) = Vo Ry, VERY, (3.25)
R1R[10] = V,V, R RE1, (3.26)
RiRs[11] = Vo VR, VAVY R (3.27)

There is an additional quadratic structure linear in 7%,“,
RNy (12) = V, RY“V, Ry, (3.28)

which is separated from the others for the same reason the structures Ry RoFR5(3) for
i = 30 to 33 were sorted out in the trace of the heat kernel: this structure is absent
in the final answer. Without gravity, the basis (3.17)-(3.28) reduces to only four
non-vanishing curvature structures. Symmetries of its structures are obvious.

The form factors g;(—s0) and G;(—s0;, —sO,, —s03) are represented by two non-
local kernels: exp(say0) and exp(s) same as (2.83) and (2.84). The function

(2.83) appears only in the combinations
A, B, U, V (3.29)

of (2.30)-(2.35); the form factors containing two subtractions C , W do not appear in
K(s). The same feature is present for form factors formed with the function (2.84),
i. e., only two combinations

S L | (3.30)

of (2.86) appear. Basically, the second order form factors of the heat kernel mimic
the third order form factors of the heat kernel trace with their coefficients being

polynomials in o s, the Laplacians, and the Green’s functions. But the level of
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complexity in this order of the heat kernel is less than in the third order of the heat
kernel trace.

Here the first order form factors are formed of ones in (2.178) as

91(§) = 2f1(), (3.31)

92(8) = f3(6). (3.32)

The second order form factors G;(&;, &, &) for i =1 to 11 are expressed via form

tactors F3(&1, €2, &3) of the trace of the heat kernel (2.178) in the following way,

G1(61:62,8) = Fi(&,6,8) + Fi(&,8,8) + Fi(&, 61, &), (3.33)
Ga(&1,62,8&) = F3(&,6,8), (3.34)

Col61.&.6) = Fil61,60.6) + Fol6,60.6) — 3(6 — €)Furln &.61), (3.35)

Cal61,0.6) = Fa6s,60,86) + (6 — & — 6)Psl6r, £0,80), (3.30)
Gs(ér60.&s) = Fo(6r,6,60), (3.37)
ColésGarés) = Fultn &), (3.39)
Crlér a,6) = —Fisl661,65), (3.39)
Golérr6ars) = Fulta,bo, &) + FirlGa,6u,82), (3.40)
Gol66arbe) = Fiolta o), (341)
Cuol660,60) = ~Fislns,5), (342)
Gl 66e) = Faler, o6, (343)
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G12(61,62:83) = F(&3,61,6), (3.44)

where some interchanges and cyclic substitutions of indices of the arguments &; are
made. In the relation (3.39) the symmetry property Fi3(¢), &, &) = Fia(&,, &, &) is
taken into account. It should be emphasized that these rules are not sensitive to a
representation of the form factors, they can be in either of them: (2.92)-(2.120) or
(B.1)~(B.29).

In the o -polynomial representation the first order form factors are

g = <¢4>2, (345)

g2 = <<oz1~—>A B> (3.46)

And the second order form factors admit the form

G = (&%), (3.47)

Gy = <2oz1()zchQ3>3, (3.48)
<11A1 11 A4 10—

G = (LA LI 180y
3 2[]2 S 2D2 S +2 [_—_]2 13

1 e 2 0
<2E]—2 p + [(g — 20[1 + 20[1 — O + 20[10[2)

O d
+ =L (20100 — an) + =2 (ay — 2a1a2>] eSQ3> , (3.49)
Oy Uy 3

Os 1 oy 1. 2]As
+[D1D2(2a1) Dl(al )} s>2

1 est -1 3
+ <D1D2 82 + I:D1D2 (3a1a2 - 2a2)
1 9 ) est
+D—2(_§ + 4o + 204 — 200" — 6011%)]

+[( o e 21 2 —
3 2 ' 32 TghmTe

- 60[10[2 -+ 20[1&23 -+ 3&12()[22)

172 1
D2(3C¥1042+ 60’2—042 — 3a109? + 201 %02
1

=) 2
— o2 4+ 20009°%) + —( — Zam + an® — Zana
e%) 12)+D2< 62+2 3102
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0, 0y )J s >3
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(3.50)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)



3.4 The final result for the heat kernel up to sec-
ond order in the curvatures

As discussed at the beginning of sect. 2.3 the a-polynomial representation for the
form factors (3.47)-(3.58) is not unique. Due to this fact there is an extra quadratic
structure (3.28) which will be absent in the final answer for K (s). Thus, we need to
proceed to the explicit representation of sect. 2.5. This was done again in two ways,
first is the treatment of (3.45)—(3.58) with the o -polynomial reduction procedure
of sect. 2.4 and the use of a computer program similar to that used to derive form
factors of Appendix B. The other is the use of expressions (3.31)-(3.43) and the data
of Appendix B.
Both methods result in the following expression for the heat kernel

~ 1 ~ N ~
K(s) = (47rs)wg1/2{1+s<gl(—sD)P+gg(—sD)R1)

5
+ 87> Gy(—s0y, —sOy, —sO3) Ry Ry 4]

10
+83 Z Gi(—SDh —SDQ, —SD3)§R1§R2[Z']

=6
‘|“S4G11(—SD1, ““SD27 *8':]3)%1%2[11] + O[%‘g]}, (359)

where quadratic tensor structures R,%,(z] are defined by (3.17)~(3.27).

The explicit form of the second order form factors is [47, 48]
91(6) = f(9), (3.60)

1§ —-1
&

The structure and complexity of the second order form factors are similar to those of

92(&2) = f(f) +5 (3.61)

the third order form factors in the heat kernel trace (2.178), thus they are placed in
Appendix C.
The obvious check of the calculations above is the functional trace operation

(1.18). We can use the « -representation of the form factors for this consistency
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check. All total derivative terms should be discarded, and all second order form

factors reduced to first order ones by identities like

tr/d:,z; g'?(x)F (=0, —s0,, —sO;)R Ry = %tr/d:z; 9'2(x) f(—sO) Ry Ry + O[R?].
| | (3.62)
While first order terms collapse to a single local P, the tables of second order form
factors reduced five form factors of the trace of the heat kernel (2.179)-(2.183). In
other words, following the line of the generating function approach we start with the
heat kernel trace and end up with the same object but in the lower order in curvatures,
This allows one to conclude that there exists a link between two neighboring orders in
the curvature of the heat kernel trace, namely, each lower order is completely defined
by the higher order, i.e.,
Kooy = tr / d:y(sip Ko, (3.63)
where

K, = tr / dzg'? ST F(Vi,... V)R ... Ru(d) (3.64)

is a given order in curvatures.

3.5 The short time behavior of the heat kernel,
and comparison with the Schwinger-DeWitt
expansion

"This section is devoted to derivation of the short time expansion for the heat kernel
K(s) following the way of sect. 2.7. We intend to derive the Schwinger-DeWitt series
for the heat kernel (1.13),

gl/2

K(s)= (47rs)“’ Z §"an (2, 7). (3.65)

All we need to know are short time expansions of the form factors in (3.16). Again, the
form factors g; and G; can be treated in either the explicit representation of sect. 3.4

or in the « -polynomial representation of sect. 3.3. For the latter case, the integrals
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(2.125), (2.126) should be used. For the former case, the short time expansions of the
basic form factors are already introduced in (2.221) and (2.222).

Generally, all G, (z, z) are local functions of the background fields, but even though
the nonlocal denominators A cancel in the short time series, nevertheless the tree 1 /0
nonlocal terms are still present due to (1.58). By comparing the nonlocal expansion

of K(s) with (3.65) we get the following nonlocal form for the Schwinger-DeWitt

coefficients:
by (z, ) = P, (3.66)
1 1
Cl,g(? L) = ~1§6DR1 -+ 6DP+ P]Pg —f— Rl R?/w
1 P O, 052 .
— R™ Ry 1
+ <180 450, + 90::12 + 1800 D) 2
DS I pra
+( - 0.5, o, )vaj?l,wv Ry
1 R ‘
uv pof 3
+ ———LLSDlmgvavﬁRl,wv VYR$P1 + O[R¥, (3.67)
a3z, ) = —LDQP%— L mepi
3 _[]60 1260
— +t = PP+ —= R
+ (24 tog T 24) SR (90 + 180 180)R 2
+(D3—Dl D)PR+( S s —- )Ry Ryl
360 360 360/ 12 7560 ' 15120/ 2
0,2 0, 0,0, 052 Os mP "
_ Y Ryl
* (168OD2 T 16801:!2 3360, togg 1120000, >R 2y |
v 1 o
- 80\7 RY VO Roge, — 66[V Py, VREY + —v,ivyma2
1 0,2 th "
— JVHRYa]
+ (630 5800,00, | 4200, 2100, 557) Vet VV RS
VVRR1+( s 1 )VVR VAV R
1890 1 2800,0, = 42000,/ & A M 2
+ O[R?, (3.68)
ba(z, ) = L mpy 0éR1
840 15120
0.0, DOy0y 0O;03 052 02 0.2\ 4 &
PP
+( 360 360 360 | 360 360 T 360> 152

0,2 522 n 009 n 0,05  O32 Oy
3360 3360 2520 1680 + 1120 1680

+( VRE Ro

70



0,03 0,2 0,2 0,2 0,00 Oo0
_ PR
+ (15120 3024 3780 T 3780 T 15120 3780) 112
0,2 0,0, 0,0, 042 .
_ _ RiR,1A
+ 56700 153600 ~ 153600 T T39600) 2
( 00,2 0,20, 0,05 n 0,3 n 0,2
3780000, ' 378000, ' 25200 ' 378000, & 37800
00, 0,2 0, 0,3 v -
— R™ Ry 1
+ 70600 + 00400 126000,0, 420()m,> Bc
0, . .
VRV R
+ <2020 2520 2090) i 2

" <_@0_6%" 1260)[V P VRS
(et 84o>vuv PRy
3
i (9450D2 6300 * 31§8D1 - 6?(;0 * 4?23552 B 315SEIDQ)VaR1,lyV“R5“i
N <75600 15120 T 10120)‘7"v I Rl:
" <12600 3100:11 * 94?0152 + 31551[331@ )VaVpRyu V*VYRS1 + O[R?Y),

(3.69)

It is worthwhile to mention that, it is also possible to do the above computations
with use of the short time expansions of the trace of the heat kernel (2.225)-(2.228)
and the relation (3.3), but if one wants to obtain the same accuracy, i. e., to know
the fourth coefficient a,(x, z), those expansions should be derived up to fifth order in
the proper time s. This fact follows directly from the Schwinger-DeWitt series (3.65)

and the variational principle (3.3):
) .
n—1(x,2) = g—1/25—]5 /d:c g ?r an(z, ). (3.70)

As with the heat kernel trace, local coefficients a,(z, z) are restored by using the
Green’s function solution of the Bianchi identity (1.58). To do this we have to find
an independent basis of quadratic tensor invariants containing the Riemann tensor
for each of the coefficients a,(z, ). Fortunately, it is easy in the second order, such

a basis for as(z, z) consists of just one structure,

RvapRMP, (3.71)
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Since there are several derivatives eliminating the Riemann tensor with help of (1.57)
in possible combinations for the third and fourth coefficients, the situation here is

rather simple too. Thus, the basis for a3(z, z) may contain only
O(Ruwap R ™), RasVFVORY, (3.72)
and for a4(x,x),
O%(RuapR*™P), O(Ryupas VEVERY), (RO VAV R, (3.73)

Then we form the local a,(x, z) with these invariants and other acceptable tensor
invariants which are merely (3.17)-(3.27) mixed with a number of the Laplacians 0.
The necessary nonlocal expansions for the invariants (3.71)—(3.73), actually boil down

to a single expression

1 .
R,wa sR*™*? = 4R,,0sV V4 Shus + O[R?

(Dl ‘I‘ D2 —_ Dg)vﬁR/favaRQuﬁ

B phra
=g,V VR ViVl + 5 .0

1
T io.O (012 + O,% + O5° + 20,0, — 20,0, — 20,0,) R RE” + O[R?), (3.74)
102

which is substituted into these combinations containing unknown numerical coeffi-
cients. Equating the result to (3.67)—(3.69) gives a unique solution for unknown

coefficients [48]:
do(z,z) = lE1P+ 1th1+ PP+ R yR¥
I 180

1
. afpy _ _* % 3
+ [180Raﬁ“”R 180}2 v R ] 1+ O[§R ] (3.75)

, 1 L o
a(z 02p
asz(z,z) = 50 + — 1260 O°R1

PPy + o O
24(P)+4PP+ L pop

DRHV , wR s
( R,L)+ o ORMR,, +1807z R
1

PR) - — —_pno
360 (PE) 360 PR+36OP =

~ 1 N
nrya . Ba Ly
+ —180v RV Ry = [vaP, VR + o5 VY PR
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1120 O(R" Ryvag) + oRWﬂV \4 RVﬁ_%RW R

- 5014OD(R“”RW) 1260vu R¥V R + 1890v V. RRM

720+ 515008 + O] (3.76)

s(2,9) = 0P + -0 R

+ %D(FDP) + gédmﬁmﬁ + S—é-ém(mpm

+ % 2(PP)+ ?éﬁ D*PP + %PEVP

+ .33% 2RIVR,, + 3_%6RW 2R + ﬁ‘jfwmﬁw

+ﬁm(mmmlww1_112.652(RWRW) L ogear,,)

+ 15 D(OPR) - 50174 PR+ 3780131:212

+ %52(13]2) + %0 POR + 3_7186D(PDR)

+ 2512OD(V,LRuvvaRa,,) 2520vu73/w VeR,, + ZrQODVﬂRWVQRW
6:1),0[Dv P, VR - %@D[v P, VR — TQ‘@[V P,OvVsRA
SleODV”V PR + '2“5_0v Vv, POR™ + —D(V,,,v PR™)

+ |:12é00D2(RuVaﬂR,uua[3) + ilgﬁm(R“”a'BV VaolRus) + 9450R“'/°‘ﬂDV VoRus
12600v Vol VIV R 63100 (VaRuw VER™) + MV o R, OVH R

" 351—20 (VuVu RRE) + i%i—z()'mv VR 75600v Ve RORY

+ odno" Fw) - ‘7‘516166'3(3“” Ry) - 37800RW *Ry

- ﬁé‘@ﬁ R¥DOR,, — %}/'—OﬁmzRR+ 4531600D(DRR)

~ 153600 FPR+ Tagga5" (RR)| 1+ O, (3.77)

Two terms in (3.77), R“”DQRW and OR*OR,,, are displayed here with corrected

numerical coefficients in comparison with [48]. Although, as(z, z) was computed with

O[R?] accuracy, its expression above is in fact exact.

