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Abstract

It is shown how the two-dimensional equations for microwave planar circuits, which are
in fact a generalization of the one-dimensional telegraphists’ equations, can be derived through a
rigorous theory based on Maxwell’s equations.

These equations are used in the thesis to calculate the dispersion of the fundamental and
of the higher-order modes of propagation on microstrip lines, the losses on microstrip lines, and
the components of the equivalent circuit for symmetric, asymmetric, and cascaded microstrip
lines.

The quasistatic parameters, necessary in the calculation of the modal dispersion, are
determined using a new hybrid analytical-numerical approach. Four methods were developed,
two of them being variational methods, together with theorems for the lower and upper bound of
capacitance. Thus, the error in calculating the quasi-static parameters can be controlled.

The results obtained in calculating the dispersion are within the error of measurement
range for experimental data. The proposed dispersion model permits also the inclusion of losses
in the initial formulation. Thus, the attenuation and the phase constants can be obtained
simultaneously.

Using the same model, the dispersion of the higher-order modes of propagation is
obtained with an error of less then 1% when compared to the more accurate full-wave solution.

For symmetric and asymmetric step discontinuities, simple formulas for the components
of the equivalent circuit are obtained. The results are in good agreement with those from the full-
wave solution. the error being less then 1.5%.

In the case of cascaded microstrip lines, the proposed method reduces drastically the
computation time while giving acceptable accuracy.

The two-dimensional equations can be successfully used up to the cutoff frequency of the

first TM mode, well within the operation range of the microstrip lines.
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CHAPTER 1. INTRODUCTION

1.1. Methods of Microstrip Analysis

Transmission structures used as circuit elements in microwave circuits normally have a
planar configuration. For such a configuration the element characteristics are determined by the
dimensions in a single plane. For example, the width of a microstrip line on a given dielectric
substrate can be adjusted to control its impedance. The requirsd planar dimensions of these cir-
cuit elements can be conveniently obtained by photolithography and photoetching of thin films.
Employment of such techniques at microwave frequencies has led to the development of micro-
wave integrated circuits (Gupta and Singh, 1982).

There are several transmission structures that satisfy the requirement of being planar.
The most common of these are the microstrip, the slotline, and the coplanar strips. Microstrip
lines are widely used transmission structures, mainly due to the fact that the mode of propagation
on microstrips is almost TEM (quasi-TEM). Pure TEM lines consist of two separate perfect con-
ductors surrounded by a homogeneous linear dielectric. Only the triplate line belongs to this
class. TEM modes are distinguished by having only transverse (to the direction of propagation)

electric and magnetic field components. The TEM line is characterized by a phase velocity
v=c, / \/5717 (¢, is the velocity of light in free space, &, is the relative permittivity, u, is the
relative permeability), and a characteristic impedance Z_, both of which are frequency inde-
pendent.

Quasi-TEM lines also have two separated conductors, but unlike pure 7EM lines, the area
containing fields is filled with an inhomogeneous dielectric. This is the case for microstrip lines,

which are composed of a non-magnetic substrate layer (4, =1, €, >1) and air. A TEM wave

should have a velocity ¢, in air and c, / J€, in the substrate, and this apparent contradiction is

overcome by considering a quasi-TEM mode of propagation on the line. The quasi-TEM mode
has at least one longitudinal field component along the direction of propagation and has the
property of approaching a pure TEM mode as the frequency @ approaches zero.

The various methods of microstrip analysis available may be divided into three groups. In
the first group, which comprises quasi-static methods, the propagation mode is considered to be



pure 7EM and the microstrip characteristics are calculated from the electrostatic capacitance of
the structure. This type of an analysis is adequate for designing circuits at lower frequencies
where the strip width and the substrate thickness are much smaller than the wavelength in the

dielectric material.

In the second group, based on so-called dispersion models, the deviation from the TEM
nature of the propagating field is accounted for quasi-empirically. Some parameters of the model
are determined so that the final expression agrees with the known experimental (or exact theo-
retical) dispersion behavior of the microstrip. The methods in the third group take into account
the hybrid nature of the mode of propagation. They are in fact full-wave analysis methods with
both analytical and computational complexity, and they are not the subject of this thesis.

1.2. Statement of the Problem

The objectives of this research are:

e to investigate the applicability of the two-dimensional equations of microwave planar
circuits in the study of microstrip lines;

e to develop an accurate and simple method for the calculation of the quasistatic pa-
rameters of microstrip lines;

e to construct a suitable model for microstrip lines that will allow the calculation of
dispersion, losses, and higher-order modes by using the two-dimensional equations;

e to analyze the range of applicability of the models developed,

e to prove that the two-dimensional equations are derived, in some ideal cases, through
a rigorous theory based on Maxwell’s equations;

e to obtain simple formulas for the equivalent circuit for step and double step disconti-
nuities in microstrip lines, employing the two-dimensional equations;

e to compare the quantitative results obtained with experimental data and with results

from other models presented in the literature.



1.3. Quasistatic Parameters of Microstrip Lines

Circuits with inhomogeneous, non-magnetic dielectrics differ from homogeneous ones in
that the phase velocity v depends not only on the relative permittivity &, of the substrate, but
also on the distribution of the substrate in the field region and on the dimensions of the conduc-
tors. It is always bounded as ¢, / \/e—, < v <c,. The larger the volume of substrate (for a fixed
thickness), the nearer is v to the value c, / \/Z . Therefore, for a complete description of a
lossless, transversely inhomogeneous circuit, either the capacitance per unit length, C’, and the
inductance per unit length, L’, are needed, or C’ of the original circuit and Cy of the circuit of
the same dimensions, but without substrate (that is, with a vacuum filling). Since L’ is inde-
pendent of €., L” and Cj can be determined from one another since ¢y = l/ m .

For transversely inhomogeneous TEM circuits, the so-called effective (relative) permit-
tivity (£,4 ) of the material is used instead of the phase velocity v of the wave. From the defini-

tion of the phase velocity, we have

2 2
2]

where 2 and A, are the wavelengths in the presence and in the absence of the substrate, respec-
tively; thus £,4 is the relative permittivity of an equivalent homogeneous material that should

fill the region outside conductors in order to obtain the same phase velocity as in the inhomoge-

neous original circuit. The effective permittivity &,4 is given also by the following relation-

ships:

2
fog =(cho J (12)

(1.3)



Equation (1.2) defines the characteristic impedance Z_ of the structure in terms of the character-
istic impedance Z_, in the absence of the substrate and of the effective permittivity. In a static
analysis, all these three equations give the same value for £y s always with 1< 6,4 <¢,.

For quasi-TEM lines containing a layer of (isotropic) dielectric substrate material (¢, > 1)
and air (& = &, ), the capacitances C’ and C;, and the circuit parameters Z_, £, cannot be de-
termined exactly.

