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Abstract 

The main focus of this thesis is to develop an efficient method for handling DC 

grounding probIems involving eanh non-homogeneity. A numerical technique has been 

crnployed using a commercial Finite Eiemerzt Method (FEM) package called ANSYS 5.5. 

Due to the large scde of the problem dornain a technique known as Scrbstrïrctciring' has 

been used. 

Classical analytical solutions were utilized to establish the accuracy of the 

numerical solutions. It is shown that an error of no worse than IO% in the estimation of 

the ground resistance can be guaranteed with only a few exceptions, which are pointed 

out in the thesis. 

A technique for reducing a problem involving two-layered earth to a 

homogeneous eanh is proposed, This procedure can be extended to cover for cases 

involving multi-layered earth. The effects of inclined earth layers have been considered 

and suggestions for handling such situations are proposed. 
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Chapter 1 

Chapter 1 

Introduction 

In view of the paramount importance of the safety and performance of HVDC 

converter stations, the grounding system must be carefully and adequately designed. The 

common types of DC converter station configurations are monopolar, homopolar and 

bipolar. Monopolar and homopolar systems normally use the earth as a return and 

therefore the earth electrode carries the continuous full rated current for a monopolar 

system and double the continuous rated current for a homopolar system. The electrode 

must also be designed to carry a short-time overload current. The direction of the retum 

current flows is fixed, 

In bipolar systems, normally, only a small differential current flows through the 

earth return. This differential current, also caIled out-of-balance current, is due to the 

ciifferences in reactances, characteristics of the 2 poles, etc. The magnitude of this 

differential current is small as compared to the rated current and its direction is not 

predictable. In the event of a fault on one of the poles, the bipolar system can be 

switchcd over to a rnonopolar mode. which is capable of sustaining half its rated power. 

In such an event, the full rated current wil1 flow through the earth return. This scenario 

must be accounted for when designing a HVDC bipolar system. 

Many factors and criteria are involved in the design of a HVDC earth electrode. 

However. the most significant goveming factor is undoubtedly, the soi1 resistivity (p), 

which is measured in ohm-meter (R-m). 



Chapter I 

1.1 Soil Resistivitv 

Soil resistivity is affected by a wide range of factors [64 Tagg] such as: 

(a) Type of soi1 

(b) Temperature 

(c) Moisture content 

(d) Chernical composition 

(e) Closeness of packing and pressure 

The measurement of resistivity is a cornplicated task and normally carried out by 

geologists or geological engineers. A modem method of measuring the resistivity is 
I 

called the Magneîoteliuric Merliod ( T M ) ,  which is used for very large scale surveying 

such as across the entire province of Manitoba. A discussion on this type of large scale 

soundings c m  be found in [97 Ian]. For srnailer scale surveying, encompassing an area 

of approximately 5 km', methods such as the Wenner, Schliinlberger and Dipole-Dipole 

rirray can be employed. DetaiIed discussions on these methods can be found in [90 

Wrtrd]. [90 McNeill]. Al1 these methods are based on soundings, which involve the 

measurement of electromagnetic quantities, such as the electric field, E and magnetic 

field intensity, H .  The reliability of these methods depends heavily on the degree of 

expertise of the operator who performs the measurement. Large errors usually result if the 

tests are not perforrned carefully. 

The measured resistivity is an estimation pertaining to the prevailing conditions at 

thc instant of measurement because the resistivity in a given locality will Vary over time. 

The rrasons for the variation may be due to natural causes or due to hurnan intervention. 

Nritural causes include seasonal variations of temperature, formation of perma frost, 

changes in the availabîlity of ground water etc. Human intervention causes are pollution, 

chernical treatment of soi1 and installation of large underground structure. 

University of Manitoba (I' Ekctrica, & Compter Engineering 
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Along with other pertinent geological data such as porosity, mineral content, 

moisture etc, information on resistivity is gathered and stored in data banks. Data banks 

maintained by universities and government agencies are good sources to obtain this 

information. 

1.2 Earth EIectrode 

There are many possible configurations for designing a earth electrode. Some of 

the simplest configurations are the single driven vertical rod, a single horizontal straight 

wire and horizontal disc. Slightly more complicated arrangements consist of wires 

connected in star formation, wires in the form of a square loop and a group of driven 

rods. Approximate analytical solutions exist for these relatively simple arrangements in a 

tiomogeneous earth Le., ground with only a single value of resistivity /36 Dwight], 

[64 Tasg]. Some work has been done to take into account the effects of earth non- 

homogeneity [48 Sunde], [64 Tagg], [82 Ciric]. 

However, the analytical analysis is complicated and is possible onIy with some 

very simple and well-defined configurations. The calculation of eanh resistance was first 

tackled by H.B. Dwight, in his paper titled 'Calcrdutio~z of Resisrnrzce to Gromd', 

[36  Dwight] and by Erling Sunde, who authored a text titled 'Earrlt Condrlction Eflecrs in 

TI-mzstnissior~ Sysrenrs', 148 Sunde]. More recently, G.F. Tagg has authored the text, 

'E~zI-111 Resistnrzces', [64 Tagg] which contains a coIIection of information and references 

representing the efforts of earlier researchers, including Sunde and Dwight. Other than 

those mentioned above, [71 Kimbark] and [90 Rao] also present good discussions on 

\lnrious aspects of the problems associated with earth electrode design. It may be 

mentioned that the information in [36 Dwight] and [48 Sunde] are still used extensiveiy 

today. 

University of Manitoba &- Efec î f ica ,  & Cornputer Englntwing 
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The analysis of practical grounding systems involving multiple-rod, non- 

hornogeneous earth etc, can not be carried out by conventional analytical methods. With 

the evolution of the digital cornputer, numerical methods such as the Finite Element 

Method (FEM) and Boundary Elernerlt Method ( B E M )  have been used to solve such 

problems. 

1.3 Design Criteria 

The design of a ground electrode has to consider adequacy of performance, 

reliability, ease of maintenance and environmental effects. Often, the desired ground 

resistance cannot be achieved by having only one ground rod. Under this situation, an 

electrode made up of multiple-rod is needed. Vertical driven rods arranged in different 

configurations offer the most practical designs. Such a scheme facilitates maintenance 

work and is relatively easier to install. A group of vertical pround rods can be serviced 

by taking a few rods out of service ai a time, and yet maintaining a satisfactory 

performance of the entire ground electrode system [88 Prabhakara]. Another very 

favorable advantage is that the vertical rods are relatively immune to seasonal variations 

of temperature. especially when dealing with perma frost. 

1.3.1 Adequacy of Performance 

This is the desired performance characteristic as prescribed by a client. It 

normally involves parameters such as the maximum acceptable earth resistance. the 

electric field. E, and the current density. J, at the earth electrode and in its immediate 

vicinity. the estimated service life and the ability to handle abnormal conditions. One 

important factor here is the heating effect. Soi1 in the imrnediate vicinity of the electrode 

is subjected to heating due to current flows, resulting in evaporation of moisture and 

Iience the resistance and temperature rise progressively [46 Sunde], which must be 

accounted for to prevent catastrophic consequences. 



Chapter 1 

1.3.2 Relia bili ty 

The final design must be reliable with minimum maintenance throughout its 

service life. The ability of the electrode system to perform adequately under an 

incomplete configuration is a desired feature. This feature enables sectionalizing and 

servicing the electrode system section by section while maintaining a satisfactory overall 

performance. 

1.3.3 Environmental Effects 

It is inevitable that the installation of a huge ground electrode system will cause 

some environmental effects. The ultimate task here is to stnke for a balance between an 

engineering design and preserving nature. 

1.4 Theoreticai Considerations 

This research project focuses on dealing with vertical driven type of ground 

electrodes in non-homogeneous earth. The analytical tool used throughout the research is 

a commercial FEM package caIIed AIVSYS 5.5. The foilowing is a quick and simplified 

rcvicw of basic theoreticai considerations. 

1 A.1 Laplace's Equation in Conducting Medium 

For steady direct current, we have the following differential relation: 

Ohm's Law at a point is: 
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The electric field E, can be obtained as the negative gradient of the electric 

potential: 
- 
E = - V V  (1-3) 

From Eqs. ( 1 - 1 ), ( 1-2) and ( 1 -3), we obtain 

Finally, we arrive at the Laplace's equation 

v'v = O  

This derivation shows that problems involving the distribution of steady direct 

currents in conducting mediums are analogous to static field problems in insulating 

mediums. If a solution to Laplace's equation which satisfies al1 the boundary conditions 

as prescribed by the problem of interest can be found, we then have the solutions for the 

potential and current distribution in the conducting medium [92 Kraus]. 

1.4.2 Boundary Conditions 

In order to handIe the large domain that is involved in solving grounding 

problems using the FEM, truncation of the domain is necessary to ensure a manageable 

problem size. The dornain dictates the finite element mode1 and hence the total number 

of nodcs and the degrees of freedom, which have a direct effect on the accuracy of the 

solution. 

Dcpending on the structure of the problem, there may exist planes of symmetry, 

which can be used to reduce the problem size dramatically. Under some special 

conditions. such as a single vertical rod in homogeneous earth, the problem geometry 

bccomes axisymmetric. 
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If the boundary of truncation is sufficiently far from the electrodes, both Dirichlet 

(specification of potential on boundaries, also known as the Jury conditions) or Neumann 

(specification of normal component of a field quantity on the boundaries such as a@/& or 

dJ/&z) conditions may be applied at the boundary of truncation. These two different 

boundary conditions will change the flux distribution (current flow) at the boundary of 

truncation but will have an insignificant effect on the overall solution. In fact, if the 

domain is sufficiently large, there will be virtually no effect on the overdl solution at ail. 

1.5 Chronoloeical Order of Outline of Methods Available for 

Solving Earth Resistance Problerns 

Before the evolution of the digital computer, methods used for dealing with earth 

electrode problems were the average-potential method, successive imaging method etc. 

These classical methods are often mathematicalIy very challenging and possible only 

with well-defined and simple geometries. The final product of these analyses are closed- 

form mathematical expressions, which are regarded as the classical solutions or analytical 

solutions or exact solutions in this thesis. 

Approximations and assumptions are necessary in order to derive an analytical 

solution. The validity of these approximations and assumptions such as the assumption 

of ri uniform charge distribution and uniform current density, have been shown to be 

inappropriate under certain situations [71 Trinh]. However, if used with care, these 

classical solutions yield very accurate theoretical results. 

The evolution of the high speed digital computer has made numerical techniques a 

fcasiblc way of dealing with earth electrode problems. The so called 'Motrix rnctlzod' is 

round to be panicularly suitable for solving ground electrode problems. Essentially, this 

is ri numerical approach of solving Laplace's equation and it is a boundary value problem. 
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Included under the general name of 'Matrix rnethod', are the Finire Elernent 

.&fethod (FEIM), the Borrndary Elentent Metlzod ( B E M )  and the Sterzcil Method etc. These 

methods reduce differential or integral equations to a system of algebraic equations that 

are solvable. The main computational effort for the cornputer lies in the inversion of the 

resultant matrix. The construction of the matrix is time consuming but does not normally 

involve demanding calcuiations. 

1.6 S c o ~ e  of Present Work 

Chapter 1 delivers background information for this research project. Classical and 

analytical solutions to simple eiectrode geometries in homogeneous earth are reviewed in 

chüpter 2. Chapter 3 discusses the implementation of the Finire Elernerzt Metizod usinp 

AlVSYS 5.5. This chapter also includes a discussion on the accuracy of the numerical 

results. Chapter 4 represents the crux of the thesis. Vertical driven rod electrodes are 

considered in homogeneous and mu1 ti-layered earth using a Finire Element Metizod based 

numerical approach. Suggestions are made for fast and efficient calculation of earth 

resistünce in the practical cases. Chapter 5 examines the effect of neglecting the non- 

horizontality of earth layers on the calculation of ground resistance. Chapter 6 

sumrnarizcd the main contributions of this project. 

niversity of Manitoba (2 k3rica,& Cornpuîer Engineering 8 
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Chapter 2 

Classical and Analytical Solutions 

This chapter discusses some classical and analytical solutions. These analytical 

solutions have been used by engineers and are known to provide good results, provided 

that the assumptions inherent in them are met by the problem under investigation. These 

classical solutions f o m  the basis of comparison for the FEM solutions in this thesis, 

which are discussed in later chapters. 