We compare the coefficients above with results available in literature. Again, our

main concern is the fourth coefficient a4(z, ), as the expressions (3.75), (3.76) for
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az(z, ) and a3(, x) coincide with the results obtained by other methods [12, 11, 4, 16,
17, 23, 57, taking into account differencies in definitions and curvature conventions.

In ref. [6] the first order curvature terms are presented for any Schwinger-DeWitt
coefficient a,,(x, x). This result is fully consistent with similar terms of the coefficients
(3.75)~(3.77).

The only generic result for a,(x, ) is that of Avramidi [16], but this result unfortu-
nately lacks a final representation. The very tedious work of its reduction to a tensor
invariant basis, which we choose to be the basis above, was performed, partially with
help of the tensor manipulation programs MathTensor [51] and Ricei [52]. In fact,
this reduction is much more difficult in contrast to a similar procedure for the trace
Jdztras(x, x), see sect. 2.7. The use of computers in this context is unavoidable be-
cause of the presence of total derivatives. This fact results in computations of objects
like a totally index symmetrized combination of the Ricci tensor and six covariant
derivatives and its subsequent reduction to the form of D3R keeping all commutator
curvature terms. The result derived this way from [16] is in a full agreement with
(3.77).

As mentioned in sect. 2.7, the work [17] reproduces only pure gravitational terms,
thus only terms of (3.77) in square brackets can be compared. The expression (3.77)
disagrees with that result in several numerical coefficients. Taking into account, that
results of the paper [17] fail to produce a correct form for the trace of the fourth
Schwinger-DeWitt coefficient, this work must be considered wrong.

In view of these observations, we should remark that the work on the fourth
Schwinger-DeWitt coefficient should be continued because there is no reliable com-
plete generic result for aq(z, z) in the literature. Therefore, such a result for a, (z,2)

must be obtained using all possible sources like [16, 17, 23, 19].

74



Chapter 4

Weyl invariant models

4.1 The one-loop effective action for the Weyl in-
variant scalar field model in two dimensions

In this chapter we study field models that are invariant at the classical level under

the local rescaling of the metric
g (z) = e"@gm (1) (4.1)
and the corresponding rescaling of scalar field in N dimensions,

o(z). (4.2)

_ (V=2

plx) =3

o(x)

This transformation was introduced by H. Weyl [58, 59], hence, the term Weyl invari-
ance. Although, two terms, Weyl and conformal, are used in the literature [9, 18, 60]
and this thesis on par, the former is preferable to distinguish from the global conformal
transformation which forms the conformal group in flat space-times.

As discussed in the Introduction the curvature expansion for the effective action
(1.17) in two dimensions does not generally exist due to infrared divergences appearing
at every order in the curvature. Nevertheless, it is formally defined by the expression

(see Introduction),
1 reds
W = /0 = (TrK(s) = TR (5) o) (4.3)
There is only one curvature in two dimensions, w = 1, since

1
Ruy = §g”VR’ (44)
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and the term linear in the scalar Ricci ¢'/2R vanishes because it is a total derivative
[18, 30].

There is an exceptional case when the effective action (4.3) proves to be analytic
in the curvature. This occures in the conformal invariant scalar quantum field model
[18, 30):

A ~

X 1.4
bl=1 R,=0 P=_RL (4.5)

In this case, the effective action is expandable in powers of the curvature, because
the integral (4.3) converges at the upper limit at each order of this expansion, owing
to specific cancellations in the asymptotic behaviors of the form factors at large s.
Furthermore, in the case (4.5), the expansion of W in powers of the curvature should
terminate at the second power thereby yielding an exact result [38, 61, 30]; the terms
of third and higher powers in the curvature should vanish order by order. In this
section we check explicitly the vanishing of the third order terms [42]. We will work
out this result directly from the heat kernel trace without computing the generic
effective action.

By using the conditions (4.4)-(4.5) in (2.178), we obtain TrK (s) as an expansion

in powers of the Ricci scalar only:

1 5
TrK(s) = %/dmgw {1 +8*> eifi(—sOy) Ry Ry
i=1

+s3§:C¢F}(—sD1, — 80y, —s03) Ry Ry R3 + O[R“]} , w=1 (4.6)
i=1
where
01:%, co =1, 63:%, 04:%, cs = 0, (4.7)
and
Ci=g15 Cim5 Gr=1s, Go=zs, Go=1, Cu=1, Cu=1,
Cis = 581(51 — 0, —03), Cig= 4—88(53 — 0y —0,;), Cir= %‘32,

S S s
Cyo = Z(Dl — 0y —03), Cu= g(D:a =0y —0y), Cyu= g(Dl — 0y — D),
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2 2

s s s

5= —(0; — Oy — Oy), Chg = —0;0,., Cyr = —;0,,

Cos 16( 1 2 3); Cog 5102 Cor =il
2 3

S S
028 = ED(g(DS — D2 — L__Il)7 029 - §D1D2D37

Co=C3=Cr=C3=Ci1p=C13=Ciy=Ci3=Clg = Cy = Cy = 0. (4.8)

We insert the coefficients (4.7) and (4.8), and the expressions for the form factors
fi and F; given in sect. 2.5 and Appendix B into (4.6) using as usual the algebraic

manipulation program MAPLE [50]. Then, TrK(s) divided by s takes the form

1 1 e 11 1 f(=s03) — 1
STeK(s) = — : | f(—sOy) — = (LA T
5 TR () 47r./d‘7“9 {52+ 52/ (750) =3 50,

3 <f(—sE12) —1- -;;552)

8 (s0g)2

R Ry

0,20,%0,2

+ {—SF(—th —s0q, —s03) Vo0

(0,° — 40,°0, — 40,50, + 30,'0,0,4

1
+ f(—sO .
f( 1)32D‘3D2
+240,°0,%0; + 50,052 + 240,30,0,% — 20,%0,%0,2
+320,0,°0,% — 250,20,05% — 360, 0,20,% + 50,°0,°
—50,°03" — 90,°0," 4 40,055 + 50,0,° — 035)

—sO) =1 ‘
—<f( s0y) ) ! (0" — 20,°0; — 120,200,004

sy 8D2D2
—100,0,°05 + 80,0, 05° — 20,°032 + 20, 0,°
+ 30,0;5° — O3%)

f(—=s0,) — 1 —1sO 3
i < ( 1(?9D1)2 — 8D0, (B -+ 4015, + 0,8, O5%)

- —[]2——1—Dg3§él1 (f(“3'32) - f(—8|33))
Lt Do (f(_SDQ) —1  f(—=sO3) - 1>
Oy — O3 80, {m P sOs
1 30, <f(—SD2) —1— 350,
Oy — O3 804 (s0g)?
1
S (_SD?)S;B;; 6853” RiRyRs + O[R‘i]} L w=1  (4.9)

in terms of the basic form factors (2.130) and (2.131), and the polynomial D (2.171).
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By using the large time asymptotic behaviours (2.215) and (2.216), one can now
check that, at s — oo, the leading terms 1/s in (4.9) cancel at both second order and

third order in the curvature so that
1
-TrK(s) = O <—> . 8 — 0. (4.10)
8

As a result, the integral (4.3) converges at the upper limit. The convergence at the
lower limit in the curvature-dependent terms holds trivially. Only the term of zeroth
order in the curvature is ultraviolet divergent but, in the effective action (4.3), this
term gets subtracted out [26, 25] as was showed in eq. (4.3).

For the calculation of the integral (4.3) one can use the differential equations for
the basic form factors, egs. (2.167), (2.168) and (2.170) of sect. 2.4, and make the

following substitutions in (4.9):

__S—D-—I%:I_SF(—SEH’ —SDQ, —353) == %(SF(_SDh _SDZa *8D3))
0, (0 ‘552 — Dl)f(—sljl) + Op(0, ‘;;3 0y) F(—s0y)
" D3(D1 ’;52 - D3)f(—8E|3), (4_11)
- -1 d 2

FE=t 4 (2 psm) + Lr-sm) (412)
f(=sO)—1— 1O _d 2 f(—sO)—1 1

GEF & <_§5 s0 3_‘5f(_sm)>

+ Tléf(—sl]). (4.13)

The result of these substitutions is that the expression (4.9) becomes a total derivative

in s:
1 1 e d 1
p— ™ — — v — — D
JDE(s) = — / dng"? —{ = = +1(s,0p) Rty
+ h(s,04,09,03)R1 R Ry + O[R4]}, w=1 (4.14)
where
1/1 1 f(—sO)—1
O = — | —-f({—g]) - =/ )
i(s,0) = 5 <8f( s0) = 15 ) : (4.15)

78



h(s,01,0,,03) = AY™ +BY™ + hY™, (4.16)

and AY™, W™, Y™ are the completely symmetrized in Oy, Oy, O3 functions

0,0,0;
3D2 7’

hy = sF(—s0;,—sOq, —s0y) (4.17)

4 : 3 4 :
hy = f(—sl:]l)————8D2D = (0" — 20,305 + 20,0;° — 0, — 20,%00,
12

+ 30,0, — 80,20,0; + 80,0,0,% — 1000, 0,20, — 200,200,2)

—sO) —1 1 .
B <f( sEl? > 4DD1D2(D12 AT + Dyl — D32)’ (4.18)

1 Oy 1/1 ‘ 1 X
N NN [“§<m—2f<‘652>“'u:f )
11 f(-sOy) —1 1 f(—sO;) —1
* <E§T B E;T)} ' (4.19)

The insertion of (4.14) into (4.3) gives for the effective action:

1
W= o / dz g'? (10, 0g) Ry Ry
+h(0,01, 0z, 05) Ry RyRs + O[RY)),  w=1 (4.20)
where use is made of the fact that the functions I and A vanish at s — oco. With

the short time asymptotic behaviors (2.221) and (2.222) and the explicit expressions

above for the functions [ and h, we obtain

Wi emo = 0,
R = —h™| = _‘32169%1%5_353’ (4.21)
with the final result
1(0,0) = . h(0, 0,0y, 03) =0, (4.22)
120
Thus,
W= 551;? /da;gl/2 R-é—R +O[RY], w=1. (4.23)
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Here the second order term in the curvature reproduces the result of [30] and the
results of refs. [61, 38] obtained by integrating the anomaly of the stress tensor trace
(see sect. 4.3).

Thus the third order contribution to the effective action W actually vanishes, and
the mechanism of this vanishing is that, under special conditions like (4.4)-(4.5), the
third order contribution in s™'TrK(s) becomes a total derivative of a function van-
ishing at both limits, s = 0 and s = co. The same mechanism underlies cancellations

of nonlocal terms in the derivation of the Weyl anomaly in four dimensions, sect. 4.3.

4.2 The Green’s function for the conformal scalar
field model in two dimensions

In this section we consider the same field model as in sect. 4.1 but applied to compu-
tation of the Green’s function. The Green’s function is obtained from the heat kernel

derived in Chapter 3 with help of the Schwinger proper time method (1.4).
o0
G= /O ds(K(s) ~ K(5)lnmo). (4.24)

With use of the properties (4.4)~(4.5) to reduce the heat kernel of sect. 3.4 to the
form
gi/2 2
K(s) = =— {1 + 8> &gi(—sO)R

dms =

11
+ 32 Z Cz Gi(—SDh —SDQ, —8D3)R1R2 + O[R3]} y (425) ‘

i=1
where for factors g;(—s0) are given by (3.60)(3.61), and form factors Gi(—slq, —sOy, —sO3)
by (C.1)-(C.11). The coefficients & and C; are:

I

=g G=1

- 1 ~ = 1 = s S

01:%7 3=—, Ci=1, CG=3, 8= 50 C9~§(D3*D2—Dl>:
~ S 82 ~ ~

Cio= 5L Cu= 7 P12, Cr=Ce=0Cr=0
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After compactification the final expression looks like:

Ke) = 5= {1es Loy - B2 g
+s {SF(—SEH; —s0y, —SD:S)D—I{;ILQD‘i
+ f(_SD])zLD[j})? (0,° — 30,0, — 30,02 + 30,0,
— 20, 0,03 + 30,05° 4 50,0, — O,% + 5030, — 0,°)
— f(—:s{:lg)éu)im2 (—0,05° +30,°05" - 30,0,% + 0, — 0,0,

+ 900,057 — 40,20,003 — 30,0,° 4 70;030,2 + 20,2 0,%)

f(—s0O¢) — 1 By
: Oy 4+ O, — 0O
* ( s0l, 2D2D( 3+ =0

f(=s03) =1 1 2
+ [ - -0,0, + 0 —-30,0, — 0,0
( 8']3 2D2D( =3 ! 23 ! 2>

- Gy (0 - fsm) 2

1 (f(“s'jl) —1  f(—=s0) - 1) 0,
(01 — Oy) sty stls 20,
+O[RY}, w=1.