There are various methods available for calculating the electrostatic capacitances C’ and
C,. Wheeler (1965) used a conformal mapping approximation. Green’s quasistatic analysis
(Green. 1965) of microstrip lines was based on the numerical solution of Laplace’s equation in
finite difference form and is more suitable for enclosed microstrips. Silvester (1968) used an in-

tegral equation method, and Yamashita and Mittra (1968) employed a variational method in Fou-
rier transform domain.

Kompa and Mehran (1975) used the planar waveguide model for microstrips. The static
model (Figure 1-1 (b)) employs an ideal planar waveguide, which has the same characteristic

impedance Z_, effective permittivity £_,, phase velocity v, and wavelength A as the original mi-
crostrip line (Figure 1-1 (a)). The planar waveguide is homogeneously filled with a fictitious di-
electric which has the same relative permittivity &, as the original microstrip line.

An ideal planar waveguide is defined as consisting of two parallel strip transmission-line
conductors, with the field region bounded by magnetic walls (no normal component of the elec-
tric field, nor tangential component of the magnetic field), and with homogeneous electric and
magnetic fields in the dielectric. The widths of the conductors in the model are set equal to the

so-called effective conductor width w_; to include the effect of the fields at the microstrip edges.

The capacitance C’ and the characteristic impedance Z, of the planar waveguide model are

given by

C'=¢E5w4 [h (14)
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Fig. I1-1. Planar waveguide model for microstrip: (a) original circuit; (b) static
model; (c) dynamic model.

The effective conductor width w,_; is determined from the circuit parameters Z_ and £, as

noh noh
= = . (1.6)
7 Zc Jgeﬂ' ZCO

w

Frequency independent, static values of Z_ and & are used for the static planar waveguide



model. For the dynamic model, frequency dependent values of £, and w_ are used.

1.4. Microstrip Dispersion

Numerous authors have tackled the problem of dispersion in microstrip lines (Carlin,
1973; Denlinger, 1971; Getsinger, 1973; Hoffmann, 1987; Jansen, 1978; Kirschning and Jansen,
1982; Kobayashi, 1982; Kobayashi, 1988; Kowalski and Pregla, 1971; Kuester and Chang, 1979;
Mittra and Itoh, 1971; Pramanick and Bhartia, 1983; Pramanick and Bhartia, 1984; Schneider,
1972; Yamashita and Mittra, 1968; Yamashita et al., 1979; Yamashita er a/., 1981) and they have
proposed different models. Experimental data were also published (Edwards and Owens, 1976;
Forzley and Bridges, 1992), as well as model comparisons and comparisons against experimental
data (Atwater, 1988; Medina et al., 1993; York and Compton, 1990).

Dispersion appears when the wave velocity depends on frequency and the fields tend to
concentrate within the dielectric substrate producing an increase in the effective dielectric per-
mittivity (Ramo et al., 1994). The phenomenon of dispersion is due not only to losses in the
stripline, ground plate, and dielectric, but also to the inhomogeneity of the dielectric. Indeed,

consider the case of a microstrip, with the propagation velocity of the electromagnetic plane

wave in air ¢, = I/ JEoM, » Where &, and u, are the permittivity and permeability of free space,

respectively. In the dielectric the propagation velocity becomes v = ¢, / J—: , where &, > 1 is the

relative permittivity of the dielectric substrate. It would seem that a wave can propagate with dif-
ferent velocities in the air and in the substrate, a fact which violates the boundary conditions at
the air-dielectric interface, i.e., the conservation of the tangential components of the electric field
intensity E and of the magnetic field intensity H, as well as the conservation of the normal com-
ponents of the magnetic flux density B and of the electric flux density D. The conclusion is that
there is a single velocity of propagation, dependent on frequency, v(w), its value being between
the previous two. Determination of v(®@) is possible by considering a higher order mode of
propagation, either 7E or TM, i.e. by considering either the longitudinal component of H or of E.

A variety of methods have been employed to determine the effective dielectric permittiv-
ity. There are two main ways of approaching this problem. The first uses a full-wave analysis

and leads to numerical methods which are accurate and give good results as compared to ex-



perimental data. The second uses approximate formulas derived mainly by considering:

a) Coupled modes (TEM and TE or TM);

b) Single longitudinal-section electric (LSE) modes (Collin, 1992);

¢) Curve-fitting to numerical solutions.

In the first category we mention Itoh and Mittra (1973) who have formulated the bound-
ary value problem associated with the open microstrip line structure, in terms of a hybrid-mode
representation. The equations obtained are transformed using the Ritz-Galerkin’s method in the
spectral domain to yield a characteristic equation for the dispersion of the open stripline. Denlin-
ger (1971) utilizes a Fourier transform method in which the hybrid-mode solutions for a “ficti-
tious” surface current at the substrate-air interface are combined in such a way as to represent the
fields caused by a current distribution only over the region occupied by the conducting strip, as-
sumed to be equal to that in the quasi-static case. Such full-wave solutions have been examined
by Kuester and Chang (1979). These methods are computer time-consuming and do not yield
closed-form equations.

In the second category we can mention Getsinger (1973) who uses the assumption that
the quasi-TEM mode on microstrips is primarily a single longitudinal-section electric (LSE)
mode which leads to a transmission line model whose dispersion behavior can be analyzed and
related to that of the microstrip. He also uses an equivalent ridged waveguide model for the mi-
crostrip and determines a semi-empirical parameter from curve-fitting to experimental data, thus
obtaining a simple formula. Schneider (1972) evaluates the frequency-dependent effective di-
electric permittivity using the frequency at the inflection point as a function of the cutoff fre-
quency of the lowest order TE surface wave mode. Carlin (1973) employs a pair of coupled lines
which gives a simple model for microstrip dispersion. He considers a 7EM transmission line and
a TE line, and forms a distributed circuit from these two coupled lines. Kobayashi (1982) uses a
TEM mode and a TE mode in order to improve Schneider’s formula (Schneider, 1972). Praman-
ick and Bhartia (1983) derive expressions for the frequency dependence of the effective dielec-
tric constant of the microstrip and the width of its equivalent planar waveguide model.

In the third category, that of curve-fitting to numerical solutions, we can mention Yama-
shita et al. (1979) who employ a numerical solution based on an integral equation method, ob-
taining a formula which is accurate up to 100 GHz. Kirschning and Jansen (1982) fit results from
a full-wave, spectral-domain analysis. Kobayashi (1988) obtains an accurate formula by curve-



fitting to the more precise numerical solution based on a more rigorous spectral-domain analysis.