2.1 Vertical Rod Grounding in Homogeneous Earth 

For a vertical ground rod in homogeneous earth as shown in Fig. 2.1. the analytical 

solution is [36 Dwight], [64 Tagg]: 

Figure 2.1 Vertical rod grounding in hornogeneous earth 
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The most important assumption here is that the length of the rod must be much 

greater than its radius ie, L >> r. 

Close examination of Eq. (2- 1 )  reveals that the radius of the rod does not play a 

very significant role in terms of determining its ground resistance. However, the radius 

does affect the heat dissipation capability of the rod. which becomes important once the 

electrode design becomes more compkated and the current level involved is high. 

The length of the rod is the prime design variable that affects the ground 

resistance. The length of the rod has been found to be inversely proportional to the 

oround resistance but not in linear fashion. In general, the longer the rod, the lower the 
C 

ground resistance. The soi1 resistivity is nonetheless, the most important factor that 

affects the ground resistance. This is a geological parameter that one has little control 

over. It becomes a rnatter of strategic site selection. 

Eq. (2-1) is an analytical equation obtained by assuming a uniform charge 

distribution and truncrition of an infinite series. It does not give any information about 

the field distribution but introduces error of only a few percent[36 Dwight]. 

2.1.1 Minimum Attainabie Resistance 

If 2 identical vertical rods are connected in paraIlel, the question is whether one 

crin use Eq. (2-1) to evaluate the ground resistance with only one rod present and halve 

this value to arrive at the overall ground resistance of the system. Unfortunately, the 

answer is no! In order ro do this, the 2 rods have to be separated by a very large distance 

so that the currents flow from one rod does not affect the fIow from the other rod. For a 

given land area, there is a minimum attainable ground resistance regardless of the number 

of ground rods installed 136 Dwight], [64 Tagg]. 



Chapter 2 

2.2 Vertical Rod Grounding in Two-Lasered Earth 

The analytical solution for a vertical rod grounding in two-layered earth as 

depicted in Fig. 2.2 can be found in [64 Tagg]. However, those analytical solutions are 

cornplicated and difficuit to use. 

2a 

Figure 2.2 Single vertical rod grounding in two-layered earth 

From [64 Tagg], the anaiytical solution is : 

where 

- k" {,11i/i+1) 
and F = &ln 

"=, 2 {tlh / z - 1) 

Here, rr is the radius and 1 is the length of the rod, II is the thickness of the top 

iayer. The penetration factor, F is defined by a series of curves in [64 Tagg], R, is the 

ground resistance of the rod in homogeneous earth of resistivity pi, Ru is the additional 

rcsistmce due to the second layer and k is the reflection coefficient. 



Chapter 2 

2.3 Multi~le-Rod Grounding in Homogeneous Earth 

Often, the desired ground resistance cannot be achieved by using only one rod and 

therefore grounding with multiple rods becomes necessary. These rods c m  be arranged 

in line. triangle, hollow square, solid square or circle formation etc[64 Tagg]. 

2.3.1 Equivalent Hernisphere 

tt is possible to replace a vertical rod with an equivalent hemisphere which yields 

the same ground resistance. This replacement simplifies the analysis of problems 

involving grounding with multiple rods but has no significant practical usage other than 

to calculate the theoretical ground resistance. 

Figure 2.3 Replacement of a vertical rod with an equivalent hemisphere 

The formula used for the replacement is[64TaggJ: 

r =  
Ir? - - 1 

d 

niversity of Maniloba (3 !&ricd r Cornpuloi Engineering 
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Het-e. r is the radius of the equivalent hemisphere. 1 and d are the length and 

diameter of the vertical rod. With the ability to replace vertical rods with equivalent 

hemispheres, one may proceed to the case of grounding with multiple rods. 

2.3.2 Circle (Ring) Configuration 

In order to arrive at a formula that can be used to estimate the resistance of the 

multiple-rod electrode scheme of Fig. 2.4, the individual rods are replaced by equivalent 

hemispheres. It is implied here that al1 the rods are identical and the spacing between 

rods is constant i.e., the geornetry is symmetrical. With this replacement. Eq. (2-4) is 

obtained [64Tagg]: 

*- Individual rods 

Figure 2.4 Plan v i e ~  of multiple-rod grounding arranged in a ring, 
the individual rods extend into the page 

To apply Eq. (2-4). one needs knowledge of the ground resistance obtained with 

the  individual rods that are to be used to f o m  the multiple-rod electrode schcme in the 

sclectcd site. This value can easily be obtained from Eq. (2- 1). 

niversity of Manitoba (I' &ctricai & Cornputer Engineering 
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1 Sn 
1 + 0.5a + a csc - 

S=I  n 

RElrL-rrr,dc = Ground resistance of the multiple-rod electrode scheme 

RRad = Ground resistance obtained with one individual isoIated rod 

n = total number of individual rods used 

r = radius of the equivalent hemisphere which replaces the rod 

R= radius of the circle forrned by the rods 

a =  r/R 

Since Eq. ( 2 3 )  was obtained by replacing the rods by hemispheres, i t  is assumed 

that the spacing between the rods must be equal or larger than twice the radius of the 

cquivalent hemisphere. Before using Eq. (2-4) ,  one should always check the geometry 

cf the multiple-rod electrode scheme by using Eq. (2-3) to make sure that this assumption 

is valid. Problems arise when the rods used are very long in length and are arranged 

closc to one another in the circle. In this case. Eq. (2-4) will produce a completeIy 

mis!eading result ! 

Eq. (2-4) actually yields a fairly conservative approximation. The tnie ground 

resistance may be 5-2576 lower that its estimation. Analytical solutions similar to Eq. 

(.2-4) for different multiple-rod electrode schemes do exist. Solutions for arrangements 

consisting of rods arranged in a straight line, triangle, hollow square and solid square 

formation can be found in [64 Tagg]. 

niversity of Manitoba 
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2.3.3 Compact Ring Configuration 

A compact ring configuration is one made up of long vertical rods, spaced close 

to each other and arranged in a circIe. In other words, the arrangement is identical to the 

Iayout as depicted in Fig. 2.4 but the spacing between rods is much smaller. This irnplies 

that Eq. (2-4) cannot be used here. The following equation gives the resistance of such 

an eiectrode scheme including al1 mutuai resistances [48 Sunde]: 

n -1 

R , ( a ) + x ~ ,  Dsin 
n rn=1 ( Y)] 

where: 

p = soi1 resistivity (R-m) 

2 = length of individual rod (m) 

D = diameter of the ring (m) 

P I  = total number of rods 

cr = radius of individual rod or the spacing between 
rods from rod's centre to rod's centre (m) 

Since Eq. (2-5) is obtained by using average potential method, one can expect an 

accurate theoretical prediction by it. Its accuracy depends heavily on how close the 

oeometry and geophysical scenario in question match up with the assumptions. - 
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2.4 Spheroidal Electrode in Two-Lavered Earth 

Fig. 2.5 shows a mode1 with a perfectly conducting spheroidal electrode in a two- 

layered eanh. The interface between the two earth layers defines a hyperboloid of 

revoiution, confocal to the spheroid. 

Figure 2.5 Spheroidal electrode in two-layered earth 

The analytical solution for such a system has been derived as follow CS8 Ciric]: 
I 
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The potential and radial potential gradient distributions at the ground surface, for p h  2 1 

are: 



Chapter 2 

The potential and vertical potential gradient distributions aIong the axis of symmetry Le., 

the z-axis(beneath the electrode) are: 

2.5 Toroidai Electrode in Homogeneous Earth 

Fig. 2.6 shows a perfectiy conducting toroidal electrode, in the form of half a 

doughnut. The earth is assumed to be of infinite extent and hornogeneous. The 

relationship between the current injected in to the electrode and electrode potential, 

potential and potential gradient distributions at the ground surface and dong the 

symmetry axis (beneath the electrode) in forms of equations similar to Eqs. (2-7) - (2- 12) 

have been derived [88 Ciric]. However, the resulting equations in this system are more 

complicated than those i n  section 2.4. Here, toroidal coordinates and toroidal functions 

(half-order Legendre functions) of the first and second kind are involved. The resultant 

cquations in this section and section 2.4 are obtained by use of an analyticai method, 

hence one can expect good accuracy provided the prevailing conditions match up with 

the assumptions. 
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Figure 2.6 ToroidaI electrode in homogeneous earth 

2.6 Use of Analvtical Solutions in This Thesis 

The expressions in this chapter except for section 2.5 have been used in chapter 3 

i r i  order to establish the accuracy of the Finire Elenrerzt Method based numericai 

solutions. 
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Chapter 3 

Methodology and Accuracy Assessrnent 

This chapter discusses the methodology employed in this work and establish the 

accuracy of the numerical method used. In order to do the latter, configurations with 

known analyticai soiutions were used and compareci against numerical solutions. The 

configurations considered are: single vertical rod in hornogeneous and multi-layered 

earth. spherical electrode grounding in hornogeneous earth and multiple-rod grounding 

with vertical rod electrodes in homogeneous eanh. The analysis tool used is a Finite 

E l e r ~ ~ w t  Method, FEM package called ANSYS 5.5 (Universi9 high option). 

3.1 Methodologv 

The method employed is the Finire Elenretrr Merhod. FEM. The electrode and 

carth system is rnodeled and a known current, Io injected into the electrode- The 

clcctrode potential. V ,  and resistance, R are then evaluated. For multiple-rod grounding, 

each rod is injected with a cut-rent and the individual rod ground resistance is evaluated. 

The overall electrode ground resistance is the equivalent ground resistance of these 

individual rods that are connected in paraIIel. Many texts are available to provide good 

discussions on the FEM, for example [9 1 Szabo] and [96 Silvester]. 

In ternis of accuracy, there are two main factors that are involved. The f m t  is the 

doniain of earth being modeled and secondly the total number of nodes used. When 

employing FEM to evaluate the ground resistance of an earth electrode, one has to decide 

on how much of the surrounding soi1 will be modeled. In theory, an infinite domain wilI 

bc needed to include al1 the resistance. This translates into an infinite amount of nodes in 
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the FEM model! Regarding the limit of allowable total number of nodes, the FEM 

package employed (ANSYS 5.5. uni ver si^ higiz option) has a limit of 32,000 nodes. 

3.2 Single Vertical Rod Groundine in Homogeneous Earth 

This system is depicted in Fig. 2.1 and the exact ground resistance, R,,,,, cm be 

rvaluated by using Eq. (2-1). Here, the earth is assumed to be homogeneous. This is an 

axisymmetric system and therefore a 2D rnodel is sufficient. The axisymmetric mode1 is 

show in Fig. 3.1. 

10 Interface between air and soil. 

Ground rod: 
len_oih =L + 
radius = r 

BC imposed is J-Parallel (Neumann) 

Edge plane with 
possible BC's: 
a) J-Parallel 
b) O-Potential 

Bottom plane with BC: O-Potential (Dirichiet) 

Figure 3.1 Axisymmetric model of grounding with single vertical rod 
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The edge and bottom planes are the boundaries of truncation. There are two 

possibie boundary conditions for the edge plane, which are either the "J-Parallel" or the 

"O-Potential" condition. The "J-Parailel" condition refers to the situation where the 

current density, J vector is in parallel with the edge plane. This is essentially a Neumann 

type boundary condition. The bottom plane is constrained at "O-Potential", which is a 

Dirichlet type boundary condition. Table 3.1 shows the effects of dornain of earth 

modeled and boundary conditions (BC) imposed on the accuracy of the estimated ground 

resistance, R,,. 

Table 3.1 Effects of boundaries of truncation and irnposed boundary conditions on 
the accuracy of the estimated ground resistance using an axisymrnetric model. 
L = 3 0 m ,  r=0.127mand p=iOOR-m 
Note: Re,,,, = 3. i 04 1 C2 

Case 

A 

CV/ L 

1 

D / L 

3 

2.640 

3.001 

2.663 

2.9 15 

2.70 1 

2.937 

2.785 

2.924 

2.808 

2.937 

2.844 

Nodes 

1,280 

/ B I 2  
15 

3 

14 

6 

12 

5 

IO 

6 

10 

5 

8 

&PI (QI 

4.638 

2 . 5 0  

3 -296 

BC's Imposed 

on 

Edge Plane 

J-Parallel 

O-Poten tial 

J-Parallei 

C 

1 D 

Error (76) 

-49 

19 

-6 

O-Potential 

J-Parallel 

O-Potential 

J-ParalIel 
, 

O-Potential 

J-ParalleI 

O-PotentiaI 

J-Parallel 

O-Potential 

J-ParaHel 

O-Potential 

3 

4 

4 1 . 3 9 1  

5 

6 

7 

8 

9 

1,584 

2,028 

3,679 

4,85 1 

6,706 

E l 5  

F 

1 G 
1 

6 

7 
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The results in Table 3.1 are valid for the case where the length of rod, L is 30 m, 

its radius. r is 0.127 m and the soi1 resistivity, p is 100 Q-m. W and D are dimensions as 

depicted in Fig. 3.1 expressed in terms of multiples of the rod length, L. BC's refers to 

the boundary conditions imposed on the edge plane. Re,, is the estimated resistance using 

FEiM (ANSYS 5.5).  The errors are calculated with respect to the exact ground resistance, 

R ,,,, obtained by using Eq. (2. l ) ,  which yields 3.1041R. 