+

R1R2

One should note that this expression cannot be obtained from (4.9) by the generating

function method because there is no potential term P with which to make a variation.

A straightforward check with help of the large time asymptotics (2.215) and (2.216),

shows that the whole expression behaves like O[1/s] at large s.

To perform the proper time integration we resort to a technique of the previous

section, namely, we rewrite K (s) as a total derivative in the proper time s:

1/2 d
K(s) = K(s)lno = L~

n(s,0) = %f(—sD)R,

(n(s, ©) + m*™ (s, 0, 0, 0g) ) + O[ R,

U
m(s, 0,0y, 03) = [—S@F(—SDM —s0,, —sO3)

(O3 + Oy — Oy)
0,0
(=005 + 0, — 30,03 — 0;0,)
O,03D

— f(—=s0y)

— f(—s0s)
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RiRy, (4.27)

PR = (f(~sﬂs> _ f(=s0y) )

(O, — O3) O, O, 0,

and m™™ is the symmetrized in O,, O, function. Due to (2.215)-(2.216) the expression

in the curly brackets vanishes at large s, therefore,
1 € G
G(z,z) = ——Zl—gl/z (77,(0, 0) + m¥»™(0,3,, Oy, Elg)) + O[R?). (4.28)
T

As readily seen in this limit only a linear R term survives and the series terminates
at the first order:
g1/2 1

Gz, x) = —'ZL—WE]—R + O[R3]. (4.29)

A similar term in the Green function coincidence limit for two-dimensional compact
manitolds was found in [62]. Since we showed that the second order is exactly zero
we may presume that the answer (4.29) is exact in the same fashion as the one-loop

effective action is exact in two dimensions (4.23).

4.3 The Weyl anomaly in four dimensions

A crucial check of the results above is a derivation of the Weyl anomaly (also called
the conformal anomaly or the trace anomaly) for the conformal invariant quantum
field in four dimensions [63, 64, 9]. As any other quantum anomaly the Weyl anomaly
exhibits breaking of classical invariance by the quantization procedure. In this case
the Weyl invariance (4.1)—(4.2) of the classical field model results in the vanishing of
the trace of the stress tensor [18], T%(z) = 0, but this is violated by quantization,
9" < T (x) >5# 0. Since the quantum corrected stress tensor is given by the effective
action,
oW

< T, >= 29—1/259? (4.30)

it is important to reproduce this effect from the results obtained in the first chapter
of this thesis. Not only should it give an additional check for our derivations but also
reveal how the local Weyl anomaly appears from the nonlocal effective action (the

heat kernel trace).
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To have as many curvature structures as possible involved in the check, we choose

the following model of the quantum scalar field (w = 2):

1 R A2 ,
Sl =5 / dug'? | V"V + 2o o+ (0" p)? | (4.31)
5. 6 Al
©1
- . 4.32
@ ( . > (4.32)

In fact, this is the action for the famous ¢! model for the complex scalar quantum
field

© = @1 + s, (4.33)
rewritten in terms of the real components.

The gauge abelian (electromagnetic) field A,

Vup = 0o+ Audo, Vo7 = 8,07 + AT ST, (4.34)

J= ( _01 (1) > (4.35)

and the gravitational field in (4.31) are background classical fields.

The action (4.31) is invariant under the Weyl transformations (4.1) and (4.2):

5,9" (x) = o(2)g"™ (), @wwyzéﬂwwux 6, A, () = 0. (4.36)

The Hessian (1.5) of the model (4.31) has the form of the second order differential

operator (1.6) (times a local matrix) in which the potential term is

A 2N (3012 + 2 2010,
P= 4 ( 219 3%+ ) (4.37)

The commutator curvature is defined through (4.34), (4.35):

A

R = J (0,4, — 9,A,). (4.38)

From (4.36)~(4.38) we find the Weyl transformation laws for the curvatures and

U-operators:
0P =0P, 0o Ry =0, (4.39)
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1
60R;w — (vuvu + ‘"‘C],WD)G, (440)

2
6. = (30 + R)o, (4.41)
(6,0)P = 0P — V,0V*P, (4.42)
(6D Ry = 00Ry, + Ry 00 + V0V Ry, — V,0V Ry, (4.43)

08 Ry = 00OR,, + R, 00 + Vo VR,
/ / s /
+ V(“O’V,,)R — 2VQO'V(,LR,,)Q, (4.44)

(6,0)R = 00OR — V,0V°R. (4.45)

Having obtained these laws, one can forget the particular content of the model (4.31),
(4.37)—(4.38), and merely consider the transformation (4.39)—(4.45) in the effective
action. For the dimensionally regularized one-loop effective action (1.17), the result

should be exactly [64, 65, 66],
—6,W = -—5(%707 /da; 9% o () tr 4y (2, z) (4.46)

where ds(z, 2) is the second DeWitt coefficient (3.75) at coincident points. Since the
function o(z) is arbitrary in any compact domain, the anomaly (4.46) provides an
additional check of tr ds(z, z).

As mentioned before for the derivation of the four-dimensional effective action the
dimensional regularization is used [22, 30, 42]. But in fact, in the present section we
will bypass this question since we do not compute the effective action W itself but
only its anomaly (4.46).

Expression (4.46) is the general form of the Weyl anomaly in four dimensions
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[18, 67, 64, 60, 68]. For the model above,

) 1 6
_ w7 Y _—
O /C]’L ( L)q 6 v 20(‘[’)(:0&0)’ (447)
and
’ oW1 W 1
—172 { v il = “ao(x, ). 4
q (g 57 + 5 5@) 2(471-)2“ by (z, ) (4.48)

In the present technique, eq. (4.46) can be obtained only with a given accuracy
O[R"] and with the Riemann tensor expressed through the Ricei tensor. To lowest
order, one can use the expression for Ri[i/u/ given by (3.74). After elimination of the

Riemann tensor in ay(x, ), eq. (4.46) takes the form

~ 1 1/2 { Loz
— = —— [d 2O
bW 2y /dzg t1 6( P)o

1.
0 _ P2 o ip2,
180( R)ol Q’RWU 2P

1 0, ‘ 01,2
- — <1+2——4‘—3'+ 3 )R/LVRQ;Luo'Sl

O, 0O, 0,0

2 O;
! ( ) VERAY, Rynos

45 Dl 0,0,
1 .
i 3
45 E] D2 V VgRlAWU V R2 03 } + O[\SR ] (449)

where the notation in the nonlocal terms is the same as before with o playing the
role of the third curvature. It is the latter equation that will be checked below by a
direct treatment of Tr K (s).

‘The way of deriving the Weyl anomaly that we now present is based on carrying
out the conformal transformation in the trace of the heat kernel. We use the expansion
of Tr K(s) in powers of the curvatures given by eq. (2.178). To enable a comparison
with the effective action (1.17), one should subtract from the heat kernel the terms
of zeroth and first order in the curvature. These are the first two terms of expression

(2.178). For TrK (s) with these terms subtracted we introduce the notation

TrK'(s) = TrK(s) — /da: gtr (1 + sP). (4.50)

4)2

We begin this check by calculating the result of the transformation (4.39)—(4.45)
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in the quadratic terms of TrK (s):

50- /CIZ(L’ gl/Q tr {Z fi(—SDQ).SR],%Q(Z.)} s (451)
: i=1

where the functions fi(—0) are given by (2.179)-(2.183). In this order one should
make the §,-variation not only in the curvature structures but also in the form factors.
In the term linear in 2* which appears after cleminating one of the Ricci tensors by
(4.40), in order to employ the Bianchi identity, one should commute f (—s0O) with the
derivatives V,V,, and retain the commutator. By the derivation which is similar to

that of eq. (2.26) we get for the basic second order form factor:

/dl .5]1/2 R;w[f(_sm), V“V”]U

—s0,) — f(—sO. .
:/dmgl/2 f(=s 5) JS i 3>[D3,V§V§]R1W03+O[R3..], (4.52)
. 1— 3

with the expression for the commutator
{D, VMVV]O = QV(/LRV)QVQO' + ZRQ(/LVU)VQU
— VoRuw V¥ — 2R3, VVP o (4.53)
in which the Riemann tensor should eventually be expressed via the Ricci tensor.
In the second order terms (4.51) one has to deal with the second order form

factors (2.130) and (2.139)—(2.140). For the basic second form factor the variation is

as follows,

/ 4 /% tr Ry (6,F (—50) ) Ry

= [argut (“SDDI) — 250 (5 o, + O (4.54)
11— Y2

To treat similarly the form factors with subtractions, they need to be rewritten in

the integral form, e.g.

FED=L 1 ot - aga [ agents-omes (45)

s a
The conformal transformation in the cubic terms of the heat kernel trace is easy

to carry out because, within the required accuracy, only the curvatures in R1R 5
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need be varied, cf. sect. 3.1. The result is a sum of contributions of the ten tensor

structures:
29
5,7 /dil)’ 91/2 tr {Z E(—Sml, -SDQ, —<9D3)§}E1§}eg-s}%;g(i)}
- i=1

10
= /d:.z:gl/2 tr {Z Si(—sOy, —sO,, —(953)%15}%203(1')} + O[R%], (4.56)
: i=1

where
RiR203(1) = RiRy03l, (4.57)
RiRo03(2) = RileQu,,O'gi, (4.58)
R1R03(3) = RI"V,V,Ryosl, (4.59)
R1R03(4) = VARV, Rynosi, (4.60)
R1R203(5) = V4VsR1,, V*V R0, (4.61)
R1Ry05(6) = P Ryos, (4.62)
R1R203(7) = Vo V3P RP s, (4.63)
Ri1Re03(8) = P Pyos, (4.64)
R1R203(9) = RY“Rapuos, (4.65)
RiRp03(10) = V,RIV'Rya0s. (4.66)

We do not specify the form factors S; as they are unimportant here.

The total result for TrK’(s) divided by s is of the form

1
(4m)?

L6, TR (s) [Jdz g2t {oTt,(5, 0)P + 0Dty (s, D) R
10

+ D Ti(s, Or, Oz, Og) R Ro0(3) } + O[RY, (4.67)
=1

where Y;Ry03(i) are the tensor structures (4.57)-(4.66). The functions t,,ty, T} are

obtained as certain combinations of the form factors in the heat kernel. By making
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the substitutions (4.11)—(4.13) in the same way as in the previous sections one brings

the functions ¢y, 5, T; into the form of a total derivative:

d -~ d ~ d ~
gt lo = %tQ, T; = agTi- (4.68)

t =
The final result for £1, £y, T, is presented in terms of the basic form factors in the heat
kernel, f(—s0), F(—sO;, —sOy, —sOs), and the determinant D (2.171). First order

form factors are,

> f(=sO)—1
- 1 f(=s0) =1 1f(=s0)—1~—¢s0 (4.70)

12 sO 2 (sO)2 ’
and second order form factors can be found in Appendix D.

The conformal variation of the effective action (1.17) can now be obtained as

1 peods ,
8, W =3 /0 8, TeK(s). (4.71)

From (4.67) and (4.68) we find

1
2(4n)?

—0,W = /d:z: g'? tr {UDfl (0,0)P + o0%,(0,0)R1

10
+ > " T3(0,04, O, 53)%1%203(2')} + O[R?] (4.72)
i=1
where use is made of the fact that the functions £;, %5, T} as given in eqgs. (4.69)—(D.10)

vanish at s — co. The behaviors of these functions at s = 0 follow from the results

of sect. 2.7 :

- 1

t1(07 D):67 (473)
t2(0 )—L (4.74)
2 ) "‘1807 .
1/~ ~

§(T1 +Tilg,0m,)=0,  s=0 (4.75)
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1/~  ~ 1 0y Oy
5 (Tt Doloyem,) =755 1800, | 18003,
(WEY U 0,2
_ — . s=0 4.76
900, 900, | 1so0,0, @ ° (4.76)

T3=0, =0 (4.77)
1~ ~ 1 1 O,
5(]-“1 + TIID[HDQ)_LISD] + 45D2 - 4551’:2’ s=0 (478)
1~ - 1
§(T5 + Tsfawug)zma §=10 (4.79)
Te=0, s=0 (4.80)
Ty=0, s=0 (4.81)
1,~ - 1
§(T8 -+ TBID;«—»D2>:§7 s=10 (482)
1,~ -
5(Tg + T9|Dwmz)zﬁ, §=0 (4.83)
1,~ -
—2~(T10 +Tiolg,m,)=0,  5=0. (4.84)

With these expressions inserted in (4.72), one arrives at eq. (4.49) which is the correct

Weyl anomaly. The derivations of the present section show that to produce the local

Weyl anomaly one should take into account both second and third curvature orders,

then no nonlocal anomaly terms

[69] appear.

Because the Weyl transformation is inhomogeneous in the curvature, the expan-

sion in powers of the curvature does not preserve the exact conformal properties of the

effective action. These properties can only be recovered order by order. This short-

coming of covariant perturbation theory has been removed in recent works [70, 71].