Atwater (1988), using previously published experimental data, found that the formula
given by Kirschning and Jansen (1982) was in fact the most accurate. York and Compton (1990)
checked part of the models for various substrates (2.2<¢g, <9.8) and line impedances
(35Q2<Z_<75Q), and found that the best results are obtained by using the formulas given by
Kirschning and Jansen (1982) and Kobayashi (1988).

We conclude that the available approximate formulas, with the exception of those in
(Kobayashi, 1988) and (Yamashita er al., 1981), are accurate only at “low” frequencies, usually
up to 10 GHz, while there are numerical methods for field analysis which give more accurate re-

sults, but require time-consuming computations.

1.5. Dispersion Models
1.5.1. Getsinger Model

The longitudinal-section electric (LSE) mode (Collin, 1992) dispersion model of Get-
singer (1973) (Figure 1-2) consists of a wave medium that allows LSE modes to propagate. The
model is defined by electric (Eungentiat and Hnormas —> 0) and magnetic (Enormal and Hiangentiat = 0)

walls. The dispersion model does not have exactly the same dispersion function ¢, as the origi-

nal circuit because the field distribution is different in the two cases. In microstrip lines the field
is concentrated directly below the conductor edges (scattered fields). Near the strip transmission
line edges, the electric field is mainly parallel and the magnetic field perpendicular to the dielec-
tric boundary. These zones are indicated by the three regions I, II, and II’ of the planar
waveguide model (Figure 1-2 (a)). The middle zone, a planar waveguide with dielectric of rela-
tive permittivity &, (the same as the substrate) and an arbitrarily chosen plate separation A, gen-
erates the parallel-plate capacitor field. The two zones, II and II’, represent the parts of the field
in the air of the original structure. Since the air filled section is more extended than the substrate,
the respective planar waveguide has a larger plate separation. Also, the E-field lines run parallel
and the H-field lines run perpendicular to the dielectric boundary in the model. The dimensions

b/a, c/h,and b/h are determined so that the dispersion given by the model matches as well as

possible that of the original structure. The static values Z_(0) and £,,(0) in the model and in the



original line are matched by the choice of b/a and c/h. Hence, the dispersion function &£ (/)
from the model is determined by the transverse resonance method (Collin, 1992). Then b/h is
obtained by matching &, (f) with the numerically determined dispersion function of the origi-
nal circuit. This calculation (Getsinger, 1973) gives the dispersion function in the form

£, —£4(0)

caN=e e s (.7
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Fig. 1-2. LSE dispersion model of Getsinger: (a) model; (b) dispersion curve &_; ( f).

where

— COZC(O)
S = 2hn, (1.8)

G, =0.6 +0.009Z_(0) . (1.9)

G, is a dimensionless quantity chosen to match the dispersion function of the model with that of



the original circuit. In (Getsinger, 1973) G, was determined by comparing &, from the model
with measurements at f =10 GHz for microstrip lines with characteristic impedances
Z_(0)=15 to 9092, and thicknesses of 0.635x107m and 1.27x107m for Al,0, ceramic sub-
strates (£, =10). In Figure 1-2, the following notation is used for the quantities employed for
matching:
£ = 9¢.4(0) —¢, e, = 36,,(0) +¢, g = £,G, +£.4(0) .
8 4 1+ G,

The lower cutoff frequency f,, of the first higher-order mode of the microstrip is determined by
the transverse resonance method for the planar waveguide model in Section 1.3, with
we=A4,/2 and 4, = co/(fpl‘/—a;) used in (1.6). As seen in Figure 1-2 (b), £,(f) increases
with f from ¢, (0), where the function derivative is zero. The curve has a point of inflection

(turning point) at f, = £, / V3G, and tends toward £y =&, at f =oo. The method described
here has its limitations resulting from the fact that £_,(f) was obtained from a specific, par-

ticular experimental set of data. As shown later on (Atwater, 1988; York and Compton, 1990),

for substrates which are different from A4/,0, (&, #10) and also for different thicknesses sig-

nificant errors occur.
1.5.2. Carlin Model

A dispersion model proposed by Carlin (1973) consists of a coupled TEM-TE circuit
(Figure 1-3). The idea of using coupled lines originates in the possibility of describing the dis-
persion in metallic waveguides partially filled with a dielectric by employing an infinite series of
coupled TE and TM lines. In practice, only two coupled lines are used.

Carlin (1973) has modeled rectangular waveguides partially filled by a dielectric slab as
two coupled TF lines, and circular waveguides with a concentric dielectric shell by coupled TE
and TM lines. A microstrip line can be modeled by a TEM line electrically coupled witha TE

10



L=}, TN

. . L '__J_ TEM Line
Clo7kEg O T i
0 <k <1

LE = uo/l(z

Fig. 1-3. Dispersion model from coupled TEM and TE lines.

line, as shown in Figure 1-3. One of the two lines must be a TEM line since the lowest cutoff fre-
quency of the microstrip is zero, and only a TEM mode has this value of cutoff frequency. The
second line is chosen to be a 7E line since the first higher-order microstrip mode is a quasi-TEM

mode. The frequency dependent effective permittivity £.4(f) = (co/ v)? of the microstrip is de-
rived from the phase velocity v of the propagating fundamental mode in the coupled system of

conductors in the model. The circuit parameters in Figure 1-3 are determined by using the ca-

pacitive coupling coefficient £ and the cutoff wavenumber K of the uncoupled 7F mode. In this

model:

2k?

(1.10)
(fa/ SR+ CRY + (£, /1)

Eq N= Eq (0)|:1 +

where

c0Z.(0) [ &
= 1.11
Ip2 hie  \4.143G, (1
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G, =0.5+0.001Z,(0)¥? (1.12)

and f,, is the frequency at which the tuming point of the dispersion curve occurs for the 7E line

while G, is a dimensionless constant, similar to G, in (1.9). The improvement brought by this

model with respect to the previous one (Getsinger, 1973) is that no recourse to interpolation for
specific experimental dispersion data is required. However, the respective results have errors of

5% when compared to experimental data.
1.5.3. Kobayashi Formula

The formula proposed by Kobayashi (1988) is in fact a modified form of the equation
(1.7) proposed by Getsinger (1973) and improved by Yamashita et al. (1979) and by Kirschning

and Jansen (1982). Kobayashi’s formula is

&, —E.4(0)
g ()=, ——— L (1.13)
7 1+(f/fplr

where f,; and m have complicated forms depending on the microstrip dimensions, w and 4. Re-

sults obtained using this formula will be presented in Chapter 4.