It is observed that the difference in errors due to prescription of different types of 

boundary conditions almg the edge plane diminishes as the domain involved grows 

larger. This reinforces the discussion in section 1.4.2. For case G,  the errors due to 

imposition of "J-ParaIlel" and "O-Potential" conditions are 5% and 8%, the difference is 

only  3%. If the domain is further enlarged, this difference in error will get smaller. In 

theory, if  the domain becomes infinitely large, there will be no difference in the 

estimation obtained by imposing either the "J-ParaIlel" or "O-Potential" condition. 

Other significant sources of error are the total number of nodes used and the node 

density distribution of the total number of nodes employed to model the system. If the 

total number of nodes is increased, it results in an increase in rnemory requirements, 

computational resources and time. The node density distribution refers to the distribution 

of nodes. Regions closer to the electrode, especiaIly around sharp points, should have a 

higher node density whereas regions further away from the electrode may have a lower 

density of nodes. 

From an engineering point of view, case E is the optimum model for modeling a 

single gound rod embedded in homogeneous earth. It uses 3,679 nodes and by imposing 

the "O-Potential" condition, an estimation with an error of 10% is obtained. Case G with 

13.755 nodes provides an estimation of ground resistance with an error of 8% by 

imposing of the "O-Potential" condition. This 2% of improvernent in accuracy cornes at 

t h e  expense of approximately a two-fold increase in the total nurnber of nodes employed, 

~ v h i c h  is not justified! 
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3.3 Boundarv Conditions Re-examined 

It has been discussed in section 1.4.2 that if the domain of soi1 modeled is 

sufficiently large enough. imposition of the "J-Parallel" or the "O-Potential" boundary 

condition on the edge planes will yield very similar results. From Table 3.1, one 

observes that R,, produced by the imposition of "J-Parailel" condition on the edge planes 

is always Iarpr  than the R,, produced by the imposition of "O-Potential" condition on 

the edge planes. 

Clearly, the reason behind this is that the soi1 domain modeled is not large 

enough! In theory, the domain will have to be extended to infinity to arrive at a same 

R,,, regardless of the boundary condition imposed on the edge plane. A more descriptive 

explanation can be achieved by examining Figs. 3.2 and 3.3.. which show sketches of 

flux lines for the axisymmetric case of a single vertical rod grounding in a homogeneous 

earth system. Both figures show flux lines aiong a plane of symmetry. 

Fig. 3.2 shows flux lines due to imposition of the "J-Parallel" condition on the 

rdgc planes. By imposing this condition, the currents are forced to flow downward upon 

rcacning the edge planes. The net effect is that the cross-section available for currents 

flow is reduced and therefore a larger ReSI is obtained. 

Fig. 3.3 shows flux lines due to imposition of the "O-Potential" condition on the 

edge planes. This boundary condition allows the flux lines to terminate at the edge 

planes. which increases the cross-section available for currents flow and therefore 

explains a smaller Re,,. 

Due to limited resources, modeling a sufficiently large enough domain is neither 

possible nor practical. For practical FEM models such as those considered in cases E, F 

and G in Table 3.1, imposition of the "O-Potential" boundary condition actually produces 

3 more natural and reliable currents flow pattern that makes more sense. 
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Figure 3.2 Sketch of  flux lines due to imposition of "J-ParaIlel" condition at 
the edge plane and "O-Potential" condition at the bottom plane 

Figure 3.3 Sketch of  flux lines due to imposition of "O-Potential" condition at 
the edge pIane and at the bottom plane 
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3.4 Single Vertical Rod Grounding in Multi-Lavered Earth 

The assumption of a homogeneous earth simplifies the problem to a great extent. 

However, this is far from realistic. A more realistic model for the earth is to assume a 

multi-layered structure with different thicknesses, DL and resistivities, pk  where k 

indicates the kfh layer. This model is shown as Fig. 3.4. Notice that al1 of the indicated 

layers run parallel to the earth surface. The effects of inclination of layers will be 

addressed in a iater chapter. 

10 Interface between air and soil. 

I BC i m ~ o s e d  is J-Parallel (Neumann) 

Ground rod: 
length =L 
radius = r Edge plane with 

possible BC's: 
a) J-Parallel 
b) O-Potential 

\L 
Bottom plane with BC: O-Potential (Dirichlet) 

Figure 3.4 Axisymmetric mode1 of single vertical rod grounding 
in multi-layered earth 
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An analytical solution similar to Eq. (2-1) is not available for the configuration of 

Fig.3.4. However, there is a good way to assess the adequacy of the FEM model and the 

mesh. One can model, rnesh the multi-layered structure and then set a11 the resistivities, 

pl's equal to one value say, p i .  The structure now becornes identical to the one depicted 

in Fig. 3.1, Eq. (2-1) can now be employed to check the adequacy of the model. If an 

estimation within 10% error is obtained, one can conclude that the model and mesh is 

adequate therefore can be used with the multi-Iayered problem. In the next step, the 

resistivities, pk's are changed to their corresponding values and a reliable estimation of 

ground resistance, R,, for the case of a single vertical ground rod in multi-layered earth 

structure is obtained while maintaining the same mesh. 

If the error of the model and mesh is known(based on the single rod in 

homogeneous earth case), the estimated ground resistance, R ,  for the case of a single 

vertical ground rod in multi-layered earth can be corrected to obtain the projected exact 

ground resistance, Ru,, as follows: 

If R,, is the estimated ground resistance of a single vertical rod embedded in 

multi-layzred earth obtained with a mode1 and mesh where the error is known, then the 

projectcd exact ground resistance, Re-ruc.,, of such an arrangement is: 
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3 A .1 Verification of The Suggested Method for Accuracy Assessrnent 

With Regards to The Estimation of Rest in Multi-layered Earth 

The folIowing discussion wilt show that the method for assessing the accuracy of 

R,,, in multi-Iayered earth as proposed in section 3.4 is adequate, based on a single 

vertical rod grounding in two-layered earth as depicted in Fig 2.2. Suppose that the 

length of rod, 1 is 3.048m, the radius of rod, r is 0.03m and h is 0.51 (refer to Fig 2.2), pi 

and p? rire 100 and 5 Q-m. which gives a reflection coefficient. k of approximately -0.9. 

From Eqs. (2- 1 ), (2-2) and the curves in [64 Tagg] pages 17 1, 172 and 173, one 

obtains F=O. 1 ,  RI = 26.146222 and R, = -2.25!2 therefore, 

R,, = 0.1 [26.1462-3.251 

= 2.3896 Q 

The same arrangement is modeled in ANSYS 5.5. First, pi  and pz are set to 100 

Q-m simulating a homogeneous eanh. The estimated ground resistance of the rod in this 

simulated homogeneous earth by using ANSYS 5.5 isl R,, = 23.975 and by analytical 

solution. which is Eq. (2- 1 ), Rmcr = 26.1462 !2. therefore the mode1 and mesh error is: 

26.1462 - 23 -975 
Error = 

26.1462 

Now using the same mode1 and mesh, pl is set to 5 Cl-m to simulate the two- 

layered earth. The estimated gound resistance of the rod by ANSYS 5.5 is, R,, = 2.094 

Q. Using Eq. (3- 1) .  the projected exact ground resistance is, 
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The difference between this projected exact ground resistance, RuCu and the 

exact ground resistance, R,,, is only 4.4%. This shows that the suggested method for 

assessing the accuracy of the estimated ground resistance, &, and  the technique for 

arriving at the projected exact ground resistance, R,,, invoIving a single vertical rod 

embedded in multi-layered earth are applicable. 

3.5 Multi~le-Rod Groundine in Homoeeneous Earth 

Fig. 3.5 shows the plan view of a multiple-rod eiectrode scheme arranged in a ring 

formation. The radius of the circle formed by the individual rods is R; the rods extend 

into the page. Due to the prevailing symmetry, modeling only half of the structure as 

depicted in Fig. 2.4 is sufficient. Fig. 3.6 is a 3D oblique drawing, which shows more 

detail of the FEM rnodei employed. 

Individual rods 

Plane of Symmetry 

Figure 3.5 Plan view of mode1 for multiple-rod grounding 
in a ring type electrode structure 
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jblrque Draulng of The Eodel U s e d  For 3D Smulation 

Figure 3.6 3D oblique drawing of the mode1 used for FEM simulation 

In Fig. 3.6, the three edge truncation planes(A-B-C-D, C-G-H-D and E-F-G-H)are 

shaded in gray whereas the top(A-E-H-D) and bottom(B-F-G-C) truncation pIanes are in 

white. However, because of the overlapping, one sees the top plane(A-E-H-D) as gray 

instead of white. According to the indicated coordinate system, the three edge planes are 

perpendicular to the X, negative X and negative Z axes. The locations of these edge 

planes are determined by the lateral truncation distances. In this case, they are the 

distances dong the X-ais,  negative X-axis and negative 2 -a i s ,  which ought to be at 

Ieast 6 times the rod length, L. The top plane is actually the X-Z plane and the bottom 

plane runs parallel to it-  The location of the bottom plane is deterrnined by the vertical 

tnincation distance, which is the distance dong the negative Y-axis. This distance should 

rilso be at least 6 times L. The plane of symmetry is the X-Y plane. The multiple-rod 

clectrode is depicted as a simplified, long block structure. 
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3.5.1 Complications of 3D Modeling 

The mode1 depicted in Fig. 3.5 requires 3D modeling. which introduces extra 

complications. One obvious complication is the increased number of nodes required. 

Due to the enormous number of nodes required in a 3D modeling, a technique called 

'srrhstrirctiiring' may be used. This is achieved in ANSYS 5.5 by condensing a group of 

finite elements into an element represented as a matrix called 'superelernent'. This 

'srtperelei?ieizrr can then be used as an eiement in the model. The elements within the 

Tiîperelei?re~zt~ are assumed to be linear. This is a key assumption but does not necessarily 

restrict the application of the technique. Essentially, it is a matrix reduction method by 

using some f o m s  of approximations. This technique allows one to tackle a bigger 

problem with limited computer resources and reduces computational time. Some very 

sketch y information on 'sitbstructiiring' cm be found in [99 ANSYS]. A very simple but 

illustrative example which brings out the essence of the 'siibsrnicturing' technique is 

includrd in Appendix B. The author of this work spent a substantial amount of time to 

understand and implement the 'sitbstr~tctriring ' technique. The 's~bstrucriiring ' technique 

has been ernployed in al1 3D modehg in this study. 

3.5.2 Domain and Boundary Conditions 

The required model domain and boundary conditions to achieve a reliable result 

in a 3D situation are similar to those discussed in sections 3.2 and 3.3. In section 3.2, it is 

recommended that the Iriteral(a1ong eanh surface) distance to be included in the modeling 

be at l e s t  5 times the length of the ground rod, L and the vertical distance(depth in to 

earth) be at least 7 times L. 

However, for a 3D modeling situation using the 'srtbstntcturing' technique, results 

have shown that a better and more reliabIe estimation is possible with the lateral and 

vertical distances equal to each other, provided the chosen truncation distance is at least 6 
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times L. For a multiple-rod ring type electrode, this distance is measured from the center 

of the circle formed by the individual rods and L is the length of the individual rods . 

Table 3.2 shows the effects of imposing different boundary conditions and extent 

of domain modeIed on the estimation of ground resistance. The estimated ground 

resistance, Re,, is compared with value from Eq. ( 3 3 ) .  It is worth rnentioning here that 

Eq. (2-4) is a very conservative formula, which tends to yield results 5-25s larger than 

the tme value [64 Tagg]. 