To clarify the remark at the end of sect. 4.1 we reproduce here the Weyl anomaly

in two dimensions as well. Because eq. (4.46) is now based on as(z,z) instead of

az(z,z) [18], the anomaly is,

v

SW
bgmv

_ 1 1
= 18729

2R, (4.85)
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As mentioned before the two-dimensional effective action (4.23) was originally derived
from this anomaly. Now this result is easily obtained from the nonlocal trace of the

heat kernel (4.9) following the line of derivations presented in this section.
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Chapter 5

Conclusions

Let us summarize and analyze our study. In this thesis we have developed the co-
variant perturbation theory for the heat kernel trace to the third order in curvatures.
Starting with this order there is a qualitative change in derivations — they require use
of computers. The third order basis of the curvature invariants has been constructed
and nonlocal form factors acting on it computed in two different integral representa-
tions. Large time and short time asymptotics are calculated for the trace of the heat
kernel. The comparison with the Schwinger-DeWitt series is carried out up to and
including the fourth coefficient. It is shown that for the two-dimensional conformal
invariant model of scalar field theory that the third order terms cancel producing the
Polyakov action. The correct form of the Weyl anomaly in four dimensions is derived
from the heat kernel trace showing how the nonlocal effective action creates the local
anomaly.

The coincidence limit of the heat kernel is computed up to second order in cur-
vatures by the generating function method from the above results for the heat kernel
trace, and by the covariant perturbation theory. The basis set of second order non-
local tensor invariants and form factors are obtained. The comparison of the short
time expansion and the Schwinger-DeWitt, series is completed. The diagonal Green’s
function for the two-dimensional conformal invariant model is derived and is shown
to terminate at first curvature order.

In fact, to obtain the one-loop effective action (as well as the Green’s function)

91



in four dimensions we need to make just one additional step — to integrate over the
proper time (1.17). In the form factor representation of sect. 2.5, this operation is
trivial [42]. It is proved that only second order in curvatures is ultraviolet divergent
while third and higher ones are finite [44]. To see this fact one needs to know a special
feature of the nonlocal invariants basis: hidden identities among gravity invariants
which reduce the number of independent invariants in spacetimes with dimension
2w < 6 [34]. In four dimensions there is only one such identity which can reduce
the number of nonlocal purely gravitational curvature structures by one. Since these
identities depend on spacctime dimensions, but all (except Chapter 4) derivations
of the present thesis are valid for manifolds of arbitrary dimensions, we have not
utilized these ‘hidden’ identities. Nevertheless, the analysis of these hidden identities
does show how the Gauss-Bonnet invariant becomes topological in four dimensions
[34].

The results of sect. 2.5 and Appendix B already has all physical information
containing in the one-loop effective action, however it is obviously impossible to work
with the effective action in this form. The only nonlocal ingredient that eventually
enters the theory is the Green’s function, thus we need to transform the nonlocal
form factors into the massive Green’s functions [29, 31]. Second order form factor

transforms, upon proper time integration, into

o0 1 1
dm? -
/o " <m2—D m2+ﬂ2>’

where £? is the parameter of ultraviolet renormalization [30]. For third order form

factors the following construction can be obtained [31, 42],

® dmi*dmae®dms®p(my, mg, ms)
o (mi? —O)(my? — O)(my? — O)

These spectral forms encode all information about the model into a set of spectral
densities p(m;2, mq?, ms?2) [39].
Even having obtained the above spectral representations one has to do one more

procedure before proceeding to physical applications, namely, switch from the Euclid-
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ian spacetime to the real world with the Lorentzian signature of the metric. Immedi-
ately, one gets instead of a unique Green’s function a variety of them [12]. However,
first one should obtain the effective equations by varying the Euclidean effective ac-
tion and only then replace nonlocal Euclidean form factors by the Lorentzian Green’s
functions. If one is solving a Cauchy problem with data in the remote past (for ex-
pectation values of fields in the standard in-vacuum) this procedure boils down to
using the retarded massive Green’s functions in the effective equations (38, 29, 40].

The technique explained above would lead one to interesting physical applications
in quantum gravity. It was shown that certain asymptotics of the spectral forms
govern the energy flux at future infinity [40, 43], which allows one to study some
aspects of the Hawking radiation in four dimensions [33, 27, 39]. Although this
problem is far from being solved, some interesting physics has been already derived
from the third order, e.g. the effect of gravitational wave creation by the vacuum
polarization [41]. There are also attempts to derive quantum corrections for the
Newton gravity constant from second orders of the nonlocal effective action [72].

In the context of other possible applications of the results of the present study to
high-energy physics we would like to make a link to so-called string-inspired methods
for gauge theories which are now receiving much attention (for a review see [73]).
Although there are several techniques under this name such as supersymmetry rela-
tions, color decompositions etc., the core of them is the world-line method [74]. In
essence, this is the path integral perturbation theory and the world line parameter
is in fact the Schwinger proper time as clear from refs. [75, 76]. As was shown in
[77] the form factor structure for some effective actions obtained this way does in fact
coincide with that of nonlocal effective action of [30, 42]. On the whole, the string-
derived methods have led to significant progress in calculating one-loop corrections
to QCD processes [78]. These methods are much more efficient than conventional
Feynman rules [73] due to the obvious fact that one works with the effective action
instead of the partition function, and one therefore calculates vertices with no exter-

nal lines [8, 24]. In fact one has to remember that chiral perturbation theory is one
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of the most significant application areas for the Schwinger-DeWitt series [19]; it is no
surprise then that nonlocal extensions of the short time expansion are useful there
as well. We conclude by remarking that, of course, it is in combination with other
methods like supersymmetry that made the world-line technique so successful in phe-
nomenology. So far an exact relation between the covariant perturbation theory and
the string-based methods is yet to be understood.

QCD applications discussed above deal with calculation of 5-point vertices while
we studied nonlocal third order terms which are 3-point vertices in field theory lan-
guage. A natural question arises: do we need to compute higher orders in curvatures?
Answering this question we should remember that there was a strong physical moti-
vation to derive the cubic order in curvatures. But if one does want to work out the
next orders, one should note that it is even more technically complicated than in third
order. For example, the mixed-box arguments appear in form factors beginning with
the fourth order [34]. Although the operators O;,O,, ... in form factors commute
with each other because they act on different functions, the mixed-box arguments
U142, Higs, ... do not commute with each other and with Oy, O, .... Therefore, begin-
ning with the fourth order one has to order these arguments in a definite way. Also,
while working with the accuracy O[R°] and higher it is important to fix the ordering
of derivatives in tensor invariants of lower orders.

The fact that the Weyl anomaly can be obtained directly from the heat kernel
and the effect lies in the limit s — 0 has been employed for axial anomalies by L.
Alvarez-Gaumé and E. Witten [79] and developed further in [80, 81]. The work of
S. Ichinose and N. Ikeda [81] deserves special interest since these authors derived the
Weyl anomaly for several field models coupled to gravity in terms of noncovariant
perturbation theory.

We emphasize however that our derivation of the Weyl anomaly is, first, merely a
check of derivations, and second that, it is done starting from the covariant expression
for the complete nonlocal heat kernel trace. It should be mentioned that besides the

derivation of the Weyl anomaly in the way we did it in sect. 4.3, this anomaly has
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been also obtained from the one-loop effective action itself starting from two different
representations for its form factors found in [42, 44] by A. Barvinsky et al.

Further study in this direction lies in the construction of the conformal decom-
position for the one-loop effective action [71]. Then the conformally invariant part
of the covariant curvature expansion for the generic effective action can be rewritten
in a new conformal basis. This also makes a partial summation of the curvature
expansion possible. Such partially summed action simplifies drastically [70]. The
anomalous part of the effective action exactly reproducing the Weyl anomaly in four
dimensions can be found.

Considering further a summation of the curvature expansion, we should mention
the fact that such a summation is indeed possible in a closed combinatorial form for
the perturbation theory with a scalar potential [23] and even for a model with the
Abelian gauge field [36, 82].

The obvious and necessary generalization of the covariant curvature expansion is
the derivation of the heat kernel and its associated Green’s function with separated
points, K (s|z,y), which contains much richer physical information and is suitable
for two-loop calculations. While the conventional perturbation theory is already
formulated for the case of the nondiagonal heat kernel [23], covariant derivations
of this kind are not found in the literature. For the case of the Abelian background
gauge field, such theory was developed in ref. [82], and for the generic case in (1.6) to
the second order [83] (however this result is not explicitly covariant). On the whole,
the covariant derivation of K (slz,y) similar to the present study can be done by
generalizing ideas of [82].

Covariant derivations of the present study are restricted to asymptotically flat
spacetimes and the form of the minimal (having derivatives in the form of a Laplacian)
second order differential operator (1.6); this case covers many physically interesting
models but of course only a fraction of them. Nevertheless since the main idea
of covariant perturbative calculations is sufficiently simple, it might be possible to

obtain formulae of this kind for other types of manifolds (e.g. compact) and operators.

95



Similarly it is well known that the covariant nonlocal technique can be easily modified
to include the effect of finite temperature [84).

The heat kernel with separated points is an essential element of two-loop calcu-
lations [28]. Einstein quantum gravity is finite at one-loop but divergent at two-loop
order [20]. No finite terms of the two-loop effective action in quantum gravity has been
computed so far, thus it presents a new challenge and testing ground for covariant
perturbation theory to to produce such terms. The form of these two-loop terms is
especially important in view of the fact that they are required for the renormalization

of divergencies [28].
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Appendix A

The basis of nonlocal curvature
invariants in third order

In this appendix a complete basis of nonlocal invariants is constructed for the third
order terms in the spacetime curvature and matter field strengths. We assume that
the basis for lower orders is known and fixed [30, 34]. The discussion of building a
similar basis for an arbitrary n-th order can be found in ref. [34].

We begin with the construction of purely gravitational invariants. In this case,
since the Riemann tensor is eliminated, using a dummy indices notation R.. for the
Ricei tensor, we write down the general form for nonlocal invariants in the trace of
the heat kernel as

12 o
/dmg nZ_o ql(%;) ResReeRoe. (A1)
Here the covariant derivatives can be commuted freely because the contribution of
their commutator is of order O[RZ,]. Among (V...V) only a limited number (< 6) of
derivatives can have indices contracted with the indices of ReoReeRoo, while the rest
of the derivatives contract with one another to form the covariant Laplacians acting

on separate Ricci tensors or their pairs. This follows from an identity
2ViVy=(Vi+ Vi) = Vi -Vi=0,,, -0, — 0O, (A.2)

where V; denotes the covariant derivative acting on the i-th Ricci tensor in the prod-

UCt RieefR2ee234e. The same notation is assumed for covariant boxes 0, and O;
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acting on the separate i-th Ricci tensor and the separate ik-th pair of those respec-
tively.
The rearrangement of derivatives in (A.1) according to (A.2) leads to the following
general structure of the third order nonlocal invariant
1/2
/d{L‘ g / F(Dl, .., DH_Q, DH—S: )(VV) ]21..l22..]%3..7 (Ag)
. H,__/
<6
where F'(O;,..03,0145,0,,3,...) is an operator function of boxes accumulating the
result of the infinite summation of derivatives in (A.1). A nonlocal form factor F
serves as a coefficient of the invariant (V...V) RiseRoee R3es which is a member of the
<6
basis of nonlocal invariants.
Under the asymptotically flat boundary conditions which guarantee the absence

of surface terms [30], the integration by parts can be written as
Vi+Ve+V3=0, (A4)

(¢f. eq. (1.42)). This relation implies that the third order form factor is a function
of three boxes acting on three separate Ricci curvatures:
F(04, 03, 0)(Y...V) RissRzeu R (A.5)
<6
The mixed-box arguments O; 5 etc. appear in form factors beginning only with the
fourth order [34].

The full set of invariants (V...V) ReeRoeeR3es includes the structures with six,
<6
four, two and zero number of derivatives whose indices are contracted with the indices

of Ricci tensors. We use the following general rule: in any structure with derivatives
saturating the contraction of Ricci curvature indices, the covariant derivative acting
on one of Ricci curvatures can be contracted only with an index of another curvature,
for otherwise the Bianchi identity generates the invariant with two derivatives con-
tracted with one other, which in view of (A.2) should be absorbed into nonlocal form

factor and do not enter the tensor invariant itself. This rule together with integration
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by parts produces the following identification in such invariants
RluovuRQooRSn = _RI;LQR%.v”R:}" + () (A6)

modulo form factor terms and higher orders of the curvature denoted by (...). Then

it immeadiately follows that the only independent invariant with six derivatives is
VoVsRI’V, VsRE'V ,V, RS”, (A7)

(cf. eq. (2.75)).

In an invariant with four derivatives one pair of indices belonging to the Ricci
curvatures should be contracted, the rest of them being contracted with indices of
derivatives. There are two such contractions: R R$PR, and RO RE, RY which gen-
crate in view of (A.6) the following independent invariants with four derivatives (cf.

egs. (2.73)—(2.74))
VaoVeRIYV, VR Ry, VRV, RE YV, VR (A.8)

(the independent invariants with V,, or V4 acting respectively on R or Rg ) above
are ruled out by integration by parts which reduces them to the first of the structures
(A.8)).

There are four tensors with two uncontracted indices R‘f‘ﬂ RoR3, RY*Ry,4Rs,
R¥R3PRs s and R R, pult§, that give rise to the following invariants with two

derivatives
RY°V,RoVsRs,  VFRY*V,Ry,uqRs,
RN, RV, Ryap,  RY'VoRyp,VPRS,, (A.9)

(cf. egs. (2.68)-(2.71)).

Finally, there are three obvious invariants that contain no derivatives

RiRyRs,  R{,R$4R,,  RYRy,,Rs, (A.10)

(cf. egs. (2.55)—(2.57)).
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It should be emphasized that the full set of cubic invariants follows from the
above structures (A.7)-(A.10) by all possible permutations of three curvature labels
1, 2 and 3. But according to our notations in (A.3) and (A.5) such permutations
in (V...V) RieeRoee R34 can always be replaced by the corresponding permutation of
arguments in the form factor F(O,, Oy, O3), so that the independent set of invariants
can be fixed with the enumeration of curvatures chosen above.