1.5.4. Pramanick and Bhartia Model

The dispersion model proposed by Pramanick and Bhartia (1984) is constructed by con-
sidering that microstrip dispersion is due to the coupling between a surface-wave mode and the
LSE mode (Collin, 1992; Getsinger, 1973). This is the first model whose parameters are deter-
mined from a static equivalence analysis. The conventional microstrip line structure is shown in
Figure 1-4 (a). The model shown in Figure 1-4 (b) preserves all the quasistatic characteristics of

the original microstrip, but does not have any fringing field. The effective dielectric constants &,

and ¢, of sections I and II, respectively, are obtained from y-directed resonances of the struc-

12



tures shown in Figure 1-4 (c) and (d), respectively, &, corresponding to the parallel-plate
waveguide mode of the dielectric filled portion of the model and ¢, to the lowest order surface

mode of the microstrip. The parameters u and v are obtained by imposing the condition that the
model has the same electrical characteristics as the original microstrip.

From the y-directed resonances one obtains ¢, = ¢, and
€ =€r+(‘}i) (1.14)

where k; is the free-space propagation constant and y, is the phase constant. From the LSE
model, by enforcing the fields A, and E, to be continuous at the interface between the two re-

gions [ and II, the following transcendental equation is obtained

7y tanh(y,u) +y, tanh(y,v) =0 (1.15)
which together with the relation

ve =(er —endks +74 (1.16)

gives y, and y,. Once y, and y, are obtained, the frequency-dependent effective dielectric

constant of the microstrip is determined as

Ye y
Eeﬁ'(f)'—'é'l +k—;‘=8” +','c';2- . (1.17)
0

This method gives better results than the ones in (Carlin, 1973) and (Getsinger, 1973) when
compared against experimental data.

13
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Fig. 1-4. (a) Microstrip line; (b) model of microstrip; (c) structure for analyzing y-directed
resonance in region I; (d) structure for analyzing y-directed resonance in region II;
(e) equivalent model at zero frequency.

1.6. Higher-Order Modes on Microstrips

The knowledge of the higher-order modes is important since they affect the usefulness of
the microstrip line at high frequencies (Ermert, 1976). The modes that propagate along micro-
strips consist of a fundamental mode and an infinite number of higher-order modes. The funda-
mental mode has the lower cutoff frequency ( / =0) and this is normally the operating mode of

14



the microstrips (Hoffmann, 1987). The interval between zero frequency and the cutoff frequency
of the first higher-order mode is defined as the technical working range. Determination of the

cutoff frequencies of the first two higher-order modes f,,, and f,., is important because para-
sitic effects (such as extra signal losses) occur near these frequencies and can perturb the opera-
tion of the circuit.

The dynamic planar waveguide model, which is a generalization of the static planar
waveguide model (Section 1.3), was used to produce diagrams and formulas for the cutoff fre-
quencies fyg,, and the dispersion ( &,gpgm (/) ) of the higher-order modes in open microstrips
HE, (Ermert, 1976; Kompa, 1975). For any arbitrary w,s; and h (1.6), the planar waveguide
model, as the rectangular waveguide, has an infinite number of rectangular waveguide #,,, and
E.., modes, where m is the number of half-periods of the field amplitude along the width w,

and » is the number of half-periods along the shorter side 4 (Figure 1-1). For the important prac-
tical case of thin substrates #/4y<< | and n=0. Thus, planar waveguides support H,,

(m=0,12,...) modes, with the mode Hy, (i.e. TEM ) being the fundamental mode. Kompa
(1975) determined a frequency dependent effective width w.r(f) and the cutoff frequencies of
the first two higher-order modes H;, and H,, (corresponding to the HE, and HE, modes) of
the microstrip. Comparisons of theoretically calculated cutoff frequencies fy,o and fy,, agree

well with measurements of the cutoff frequencies fyg and fyr; (Kompa, 1975; Kompa,
1976). Assuming that the measured dispersion behavior of the quasi-TEM mode, as well as that
of the higher-order modes can be described by employing a planar waveguide model, an expres-

sion of the HE, mode of the microstrip line is derived in the form

A,
Aem = Apmo = = (1.18)
) ,fe,ﬁ—.Jl—(fc_/f)‘

with
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mc,

=——, m=0l12,... 1.19
£ 2‘[£,Jw,, (19
.V
0
E.q = (1.20)
7 (ﬂ-f{zo]

where f, = fy;,. A rough estimation of the cutoff frequencies fyr; and fyg, derived from

(1.19) gives (Hoffmann, 1987)

coch
= 1.21
S HEm 210k (1.21)

where 7, is the free-space impedance. Ermert (1976), using a transverse connection of a pair of

bifurcated waveguides and employing a transverse mode-matching technique, obtains the fun-
damental and the first two higher-order modes. Results published by Ermert (1976) are slightly
better than those given by Kompa (1975). Other authors, for example Kobayashi (1982), have
used a simple formula for the cutoff frequency of the first higher-order mode

Jreo =——F—= (1.22)

(since H has a longitudinal component, the HE, higher-order modes are also called quasi
H o (Ermert, 1976; Kompa, 1975) or quasi TE, , modes (Hoffmann, 1987; Kobayashi, 1982)).

This formula introduces significant errors with respect to experimental data published by Ermert
(1976) and Kompa (1975).

1.7. Microstrip Discontinuities

A transmission line discontinuity is a variation from a straight and longitudinally homo-

geneous circuit. At the discontinuity the electric and magnetic fields and the current lines are

16



distorted as compared with those of a longitudinally homogeneous circuit. To account for this,
the discontinuities are analyzed as individual elements (one-, two-, n-port), described in general
by the frequency dependent n-port scattering parameters S,(f). The discontinuities are often

approximated at low frequencies by an equivalent circuit of lumped L and C elements.

Microstrip discontinuities consist of abrupt changes in strip conductor width from w; to
w, , without any change in substrate thickness A or permittivity &,. These discontinuities are
used in low-pass filters and in impedance transformer circuits. The field discontinuities are due
to the increase in current density from the wider to the narrower conductor, and also due to scat-
tered electric (fringing) fields on the front edge of the wider conductor. The current compression

generates a series inductance L; and the scattered fields generate a parallel capacitance C,, as

shown in the equivalent circuit of Figure 1-5 (b). These are referred to the cross-sectional plane
T at the step location. The following methods can be applied to step discontinuity analysis (Ak-
htarzad and Jahus, 1975; Easter ef al., 1978; Garg and Bahl, 1978; Giannini et al., 1992; Gopi-
nath et al. 1976; Kompa, 1973; Kompa, 1976; Kompa, 1978; Koster and Jansen, 1986; Levy,
1999; Neidert and Reilly, 1974; Oliner, 1955; Prouty et al., 1997, Railton and Rozzi, 1988; Sil-
vester and Benedek, 1972; Thomson and Gopinath, 1975; Wolf er al., 1972; Xu et al., 1989):
1. Fullwave analysis of the original structure (Akhtarzad and Jahus, 1975; Koster and Jansen,
1986; Xu er al., 1989), including the air-substrate dielectric inhomogeneity; this method is

valid for all frequencies encountered in practice;