Case 

Table 3.2 Grounding with multiple rods in homogeneous earth. 
Effects of boundaries of truncation and imposed boundary conditions on 
the accuracy of the estimated ground resistance with 3D modeling. 
Note: Rmc, is 7.7500Q 

Lateral 

(Multiple of L) 

1 Vertical 

(Multiple of L) 

The results in Table 3.3 apply to a ring type electrode system with 10 vertical 

rods. installed in a homogeneous earth with resistivity, p of 100 S2-m. The radius of the 

circlr formed by the individual rods is 3.043m. Each rod is 2.44m in length and with 

radius of 0.0 1 Um. Using Eq. (2-4), Ra,, is 7.7500S2. 

BC's Imposed 

on Edge Planes 

Re,, (Q) ElTor (%) 
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Although, Eq. (2-4) tends to overstate the true ground resistance of the electrode, 

its prediction is still being assumed as exact and used as the basis for cornparison. The 

error calculated in Table 3.2 is the percentage error between Ra,, and R,,. The 

prescribed boundary conditions are similar to those in section 3.2 where the bottom 

truncation plane is held at "O-Potential" and the edge truncation planes c m  have either 

"J-Parallel" or "O-Potential" condition. 

Case C in Table 3.2, shows that imposition of either the "J-Parallei" or "O- 

Potential" conditions results in values of R,, which differ by only 3%. This irnplies a 

reliable estimation. Notice case A where the lateral and vertical tmncation distances are 

equal to only 6 times L. If the "J-ParaIlel" boundary condition is imposed, the value of 

R,,c, is close to case C. Cases B and D both show that having unequal tmncation 

distances on the lateral and vertical directions create discrepancy in the estimation of R,,,. 

3.6 S~heroidal Electrode 

In sections 3.2 to 3.5, the accuracy and reliability of the estimated value of ground 

rcsistance, R,,,, have been assessed. The solutions of potential distribution, V and 

potential gradient distribution. E thus current density, J should be discussed. In order to 

achieve this, a spheroidal electrode such as the one depicted in Fig. 2.5, with complete 

analytical solution, is selected to fom the basis for assessment. 

The analytical solution of such a ground eiectrode is provided in section 2.4. The 

solution in section 2.4 involves a two-layered exth,  however, for simplicity, a 

homogeneous earth rnodel is used instead. Essentially, the earth conductivity al and a:! 

are assumed to be equal. Eqs. (2-7), (2-8), (2-9), (2-IO),  (2-1 1 )  and (2-12) are used to 

assess the accuracy of the FEM solution. 

niversity of Manitoba & .  kctrica, & Compter Engincicrhp 
33 



Chapter 3 

3.6.1 Estimated Spheroidal Electrode Earth Resistance 

A spheroidal eletrode with semi-minor axis and semi-major axis equal to 0.25m 

and 2.00m is simulated. The earth is assumed to be homogeneous with resistivity of 100 

R-m.  Using a 3D model and imposing "O-Potentiai" condition on al1 the edge planes and 

on the bottom plane, a good estimation of R,  can be obtained. From Eqs. (2-7) and 

(2-5),  R,,,, is 22.2065 R. The solution from FEM yields a Re,[ of 20.2945 a. The error 

is about 9%. A better estimation can be achieved by increasing the size of the domain 

modeled. 

3.6.2 Solution of Potential and Potential Gradient Distribution 

The potential and potential gradient profiles are plotted in Figs. 3.7, 3.8, 3.9 and 

3.10 Figs. 3.7 and 3.8 are profiles dong the earth surface Le., lateral direction whereas, 

Figs. 3.9 and 3.10 are profiles dong the axis of symmetry beneath the electrode. These 

plots are generated by assuming that the total current injected into the electrode is I A. 

The solid line is the exact solution and the dashed line is the solution from the FEM 

simulation. Notice that the potential profiles contain significant error, which worsens as 

the distance from the electrode increases. This error is primarily due to insufficient total 

number of nodes used Le., improper meshing of the model. 

As rnentioned, the FEM package ernployed has a maximum capacity of 32,000 

nodes. In this case, this capacity is just not enough to produce a good solution for the 

potential distribution, V. On the other hand, the potential gradient distribution. E tums 

out to be an accurate approximation. The trend of the exact and FEM solutions of the 

potential distribution are similar except that the exact solution is shifted upward. When 

tnking the gradient of the potential distribution to obtain the potential gradient 

distribution, the effect of this offset is eliminated and therefore, the solution of E is 

accurate. As a consequence, the solution for J is good as well. 
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3D FEM Modeling 

01 

O O. 5 1 1 5  2 2.5 3 3.5 4 

Distance [ml 

Figure 3.7 Lateral potential distribution profile dong ground surface for a 
spheroidal electrode embedded in a homogeneous earth (Fip. 2.5) 

3 0  F E M  M o d e l i n g  

C O 5 1 1 5  2 2 5 3 1 5  4 

D i s t a n c e  [ m l  

Figure 3.8 Lateral potentia! gradient distribution profile dong ground surface 
for a spheroidal electrode embedded in a hornogeneous earth (Fig. 2.5) 
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3 0  F E M  Model ing 
2 5  - - 

7 5 2 z 5 3 3 5  4 

D is tance  [ m l  

Figure 3.9 Vertical potential distribution profile dong the a i s  of symmetry for 
a spheroidal electrode embedded in a homogeneous earth (Fig. 2.5) 

3 0  F E M  Mode l ing  

Figure 3.10 Vertical potential gradient distribution profile along the axis of  symmetry 
for a spheroidal electrode embedded in a homogeneous earth (Fig. 2.5)  

niversity of Manitoba 
,ri==, & Cornputa EnginccrIng 36 



Chapter 3 

However, one should not take the solution of E for granted- The primary 

solution is actually the potential distribution, the potential gradient is a derived solution. 

If the primary solution is not accurate, it is advisable to proceed with extra caution when 

interpreting the derived solution. 

It is worth mentioning here that the spheroidal electrode problem can be solved by 

using an axisymmetric model. When an axisymmetric mode1 is used, the selected FEM 

package with al1 its limitation, still has the capability to yield very good soIutions for al1 

the quantities of interest, inciuding the potential distribution. 

This chapter is devoted to discussions on the methodology and the methods used 

to establish the accuracy of the numerical solutions. The required extent of domain to be 

modeled in  order to produce a reliable solution h3s been suggested and the accuracy of 

solutions assessed. It is interesting to note that a good estimation of Re,, does not 

necessarily imply a good solution for the potential distribution. Increasing the total 

number of nodes used in the model is a remedy for arriving at a more reliable solution of 

the potential distribution. 

In the course of performing the FEM simulations, al1 the models and meshes used 

ivere assessed for accuracy and adequacy. An important inference from the results 

presented in this chapter is that the estimated value of the ground resistance, R,,, 

presented in this thesis will be in error by no more than 10% except for analysis 

associated with Eq. (2-4). 
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Chapter 4 

Ground Resistance of Vertically Embedded 

Electrodes in Multi-Layered Earth 

In chapter 3, it was pointed out that consideration of a multi-layered earth with 

different resistivities, p k  is more realistic. Given the resistivities and the locations of 

Iayers, the challenge is how best the problem can be handled. Most of the analytical 

solutions are only valid for the case of a homogeneous earth. The solutions are not useful 

when contkonted with a multi-layered earth. An engineering remedy for overcoming 

such an obstacle is to assume an apparent single valued resistivity. Based on the 

available geological data, an apparent resistivity can be chosen with certain confidence. 

In practice, the assumed apparent resistivity tends to be conservative, so that it provides a 

safeiy factor in the design of a ground electrode. In addition to this safety factor, there 

are always over designs involved in an engineering endeavor resulting in excessive usage 

of materials and wastage of resources. Therefore it is important to arrive at a reasonably 

accurate value of apparent resistivity for the design. This problem is addressed in this 

chapter. 

Ini~ialIy a two-layered earth is considered; later, techniques to handie multi- 

Iayered earth are suggested. The earth layers are assumed to be paralle1 to the earth 

surface as indicated in Fig 3.4. It is obvious that by replacing the different resistivities, 

p~ with an equivalent resistivity, p,, the problem is vastly simplified, which facilitates 

compiitation efforts. This equivalent resistivity, p,,, also makes it possible for one to 

resort to the classical analytical solutions to find the ground resistance. 
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4.1 Single Vertical Rod Grounding in Two-Lavered Earth 

A vertical ground rod embedded in a two-Iayered earth is depicted in Fig. 4.1. 

Although the earth is non-homogeneous, this is still an axisymmetric system. The 

thickness of the top layer is D and pi, pz are the resistivities of the two layers. In order to 

facilitate analysis and discussion, the thickness of the top layer, D is expressed as a 

percent of the rod length, L. When D = OSL, it implies that the top layer extends from 

the surface of earth to a distance of L/2, the  second layer begins at this point and 

extends infinitely downward, 

10 Interface between air and soil. 

Ground rod: 
length =L + 
radius = r 

BC imposed is J-Paralle1 

Edge plane + with BC: 
O-Potential 

\L 
Bottom plane with BC: O-Potential 

Figure 4.1 Axisymmetric mode1 of single vertical rod grounding 
in two-layered earth 
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4.1.1 Trend of Variation 

Suppose that the ground electrode is a vertical rod with length, k 2 0 m  and radius, 

CO. 1778rn. If the top layer resistivity, pl is LOO 0-m and the bottom layer resistivity, pz 

is 200 R-m, the ratio of pl/pl= 1/2. Conversely, if pi is 200 Q-rn and p l  is 100 R-m, this 

ratio becomes 2. These are two distinct cases that portray two types of very different 

resistance variations. In order to investigate these variations, the two cases were soived 

using the FEM technique with boundary conditions as shown in Fig. 4.1. Figs. 4.2 and 

4.3 show the results which were obtained by varying the thickness of the top layer, D. 

The x-axis represents the variabie thickness of the top layer as a percent of L and the 

y-axis is the estirnated ground resistance, Resf. As mentioned in chapter 3, al1 these values 

contain errors no worse than 10%. 

Figs. 4.3 and 4.5 are curves with piIp2 ratio of 1/2 and 2 as in Figs. 4.2 and 4.3. 

The difference between Figs. 4.2 and 4.4 is that pl for Fig 4.2 is 100 S2-m whereas pl for 

Fig. 4.4 is 500 R-m. Similarly, pi for Fig. 4.3 is 200 R-m whereas pi for Fig. 4.5 is 

1000 R-m. It is obvious that the trend of variations are similar in Figs- 4.2 and 4.4 and in 

Figs. 3.3 and 4.5. Figs. 4.2 and 4.4 both show a decreasing trend of Re,,. This is because 

in both figures, pl  is smaller than pz. As D increases, a iarger portion of the electrode is 

embedded in the Iower resistivity soil, and hence decreases. This is always true 

because the ground resistance is proportional to resistivity. On the other hand, Figs. 4.3 

and 4.5 both show an increasing trend of Rts, because in both these figures, pl is greater 

than  p-. 

A qui& and simple check concerning the correctness of these curves is possible 

by examining the points where D is at 0% and 400% of L. If D is O%, it implies a 

homogeneous earth with resistivity equal to pz. According to Fig. 4.2, Re5r is 7.54 Q, and 

by Eq. (2-l), R ,,,, is 8.13 $2. When D is 400% of L, Re,, is 3.77 R, and by Eq. (2-1) 

R,..,,,,., is 4.07 R. In this case, the effective resistivity approximates to p l .  This shows that 

these curves obey the general expected trend of variation. 
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Figure 4.2 Ground resistance variation due to a vertical ground rod in 
two-iayered earth with pi= 100 52-m < pl and L=20m 

O Y1 1 W 150 M O  250 300 350 400 

Thickness of Top Layer, D [%LI 

Figure 3.3 Ground resistance variation due to a vertical ground rod 
in two-layered earth with p *=200 R-m > pz and k20m 
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Thickness of Top Layer, D [%LI 

Figure 4.4 Ground resistance variation due to a vertical ground rod 
in two-layered earth with pi=500 Q-m c ~1 and L=l>Orn 

O 50 1 03 150 200 250 300 350 4 0 0  

Thickness of Top Laver, D CohL1 

Figure 4.5 Ground resistance variation due to a vertical ground rod 
in two-layered earth with pi= 1000 R-m > pz and L=20m 
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4.2 Effect of D e ~ t h  of Lavers 

Figs. 4.2 through 4.5 share a common interesting trait, which is that once D 

exceeds 200% of L, the variation plateaus off. This is an important fact which leads to 

the first conclusion of this chapter Le., if the second layer is located at a distance of more 

than 200% of L below the earth surface, its existence can be safely disregarded. One 

may simply replace the two-layered earth with a homogeneous earth with an equivalent 

resistivity, pqv equal to the resistivity of the top layer, p 1. 