Let us consider now the full set of invariants involving the matter field strengths
7%,“, and P in the cubic order in ®. We first consider 23 and 7@3, invariants. The
single P3 invariant is trivial

tr P, Py Py, (A.11)
(cf. eq. (2.47)).

The hirearchy of structures (U)?él..ﬁa..r/ég.. includes a priori the invariants

with 6, 4, 2 and zero number of cglgl'ivatives. However, the Jacobi identity for the

conmmmutator curvature
va’]%;w + v;ﬂ%ua + vufzap, - O, (A12)
which leads to the relation

> 5oy 1 5 Sva
VaRuR™ = SV, R,aR, (A.13)

essentially reduces their number.
Consider first the invariant with six derivatives. Up to total derivative terms
and commutators of V’s it can be represented as tr V“jf‘vajf Vs J¥ in terms of the

transverse vector

Je=V,R, v,J*=0, (A.14)
In view of (A.12) this vector satisfies the relation
VI =V, —ORe, + O [R7, (A.15)

which means that the above cubic invariant with six derivatives not forming boxes is

absent.
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The set of invariants with four derivatives again reduces to the only structure
trv, J 1,,j§‘f3” which does not straightforwardly disappear (up to irrelevant terms) due
to eqs.(A.12) and (A.15). However, in view of (A.15) one can rewrite this structure
as tr V/LJA]Z,JAQ(“ f; ), integrate it by parts and again use (A.15) applied to J; and Js.
Then it takes the form —% jwv”(jg j3l,,) which disappears up to the total derivative
term in view of the transversality of (A.14). Thus, there is no invariant with four
derivatives either.

The invariants with two derivatives originate from all possible differentiations
of the following two structures tr RA RIS Riap and tr RSP Rh R g and, by integra-
tion by parts and use of the Jacobi identity, boil down to tr 7@‘1“’V,L7A2§‘ﬂ V,,7A23a/3 and
tr 7%‘11[3 jgaj3 p- But the first of these invariants reduces to the second one by the
following sequence of transformations. First integrate it by parts and use (A.13) to
convert it to the form 2tr j{’feg‘ﬁ Vaf%;w,,. Then integrate by parts again and use
(A.15) to interchange the indices in Vaj{’ . The sequence of a new integration by

parts and the use of (A.13) eventually leads to the equation
tr ﬁﬁ‘vvu’fzgﬁvyﬁgw = 2tr ﬁgﬂjlajzlg + 21tr ﬁgﬁj&ljlg + 2trQd 7%?_57?5'1, R g.a
—tr ﬁf”v,ﬁgﬂ V,,7A€3ag + O[R*] + a total derivative, (A.16)
which can be easily solved for tr 7%’1‘"V“7A2§ﬁ v,,,]égag in terms of the invariant
tr RYPVAR 1o V' R (A.17)
and the only possible R3-invariant without derivatives
tr 7%1%7%2?1/7%31{04 (A.18)

(under a proper permutation of curvature labels). As a result there are only two
R3-invariants (cf. eqs. (2.48), (2.58)).

A similar technique can be applied for a construction of all the rest gravity-matter
invariants. Again their number is essentially reduced by using the identities of the

above type. Here are some examples of such a reduction which we present without
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derivation starting with a corollary of (A.16)

tr RV RE Vs R, = tr (01 RY,REGRE, + Rias V, RETV, RY?

+RoasV  RECT, RYP > + O[RY] + a total derivative, (A.19)
1V, VARY VO Roa VR = —%tr(mﬂilaﬁvlﬂiéavﬂiiéﬁ

0 R0V, RETV, R — 03 R0p ¥, RV, RY)

+O[R'] + a total derivative, (A.20)
tr Vo RV 4R Ry = — %tr RV, RE'V Ry

+tr RV, V ,\ﬁéaﬁgal/ + O[RY + a total derivative, (A.21)
trV R1pa VPR Ry = tr[ - é(ul + Oy + O3) RiRE Ry,

%R?ﬂv(ﬂ%g"vﬁﬁgw — %Rlvaﬁgﬂvﬁfzw

—Rf”V,LV,\ﬁ{}O‘fZQQV] + O[R'] + a total derivative, (A.22)
RV, VARGV, Vo Ragy = tr] — D03 R R, Rave — D3RIV, V2RI R,

+%(Dl — 0Oy — D3)R?Uva7é2auvﬁ7é3gu — DzR’fUVuV,\ﬁé\afzzay}

+O[RY] + a total derivative (A.23)

So, finally, besides twenty nine tensor structures (2.47)—(2.75) present in the final
answer for the heat kernel trace and four additional structures (2.76)~(2.79) there are

six structures linear in R,

R!ILaRgﬁ/]%’gy? plvufléﬁ va
V. RY Ry osVP Py, RV, Ry ,a VY RE,
RV, R2uaV R 5, VORPV AV Ry o VP RE,. (A.24)

These structures form a complete basis of nonlocal invariants in third order in the
curvature. Although thirty nine invariants are admissible by the requirements of
covariance and asymptotic flatness, in the field theory calculations the last ten struc-
tures have a special status. As shown in Chapter 2, the trace of the heat kernel for

the operator (1.6) (and the corresponding one-loop effective action) do not contain
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these structures because their form factors either identically vanish or have such sym-
metries under the permutation of the box arguments that make their contribution

vanishing in view of the symmetries of the structures themselves (see sect. 2.5).
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Appendix B

The explicit representation for
third order form factors of the
trace of the heat kernel

All results of the present appendix were obtained by the symbolic manipulation pro-
grams MAPLE and Mathematica. Although it is really impossible to work with these
data without use of computers, we think it is necessary to present them here since
they are an essential part of the main results of this thesis.

In terms of basic form factors (2.130),
f() = <e—°‘1a‘~’5>2 = /Olda emelme)l ¢ — 0
(2.131),
F(§1,6,86) = /0420 Pad(l— a1 — ap — a3) X exp(—onasés — sty — aay),
and the polynomial (2.143),
A =8+ &+ 8 — 216 — 26163 — 26563,

the explicit expressions for the (not symmetrized) third order form factors in the trace

of the heat kernel are as follows:

Fifés, 0,60) = 5F(6,6.65), (B.1)

Ba(Er,60,60) = P61, 0, 60) [0 (36.%, — 36,6, + 266060 + 36)
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(6% — 6% + 26606 + &)

+ f(&)gf@fs (67— &7 + 26— &
+ <f(€1€)1 ) 4521 (367 — 2616 — &° — 2618 + 266 — &7)
o, 1 ,]‘(61)—1_((52)—1)
e ( 3 5 ) (B2)

26182

Fy(1,60,6) = F(61,6.6) |55 (6 — & - &)(-& + & - &)

- et -a)] A >“2< et 6 &)

I 526 6 )

+ f(&)F(& — &% - 667+ 6% - 367G

661626 — 3676 + 36167 + 366 — &), (B.3)

Fil61,60:6) = F(61,60,69) 5o (—46° — 4676 + 826,°%° — 2867
+ 466" + 2676 + 266,°6:65 — 906,°6°E; + 626,"6,%¢;
+ 38615657 — 606156657 + 426,"6,2637 — 206,%6,5¢5 — 82¢,5¢5°
+ 62611 66° + 206%676% + 506,"65" — 286,°6,6" + 66,26,
+ 14513535 + 66,%6265° — 226176:° — 26,665 + 26,67 + &°)
3A3( 381° 4 361°6° + 561%E; — 26,7685 — 36,2676
+ 6%+ 26%66% — 36°6% + §.66° - 2660 + & )}
- (Fe, S 3) ar(46® + 266 — 2616 — &)
aEiSVyyera Ng (6° = 2676 + 346" - 746°6° + 526, 6"
— 386,°6,° + 466,°6,° — 14667 — 56° — 86,7¢; + 386,565
= T6£1°6"E + 906 "6 + 166,°6, €5 — 1346,°6,°¢; + 68616,°¢;
+ 66763 + 286,567 — 106¢,°6265% + 306,%6,265% + 286,°6,3¢,
+ 8861267 5% — 1146,6,°6,% + 4665657 — 566,565 + 786,683
— 86°6°65° — 126°6°6° + 48616°6° — 1466.°6:.% + 706, ¢,°
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+ 586°66" + 9462606 + T8616°6, 1 + 1806, "¢y — 56£,%¢,°

— 1106,%66° — 1086:6°6,° — 1106,%6,% + 28¢,%6,° + 50¢,6,6,°
+346°6° — 8667 — 666 + &%)

- f(§3)24A1§ (&% + 676 — 146567 + 466,56,

= 326°6" + 86,7&; — 306,96,65 + 446,°6,%¢, — 346,°6,%¢,
+126°6"6; — 286,°6% + 786,766, — 18¢,16,%6% — 326,°6,°6,?
+566,°6° — 226,"6:65° — 166,°6,%6,° — 18¢,26,%6% — 70, ‘¢!
—1286°66" — 826°6:°6" + 566,°6,° + 166¢,°66,° + 786,676,
— 28676° — 78666° + 86,67 + 766" — &8)

- <f(€1€)1~ 1) 4A13§2 (61° + 246,°6 + 41616 — 246,36, — 13¢,%6,"
— 3261&° + 36° — 661763 — 8&" 665 + 126,°6,%¢6; + 406, 283¢,

+ 74616 — 166°6 + 156,767 — 326,°6,6,% — 26¢,26,%¢,

- 246676 + 8556 — 206°6° — 166°68° — 526,6,%6,°

— 40&°65° + 156:%65" + 40616065" + 2562651 — 66165° — 862655 + &°)

- <f(§3) — 1) 4A13§2 (—&° +76,°6 — 156,62 + 96,36, + 66,°¢;

€3
— 426,685 + 188,567 + 186,%6,%¢; — 156,16, + 1761°6,857

— 26126267 + 206,365° + 52¢,26,6,% + 861&°6% — 15¢,%¢,*
~ 23616285" + 66185° — 56,65° — &)

- g (e - i) o)

R OE N OR e -
66 = (F6,6.8) — 5) o — o) Tt )

() e ®5)

Fi(61,,8) = F(6,60,6) — =5(260" + 46 — 66,%:°
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— 261%8 + 26268 — 266,67 — 26,655 + &%) — %l]

- f(fl)@(fl + 56%6 — 56,67 — &°
+ 676 + 66168 + &% — E16% + 66 — &)

- f(fs)ZAg( 26° + 266 + 26°8; — 26168 — 2667 + &°), (B.6)

F7(61.8.6) = (51-52‘5'3)[2362613 (&° = 56763 + 66168 + &6
— 66°667 + 8626°67 + 66°6° — 46,%6,6% — 26,6,%6°
+86°6° — 466" + 36168 — 96°6" — 665 + &%)
+gas (6 — TG + 206566 + 866" - 126°6:67 + 3G
—26°6° - 326.66° - 346°6° - 266" + 3366" + &°)]

< (fl;€2a€3) )ZQ<1 —4f1€;+10€2g3+2 )

+ f(&1) 12A1( &7+ 146,°¢; — 106,°6:6 — 426,76, + 26,¢,652
+ 62676765 + 706 "6% + 863667 + 46,.26,%65° + 1166,6,%¢°
— T06°65" — 466,°685" — 1786,16,%6," — 586,%¢6," + 42¢,%¢,°
+ T6816265° + 90676,° — 1461655 — 346,65° + 2¢37)
+ f(f:s)%fiig (—26° + 76" — 86°6° + 26,°6° + 266" - &°
+36"6 — 86268 + 667676 — &6 + 2667 — 46,2667
— 66162°6” + 86°6% — 46,°6:° + 46.66° — 86%6° + L&' + &)
- (f(&gl— 1) 223(—515 — 261" 65 — 366,°6285 + 206,85
+286%66" — 5461665 — 286%6° + 406,6,65°
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— 11486,¢,3¢5° + 3246,2%¢,%¢,° — 202¢,£,°6;% 4 84€,%¢,°

+ 1986,°¢" — 11646, 6,657 + 1050¢,°E,%¢5" + 2826,26,%¢,

— 2406,6"6" — 126656 + 8466,7¢5% -+ 90¢,3¢,6,°
— 35261°6%6° + 3946,6,°65° 4 1266,¢,° — 348¢,%¢,°
+ 31061%6:6° — 1066,6,%6,° — 846,3¢,8 — 140¢,2¢,7

— 78616637 + 365°¢," + 376,6,% — 96,6° + &)
B <f(§1)—1+éf1> 2

& A1E8s
+ 104£,°6% — 114¢,°6,63% — 1286,16,2¢,% — 126£,°¢5°

+ 28861 66% — 126,36,%€5% — 48¢,26,°¢6,% + 96€,%¢,"
+ 8261°685" + 144€,26,%6," + 906,6,°6," + T06,1¢,"!