!\)

For low frequencies, a static numerical analysis of the original structure can be used, with

frequency independent values for L; (Thomson and Gopinath, 1975);

A dynamic analysis can be employed for step discontinuities by using the fundamental planar

(93]

waveguide mode (Kompa, 1978) to generate approximate equations for the frequency de-
pendent values of L (equivalent circuits in Figure 1-5 (b,c.e));

4. A full-wave analysis based on the planar waveguide model, with fundamental and higher-
order modes (Kompa, 1973; Kompa, 1976; Kompa, 1978), is used to obtain values for fre-

quency dependent scattering parameters S,(f) of the equivalent two-port (equivalent cir-

cuits in Figure 1-5 (d,f)) of the conductor discontinuity;
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Fig. 1-5. Step discontinuity: (a) original circuit; (b) lumped element equivalent
circuit; (c) equivalent circuit with conductor extension, using the inductance

AL, instead of the capacitance C, ; (d) inclusion of the forward scattered

fields by the extension AL | in the general S-parameter equivalent circuit
from the planar waveguide model; (e) lumped element equivalent circuit
with variable reference plane 7| : (f) general S-parameter equivalent circuit
for planar waveguide analysis with higher-order modes.

5. Experimental determination of the equivalent circuit reactive elements L, and C, (Easter er

al., 1978; Neidert and Reilly, 1974);
6. Approximate equations are used for the equivalent circuit reactive elements (Garg and Bahl,
1978) from the approximations of the static numerical results.

In static approximations, the frequency independent reactive elements L and C, in the
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equivalent circuit (Figure 1-5 (b)) are separately determined by various methods. C, can be ob-
tained from a numerical static analysis of the original structure by using Green functions C,

(Easter et al., 1978), assuming the conductor thickness ¢ = 0. The functional dependence of the

static capacitance is

C,=hf(w/h,w,/h,e,) . (1.23)

L. can be determined by static analysis of the original structure using the Galerkin method
(Gopinath ef al., 1976). Due to the static approximation, L, is constant for all values of &, and

its functional dependence is

L =hf(w,/h,w,[h) . (1.29)

Expressions for the static L, and C,, derived from numerical results, are given in elements

(Garg and Bahl, 1978). If both sections | and 2 of the step (Figure 1-5 (a)) are replaced by their
planar waveguide models, it is assumed that the transfer properties of the planar waveguide con-
ductor discontinuity are the same as those of the original conductor step. The two planar
waveguides are joined at the reference plane T. The front face of conductor 1 is then closed by a
magnetic wall. The planar waveguide model only allows us to determine the effects of the cur-

rent concentration or field discontinuity within the planar waveguide (i.e. L_). The effect of the

scattered electric fields at the front edge of the wider conductor cannot be determined. If only the
fundamental mode is used in the planar waveguide model (i.e. higher order modes are ignored),

then there are simple equations for L, (Kompa, 1978; Oliner, 1955), due to the closed, homoge-

neously filled field region of the planar waveguide. Oliner (1955) proved that the discontinuities
in the planar waveguide model can be converted into rectangular waveguide discontinuities, for
which the equivalent circuits are given in standard reference works, such as (Montgomery et al.,
1948). By using this method, the inductance of the equivalent circuits in Figure 1-5 (b,c,e) is de-
rived as (Oliner, 1955)



281, _ $Werr [ 1/ sin| T W2 (1.25)
ch 5’1‘ 2 w"l

where & =2 for symmetrical steps. If w,, and w,, are taken from (1.6) for the static ap-

L =h2o 1/ sin| ZZa || | (1.26)
o 22,

There are various expressions for the inductance L, which are valid at frequencies higher than

proximation, then

those considered in (1.25) and (1.26) (Kompa, 1978). The frequency dependent L, becomes in-

finitely large at the first cut-off frequency.
The previously described hybrid-mode analysis includes only the fundamental mode for
the step discontinuity. The analysis can be extended to include the HE, higher modes. These

higher-order modes are excited at all discontinuities. The modes generated, depending on fre-
quency, represent propagating waves or evanescent fields, which affect the properties of the dis-
continuity. A rigorous analytical description of these properties is extremely difficult (Gopinath
et al.. 1976). By splitting the discontinuity into sections and employing characteristic waves
matching at each section of the discontinuity, the frequency dependent scattering parameters

S,(f) of the equivalent circuits in Figure 1-5 (d,f) can be obtained by using various numerical

methods.

In Chapter 2, the two-dimensional equations for microwave planar circuits are intro-
duced, along with associated uniqueness theorems. Chapter 3 describes the methods proposed for
calculating the quasistatic parameters of microstrip lines necessary in obtaining the dispersion on
the basis of the models presented in Chapter 4. In Chapter 5 it is shown how the model employed
in calculating the dispersion of the fundamental mode can also be used to obtain the dispersion of
the higher-order modes. Microstrip step discontinuities are the subject of Chapter 6. Two simple
examples of microstrip resonators are analyzed in Chapter 7 using the same two-dimensional

equations. Finally, the conclusions of this thesis are presented in Chapter 8.
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CHAPTER 2. TWO-DIMENSIONAL EQUATIONS FOR MICROWAVE
PLANAR CIRCUITS

2.1. Definition of Planar Circuit Field Quantities

In planar structures the propagation of microwaves is two-dimensional if the thickness of
the structure is much less than the minimal wavelength of the microwave spectrum. The
following simplifications related to the structure of the electromagnetic field are assumed
(Radulet and Tugulea, 1983):

a) The modes of propagation have the electric field E normal to the plates of the structure,
while the magnetic field H is parallel to these plates (Figure 2-1).

Fig. 2-1. Segment of an arbitrarily shaped planar structure showing the fields orientation.

If the system of coordinates is chosen as in Figure 2-1, the fields can be expressed as

E =KkE (x,y,1) Q.1

H =iH (x,y,0)+jH (x,y,1) 2.2)
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b) The fields are independent of the coordinate normal to the plates.

Equations (2.1) and (2.2) describe rigorously only the case of the lossless structures. For lossy
structures there is also a tangential component of the electric field which is neglected. For two
opposite points of the plates, M and M’, an electric voltage can be defined as (Figure 2-2)

u(x,y,1) = [ Edr = E.h . 2.3)

Fig. 2-2. Voltage between plates and the direction of surface current
density.