This finding can be generalized to the multi-layered case depicted in Fig. 3.4. 

Suppose that there is a ground rod of length, L and radius r and the earth contains k layers 

with k resistivities, pi. Let x be a number greater than 1 and smaller than k. If the xril layer 

is located at a distance beyond 2L from the surface of earth, this Iayer and al1 the 

subsequrnt layers i-e., frorn the x'" until k'" layers, can be replaced by an equivalent 

resistivity. p,, which is equal to the resistivity of the (x-1)" layer, that is p(,.l,. This 

approximation will incur an error no worse than 570. 

Consider an example with a pround rod of 20m in Iength and radius of 0.1778m. 

The earth is assurned to have four Iayers with resistivities pl, pz. p j  and pj. DI,  Dz, and DJ 

correspond to the thickness of the 1". 2"'hnd 3rd hyer. Theoretically, the 41h hyer 

extends infinitely downward hence D4 approaches infinity. However, in order to simulate 

this system, a finite domain is needed therefore a finite value of D4 is used. 
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Tables 4.1 and 4.2 show the results obtained by employing the approximation 

discussed in this section. Beware that the R,, is not R,,! RmCr is the apparent 

exact ground resistance obtained by simulating the exact system (Using ANSYS 5.5) 

involving all four earth layers. This is not the exact ground resistance, R,,, since there is 

an error of no worse than 10% that is involved in its estimation. 

Although. R A ,  isn't the exact ground resistance, it is still being used as the b a i s  

for comparison. R,, is the estimated ground resistance obtained after layers located at a 

distance more than 2L are replaced by an appropriate p,,, as explained in the above 

paragraph. 

Table 4.1 Illustration of errors incurred in the estimations of ground resistance by using 
technique of section 4.2. L = 20m, D I ,  Dz and D3 are equal to 10, 30 and 50m 

For the cases illustrated in Table 4.1. DI plus D2 is 40m, which is 2L. this implies 

that the 3%nd layers can be replaced by a p,,, equal to pz. In other words, the znd 
iayer is extrnded to infinity and replaces the 3" and 4th layers. This approximation 

rcduces the four-layered earth to a two-layered earth problem. 

Case p, (R-rn) p(R-m) 

100 

100 

300 

300 

p3(R-m) 

Io00 

10 

I 000 

10 
I 

1 1 3 0 0  

2 

3 

l 4  

300 

I O0 

1 00 

p4(R-m) 

10 

IO00 

10 

1 000 

R,,(Q) 

5.50 

5.1 I 

6.42 

6.05 

R ,  (fi) 

5.27 

5.27 

6.26 

6.26 

Enor(%) 

4.2 

3.1 

2.5 

3.5 
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Table 4.2 Illustration of errors incurred in the estimations of ground resistance by using 
technique of section 4.2. L = 20m. D I ,  D2 and D3 are equal to 8, 8 and 24m 

For the cases illustrated in Table 4.2, DI plus Dz is 16m, which is Iess than 2L. 

The effect of the 3rd layer cannot be ignored. Adding DJ to Dl plus Dz yields 40m. which 

allows one to extend the 3rd layer infinitely to replace the 4th Iayer. The four-layered 

e x t h  has now been replaced by a three-layered earth. 

Based on the values of R,,,, R,,, and the errcr, it is evident that this method of 

approximation produces acceptable results. Together with a reasonably good FEM mesh, 

this approximation is likely to yield an estimation error less than or  around 10%. 

4.3 Finding an Equivalent Resistivitv for The Two-Lavered Earth 

This section is devoted to a discussion on deriving the norrnalized equivalent 

resisti vi ty curves. The equivalent resistivity curves can be used to tackle problems 

involving parallel. rnulti-layered earth by replacing t h e  different resistivities, p. with an 

equivalent resistivity. pq,. The application of these curves will be demonstrated through 

examples. 
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4.3.1 Derivation of The Nomalized Equivalent Resistivity Curves 

Figs. 4.2 through 4.5 show the variations of the estimated ground resistance, Ra, 

as a function of the thickness of the top layer, D. Using Eq. (2-1) and Figs. 4.2 through 

1.5, the normalized equivalent resistivity curves can be obtained. For a single vertical 

rod in homogeneous earth, the ground resistance is: 

From Eq. (2-l), if L and rare known, it can be written as: 

where 

If the two-Iayered earth with resistivities p i  and p i  can be replaced by a 

homogeneous earth of equivalent resistivity, peq, then: 

The resistance value, R in Eq. (4-2) can be obtained from curves such as Figs. 4.2 

through 4.5. depending on the value of pi, p l  and D. In other words, R depends on the 

prevailing earth and electrode conditions. Suppose RN is the resistance of the ground rod 

obtained with homogeneous eanh of resistivity equal to the top layer resistivity, p 1,  then: 
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We now nomalize R by choosing RN as the base. RN is a constant that depends on 

L. r and pl. Dividing Eq. (4-2) by Eq. (4-3), we arrive at 

4.4 Contributions and Significance of The Normalized 

Equivalent Resistivitv Curves 

Equation (4-4) has an important implication. It implies that if Figs. 4.2 through 

4.5 are normalized with the appropriate RN, it malces it possible to read the appropriate 

p.,,. /pl ratio corresponding to a certain D using the normalized curves. Multiplying this 

ratio by pl,  one obtained the p,,. which reduces the two-layered earth to a homogeneous 

one. 

Another very important fact which emerges after normalization of Figs. 4.2 

through 4.5 is that, the nomaiized plots of Figs. 4.2 and 4.4 overlap each other as 

depicred in Fig. 1.6. The same is true for the normalized plots of Figs. 4.3 and 4.5 as 

s h o w  in Fig. 4.7. This finding bring us to the concIusion that, the ratio pl/pz and D are 

the most significant factors in detennining the trend of variation of ground resistance due 

to n vertical ground rod in a two-layered earth, not the absolute value of pi and pz. 

Figs. 4.6 and 4.7 are the nomalized equivalent resistivity curves for ratio of 

1/2 and 2. Appendix C contains individual normalized equivalent resistivity curves for 

pl/p2 ratios of 1/2, 1/3, 1/4, 1/5, 1/6, 1/8, 1/10, 1/12, 1/14, 2, 3 ,4,  5, 6, 8, 10, I2 and 14. 

There is also one graph that contains al1 the norrnalized equivalent resistivity curves for 

pl/p-, ratios of 1/2, 1/3, 1/4, 1/5, 1/6, 1/8. 1/10, 1/12 and 1/14. Similarly, there is one 

graph that contains al1 the normalized equivalent resistivity curves for pl/p2 ratios of 2, 

3.4.5.6.  8, 10, 12and 14. 
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O 50 1 0 0  150 200  250 300 350 400 

Thickness of Top Layer, D [%LI 

Figure 4.6 Normalized equivalent resistivity curve with pI/p2 = 1/2 

O 50 1 00 150 200 250 300 350 

Thickness of Top Layer, D [YA] 

Figure 4.7 Normalized equivalent resistivity curve with p,/p2 = 2 
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Although, these nomalized equivalent resistivity curves are genemted by using a 

ground rod with L of 20m and r of 0.1778m, they can be used to deal with problems 

involving a two-layered earth, regardless of the actual ground rod length and radius, 

provided that L >> r. The influence of r over peq, is insignificant provided that the 

condition of L >> r is fulfilled, which is essentially true for al1 practical vertical type 

ground rods. In order to use these curves to obtain a pq, , one needs to know the values 

of LID, pl  and pz. Once. p,, is obtained. one can then use the analytical solutions 

derived for ground resistance problems involving a homogeneous earth to come up with 

a ground resistance estimation for the electrode in two-layered earth. 

The normalization factor, RN is worth a closer look. This factor is evaluated by 

using FEM, not by using Eq. (2-1). This has been done to maintain consistency in the 

process of deriving the nomalized equivalent resistivity curves. Recall that al1 the values 

for R,,, contain error no worse than 10%. That is, Fig. 4.2-4.5 al1 contain errors no worse 

than 10%. If one uses Eq. (2- 1 )  to obtain R,v, the nomalized resistivity cunres will not 

reach a maximum or minimum value of 1. 

Therefore, to maintain consistency, R,v should be obtained by using FEM and 

must be checked by using Eq. (2-1) to ensure an error of no worse than 10%. 

Furthemore, when sirnulating the ground rod in a two-layered earth system to cover the 

cntire range of D from 0% to 100% of L, one must rtlways check the adequacy of the 

mode1 and rnesh. This is done by setting pl and pz both equal to an arbitrary p, producing 

a homogeneous earth. The evaluated R,,, is then cornpared with R,, by Eq. (2-1). The 

error should be no worse than 10% throughout the entire range of D. These errors should 

bc very close to the error of RN. This simple procedure ensures an adequate rnodel and 

mesh hence a reliable Re,, and promotes consistency. 
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4.5 A~~lications of Normalized Eauivalent Resistivitv Curves 

This section focuses primarily on the application of the normalized equivalent 

resistivity curves provided in Appendix C through consideration of 3 examples. The first 

two exarnples illustrate application of the proposed technique to a single ground rod in 

two-layered earth. This is followed by consideration of ring type multiple-rod electrode 

scheme in a two-layered earth. Before proceeding to the exarnples, the general steps 

involved in the suggested technique are listed below. 

(1) For a single vertical rod grounding in a two-layered earth: 

Step 1 : Find D/L as a percentage. 

Step 2 : Find pi/p, and from the appropriate normalized equivalent resistivity 

curve. obtain the normalized equivalent resistivity. 

Step 3 : Multiply the normalized equivalent resistivity by the resistivity 

of the top layer, pl to obtain the equivalent resistivity. 

Step 3 : Either use the equivalent resistivity to solve the problem by using FEM 

or Eq. (2- 1 ). 

(II)  For multiple-rod grounding in a two-layered earth: 

Step 1 : Assume that there is only one vertical rod installed in the selected site. 

Step 2 : Find D/L as a percentage. 

Step 3 : Find pl/p2 and from the appropriate normalized equivalent resistivity 

curve, obtain the normalized equivaIent resistivity. 
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Step 4 : Multiply the nomalized equivalent resistivity by the resistivity 

of the top layer, pi to obtain the equivafent resistivity. 

Step 5 : Either use the equivalent resistivity to solve the problem by using FEM 

or Eqs. (2-4) or  (2-5). 

4.5.1 Applications of Normalized Equivalent Resistivity Curves for The 

Case of Single Rod Grounding in Two-Layered Earth 

Fig. 4.8 shows the electrode-ground system with L and r equal to 100 and 

0. I270m respectively. As discussed, the FEM model is axisymmetric. The first step is to 

check the adequacy of the FEM model and mesh. Assuming both pl and pz both to be 

300 R-ml by E q .  (2-1)- Rexact is 3.37 a. From FEM simulation, R,, is 3.10 Cl. The 

error between R,,, and Re,, is about 8%: hence the FEM model is considered to be 

adequate. 

Figure 4.8 Single rod in a two-layered earth 
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Example 1 

Suppose, L = IOOm; r = 0.127Om; D = 50% of L; pi = 300 R-rn; pl = 600 R-m. 

By FEM, R'cxucf is 4.46 SZ. Since the FEM simulation provides solution with an average 

error of 8 6 ,  a projection of the true earth resistance. Rmclg is 4.46/0.92, which is 4.85 R. 

Srep 1: 

The thickness of the top Iayer, D = 0.5L 

Step 2: 

The pIIp2 ratio is 112, from Fig. 4.6, the normalized equivalent resistivity 

curve for pl/pl = 112, when D = OSL, the corresponding normalized 

equivalent resistivity, p,,,-, = 1-42. 

Step 3: 

Since, pl = 300 Q-m 

Peqv = Pcqv-n X Pi 

= 1-42 x 300 

= 426 LI-m 

Slep 4: Here we choose to use Eq. (2-1) 

From Eq. (2- 1 ). 

This value is close to the projected exact ground resistance R,,,, value of 4.85 SL. 



Example 2 

Suppose, L = IOm; r = 0.1270m; D = 50% of L; pi = 600 R-m; pz = 3 0  R-m. 

R;,, is 26.85 R and with an average error of 8%. Then, the projected Ru,,, = 29.19 Q . 

Srep 1: 

The thickness of the top layer, D = 0.5L 

Srep 2: 

The pl/p- ratio is 2, from Fig. 4.7, p ,,,-, = 1.42. 

Srep 3: 

Step 4: Here we choose to use Eq. (2- 1 ) 

From Eq. (2-1). 