— T0&;°E3° — 1448,26,65° — 162616,°65° — 1126,%¢5°

(3¢,® — 42¢,7¢5 — 726,5¢,¢;

+4861765° + 9061 6£85° + 56&,%6,° — 186,657 — 166,657 + 26,°)

_ <.f(§3)—1+éf3> 1
&

+1538,%5% — 520¢1°6° + 641¢6,76,65° + 204£,36,%¢,°
— 25081°8,°63% + 1166,65%¢5% — 1916,5¢3 + 456¢, ¢,

— 4216,°665" + 609¢,26,2€5" + 57386364 + 95&,%¢5"

8 7 6 2
— 1
SN G (861° — 55&;"& + 167¢,°%¢,
— 2956,°6,° + 335616 — 253636, + 125¢,%6,° - 376,67 + 56,°
— 72617 E3 + 285¢,56,8; — 414€,56,%¢; + 1956,16,3¢; + 180¢1°&,"¢;
— 3336, %6,°63 + 210616565 — 516,75 + 280£,56,2 + 189¢6,56,8,7

— 859&116,263% — 70€,36,%¢3% + 7148265857 — 4076,6,%¢5

— 15261%63% — 873626655 — T18¢,6,%6,° — 256,385 + 86,2650

+ 287616563° + 516,%6:° — 24¢,67 — 536,857 + 166,8)

1

1 1

1 <f(§1)~1+%§1_f(§3)—1+%§3>3
§1- 8 & &” &
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1 <f(€2)—}+é§2 B f(€3)—1+é€3> 1 (B.22)

& X X ¢,

Fy3(1,62,83) = F(éhﬁ%&)@(fl( — 966 + 86,°6% — £,°¢,
+ 36,1685 — 26,3678, — 46,762 — 461562657 + 86,286,752
+681°6° — 66,2667 + 6261 + 66166 — 56,8° + &°)

o 1 8 a.

= (68,6 ~—) T (=67 — 33676 + 348,56,

( (€1,&2,83) 5 3A351§2( 3 §176e + 346,78

+ 26,185 + 326,%6,65 — 346,28,%6 + 2£1°¢3% + 42€,2¢,85*

— 86,%6;% — 246,6,65° + 76,6 — &%)

I & +&+& 3
I ey L $o + ¢
+ ( (51)62753) 2 + 24 A2£]€2

1 -1\ 16 , .
- .f(f:3)24€1£2 - <f(€1§)1 > 351(—51 +& — 6)(&" + 26

—6676" +266° + &' — 676 + §°66 + 6676 — &%
— 3676" — 86166" — 3667 + 5616° + 566 — 265

- (’f(gz)g_ 1) 3A42§1§2 (£1° — 8617& + 28¢,%6,% — 56¢,°6,°
+ 3561 6" — 9678, + 576,565 — 117¢,5¢,%¢,

+ 6961°6%E; + 356,567 — 1106,56,8,% + 1256, 6,2¢,2

— 506:°6,°65% — T76,°65° + 636, 16265° + 14¢,%6,%65

+ 10581 ¢35 + 36€1Ea63" — 13626281 — 91¢,3¢,°

— T3E1%685° + 496,760 + 256165655 — 156,67 + &°)

L (f(fl) ;%1 + ‘éfl) A3§2§3 (=&, + 56,982

—106°6° +106%6" — 566° + &° + 6%

+ 5081 €ads — 226:°65°Cs — B66,%6:%€; + 136,16,"¢5 — 66,°¢
+ 6167 — 22636,6% + 56¢,26,2657 — 26,6362 + 156,16,
— 1061°65° — 446,%6,65° — 226,665 — 206,°6% + 146,%¢,"
+ 238168 +156°6" — 7665° — 666:° + &°)

f(€3) =1+ g&s 1 5
+ ( a . > 2N, (26,° — 126,%¢ + 30¢, ¢,

(261° 4 10616 — 46,65 + &52)
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— 206,%6° — 4€,°¢; + 1261665 — 86,3665 — 26¢,¢,2
— 184¢,°6,65% + 2106,26:,%6,% + 726,365% — 1366,26,8,°

— 5051 531 + 162515263 - 46163 + 053())
L1 <f(£1)"”1+681 f(g2)—1+()£2>
§1— & &? &* &

v 1 4 v .
161,60, &3) = <F(£I>€Qa§3) ) AQ?C (617 — 461& + 266 + 267

+ <F(€l,€2353) - % + g +§Z+€}) Azf@

, —1+1 2 : :
L (f(fl) = (>€1> A, (58" — 166,%¢; + 46,2663

+ 1267657 + 8616657 + 66,267 — 86,655 — 86,6,° + 26Y)
5) — lg,

+ (f(é.&) 6;"— 6€3> AQLle (fl _4€] 362 +6£1 52

— 466" + &1 — 1626 + 1162685 — €162 — 36,6

+ 768 + 6616657 + 36767 — 6165 — 665°)
Lt (f(&)—l‘**é& f(fs)—l“‘sfa)
& — & §22 532 §1

Fos(61,62,83) = — < (€1,62,83) — )AQS( &2 — 268 + 26%)

&+@+& 16
( (€1,62,83) — = o4 ) AE 6ot (&1 —2&)
+ (f(fl) —g%l + 5§1> A2§2§3 (&1 + 46,3, + 166,266

+ 4616857 + 66°6° — 46,6° — 86,85° + 265%)
Fl&) — 1+ L& 8 ) .

+ ( (&) a : 3) A%, (&' = 4656 + 66,78,

—4616° + &1 — 46,38 + 46266 + 46,67 — 46,°6

+ 661°85° — 46160657 + 146767 — 46165° — 126,65° + &)
1 (f(fl)—““éfl_f(§2)”1+é§2>§
§&1—& 3% &? &’

+

46,6

Fos(£1,62,83) = F(€1,§2,€3)[ (261" — 8E1P& + 66,26, — 46,2652

+46686% + &) — —6( 36° + 3¢1°6, + 46,25
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— d616ks + £165% — &)

+(Fl660.86)— 5) Fog (67 + 466 — 166+ &)
~ HE) TR g - £+ o+ )
— &) g (26 + 186% — 426767 + 266,161

2A1E1&,
+ 146,°6 — 766,768 + 1786, 16,256, — 116€,36,3¢,

—426,°6% + 1106, 16,67 — 686,38,%¢,2 + 706,153
— 40&:°6:63% — 30¢,26,%¢5° — T06,°6" — 50¢,26,65"
+ 4261°6° + 266,6,6° — 146,6° + £7)

n <f(51) - 1) 32§1 (3617 — &1& — 267 — €16 + 46285 — 2857)

&1 A3
(&) —1 1 . L - )
— ( (SZ > G, (—26° + 66,'¢ — 46,%6,% 4 186,1¢;
+ 246,%6085 — 426,286,265 — 526,°6,% + 52£,%¢085"
+ 686,%65% — 206166 — 426,61 + 585), (B.26)
2616,

For61,62:60) = 6, &2, 6)| - x5 (260° — 4676 — 166, + 68¢,°6°
= 5061"6" — 26,765 + 10656065 — 186,562 + 106,638 — 4¢,5¢,”
— 4617665 + 5261167657 — 448,656, + 26,56, — 66,1688
+46°6°6% + 481G + 46568 — 86,2626, + 2636
= 26%66° — 46,°6° + 26665 — 26,67 + &°)

e (-367 - 30606 + 108667 — 756, + 6°,

+ 30815628 — 12961625 + 986,368,385 + 156,5¢,2

+ 21668 — 366°6:.°6° — 126°6° — 126,°6,6°

+ 24626767 — 176,°6" — 126,266, + 216,26,°

+361626° — 366° — &)

- (F6.6.6) — ) s (-067 + 306% — 546767
+ 3081 6% + 386,5¢5 + 1206,56,65 + 258¢,46,%6,
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— 4166,°6,°¢5 — 66¢,°65” — 2226116657 + 288¢,%6,%6,”
+661"65° — 12666 — 1746,26,%¢5° + 86¢,3¢,"
+786%66y" — T86,°6,° — 6616563° + 18616,° + &)

+ (Pt -5+ SEEEE) L1 agrg 1 sy
— 7878 — 236268 + 96,267 + 116,66 — 66° — &)
FHE) IR e gy — (it a4 ) ¢

X (&1 +26%6 — 66°6° + 266° + & — 676+ 6266

+ 6676 — 6°6 — 26667 — 6.6° — 667 + &Y

— &) g (26" + 2061 — 2226,% + 7906,%,
— 1268¢,7&" 4 676€,%6,5 + 22¢,1%¢, — 212¢,%6,¢,

+ 894¢,56,°6; — 2224€,76,3¢5 + 3692¢,5¢,1¢; — 21726,5¢,%¢,

— 1106,°65% + 738632657 — 18166,76,265% + 2120¢,56,3¢,2

— 932666, + 3306,°¢,° — 1392, 766,° + 1912¢,%6,%¢,°

— 400&,°6,%¢5° — 45061"6,"6,% — 660¢, "¢y + 1428¢,%¢,65

— 4848,°6,%¢5" — 284611636, + 924¢,5¢,° — 504£,56,45°

— 380&1"¢,%63° — 40£,36,3¢55 — 924£,56,8 — 588¢,%¢,8,5

— 504£1°6°63° + 6606, 8,7 + 91261365657 + 524¢,%6,2¢,”

— 33061°63® — 5586, %6565 + 110¢,%¢5°

+86816585" — 226,60 + &)

— ( f (5121 — 1) ;ff; (361° + 32,5, — 766, 6,7 + 86,%6,% + 67,26,
— 32616 — 26° + 26,°8; + 361686 + 516,36,26; — 1196,26,3¢

+ 636165 €3 — 136165 — 30¢, %6657 + 53¢,26,2657 — 2861 6,%¢5

+ 1866 — 6°6° — 176.°64° — 1066°%6° - 326°%°
+16676" + 126166 + 186°4* — 56,6,° — 26,9)

- (M=) amggae v onste - v
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+1106:%6% — 586:°6," + 208,563 — 1948, 76,65 + 44€,56,%;
+12506,°6,°¢; — 1120617675 — 886,765 + 390¢,°6,6,5

— 6426,°6,°63% + 34061 °6,°6% + 224€,5¢,° — 378¢,56,64°

+ 5528176” — 3986,°6,°6,” — 3646,°%" + 3266, 66"

+386°6, %" + 3926,°6,° — 86¢,%6,6," + 1026,26,%¢,°

— 2806,%63% — 254£,76,6,° + 1286)%6,7 + 1056,6,8;" — 346,65° +2&")
n <f(€1) —5%1 + 651) AZLZ& (56,5 — 22¢,%¢, + 35¢,16,2 — 206,36,
— 56%6" +106&° — 36° — 276,76, — 976,166,

— 1666,°6:°¢s + 2226,%6:°¢ + 4961665 + 196°6; + 36,6,
+8061°66,% — 192626767 — 120616,%6,7 — 448,1¢,?

+ 260°65° + 506, %685° + 626, 6,267 + 466,%6,°

= 276°6" = 10616:65" — 19678 + 96.6,° — £6° + 26,°)

_ <f(53) ;; + %353) 2A41§1§2(_6€17 + 306,56, — 54¢,5¢,2

+ 306, 65° + 746,56 — 204¢,°6:8; + 15061665 — 206,°6,%¢;

— 204£,°65” — 55861 665" + 8526,°6,°65” + 3786, "¢

+ T2861°6085° — 11066,26,26,° — 34€,3¢5" — 382626585

— 210&1°83° + 1548,16,63° + 786,65° + 7¢57), (B.27)

Fos(1,62,83) = F(€17€27€3) ( 26" + 26,°6,°

+461%6 — 46,7686 + 4515253 —46:65° + &)
+(Fl6,60.6) — 5) g~ — 46%6 + 86767 +106%
~ 1862665 — 66, §3 + 1261687 — 26:65° + &)

v (Fleng e -3+ Pt S 666~ 66+ )
+ (f(&é”)l_ ) 64§1€3( =&+ & — &)(E7 + 266 + &2 — 26,6
— 2683 + &57)
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<f(€3 - 1) 3253 (—26:° 4+ 2626 + 26,26 — 2616065 + 26,652 — &)

_ 1 : ‘ ‘
(f §1) — 1+ 6fl> Alfglg (&' — 4656 + 66,267 — 46,6°

+ &'~ 12&1 &3 — 16617885 + 28616265 + 186,%65% — 20660652
— 66767 — 46,6% + 86,65° — 3¢3™)

J(6) — 146 328° s e
- < & ‘ A3£1€2(-—4‘Sl + 4878 + 66176
— 106168 — &%),

8 o .
Foy(&1,82,83) = F(fufmf;a)[ 2122;3(661 &y + 36167 — 126°6,% + 66,°¢,

+126°6%8 + 36767 4 126,°6,6,% — 1061%6,263% — 186,6965" — 36,%)
Fan(36°6 + 66767 - 146767 + 36, %, +186°67,
66167 +186°6:6” — 166%6%6° — 21666 - 269
< (€1,&2,83) — ) Al;i & (966" — 166,°6,° + 30¢,°¢,%¢,
+ 96,62 + 30¢,° 5253 — 34£,°6%6% — 3061663 — &9)

< (61,60 60) = 5 + S0 é"’) 7 ?%253(‘351252 3676
+ 416585 + 3&5° )
+ f(&1) 16&&&( &+ &M + 26,362 — 26)28,° — 66"

+&° &G — 46768 + 26876 + 46.6% - 366
+26°6% + 261765657 — 6016767 + 26,6,

= 2676° + 4666° + 26°6° — 616" - 366" + &)
g K

— & +26° + 616 — 186°68 + 76,2626 + 166,65,
= 66"6; + 76°6% + 16,7667 — 3066767 + 46,%¢,?