For each of the plates a surface current density of the equivalent current layer can be defined as

J.(x,y,0) = j: J(x, y,z,0)dz (2.4)
’ A'I' ’
J(x, y,t) = IM;, J'(x,y,z,t)dz . (2.5)

The instantaneous current densities J and J’ in the conducting plates are in general nonuniform
due to the skin effect. In the case where the thickness d of the plates is much less than the

penetration depth, the current densities are assumed independent of z and therefore

J. =Jd (2.6)
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J.=Jd.
The boundary conditions for the magnetic field are
H,=J xk=H, =kxJ,
yielding

J.(M,0)==J(M’,1)

and

(2.7)

(2.8)

2.9)

(2.10)

2.11)

(2.12)

where o is the conductivity of the dielectric. Finally one can observe that the fundamental

quantities in the field theory of the planar circuits are E and H while in the circuit theory the

corresponding quantities are ¥ and J_. The relationships between the two theories are ensured by

Equations (2.3) and (2.8).

2.2. Definition of Planar Circuit Parameters

In Figure 2-3 an elementary parallelepiped 4BCDABC’'D’ is considered, which will

enable us to define the two-dimensional parameters. On the opposite faces ABCDand A B'C'D’
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the electric charges are equal
* Ag = +p AxAy = +eE_AxAy

where p, is the surface charge density and ¢ is the permittivity of the material between the

plates. The elementary capacitance is

AC:-A—Q=£AxAy ]
u h

+Aq

| B
7Y
Dl

u

>
— e — an—

7
7
Ve -aq ay

A’ Ax B’

Fig. 2-3. Definition of the capacitance and the conductance.

Thus, the capacitance per unit area is

C= tm 2¢ -

= £ (2.13)
aray—0 AxAy h

The conduction current through the dielectric medium is
Ai = J AxAy = oF.AxAy

and the elementary conductance is
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u h
The conductance per unit area is
Ax Ay—0 AxAy h

In Figure 2-4 two rectangularly contours I, = abb’a’ and T, = cdd’c’ are considered.

|
l y
— <
| .
C
}?.~— — -n— e anmy aEge o
h | ~7Au AD, A Au
a < y
7 b
7 Ay
/ d AX
r
y

Fig. 24. Definition of the inductance and the resistance.

The magnetic fluxes through the surfaces bounded by the considered contours are

AD, = u H hAy = pu J hAy

A®, = u H hAx = ~u J hAx .

The inductances per square are
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=—-lhm —2-=
L = llxx_n‘anAx uh 2.15)

. AD
L=l gyt @19

For isotropic media (u, = 4, = u)L, = L, = puh. The voltages along the plates are (Figure 2-4)

p
Au, = Au, + Au’ = J _Ax l, +—17)
o'll' aﬂ
\
, . (1 i
Auy=Auy+Auy=Js,Ay —t— .

The resistances per square are

X = = ’ I 4 = (2.17)
a0 J Ax o, O, O,
Au
r =1 + L = L (2.18)

5 = = ; P
Ay—0
v J Ay o, o, O

where o, o, o, and o, are the surface conductivities for the upper plate (") and for the

lower plate (“) in the x and y directions, respectively. For isotropic media (o, =0, =0,)

R, =R, = /o, , o, =6.d, where o, is the conductivity of the plates.
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2.3. First and Second Order Equations

Applying Faraday’s law to the contours I', and I', (Figure 2-5) one obtains

A
u(X"A—x 1] yv t) rx l(x" y- -21 ] t)
2 / c /
7 b
u(x+ AX |y, 1)
2
L I
h
bl
ay
4 A X
/ L / ‘
y
utx, v+,
Fig. 2-5. Relative to the derivation of the first order
two-dimensional equations.
Ax ’ Ax - a
—u[x——z—,y,t)-i- Au, +u(x+—2—,y,t)+ Au, = —5(— Ad)y)

—-u(x,y-%,t)-i- Au; +u[x,y+%}i,t)+ Au; = —%(A‘D,) .

Dividing by Ax and Ay, respectively, one obtains for Ax 50 and Ay — 0 the following

equations

R LS 2.19)
d aJ
- é-y'i =RJ, +L, =2 (2.20)
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rR=|% O E—L‘o 221
1o R |’ 1o L (22D

or
-Vu=R-J,+L-== (2:22)

where

d d

Vi—+j—
lax J

is the two-dimensional del operator.
For isotropic media (R, =R, =R, L, = L, = L) (2.22) becomes

~Vu=RJ, +L a; : (2.23)

Applying the law of conservation of electric charge on a closed surface X around the upper plate

in Figure 2-6 one obtains
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Ax
Jsx x+—=,y,t)

Fig. 2-6. Relative to the application of the law of conservation
of electric charge.

—Jn(x-%,y,t)Ay+Jn(x+%,y,t)Ay-J,,(x,y—%,l}h‘*

J,,.[x,y +%,I)Ax +J. AxAy = —%(Aq).

Dividing by AxAy and taking Ax — 0, Ay — 0 gives

aJ, 9/, ou
e St cZZ
x gy oMtCy
or
du
-V.J, =Gu+C—a—; . (2.24)

The Equations (2.23) and (2.24) are called the instantaneous first order two-dimensional
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equations of propagation for planar circuits.
For an isotropic and homogeneous structure one can obtain the classical one-dimensional

equations, assuming that only the TEM mode propagates, by replacing the per square and per
unit area parameters from Equations (2.23) and (2.24) with the per length parameters as follows

where w is the width of the strip.
For time-harmonic fields the first-order equations can be written in a phasor form as

—VU =R, + joll, (2.25)
_V.J,=GU + jaCU (2:26)

where U and J, are complex quantities, functions of the space coordinates only. The modulus of
Uand J, are the rms values of v and J;. Losses in the material between the conductors can be

taken into account by using complex values for the permittivity and permeability in C and L,

£ =¢&,5,(1-jtand)

H = pop, (1~ jtana)

where & is the dielectric loss angle and a is the magnetic loss angle of the material. The skin
effect in the plates can also be taken into consideration.

For isotropic circuits, the second order equations are obtained by taking the divergence of
(2.25) and by substituting (2.26) into the resulting equations. Thus, the following complex

equations are derived:
VU -4U=0 2.27)
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Vi, -y, =0 (2.28)
where 72 =(R + joLXG, + jwC,).
2.4. Power Conservation in Planar Microwave Circuits

Starting from the first order instantaneous equations, by cross-multiplication with J, and

u we obtain the following identity

-V-@.)=[R-7,)-J, +Gu? +%[%Cu2+%(i-1,)-1,] .

Integrating over the surface S, of the circuit conductor, after some elementary integral

transformation, we obtain

dw.

cm

dt

§ut,n,dl=[[R-7) 7, +Gu2h§+%j[%Cuz +% L-J,)J,]dS:p, +
r Se

Sr

(2.29)

where T is the contour of S and n,, is the inward normal.