Comparing Ra,,,, to R,,, in examples 1 and 2, it can be seen that this method of 

arriving at a value for p,, is indeed a good approximation. The L and r values in 

esamples 1 and 2 are not the same as the L and r used to generate the normalized 

equivalent resistivity curves, which use L=20 and r=O.I778m. This shows that the 

normalized equivalent resistivity curves can be used for any L and r as long as L >> r. 
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Table 4.3 and 4.4 illustrate various results showing the applicability of the 

proposed method. In Tables 4.3 and 4.4 R,, is obtained by using the equivalent 

resistivity in Eq. (2-1). R,, should be cornpared with R,,,,. 

Table 4.3 Comparison of R,,, R'cx,,, and Re,,,,, for the case of two-layered earth 

using the approach of section 4.4 with pl= 100 Cl-m < pz, L100m and 

1-0. f 27m. 

Case 

1 Case 1 pdp2 1 D [%LI 

p I/P- 1 D ['%LI 1 pqv (Q-m) 

Table 4.4 Comparison of Ra,, R',,,,, and 

using the approach of section 

r=O.I27m. 

RcwcrJ for the case of two-layered earth 

4.4 with pl= 100 0-m > pz, k I O m  and 
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4.5.2 Applications of Normalized Equivalent Resistivity Curves on 

a Ring Type Multiple-Rod Electrode in Two-Layered Earth 

This section analyses a ring type multiple-rod electrode, as discussed in section 

3.5. Due to the prevailing symmetry, the electrode ground resistance c m  be estimated by 

simulating only half the physical size of the actual electrode. The FEM solution will be 

compared to result obtained by p,, and Eq. (2-4). 

Esample 3 

Assume that there are IO rods connected in a ring formation with radius of ring, 

R=60m. Each rod has length, L = 45m and radius, r = 0.1778m. Thickness of top layer, 

D=36m. The top layer resistivity, p ,= 125 R-m and bottom layer resistivity, p-250 R-m. 

The simplified plan view of the FEM model is shown in Fig. 4.9. 

Plane of Symmetry 

Figure 4.9 SimpIified plan view of the FEM model for 
simulation of the ring type electrode 

University of Manitoba 55 4? Electrjcald Compter Engineering 



Chapter 4 

A known current, I is injected into each rod. Assuming that Rn is the resistance of 

t h e  individual rod , the estimated electrode ground resistance, R, is: 

where m is the total number of rods modeled including the half-rods. which lie on the 

plane of symmetry, in this example m is 6.  

Two different FEM simulations produced the following results: 

Simulation 1 : Model the two-layered earth with pi= 125 R-m and p2=250 R-m. 

Simulation II : Model the two-layered earth usine p,,,. 

Step 1: 

Assume that there is only a single rod wirh k45m and r=O.l778m 

installed in the same site. 

Srep 3: 

The thickness of the top layer, D=[36/45]L = 0.8 L 
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Srep 3: 

The pi/pz ratio is 1/2, from Appendix C ,  pqV-, = 1.24. 

Step 4: 

Step 5: 

Using p,,=155 ZL-m to reduce the two-layered earth to a homogeneous 

earth, the FEM simulation yields, 

It is evident that SimuIations 1 and II both produce estimations that are close to 

rach other. This shows that the p,, approximation method can be used to deal with 

multiple-rod grounding problerns, provided that the rods are installed vertically and 

L >> r. 

Using the value of p,, in Eq. (2-4). one obtains R,,,, = 0.64 S2. Cornparing this 

with R.,r, the error is about 13%. This error falls within the acceptable range since Eq. 

(2-4) tends to overestimate the resistance anywhere between 5-25%. 

4.6 Multi-Lavered Earth with Arbitrarv p l l a  - - Ratio 

Thus far, the technique of arriving at an equivalent resistivity, pqv has been 

confined to the cases of two-layered earth. If the number of layers involved is greater 

than 2. solving the problem by using FEM can become tedious and sometimes not 

manageable. 
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4.6.1 Tackling Multi-Layered Earth Configurations by The Method of 

Successive Approximations 

Fig. 4.10 shows a four-layered earth structure, with layer thicknesses of Dl, Dz 

and DJ. The 4" layer extends to infinity and hence D4 is not shown. 

Figure 4.10 A ground rod in four-layered earth 

Application of the normalized equivalent resistivity curves in two-layered earth 

has been discussed in section 4.5. If there are more than 2 layers of soil with different 

resistivi ties the fol lowing course of action is recomrnended. 

One may s t m  from the bottom-most 2 layers of soil, successiveiy approximate 

the four-layered earth into a homogeneous earth by using the normalized equivalent 

rcsistivity curves. As discussed in section 4.2, if the layer is located at a distance more 

[han 2L from the earth surface, its existence can be disregarded i.e., simply extend 

dcwnward infinitely the layer right on top of it  to replace it. 
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It is extremely important to realize that the notations pi and pz used in the 

discussions involving two-layered earth mean the resistivities of the top and bottom 

layers. When dealing with multi-layered earth, pi and pz denote the resistivities of the ln  

and 2"' layers as depicted in Fig. 4.10. In the process of reducing the multi-layered earth 

to a homogeneous eanh, pi and pz refer to the resistivities of the top and bottom layers in 

a relative sense. For instance, if a four-layered earth is to be approximated to a 

hornogeneous earth, the 1'' approximation will involve only the 3* and 41h layers, Le., p, 

and p ~ .  In this case, p3 corresponds to pl ; p4 corresponds to pz. Although it may sound 

confusing, the context will make this notion clear. 

For the configuration as depicted in Fig. 4.10, the 1" approximation will be to 

replace the 3rd and 4th layer with an equivalent resistivity, p,,, . Define the rod length 

as starting from e-f in Fig. 4.10. The interface between the top and bottom layer is g-h. 

Hence the thickness of the top layer is DI, which corresponds ro D in the case of a two- 

Iayered earth. The effective rod length is not L but [L-(Dl+D2)J, which is denoted as LI 

and shown in Fig. 4.10. The values of Li, D3, p, and pr completely define a two-layered 

carth problem and therefore amving at an equivalent resistivity, p,,~ is possible. Using 

previously described techniques. after the first approximation, the four-iayered earth in 

Fig. 4. l O is reduced to a three-layered earth as depicted in Fig. 4.1 1. 

Figure 4.1 1 Four-layered earth reduced to three-layered earth 
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The 2nd approximation will involve pz and p,,. Assume that the ground rod 

starts from c-d in Fig. 4.1 1. The interface between the top and bottom layer is e-f- Hence 

the thickness of the top layer is DI. The effective rod length, Lz as shown in Fig. 4.11 is 

[L-Dl] .  The values of Lr, Dz, pz and pqV-* define a two-layered earth problem and an 

equivalent resistivity, p,,-2 is obtainable. 

After the 2nd approximation, the three-layered earth in Fig. 4.1 1 has been reduced 

to a two-hyers earth as depicted in Fig. 4.12. This two-layers earth can be easiiy reduced 

to a homogeneous earih with an equivalent resistivity. p,,,~ by a 3rd approximation. 

Figure 4.12 Three-layered earth reduced to two-layered earth 

In general, a k-layer eanh requires (k-1)  approximations to reduced it to a 

hornogeneous earth. The effective length of the rod, L, is the portion of the rod which is 

embedded in the earth layer under approximation. Eventually, the effective length of the  

rod will becorne the physical length of the rod, L in the (k-l)lh approximation. Once 

again. it should be clear that the notations pi and pz in the nomalized equivalent 

resistivity curves refer to the resistivities of the top and bottom layers soi1 in a relative 

sense not the resistivity of the 1" and 2nd layer as depicted in Fig 4.10. 
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4.6.2 Dealing with Arbitrary pi/pz Ratio 

In a practical case, the pIIp2 ratio may differ from the values used to arrive at the  

normalized equivalent resistivity curves in Appendix C. One method of dealing with this 

situation is to round off the ratio to the nearest available pilpt ratio for which a 

normalized equivalent resistivity curve is available. The process of rounding up or 

rounding down the pI/p2 ratio either adds or diminishes the safety factor in the design. 

Rounding up wiii increase the safety factor, which may not be a bad idea. However, 

rounding down the ratio causes the safety factor to diminish. This is not a very severe 

problern since it  can aiways be overcome by careful and proper designs. 

Another method is to interpolate between two normalized equivalent resistivity 

curves. For instance, if the required pi/p2 ratio is 11 ,  this normalized equivalent 

resistivity curve can be obtained by interpolating the normalized equivalent resistivity 

cuntes corresponding to pl/p2 ratios of I O  and 12. 

Since the trend of variations does not show a linear dependence on the pi/pz 

ratios. interpolation does introduce error but this error is insignificant. However, 

extrripolating should never be considered. If a normalized equivalent resistivity curve 

corresponding to a pi/pz ratio that is beyond the range of the curves in Appendix C is 

required, this curve will have to be generated as outlined in section 4.3. 

Consider the case when pl>p-. In this case the normaiized equivalent resistivity 

curve shows ari increasing trend as shown in Fig, 4.13, reproduced from Appendix C. 

Consider any ubitrary values for D, pl and p l  Say, D = 0.5L; pi = 140 R-m; pz =20 Q-m. 

In this case the pi/pz ratio is 7, corresponding to which a normalized equivalent 

rcsistivity curve is not readily available from Appendix C. This situation can be 

overcome by performing interpolation between the normalized equivalent resistivity 

curves corresponding to pi/pz ratios of 6 and 8. 
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From the nomalized equivalent resistivity curve of pI/p2 = 6 and D=ûSL, 

The corresponding normalized equivalent resistivity, PWv-, = 0.26 

From the norrnaIized equivalent resistivity curve of pi/p2 = 8 and D=O.SL, 

The corresponding normalized equivalent resistivity, p,,-, = 0.20 

To obtain the normalized equivalent resistivity for pI/p2 = 7 and D=OSL, 

Performing interpolation, the required p,,-, is: 

Figure 4.13 Normalized equivaIent resistivity curves for pl>p? 
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Exampies of cases involving multi-layered earth grounding Le., more than two 

layers, will now be discussed. Example 4 involves a single rod grounding whereas 

example 5 deals with a ring type multiple-rod grounding. 

Example 4 

A vertical ground rod with L = 1 OOm and r =O. l27m is embedded in a four-layered 

earth as depicted in Fig. 4.10. D1=D2=D3=20m, pi=70 R-m, pl=lOO Cl-m, ps=30 Q-m 

and p4=Z0 Q-m , 

1" Approximation: 

Staning from the two bottom-most layers, the effective rod length, L,=60m, 

which is the sum of the lengths of the portion of the rod in these 2 layers. The thickness 

of the top layer. D =20m, therefore is 33% of LI .  Keep in mind that the notations p 1 and 

pz mean the top layer resistivity and bottom layer resistivity, not the resistivity of the top 

most and second layers. Hence, p ~ l p ?  = 1 S. 

From Appendix C, 

Perform interpolation for p 1/pz = 1.5; D=33% 

PcqV-nl = 0-79 

0.- Pw-1 = 0.79 x 30 

= 24.0 R-m 
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2"d Approximation: 

With the lowest 2 layers replaced by a single layer with p,,-1 of 24R-rn, the four- 

layered earth is reduced to a three-layered earth. Proceed with the 2nd approximation to 

reduce this three-layered earth to a two-layered one. 

The effective rod length, L1=80m, D=2/8=25%, the pl/pz=100/24 = 4.00 

From Appendix C, pqv-.~ = 0.30 

*'= pcqv-, = 0.30 x 1 0 0  

= 30 Cl-m 

3rd Approximation: 

After the znd approximation, the four-layered earth has been reduced to two- 

Iayered earth with resistivity p 1=7O R-rn and pz=30 R-m. The effective rod length, 4 = 

1 OOm, D=20%, p l/pl = 70/30 = 2.33. 

From Appendix C, 

Perform interpolation for p l/p2 =2.33; D=20% 

Peq:qv_n3 = 0.48 

.'. pqv_3 = 0.48 x 70 

= 34.6 !2-m 
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After 3 approximations. the four-layered earth is reduced to a homogeneous earth 

with an equivalent resistivity, p,,-j of 34.6 R-m. Using p,,-3 in Eq. (2-1) yields a R,  

of 0.3773 Q. From FEM, R',,,,- is 0.3 181 R with about 8% of error, therefore, the 

projected exact ground resistance, R,,, is around 0.3458 R . The errer between R,, 

and is about 9%. 