— T6%5° + 166166° + 46,%6% — 61651 — 66,60 + 265°)

- 1
(f €)1 651) A (67 366 + 14657

— 146%6° + 366" + &° — 36" — 36¢1%68; + 226,286
+206:6°63 — 386" & + 146,365 + 22¢,26,6% — 46£16,°65°

+
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=]

+ 286,°6% — 1462633 + 206,6,65° + 26,26,

+ 366" — 368" + &%),

= F(fleﬁz,fs)[g%(—fs —&+6)(6° - 56°G + 86,%8,°
—136°6" +56°6 — 68,76 + 246" — 366,°6,° + 246,'¢,?
+86°6° + 46167 — 13626 — 56,°¢ + 46,62 — 126,°6,%
+320°6°6 — 386,°6°6" — 66,166 — 126°66,” + 326 %6,°¢,
= 386"616 — 266°6° — 26667 — 36,676 — 66,76, + 561&2°)

- e BT TG 66" — 086766 — 63676 + T
+26616" — 686:°618 + 1766176, + 266,366, + 316,16 — 126,367
—126°6° + 18665 — 66° + 186,76, + 76,°6,% — 636,%¢,° + 314,64
+56° + 263"¢ — 6»535>]

(F(SI:€2 &) — *) XN A(f] + 28283)

+ f(fl)ﬁ‘,f(flﬁ — 566 + 86,°6° — 13¢,°6" + 56,°¢, — 66°¢,

+ 246586, — 366,°65° + 2466 + 86,36,% + 46,1657 — 136,26

— 5676 + 461"6,% — 126,°65°6, + 32626536, — 38¢,%6,%6,°

— 661 636s — 126:°6:6% + 326,26:°6; — 36616 — 26,66

— 2616765 — 30168 — 66°¢; + 56,65)

- f(§2)W11A—4(20§23§33§1 — 666°6:%6° + 1218"¢%¢ + 1486,%¢6,%¢,
+ 816626 — TAG GG — 15182658 + 194626362 + 348,%¢,%¢,3
— 1516%6: 6 — 3566 + 356,"6% — 216,°6,% + 296,%¢," — 69&,%¢,3
+196°6% + 76,5 + 216,26 + 536,2%¢,° — 476,56, + 91¢,3¢,"

— 18961"¢5” + 1656,°6% — 96,6,° — 65¢:°6s — 225¢, %6265
+18061°6265° — 41€,6,65° + 546,766 + 866165655

—36%6° — 7656 + &7+ 967 + 7656 — &)

- ) T (066%6 + 194665 — 151616%6: + 1806°6,%6
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— 2256161265 4 868:.°6:61 + 1218°6:¢1 — 666,26,%¢)% + 346,26,%¢,°
— 416,766 + 358°¢" - 354,°¢% + 216°6,% - 1896,°¢,

+916"6° — 36°¢,% - 76,°¢ — 216°6° + 1656,°¢," — 65¢,%¢,

— 696,767 + 296,"65° + 536,567 + 76165 — 476,56, + 81€,%6,¢,
+1488°6,63" — 1516," 687 + 54€,°66; — 746, 6,6,°

+196%6° + 765 — &7 + 947 — 9656 + &)

+ <f(§1€)1 — 1) 525219 (6°6 + 66°6° — 46°6" + &°6 — 66°¢
+2463"6," — 366,°6° + 24667 + 66,°6° — 46167 ~ 4626 + £,5¢,
— 46,167 — 468,°65°6) + 6061765°G — 806176,%6° — 146766

— 4681°636," + 606,°6:°Es + 583" 616 — 6616:°6° — 666,56,

+ 56,665 — 66,°8 + G6°)

+ (]‘(525)2* 1) 251513A3(—§36 +26°6 + 126°6° — 86°6," + 36°¢,
= 78576 + 666" + 346°6° — 536167 - 26°6° + 36,6° — 26,78
— &% — 866, + 326,°¢:%6 — 106817656 + 666126576, + 96,436,
+7061°636° — 148,°6°8 + 706616 — 1026165767 + 1126,6,%¢,

— 85616 €5 + 216,°6 + 266°)

- (H=) et 2t + 2! et

— 2163°6, + 5365"6% — 346°%6° — 66,767 — 1263¢,% + 86,46,
+861°65" — 2656 — 36,67 — T06,°865%6 + 1462656, — 66¢,%6,%6,
— 961 656p — 326,°6:6° + 1066,26,%¢; + 8583616, — 1126,65°¢,2

+ 1026:6,°65% — 70666 + 7656 — 3616° + &°)

14l 2
n <f(§1) gfl + 651) fjﬁilA? (=& + 266 — 266 — &% — 2616, + 36Y)

_ 1
N (f(€2) 5%1 - 652) 53222 (65° — 26165 — 367 + &% + 26165 + 26263)
_ 1
- (f(§3> 532,1 : 663) fji32 (266 +26& +266 + 67+ &° - 367, (B.30)
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Appendix C

The explicit representation for the
second order form factors of the
heat kernel

Like the third order form factors of the trace of the heat kernel in Appendix B, the
second order form factors of the heat kernel are expressed through basic form factors

(2.130), (2.131) and A (2.143):

G1(§1, 62, &3) = F(61,6,63), (C.1)

Gal61,60,80) = P61, ,69) [ oa2 (65 + & — 6)(6a + &1 — &)

F6-6-6)] - e 526G +6 - &)
~ )56 e -q)
- f(fs)y(—6§1§2€3 — 361657
— 366" + 3687 + 3662+ &° + 667+ 667 — 63 — &), (C.2)

G3(&1,62,83) = F(51,§2,§3)[ 3A2( 2616360" — 261685

+ A6 + &' + &1+ &' — 66,767 + 2667 + 2618° — 66,267

+ 26261° + 26163 + 66,2657 — 46,365 — 46,6 — %1_]

+f(§1)A2 (26063 — &° + 66+ 6& — &7)
+ f(@)zg(& +& — &)(67 + 268 — &° — &)
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+ f(fs) S(2616083 — §16% + G867 + &° — L&
+ &7 — 687 + 3687 — 3667 — &),

Gi(&1. 6. &) = F(&1, 62’53)[361&1( S — 468"
— 166,%&;° + 68¢,°63° — 1006,"&;" + 68¢,°6,° — 16¢,5¢52
— 48178 4 26,° + 1666165 — 606,6,265° + 86,6,%¢5"

+ 688281 763% — 488637615 — 46,636, + 86,6, + 96,726,265

— 13681°6:°63° + 366,°6,2¢; — 166,56, + 64¢,36,565% — 28¢3¢,16,°

— 406,°&° + 46¢,"&")
323 (383° — 16&,&3" + 46,2653
+2485°6,% — 266361 + 86,5 + 28¢,65%¢, — 528526,
+ 1266 + 266,%6:6° — 206°6%))
+ (Pl 6. 6) — 5) (65 — 4665 + 2607 + 46160)
+ f(& @( 626" + &%6° + 656
— 6% — &'+ &7 + 106656 + 5616 — &7 — 96,5¢,2
+ 5E362° + 56563° + 236, %636 + BT6E" &L + 12663
— 2965°61 "6 — 206,°6:65° — 66,166,° + 37616576
+ 1162636 + 36165° — 426,°6:°6° — 686,6,%6° — 226,6°¢,
+14626:%6° — 146°6°67 + 366767 — 5656 + 5¢,°6°
— 36361° + 56176 — 96°6," — 276,16° + 276,°¢,"
— 56,%6,° +56,°63")
1) g (6 — 26:6:° + 386,%6° — 906"
+9061%65% — 3883265 + 26;6.° + 26,7 — 1066558, + 506,%¢5%¢,
— 248,%65°85 + 265°61 16 — 206656 + 146,56, — 66¢,%63°6,”
+3665°61°60" + 626361760 — 5466 — 446°6:6,° + 386,"6,°)

(f(élﬁ)l > = 5 (46°%6 + 36" + 26,°6" — 86,168
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— &' — 8636° + 466% + 166,636, — 66,2857 + 66,2652
— &' — 861665 + 46,65%)

FE) -1y 1 . ,
+ < ( 5)3 4A3(7€3 —226,&5" — 206,°¢5°
+528°6° — 26836, + 26,5 4 366,65%¢, — 526;%¢,%¢6,

+ 86361%6 — 66116y + 186,2636,% + 46,°6,7), (C.4)
S(€1, 60, 63) = 66— L) 2 e 52t &)
Gal6r:6:85) = (Fl&.60.8) — 5) g — F69) —ar
(1(&) - 1) (=28 + 5&3) -
( 3 468 7 (G:5)

Golét: &2, 65) = Fl61,60,65)| ~ g (~61 +62 — 1)
<—§1—52+£3>(—fl+52+53)+§}

+H(E) (66— &)(~6 — & +6)

—f(&)—(— f— 6 &)(~6+ 61 &)

- f(6)pa(6® ~ %66+ & — &), ()

Gr(&1,&,8&) = F(§1,§2,§3)Z(—§3 — &+ &) — f(f1)g23&
4 2

+ f(€2)“‘ - f(fs)ﬁ(fs +& — &)

(F6&) - 1) - (©.1)

(=& 4+ &+ &)

+

6-&) €)
Gs(E1,60,6) = F(&r, &, 6)| — 4§2( =& &) - i]

+ f(fl)f—A“g(—&s + &+ §1) (=468 — 4616 + 367 — 2616 + 67 + &)

+1(6) A% (6 + 6 - &)

+ f(fs)@(fa + & — &) (—4&als — 4616 + 367 — 26,63 4 6% + &)

- (fl—if_)(f(fl) - f(f?,))z) (C.8)

Go(&1,62,83) = F(&1, &, 53) (=267 + 2616 + &57)

( (&1, &2, fs)“‘)Agé (261 — &)
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1 —-13 .
~ g + T g4y gy

3)—1 1 ) y o .
! (62 AT (26" — 8¢,%6 + 6£,%6° — 166,%¢;

+ 16£,%6:83 + 366,267 — 20616,63 — 326,65° + 5651,

Grolta, &.6) = F(é1,60.6) [ gar(6a + & — £2(-2664

= 20667 T 4666 + &1+ &1+ &' - 66767 + 266° + 2667
— 66°6" + 2660° + 266 +66°6° - 46°¢; — 46.6,°)

F o (CLGEET + 1466 + 4066°, - 14666?

— 22636,° — 126765 — 4€,%6 — 46,6° + 66,767 + &'

+196" — 126°6" + 146¢6° — 2264° + 6]

+ (Pl t) - 5) oo
+ H@) g g + 61— G)-1086%6° — 066%° + 2666

+ 86360° — 646°8° + 35626, + 376,26, + 86,6, — 64£,°6,°

+ 378°60" + 356,26" — 86263° — 86,61% — 96,8 + &0 + &8

— 208°6165" — 346°6°6,° — 66:6.6" — 166,4,°6” + 24646

— 66,785 — 666" — 206,°6,° + 156,%6° + 156,°6%)

— H(E)5 6+ 6~ £)(~2666° — 266 + 4665%

+61 61+ 6" — 66767 + 266° + 266° — 66,26,

+266:° + 2616,° + 661%6% — 46,56 — 46,6°)

- f(fg)@(—énés&%f +346°6,%6° + 306°6°6% + 416,%, 6,1
— 4466°6% 1+ 2068,°6° — 2666 6° + 98T + &7 + 846:6,36,°

— 81636°61" + 38636061° + 7685 + 33626165 + 256, %65
+265°6°61° — 5566261 — 4365765 4 276,365 + 296536, — 2086,%6,°
~ &7 + 6636165° + &6° — 76,65+ 216,°6% + 76,6°

+356°¢3" — 356,165° — 216,265 — 176,6,° + 996,36, — 101636,

— 276%6° + 456,%6,5 — 96,6,5)
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+ <f(€1§)1_ > &a Az(& + & — &) (266367 + 1066,

+406,6%E + 36" + 61 4 &1 + 126,265 — 10638, — 66,85°
+ 448,26 — 252@1‘ — 466,6° + 66,%63% — 46,%¢ — 46,6%)

(f(fz) > ( 46165+ 285 + &8 + L& + 267 — 3867)

82

fl&) -1\ 1 L s s

- ( ( SC) —5 (46261657 + 186361 %% + 20636,6,° — 3¢,
&3 oA

— 226,76 +186°6,% + 1361&" — 766" + &° — 426°6°

— T63616° + 6616%6:% + 436,65 + 26°6° — 186:6°¢,% + &6

— 586" — &% — 106,287 + 106,367 + 56,63")

B @i—@(ﬂ&) F(&)) o 5
_ 1 f(fl)_l_f(fs)—l }“
(& —&) < 3 & ) &’ (C.10)

5152

Gi(€,60,86) = F(&,&.6) [ 17 (26" = 86°6 + 66°6° - 46°6]
+4£1£2§32+§3)——( 36° + 36,76 + 46,°¢,
— 466t + 66 — & )]

+(FE,8.6) ~ 3) s 2 a7 46 — 466 + &)

~ )R - )6+ 6+ )

- f(€3>2A1§ s (=267 + 18¢,%6 — 42¢,°6° + 266,"&°

+ 14£,%€3 — 7667685 + 1788, &%E; — 116€,36,%¢;

— 42617657 + 110676857 — 686,°6,%6,% + 70¢,"6,°

— 406,°6565% — 306,°6,°6,° — T0¢,38 — 506,%6,4

+ 428265% + 266165855 — 146,6° + &7)

» (H) 32? (362 — 616 — 267 — 16y + dEnfs — 267)
- (f(fz)s—— 1) A6 (—26,° + 66,16, — 46,367 + 184, %¢5

- 245135263 42§1 52 53 - 5251353 + 52512§2§32
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+686263% — 20616,65° — 4268 + 56,°), (C.11)
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Appendix D