For a m-port circuit in which the voltages at the terminals are », and the currents through

the terminals are i, , (2.29) yields

< aw.
E wi, =P, +—= (2.30)
it = 1 ar

m
where Zu i, 1s the electromagnetic power received from the outside sources,
k=1
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P, =[[R-7,)7,+Gulss @31)
Sr
is the Joule power (losses), and

W, = I[-%-Cuz +%(E-J,)-J,]ds W +W, (2.32)

Sr

is the electromagnetic energy stored in the circuit, with W, the energy stored in the electric field
and W, the energy stored in the magnetic field.

For the time-harmonic conditions the power conservation for an isotropic material is

expressed in the form

Su; = [l&s,) 5 +cUulis+ ij_[[%(u,)ul: —%CUZ]dS (2.33)
k=i Sr Sr
or
S=P+jQ (2.34)

where S is the apparent complex power, P is the active power, and QO = 2(0(”7_ —We) is the
reactive power, with W_ and W, being the time average values of the magnetic and electric

energies stored in the circuit.
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2.5. Uniqueness Theorems

2.5.1. Uniqueness Theorems for the Instantaneous Equations

The uniqueness theorems are important for the correct formulation and solution of
problems relative to the propagation equations. From the equation of power conservation (2.29),

the following theorem can be proved:

The surface current density J, and the voltage u at any point on the surface S bounded

by T' of a planar circuit conductor are uniquely determined if the following uniqueness
conditions are given:

Ic) Initial conditions: J (x,y,0) and u(x,y,0); V x,ye S,

Bcl) Boundary conditions: J_,, =J,-n, or u(x,y,t); V x,ye .
If the planar circuit is a m-port the conditions Bcl are replaced by

Bc2) Boundary conditions: u,(t) or i, (t); k=12,....,m .

Indeed for zero values of the quantities in the boundary conditions, the power conservation

equation gives

By integration in time we have
Wem(t) —Wem(o) = _J. de’ s 0
0

since P, is positive definite. With zero initial conditions we have W_ (0) =0 and, on the other
hand, W, (t) is a positive function, #_,(t) 20. Thus, we must have P, =0, W__(¢t)=0, and
therefore J (¢) =0, u(t) = 0. If we consider now two different solutions which correspond to the

same nonzero initial conditions (Ic) and boundary conditions (Bc), their difference corresponds
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to the zero Ic and Bc, and is thus identically zero. Therefore, the two solutions are identical.
2.5.2. Uniqueness Theorems for the Complex Equations

For time-harmonic fields, the initial conditions are no longer necessary and the
uniqueness of the solutions is ensured by boundary conditions B¢l or Bc2 . In phasor form these

conditions are

Bel)J, =J, -n,orU(x,y); V x,ye S,
or

Be2) U,or I, k=12,....m .

If S =0, this implies either U, =0 or /, =0. Under these conditions

p=[[(r1,) 3, +cU s =0

and

1 . 1
=2 —(13,)-3,-=CU?* |dS =0 .
020|513, 3~ 5 V"]

Case I (Lossy Structures)

Either R #0 or G # 0, or both are different from zero.
1) R#0and G=0 implies J, =0.If J_ =0 then

~ 1 .
W, =[>(L3,)-3:d5 =0

Sr

and since Q =0 we also have
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-~

W=jlcz/1¢s=o=u=o.
2

[4
Sr

Proof:

Assume that U,,U,,...,U,, are known and that two distinct solutions U’, J, and U”, J7 exist.
Obviously U, =U,,...,U,=U,. Let U,=U'-U" and J =J,-J7 be the solution

corresponding to the difference voltage U,. Then U, =0 and

DUyly=S,=P,+j0,=0=U,=0and J, =0 .
k=]

This means J, =J? and U’ =U", i.e. the solution is unique.

2) If G#0and R=0=U=0then W.=0=W,_=0and J, =0.

3) If R#0and G#0=J,=0 and U =0.

Case II (Lossless structures)

If R=0,G=0,then P=0.

With S =0 we have Q =0, which implies W, =W, and two cases are possible.

1) W, =0 and W. =0 only when the initial conditions are zero.

2) W, =W.#0 only when the initial conditions are different from zero. Therefore the equation

W_—W.=0 has a number, finite or infinite, of discrete solutions which are the resonant

frequencies of the planar circuit structure.
This is why the resonant frequencies of the planar lossless circuit structure may be calculated by

looking for the solutions of the two-dimensional telegraphists' equations, assuming zero

boundary conditions.
2.6. Network Equations for Microwave Planar Circuits

The network equations express the link between the two categories of boundary

conditions for the microwave planar circuits. For multiport circuits under time-harmonic

35



conditions, the uniqueness theorem states that the two-dimensional telegraphists’ equations have
unique solutions for lossy circuits if either the voltages at the terminals or the currents are
known. Thus, the voltages determine an unique solution for the currents and viceversa. If the
circuits are linear the link between the two sets of quantities is expressed through linear and

homogeneous relations,

Uy =321, k=12,...m

or
L=YY, 1 ,j=12..m.
k=l

In matrix notation, the above relations are

wl=[z] 7]

[[]=[r] [U]

where [Y]=[Z]" and [Z] are nonsingular if the boundary conditions are imposed correctly.
For lossless circuits when there is no unique solution the corresponding matrices are

singular. Now the equations
det[Z]=0 or det[Y]=0

generate the associated eigenvalues.

The network equations allow the treatment of the planar circuits as ordinary circuits in

the schemes used in various microwave techniques.
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CHAPTER 3. METHODS FOR CALCULATING THE QUASISTATIC
PARAMETERS OF MICROSTRIP LINES

3.1. Potential Analysis

In this chapter the quasistatic parameters used in the two-dimensional equations analyzed
in Chapter 2 are evaluated by employing four new methods. These parameters are the

characteristic impedance Z_(0) and the effective dielectric constant ¢ ,(0), at zero frequency.

They are calculated from the capacitances per unit length C” of the original circuit and C, of the
same circuit, but without a dielectric substrate. Considering the inhomogeneity of the structure
presented in Figure 3-1 (a), C’ has been determined by employing numerical methods such as
finite-differences method (Green, 1965; Salazar-Parma et al., 1998), variational methods (Bryant
and Weiss, 1968), integral equation methods (Silvester, 1968) and the method of lines (Schulz
and Pregla, 1980).

The effective dielectric constant at zero frequency is defined as &,,(0) =C’/C;. The

inductance per unit length in the absence of the substrate is determined by using the permittivity
€, and the permeability u, of free space, as L, = £,u,/C, . Assuming the substrate to be non-

magnetic and the strip line and ground base to be perfect conductors, the characteristic

impedance at zero frequency is obtained as

Z((0)=\/§7=“€°ﬂ° L __ % & (3.1)

C, \/8,[(0) - 2w, \/5:,7(0)

where W, is the electrostatic energy per unit length of the structure without substrate, for a unit
voltage between the strip and the ground, and 7, = 1207 is the free space impedance. These

relations are used to characterize the quasi-7TEM mode at frequencies lower than 1 GHz.