Example 5 

This example involves a HVDC ground electrode instdled at Coyote, California, 

USA [58 Prabhakara]. The bipolar HVDC scheme is rated at + 500kV and 1600MW 

with 2.6kA of continuous current in monopolar ground retum operation, and 16A of 

continuous unbalance current in bipolar operation. This is a large electrode with 60 wells 

arranged in a circle of radius equd to 457m and the individual wells are 53m in length 

and 0.175m in radius, see Appendix D. The authors [88 Prabhakara] used Eq. (2-5) and 

numerical methods to predict the electrode ground resistance. A very conservative value 

of 20 Q-m was used for the electrode design. It turns out that with this value, the 

electrode has been over designed because the measured resistance is less than 10% of the 

predicted value. 

Frorn Eq. (2-6), it is obvious that the ground resistance depends directly on the 

resistivity. If predicting a less conservative resistivity with reasonable reliability is 

possible, a more optimum design would have been achieved. 

Geophysical sunreys at the electrode site have produced a wide range of 

information, including the readings and predictions of the resistivities and earth layers. 

These predictions Vary quite significantly depending on the rnethod used and the 

prevailing conditions at the moment of conducting the survey. 
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Table 4.5 shows a set of selected geophysical test result at Coyote electrode site 

[88 Prabhakara], which will be used later together with the method of successive 

approximation in section 4.6.1 to produce a prediction for the equivalent resistivity. 

I Earth Layer [ml I Resistivity [R-m] l 

Table 4.5 Selected geophysical test result at Coyote, Caiifornia, USA CS8 Prabhakara] 

Fig. 4.14 shows the mode1 of four-layered earth at the Coyote site under the 

assumption that only 1 welf is installed. The four-layered earth will now be successively 

approximated to a homogeneous earth using the technique suggested in this thesis. 

Figure 4.14 Coyote electrode site, four-layered earth mode1 based on Table 4.5 
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1'' Approximation: 

The effective rod length embedded in the bottom-most two layers, Li = 44.77m. 

The top iayer resisrivities, pl = 45 C2-m and bottom layer resistivity, pz = 4 R-m. The 

thickness of the top layer is 32.92m and therefore D=32.92/44.77, which yields 73.53%. 

The p ,/pi ratio = 1 1-25. 

From Appendix C, 

Perform interpolation for p l/pz = 1 1.25; D=73.5% 

Peqv-nl = 0-22 

.'. p,,- 1 = 0.22 x 45 

= 10.0 S2-m 

2nd Approximation: 

Lz =49.95rn ar.d pl = 140 Q-m and p l  = 10.0 R-m, D = 10%. p ,/pz = 14. From 

Appendix C, the normalized equivalent resistivity curve corresponding to p1/p2 ratio of 

14, 

Peqv-n~ = 0-08 

.*. p,,-?= 0.08 x 140 

= 1 1 .O Cl-m 
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3rd Approximation: 

L3=53m and pl = 35 R-m and p l  = 11.0 R-m, D = 6%, pI/p2 = 3.18 = 3.00. 

From Appendix C, the normalized equivalent resistivity curve corresponding to pi/pz 

ratio of 3. 

Notice that the prediction of the equivalent resistivity is 40% smaller than the 

conservative value of 20 $2-m used throughout the design. This shows that given the 

geophysical information, the rnethodology of predicting an equivalent resistivity, 

presented in this chapter is applicable and reliable in practical engineering designs. 

4.7 Chapter Summarv 

This chapter suggests techniques for efficient handling of multi-layered earth 

orounding problems, which involve single rod or multiple rods arranged in a ring 
C 

configuration. Key aspects of the suggested techniques are outlined below: 

(1). Locations of earth layers: 

It  has  been shown that if the layers are located at a distance of more than 2L from 

the earth's surface, their influence is insignificant and can be replaced by using the 

technique discussed in section 4.2. 
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(2). Normalized equivalent resistivity cuwe: 

These are general curves that can be used to reduce a two-layered earth to a 

homogeneous earth, regardless of the rod length, L and radius r provided L >> r. The 

trend of variation is govemed by two ratios ive, the D/L ratio and the ratio of the top layer 

resistivity, pi to the bottom layer resistivity, pz, that is the pi/pz ratio. The ratio pi/p2 is 

important rather than the absolute values of pl and pz . 

(3). Successive approximations: 

If there exist more than 2 layers of earth, starting from the bottom-most two 

influential Iayers. one can employ the method of successive approximations to reduce the 

multi-layered earth to a homogeneous earth as discussed in section 4.6.1. For k-layer 

exth, ( k - l )  approximations are necessary to reduce it to a homogeneous erirth. 

(4). Arbitrary p r / h  ratio: 

If a normalized equivalent resistivity curve (Appendix C) is not available for a 

particular value of pL/p2 ratio, one can either choose to round it up or down, so that the 

existing curves in Appendix C can be used. Altematively, if the pI/p2 ratio of interest lies 

within the range of the existing curves in Appendix C, interpolation can be performed to 

arrive at an equivatent resistivity, which corresponds to the D and the pl/p2 ratio of 

interest. 

However, extrapolation should never be performed! If the pi/pl ratio of interest is 

beyond the range of the existing curves in Appendix C, the required normaiized 

resistivity curve will have to be derived as outlined in section 4.3. 
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(5). Multiple-rod electrode: 

Although the nonnalized equivalent resistivity curves were generated by using a 

single vertical ground rod arrangement. they can be employed to tackle prounding 

scheme involving muitiple rods, provided that the rods are instaiied vertically into the 

ground and their length, L is much greater than the radius, r. 

Assume that only one rod is installed in the selected site. Then, apply the 

appropriate techniques discussed in rhis chapter ro amve  at an equivalent resistivity, p,,. 

This p,,, is a reliable parameter that can be used for the design of the multiple-rod 

electrode. 
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Chapter 5 

Non Horizontal Two-Layered Earth 

Thus far, d l  the discussions have been focussed on homogeneous and multi- 

layered earth composed of paralle1 layers. In practice, the earth layers may not be 

parailel to each other. 

This type of non-homogeneity presents a new set of challenges, not only from an 

engineering design perspective but also from the point of view of the geophysical 

information collection process. Tremendous efforts and exhausting surveying are 

required in order to obtain detailed information on the nature of the layers. This is both a 

time consuming and financiaIIy burdening process. 

In this chapter, an investigation into the influence of inclined-earth layers is 

carried out; onIy two layers are considered. The effects on the overall ground resistance 

due to inclined layers are studied and suggestions are made for handling this type of non- 

homogeneity. It is necessary to point out that the interfaces between the layers are 

modcled as flat planes, which is undoubtedly an approximation. 
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5.1 General T v ~ e s  of Inclinations 

There are actually numerous possible cases of inclined layers. For simplicity, a 

vertical ground rod embedded in a two-layered earth mode1 will be used throughout the 

discussion. The are in general two types of inclinations, which are labelled Type-1 and 

Type-II in  this thesis and are shown in Figs. 5.1 and 5.2. 

5.2 Tyr>e-I Inclined Earth Layer 

The layer is inclined at a particular angle, 8. It is obvious that the increase in the 

volume of soil with resistivity pl, to the left of the ground rod is compensated by the 

decrease i n  the volume of the same soil to the rîght of the rod. The same applies to the 

lower layer of soil with resistivity p?. The decrease in volume of the lower layer soil to 

the left of the rod is compensated by the increase of volume to the right of the rod. 

Figure 5.1 Type4 inclined erirth layer 
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Suppose there exists such a location with the geophysical structure as shown as 

Fig. 5.1. The best way to obtain an optimum design wiIl be to move the entire ground 

rod to the area, which contains soil with lower resistivity. There is no doubt that the 

Iowa the soil resistivity, the smaller the ground resistance. If pl is smdler than pi, the 

ground rod should then be moved to the left. On the other hand, if pl is larger than pz, 

the ground rod should then be moved to the right. 

If 0 is large, moving the location of the electrode laterally towards the soil with 

lower resistivity will be a pood way to obtain the optimum design. However, if 0 is 

srnaIl, moving the location of the electrode may not be practical. The situation wiH have 

to be deaIt with as it is. 

Suppose that the inclination is small, one can approximate the interface of the 

inclined layers by a flat plan, mnning parallel to the earth surface, i-e., ~ h e  dotted line in 

Fig. 5.1 with pl on top and p:! on bottom. This reduces the problem to a two-layered 

e x t h  problem which can be handled as discussed in previous chapters. The effect of the 

magnitude of the angle 8 on this approximation is discussed in section 5.4. 

5.3 Tvpe-II Inclined Earth Laver 

This situation is depicted in  Figure 5.2. For simplicity, the geornetry is assumed 

to be symmetrical. This is actually the worst case scenario. An increase in 8 means a 

decrease in the volume of the upper layer soil and vice versa. This nonetheless directly 

affects the ground resistance of the electrode. 
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Figure 5.2 T ype-II i nclined earth layer, V-shaped 

The angle 8 measures the inclination of the layer interface. In Fig. 5.2, this angle 

is considered to be positive and the layer's interface is V-shaped. Clearly the other 

equivalent worst crise scenario occurs when the layers are inclined as shown in Fig 5.3. 

Figure 5.3 Type-II inclined earth l ayer, i nverted V-shaped 

In Fig. 5.2, the angle, 8 is considered to be negative and the  layer interface is in 

the form of an inverted V-shape. 
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5.4 FEM Mode1 and Simulation Results 

Suppose there is a single vertical ground rod with length, L and radius, r of 20 and 

0.127m embedded in an inclined two-layered earth as described in section 5.3, with the 

top and bottom layers resistivities, p l  and p:! of 100 and 200 R-m. The model used for 

performing the FEM simulation is depicted as Fig. 5.4. The angle of inclination, 0 in 

Fig. 5.4 can have either positive or negative value. If 8 is positive, Fig. 5.4 represents the 

axisymmetric version of Fig. 5 -2, otherwise Fig. 5.3. The boundary conditions imposed 

on the planes of truncation are the same as dicussed in sections 3.2 and 3.3, which are 

"J-Parallel" on the top plane and "O-Potential" on the edge plane and the bottom plane. 

Ground rod: 
length =L 
radius = r 

Top Plane with BC: J-ParaIlel 

'r 

Figure 5.4 FEM axisymmetric model of single vertical rod grounding 
in an inclined two-layered earth 
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Tables 5.1, 5.2 and 5.3 show results obtained from FEM simulations for values of 

D equal to 18, 30 and 40m, which correspond to 90, 150 and 200% of L. The variation of 

8 considered is from -10 degrees to 10 degrees in 2 degree increments- Notice that when 

8 is O degrees, it irnplies a parallel running, non-inclined two-layered earth. 

The values in the "differences" column listed in Tables 5.1, 5.2 

percent differences between the ReSfts with respect to the Ra, evaluated 

degrees. This demonstrates the effect of inclination of the layers 

resistance of the eiectrode. Once again, it 

models and meshes used for the simualtion 

10% can be guaranteed. 

and 5.3 are the 

'when 0 is at O 

on the ground 

is worth mentioning here that al1 the FEM 

have been checked and errors no worse than 

Table 5.1 D is at 18m (90% of L), pi and pl are 100 and 200 R-rn 

Difference [%] Rfl ,  P i  Theta, 0 [Degrees] Y Eml 
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Tabie 5.2 D is at 30m (150% of L), pi and pî are 100 and 200 R-m 

Difference [%] Theta. 8 [Degrees] 1 Y [ml 

Table 5.3 D is at 4Om (200% of L), pl and pz are 100 and 200 R-m 

&SI [QI 
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5.4.1 Discussion of Results 

Tables 5.1, 5.2 and 5.3 present 3 sets of data associated wiih different values for 

D. As 0 decreases from 10 degrees to - 10 degrees, one observes a decrease in R,,. This 

trend of variation agrees with engineering intuition. As 8 decreases from 10 degrees to 

-10 degrees, the volume of the upper layer soi1 with the lower resistivity, pi of 100 R-m 

nctually increases. This increase in the volume of the upper layer soil causes the 

equivaIent resistivity of the entire earth and ground electrode system to decrease, 

resulting in a drop in the ground resistance since the ground resistance is proportional to 

the earth's equivaient resistivity. 

The largest difference occurs when 8 is at 10 degrees. Based on the results in 

Table 5.1, this difference can be as high as 1 1.60% if D is at 90% of L. One can expect 

the percent difference to be around this magnitude if D is within 130% of L. An 

inclination angle of 10 degrees, which represents a 18% slope is fairly abrupt for this 

ground rod. 