The form factors for the Weyl
anomaly calculation

le -—= F(—SDI’ ——SD2) _SDS) (‘:138 bt 4D1D37 - 16':]12[]36

36D
3.5 A 4 5.3 6.2 7
+680,°03° — 1000,°04" + 680,°03° — 160,°0,° — 40,700,

+20,% + 160, 0,035 — 600,%0,0,° + 80,°0,05" + 680,100,003
— 480,°0,0,% — 40,°0,03 + 80,70, + 960,200,201
— 1360,°0,°05° + 360,°00,%03 — 160,°0,2 + 6400,30,%0,2
—280,'0,°03 — 400,°0,% + 460,"0,%)
1 1 1
— — | F(—sO;, —sOq, —s0. ———)-— 30,° — 160, 05"
+405°0,2 + 240,20,° — 260,00, + 80,5 + 280,300, 0,
— 5205°0,0,% + 120,00, 4 260;0,20,2 — 200,°0,%)
+1<F(D sO 0;) ! 1(D+D+D)>2
— —sly, — —s3) — = — —s —
32 1 25 3) 75~ 575 2 3) ) Dz
X (O03% — 40,03 + 20,2 + 40,0,)

f(=sOy) — 1\ O, 2 5 6 6 7 7
—05°0,° + 0,0,° — 0,03 0, —0oO
+( 50, 6D4(31+12 oldy” -+ Uy 1
+ 057 — 3705° 0,0y + 90,°052 + 30,0,° + 50,°0,% — 50,40,°
—30;°0; — 50,°0,% — 270,°0,* + 270,10,% + 50,20,° — 50,500,
—30,0,'0,% + 420,°0,20,° — 140,%0,°0,% — 120,°0,%0,

— 2303%0,%0, + 2000,0,°0,% — 570,0,%0,% + 220,50,0,
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— 11050,20,% + 6050, 05° + 680,30, 0,° + 290,200,400,
+ 140,°0,203% — 100,;0,°05 + 03°0,% — 50,05% 4 90,20,°

— 505'0,° — 50,°0;)

—s0,) — 1\ O ‘ . .
B <f( ‘59['3) ) 2454 (057 + 20,°0, — 380,°0,% 4 90030, 3
st

—900,'005° + 380;°0;° — 20,0,° — 20,7 + 100,°0, 0,
— 500,370,200, 4 2405°0,30, — 20,20,'0, + 200,;0,°0,
— 140,0,° 4+ 660,°0,°0y* — 360;°0,°05% — 620,30, 0,
+ 540,°0,% 4 440,0,°0,% — 380,'0,%)

f(=s0Oy) —1— és!:l1 20,2, 5 o o
- ~ (0. — 40,0.3 — 60,20.

+60,°0,2 + 80,0,0;% — 160, 0,205 — 40,%0; + 80,°0;

—20,%0,% — 40,30, — 30, + 800, 0,% + O,")

f(-SDg) -1 — éSDS D3 5 4 3 9
+ < (505)? 4D3(7DB —2200,0;" — 200,5°04

+ 5205%0,° — 260;0,1 + 20,° + 3600;,°00; 0y — 520,200,000,

+ 80030,30, — 60,0, + 18030,%0,2 + 40,%00,3), (D.1)
~ 1 1 1 2

S —s0y, —s0y, —s03) — = — —g(0; + Oy + 0O
Ty 52<F( sy, —sOg, —s03) 5 248( 1+ o+ 3))1:!1[12

8D3 8D2D1
f(—s03) — 1 — $s03\ O3(—50; + 20,)
, (D.2)
(sO3)? 40,0,

Ty = —F(—sOy, —sO,, —sm3)%(516 —90,*0,% — 90520,
—20,*0,0; + 160,30,% + 801,300,205 + 80,200,052 + 16050,
+1005%0,20,2 — 90,20, — 90,042 — 120,20,0,% — 120,%0,%0,
+ 80,0, 03 — 801, 0,203° — 80, 0,%00,% + 80,0, 0,* — 20,50,

— Op%0,* — 20350, + 0,8 4 40,30,% — 0320, + 0,°)
+ 1 (F(_sml, —s0,, —s03) — %) 4

s 3D3
— 220,30, — 22030, — 120,205% — 120,%0,% — 140,0,%0,

(400,%0,04 + 190,*
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— 140,04%0, + 140,053 + 140,053 + O,* + 60,%0,% — 40,%0,

— 40,05 4 O03*)

1 1 1 4807,
-5 (F(—le, — 50y, —s03) — 5 EZs(ml + Oy + 53)) o
f(=s0y) =1 40, 5 4 4 3 2

1,° 0,4 0d. 0o,*0, — 803,°01.
+ ( S0, 3D (0 +0,"0; + 040, 17U

—80,°0,° +80,°0,” + 80,°00;° — 0,0, — 40,0,%0,
— 0,051 — 40,04%0, + 100,0,%0,% + 30,0, — 0,° — 0,7
— 20,2033 — 20,3042 + 30,0;3")
f(=s0y) — 1 1 8 8 6 2 5 3
— 0,° ++ O0,° 4+ 280,°0,% — 560,°0.
( 50, 6D1D4( 3 1 1 Us 17U3
— 560,°00;% + 700,*00;* + 280,*0;° — 801, "0 — 80,0,

—610,°0,05* — 70,0,7 + 350, 0, — 350,%00,° + 210,20,°

+ 990,10, — 990,50,3 — 290,°0,° — 0,20,° 4 29000,60,2
+0,'0, — 0,0,7 — 0,705 — 210,°0,® 4 70,%0,2 + 230,°0,0,4
— 270,%0,05° — 50,*0,%0,% + 1390,10,04% — 990,°0, 0,2

+ 310,0,035 + 1000,30,2005% + 500,30,°0,2 + 810,400,205

— 450,?0,204% + 660,200,052 — 390,20,°0, — 470,0,°0,2

+ 140,000,504 + 600,0,405° — 40,320,005 — 660,505,200,

— 150,0,%05" — 340,0,°0,° 4 180,%0,°0,%)

— 70,%05 — 350, 05% — 210,055 + 70,0,° + 350,°01,*
+70,°0, — 430,°0,% - 270,°0,% + 270,°0;* — 290,°05°
—170,%0, — 90, 0,% + 450,200,° — 1010,%0,* + 990,%0,3
+210,°05 + 60,° 0,05 — 260,05°0; + 300,%0,%0,°

+ 250, 0,%03* — 810,20,% 03 + 840,%0,%05 + 200,0,°0,°

+ 340,30,%0,? — 550,0,405% + 20,20,30,% — 410,%0,%0,

+410,'0,0,% — 440,°0,0,% + 330,20,05* + 380,0,°0;)
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T,

+

—s0;) —1—%s0; 1603
—(f( ) & 1) L (—200,2 + 40,0, + 30,2

(SE|1>2 D3
— 0,0, — 209% — O30,)
F(=sOy) —1—Ls0,\ 1 o ,
G e En e G e
2 1
+ 150520, — 180,°0.°% — 2005°0,° — 270?00, + 15050,

— 0,50, + 100,%03" — 50,50, — 100,°05° + 50,0y
+310,'0,0; — 340,°0,0,% — 880,°0,°03 + 60,°0,0;°
+120,20,%0,% + 220,0,'0; + 80, 0,°0,° — 60, 0,° 0
— 300,0,°0,% + 110,0,03" — 60,03 — 90,°0,

— 50,0,° — 60,03°)

f('—SD3) — 1 - lst [:|3 - 3 9 .
- < (s03)? 6 D1D3(—DQO — 10027H3" — 50,0,
+100,20,% + 05° — 0,0, 4 30,° — 60,20,0,% — 40,0,°0,

—180,20,° + 220,30,% + 180, 0,°0,% + 760,° 0,00
—200,0,°0; — 180,200,005 + 50,03 — 13040,

— 430,03 — 20,°05% + 420,%05° + 70,0,")

1 (f(—SU:Z) =1 f(=sO;) — 1) O

Oy — O 50, sOs 60,
1 —sOy) — 1 —LsO —s3) — 1 — LsOsy O,
(A iz g D) 1ofn® -y
O, — 03 (s0g)? (s03)? Ly
_ 1 (F(—sEI 50y, —s03) — 1) B (o2 4202 — 20,0))
— S 1, 2 3 2 D2 3 1 21
1 1 1
+ 2 <F(—SD1, —s0q, —s03) — 5~ EZS(Dl + U + E13))
o 8(—03 + 200)
DEI D2
f(= Os
90,0,
+ f SD ) —_— 1 — —‘SD 32D12(D3 —|— Dl —_ D2>
SD1)2 1D
0.4 — 320.%0 0
i ( 8133)2 D25251(5 o' = 3205°0; + 30050,

— 160,0,° + 20,* — 2005’0, 0, 4 160,050,

146



— 80,00,% + 601,20,2), (D.4)

- 40,0 .
Ty = F(—sOy, —sOg, —s03) DI,I 2(133'1 — 40,2042 + 200,
+40,0,0,% — 80,0,% + 60,%00,%)
1 1y 16
—— [ F 0,, —s0,, —s0O ——) 0." —CIE] —40,%0.
. ( (—sDOi, 2, 3) D3( 3 3 1703

+30,° + 40,0,0; — 303,%0,)
8

1 1 1
+“(F( 801 =80z, —s03) — = — —s(0; + Oy + Ly ))m

2 24
X (0% — 40,05 + 20,2 4 40, 0,)
fl=sOy) — 1\ 160,200, , . ,
- ( ( ng Di (0% + 0,20, — 301,20, + 30,0,?
— 0y05% — 20,0,0; — O,* + 0,705 + 0,052 — 0,;%)

3 20,0,
+ 700,°0;" — 700,'0,3 + 420,°0,4 — 140,00, 4 20,7

—s03) — 1 0. 5
_ (f( ZE13) ) o (—0O,7 + 140,0,8 — 420,%0,°

— 260,0,0;° + 500,°0,0,* + 400,°0,0, — 1100, 0,042
+ 760,°0,03 — 180,50, + 300,20,%0;° + 680,300,200,

—1780,'0,° 05 4 420,°0, + 1160,°0,°05 — 260,"0,%)

J(=s0y) —1 - tsO, 321:1
T 30, - D05 — 0,0

( (3D1)2 ( 1 I3 142

+ 40,0, — 20,2 — 20,2)

J(—s03) — 1 — 1s0; O )

505% 4 420,00, — 680,20,3

+ ( (853)2 DQD D3( 3 + .3 1 3
+520,°0,% — 180,03 + 20,° + 200,0,0,% — 520,20,0,2

— 240,°0,003 — 60,0, + 420,200,200, + 40,30,2), (D.5)

j:‘ﬁ = -—-F(—-SDl, SDQ, —g0 ) (DQ — 4D23D3 + 20 DQ + 6522D3
— 60,%0,% — 200,005 + 4[:]1 0,0, + 20,304 — 40,043

— 20,0,05% + Oy — 60,%0,% + 0, + 20,0,% + 20,0,%)

1 1\ 40,
~ | F(—sOy, —sO,y, —s03) — = ) ——L
+S(F(31, s0y, —s3) 2)D
—s0;) — 1Y\ 40,2
+(f( SD‘) ) 1(DD2+DD3—D2~DS+2D253)
1
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f —SDQ — J_ D2 .
— ( ( S‘D) DQ(D13+D2812—812D3—D22DI
sUq

— 0;0;3% + 20,0,0; — 0p® — 30,0,% + 30,0,% + 0,%)

f —S|:|3 —'1 DJ . p P
_ ((—95)—“ —D—Q(DI‘}—DQD;Z+D§2D3—DQZDI
sty

— 01032 4 20,0, 0, + O 4 300,0,* — 3030,7 — 04%), (D.6)

40, ,
Ty = F(—s0O,, —s0y, —leD;,)D_;(D;gz 1+ 20,04 — 20,0, ++ 0,2
— 200,00y + O,2)

1 1y 8
- (F(_SBI: —s0z, —s03) — é‘) D

(—sO,) — 1 2 . . .
+ (j( ) ) (0,°0, + 0,°0; — 70,%0,% — 30,20,

50y D2D2
— 60,°0,0; — 110,00,°05 + 30,0,% 4 70,0,% + 0O,0,0,2

+ 40,05 — 605705 + 40,057 — 0,1 — 0y
+ (f(_s'z‘z) - 1) 80,%(03 + 0, — Oy)
sO, D2
NECEENES
s0; 0, D%
+ 70 05° + 304057 + 300,05 + Dy 03 — O,° — 30,%)

(0, — 30;04% — 50,0,% + 20,0, 0,

1 —sO0y) — 1 —s03) — 1\ 200.
~ (f( ) -1 f(=s0) ) 3 (D7)
0, — O, s0Oy s Lg
Ty = F(—50y, —sOy, —s3), (D.8)
~ 20,0
Tg = —F("—SDI, —“SDQ, —3D3) 52 2(“D32 + 2D12 - 2D1D2)
1 1\ 2(—0;3 4 20,)
= F(—s0,, -0y, —s0g) — =
-+ s ( ( sth, —8llg, —8§ 3) 2) D
N f(—sOy) — 1) 800,0,%0; — O, + O,)
S‘D] D?
—sO3) — 1Y O
N (f( SDZ) ) f)%(*'jag +605°0, — 6050, + 20,
+ 6050,0; — 20,0,7), (D.9)

. 2 .
Tio = —F(—s0;, —sO, _SDL")ﬁ(DSB —20,05% — 20;°03 + 20,°

+ 200, 0,003 — 20,0,2)
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F(—s0¢, —s0y, —s03) — ‘;‘) )

1 8
s
—s0¢) — 1\ 80O
- (f( ) ) - (00,2 — 20,05 — 0, + Oy%)

2
f(=s0y) — 1) 403(05% — 20,% - 20,0,)
D? '

(D.10)
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