The difference that occurs when 0 is at -10 degrees is always smaller than the 

difference that occurs when 0 is at 10 degrees. This supports one of the important 

findings in chapter 4, where-it was found that the influence of the lower layer soil on the 

ground resistance diminishes as the interface between the 2 layers moves downward from 

the electrode. As 8 is changing from 10 degrees to -10 degrees, one can think of it as a 

situation such that an equivalent interface between the 2 layers of soil is shifting 

downward from the electrode. 

Comparing the results in Tables 5.1, 5.2 and 5.3, it is seen that if the interface is 

located far enough from the electrode, the inclined-layers may be replaced by a two- 

Iayered earth model. The two conditions that encourage the replacement of the inclined- 

layers by a two-Iayered earth model are that (refer to Fig. 5.4) y must be larger than L and 

D must be greater than ZL, i.e, y > L and D > 2L. 
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5.5 Chailter Summarv 

In general. the earth may be multi-layered with either horizontal or non horizontal 

layers. Even if information regarding inclinations is obtainable, the accuracy and 

reliability are questionable. From an electrica1 engineering point of view, a parallel 

running muIti-layered earth model is likely sufficient. 

If there exist strong geophysical evidence that support the existence of inclined- 

layers. one should make use of this information to select the best electrode site, such as 

by moving the electrode to the area with lower soi1 resistivity. The problems associated 

with the earth electrode design can be greatly reduced sirnply by an appropriate site 

selection. 

Suppose that geophysical data does support consideration of inclined-layers in the 

estimation of ground resistance for the selected electrode site, a design engineer can 

aIways approximate the inclined-iayers earth model with a parallel running multi-layered 

erirth model. This is allowable because of the uncertainty nature of the geophysical data 

which mandate a rather large design safety factor. This safety factor will likely take care 

of the error incurred by replacing the inclined-layers earth model with a parallel running 

multi-layered earth model. 

Based on Table 5.1, when the inclination angle, 8 is 10 degrees, the error resulting 

from replacement for this worst case scenario (V-shaped inclination with a two-layered 

canh) is about 1 1 % .  Practical earth electrode design definitely uses a design safety factor 

hisher than 1 . 1 .  On top of that, a V-shaped inclination irnplies a rough terrain, which is 

quite unlikely to be a good eiectrode site selection. 

The two favorable conditions for the replacement of the inclined-layered earth 

model with a parallel running multi-layered eanh model are, (refer to Fig. 5.4) that y 

niust be larger than L and D must be greater than 2L, Le, y > L and D > 2L. 
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Chapter 6 

Thesis Summary 

and Main Contributions 

This chapter summarizes the entire thesis and concludes some of the important 

findings in this research project. It is known for a fact that the most important parameter 

in t he  design of a HVDC eanh electrode is the soi1 resistivity because i t  governs the 

performance and dictates the physical arrangement and size of the earth electrode. 

In this thesis, a technique has been proposed for the simple and efficient 

calculation of ground resistance due to vertically embedded electrodes in a two-layered 

earth with paraIIel mnning layers. This technique c m  be extended to cater for multi- 

iayered earth with paraIIel mnning layers. 
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The approach employed throughout the research project is largely numencal. For 

multi-layered earth. an equivalent resistivity, peq, is derived thereby simplifying the exact 

physical system and enabling a design engineer to deal with the problem more efficiently. 

It produces a more realistic design parameter, which is the equivdent resistivity as 

compared to the conservative apparent resistivity or bulk resistivity that are commonly 

used in the design of an eanh electrodes. 

6.1 Thesis Summary 

Chapters 1 and 2 contain background information required for this thesis. These 

includes the role of an earth electrode in HVDC schemes, discussion on soi1 resistivity 

and its measurement, tools and methods employed and classical analytical solutions. 

Chapters 3, 4 and 5 constitute the main core of this research work. Chapter 3 

discusses the FFiM simulation and assesses the accuracy and reliabiiity of the simulation 

results by cornparing them to the avriilable analytical solutions. Al1 the calculations 

involving 3D simulations were achieved by employing an advanced FEM anal ysis 

technique called 'srtbstrrlc~itrirzg'. It is shown that al1 the results presented in this work 

contain errors no more than 10% with only a few exceptions, which are associated with 

Eq. (2-1). Chapter 4 tackles parallel running, multi-layered earth problems whereas 

chapter 5 focuses on the discussions involving e x t h  with inclined layers. 
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6.2 Main Contributions 

The derived normalized equivalent resistivity curves can be used to sirnplify the 

evaluation of the ground resistance due to a single vertical rod buned in ground 

provided that the length of the rod is much Iarger than its radius i.e, L >> r. 

In a two-layered earth problem, it has been shown that if the lower layer is 

situated at a distance of more than twice the length of the ground rod Le., D > 2L, 

its existence can be safely disregarded. One may extend the top layer to replace it 

thereby reducing the two-layered earth to a homogeneous earth. 

The above finding can be extended to the multi-layered case as explained in 

section 4.2. 

A simple technique which relies on the ratios of DIL and p1/p2 for reducing a two- 

layered earth to a homogeneous earth by using the normalized equivalent 

resistivity curves has been proposed. 

An extension of the above technique has led to the method of successive 

approximation, which allows a multi-layered earth to be approximated to a 

homogeneous one. 

The proposed techniques are also applicable to vanous arrangements of vertically 

embedded ground rods provided the condition of L >> r is satisfied. regardless of 

the formation used Le, ring. star, hollow square etc. 

In al1 of the above cases, once a problem has been reduced to one with 

homogeneous earth with some equivalent resistivity, p,,?, the ground resistance 

may be found by using numerical analysis or by reson to use of classical solutions 

in [36 Dwight], [48 Sunde] and [64 Tagg]. 
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Appendix A 

Type of Soi1 
Loams, garden soil, etc 

Resitivity (Q-m) 
5-50 

Clays 
Clay, Sand and grave1 mixture 

Table A. 1 Typical values of resistivi ty of some soils, reproduced from [64 Ta&. 

8-50 
40-250 

Sand and grave1 
Slates, shale, sandstone, etc 

Crvs talline rocks 

1 iMateria1 1 Resistivitv (R-m) 

60- 100 
10-500 

200- 10.000 

Aluminum 
Arnber 

Bakelite 
Carbon 
Copper 

Glass(p1ate) 
Graphite 
Halowax 

Mica 
Oi 1 (mi neral) 

Paraffin 

2.9 x 1 O-' 
1 014 
1 OIJ 

3.3 x 1 0 - ~  
1.7 x IO-' 

1 013 
1 O-' 
1 o1 
1 0I5 
10'" 
1 013 

Pol yeth ylene 
Polystvrene 

Table A.2 Typical values of resistivity of some material [92 Kraus]. 

1 0 ' ~  
1 0 ' ~  

C 

Polyvinyl 
Rubber 

Ru b ber(neoprene) 
Q U ~ ~ Z  

Soil(c1ay) 
Soil(sandy) 

S tone(1imestone) 
Sulfur 

Urban ground 
Vacuum 
Teflon 

Water(distiI1ed) 
Water(fresh) 
Water(sea) 
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10I3 
1 013 
loi3 
1 017 

2 x 1 0 ~  
5 x 1 0 ~  

1 o7 
10'~ 

5 x 1 0 ~  
C*) 

loi5 
loJ 

1 0'- 1 o3 
0.2 



Appendix B 

An Example Illustrating the Technique of Substructuring 

Suppose there is a parailel plate capacitor with two different dieIectric materials 

as depicted in Fig. B.1. which is the 2D mode1 of a capacitor (side view). The dielectric 

materials and the electrodes have an interfacing area of A cm'. The dimensions are 

arbitrririly chosen for simplicity. 

Figure B. 1 Parallel plate capacitor 

The relative permittivity of materials 1 and 2 are denoted by E,I and EG. VI and 

V2 are the  voltages spanning across the 2 types of material. Similarly. El, Dl7 &, and DI 

are the electric field and electric flux density in the corresponding materials. CI is the 

capacitance due to material 1 whereas C2 is the capacitance due to material 2. 

1. Analytical solution 

From electromagnetic theory, 

and 
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The appIicable boundary conditions are: 

Let, V = V, + V2 

= E l  d l  +Er dz 

Hence, V = E l d l  +?hEl d~ 

Therefore, El = V / [dl + '/z d ~ ]  

= 20 / [6+2] 

= 2.5 V/cm 

II. FEM solution 

There are 2 ways o f  modeling this problem: 

(A).  Conventional meshing technique. 

(B) .  Substructuring technique. 
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(4) Conventional meshing 

Figure B.2 FEM model for conventional meshing 

Material 1 is not shaded whereas material 2 is shaded. This conventional 

meshing method uses 160 elements and 537 nodes. Material 1 is meshed with 96 

elements and material 2 with 64 elements. 

By using A M Y S  5.5, this model produces the following results: 

It is evident that these results are a perféct match with the analytical solution. 

(B) Substructuring Technique 

Essentiaily, this method condenses a group of nodes to form an element, called 

the 's~ipere/enzent', which is also known as a 'srrbstriicture'. With regard to ANSYS 5.5, 

this technique involves three passes or stages, which are the 'gerteration pass', 'me pass' 

and 'expamion pass'. For more information, see [99 ANSYS]. 
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(1) Generation Pass 

In the 'generation pass', the focus is on creating the 'superelement'. The user has 

to create the portion to be modeled and mesh it. While creating the 'superelement', al1 

the nodes located at the interfaces between this hcperelernent' and other Superelements' 

or other elements must be defined as 'master degree of freedoms'. The created 

Sripereletnent' can later be used as a conventional element. 

(II) Use Pass 

This is the stage where the user uses the 'siiperelernent' in the FEM model. Extra 

attention is required to ensure proper connectivity of nodes, especially at the interfaces 

of the 'srcpereletnertt ' with other Stcpereiernents' or elements. More specificall y, proper 

connectivity of nodes between the 'master degree of freedorns' with other 'master degree 

uffreedontsf or other nodes must be ensured. 

(III) Expansion Pass 

In the 'me pass', the user obtains solution for al1 the conventional nodes and the 

'ttictster degree of freedonrs' wichin the FEM model. In other words, the solution at the 

interfaces of the Superelement' is already available after the 'rise pass' but not the 

soiution within the Srcperelernent'. 

In order to obtain the solution within the 'sriperelenient' , the user needs to 

perform an 'expansiorz pass ' on the selected 'srcperelernent '. Each 'superefement ' or 

Sr~bstrirct~cre' requires an individual 'expansion pass' to obtained the solution within it. 

Before performing any 'expansion pass', the information from both the 'generation pass' 

and 'use pass' must become available. 
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Using the substructuring technique, one arrives at the following FEM model; 

Figure B.3 FEM mode1 for substructure technique 

lMaterial 1 is not shaded whereas material 2 is shaded. There are only 2 elements 

and 154 nodes that are involved in the 'rise passr- Compared with the conventional 

meshing method in (A), which uses 160 elements and 537 nodes, the FEM model size 

here has been greatly reduced. 

After the 'use pass', the user needs to perform 2 'expansiorz passes' to obtained 

the total solution. In this model, 94 elements were used in the generation passr for 

creating the irriperelernenr' corresponding to material 1 and 64 elements were used for 

creating the Superelenzerrt' corresponding to material 2. 

Aftcr the 'expamion pass', one obtains the following results: 

This shows that the technique of 'sirbstnicticring' if used properly can produce 

very good results. The accuracy of this technique depends on two main factors. The first 

factor being the validiry of the assumption that the elements within the Superelentent' are 

linear. If the connectivity of the overall nodes within the entire FEM model which 

involves 'superefenzenr' is good, so will the accuracy. 
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Appendix C: 

Normalized Equivalent 

Resistivity Curves 
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O 50 150 200 2% 300 350 400 

Thickness of Top Layer, O (DhL] 
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Thicknesç of Top Layer, D [%Il 

niversity of Manitoba $3 :ectricaI & Coinpl in  Engimring 
92 



Appendix C 

O 50 100 r 50 200 ZM 306 350 430 

Thickness of Top Layer, D [%LI 

Rho 1 1 Rh02 = 3 

1 
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Thickness of Top Layer. O [%LI 
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Figure D. I Plan view of the ring electrode configuration, 
reproduced from [88 Prabhakara] 
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ANODE - 
i l  - CALIF 
17-UTAH 

Figure D.2 A typical deep well, reproduced from [88 Prabhakara] 