For the structure in Figure 3-1 (a), we need to find solutions for the electrostatic field in
two cases: the microstrip without substrate (&, =1 everywhere) and the microstrip with substrate

(¢, =1 inair and &, #1 in substrate). The first problem has an analytical solution and can be
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solved using conformal mapping (Collin, 1992) while the second one does not have such

Y%z yk=%
Eo WV]% v=o—-|%® w c-w/2._v
Ve A f

Il
o

b —— -~

\ / —
o | T x X
s V=0 - l 0 T +c
Substrate Substrate Vv=0

Fig. 3-1. (a) Microstrip geometry; (b) shielded microstrip.

a solution and can be solved using numerical methods. The following assumptions are made:
a) The mode of propagation is TEM (the electric and magnetic field intensity vectors are situated
in a plane perpendicular to the direction of propagation);
b) The ground base and the strip line are perfect conductors (o — =) and the strip has zero
thickness;
c) The dielectric is perfect, homogeneous, isotropic and non-magnetic (&, =constant, o =0,
M= Hg)-
We observe that the extension of the ground base and of the dielectric in the x direction is never
infinite. Therefore we may choose the model in Figure 3-1 (b), where ¢ >> w, such that the
introduction of the lateral walls practically does not affect the resulit.

For the calculation of C’, we solve the electrostatic field problem in the region defined
by y >0 and bounded by the two electric walls. The potentials ¥, and V, in the two subregions

(1) and (2) satisfy the two-dimensional Laplace equation
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2
8 V a 4 —=0 for xe [-c,c], ye (h,)

ayz
v, 3,
axZ ayz =0 for xe [’C,C], Y€ [O’h) ’ (3-2)

under the following boundary conditions

Vi(x,20) >0, V(%c,y)=0
Vy(x,0) =0, ¥, (*c, ) =0
Vi(x,h) =V,(x,h) =V, for xe [-w/2,w/2] (3.3)

and the continuity equations

Vi(x,h)=V,(x,h) for y=h, x@®(~c,—~w/2)U(w/2,c)

E,— =& for y=h, xe (-c,~w/2)u(w/2,c). (3.49)

The solutions in the two subregions are obtained by applying the method of separation of

variables, in the form

Vi(x,y)=) A,e*" ™" cosA,x ,y>h
k=1
sinh 4,y
V.(x, B k= cosA, x , ye (0,h 3.5
(y),‘z,:‘smhl,,h a ye (0,h] (3.5)

where A, =(2k —1)x/2c, which satisfy the first two conditions in (3.3). From the first condition
in (3.4) we obtain 4, = B, with 4, yet to be determined from the second condition in (3.4). The
complete solutions can be obtained if the potential distribution at y = # is known. On the strip
the potential ¥V =V, is given while that on the dielectric is unknown. Thus, the problem must be

solved numerically.
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3.2. Proposed Solution Methods
3.2.1. Point Matching Hybrid Method

The boundary between the two subregions, at y = A, is divided in 2(M + N) equal
intervals, where 2N points are on the strip and 2M are on the dielectric. One interval will have
the length Ax, =c/(M + N). Due to the symmetry, V(x,y)=V(-x,y), only M + N +1 points
are used. Therefore the problem is soived only for x 2 0. On the strip we impose the Dirichlet

condition V =V, , which gives

N+M +]

Vi(x,,»)=Vy(x,,y)= Y A, coshx, =V, (3.6)
k=1

where i =0,l,...,N and x, =iAx. The last point on the strip is x, = NAx = w/2. For the next

M points we impose the second condition from (3.4). Thus,

N+M+] N+M+1
€Y A cothdhcosdx, =—g, I A coshx,, i=N+1.. . N+M (3.7)
k=1 k=1

and x,,.,, =(M + N)Ax = c. The following system of (N + M +1) equations with (N + M +1)
unknowns is obtained
N+M+]

Y 4, cosAx, =V,, i=0]...N (x,=0)

k=1

N+M+1
Y A (s, cothlh+1)cosAx, =0, i=N+1,....,.N+ M. (3.8)

M
k=1

By solving the system of equations (3.8) we obtain the coefficients 4,,.... 4,,,,,, Which give the

approximate solution in the form of truncated series. The electrostatic energy per unit length is

calculated from
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Dy z M oxt L
-e.,j Va'dr jV g [Vm)

where Z, and Z, are the boundaries of the two subregions (1) and (2), respectively and n_, is

the outward normal. Therefore,

1 N4+AM+l

ZA A, (e, cothA,h+ e,
=i

IN

N+M+1

== > A A (coth Ah + )e,c
2 k=1

where W, is the energy of the structure without substrate and 4, are the solutions of Equations

(3.8) with ¢, =1. The capacitances per unit length are

If ¥, =1, then C, =2W, and C’ =2W .

3.2.2. Improved Flux Matching Hybrid Method

In a second method we use the same procedure as in the first one, but instead of
employing the condition of continuous normal component of the electric flux density vector

across the boundary between the two subregions at every point x,, we impose the continuity of
the electric flux along each small interval Ax, on the dielectric boundary outside the strip. Thus,

only the second equation (3.7) is modified to
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NeM+l Tia1 N+M+1 L.

£, A cothh [ cosAxdi=—-£, Y A4, [cosi,xds (3.9)
k=1 5, = 3
and hence
N+M +1
) A, cothLh+1)sin A4, x,,, —sin 4,x,)=0, i=N+L.. N+ M. (3.10)

k=1
Finally, we obtain a system of (N + M +1) equations with (VN + M +1) unknowns in the form

N+AL+]
ZAk cosd,x, =V,, i=0]1,...,N

k=1

N+M+1 -— -
S’ 4,(s, coth 4.k +1)sin 4, x'*'z X cos A, x,+,2 X 20,i=N+1,..,N+M. G3.11)

k=1

The electrostatic energies and the capacitances per unit length are obtaincd as in the first method.

3.2.3. Variational Method for Potentials

A third proposed technique is based on the fact that the solution of the Laplace equation
in a domain corresponds to the minimum electrostatic energy in that domain. This is true even if
the domain is piecewise homogeneous, as in the case of microstrip. We use the same
discretization employed in the first two methods, but this time instead of solving for the

coefficients 4, we choose the potentials at the points x, on the interface as unknowns,

Vix)=V,, i=0l,..,N
Vix,)=V,, j=N+L..,N+M-1

7

Vi =V (€)=0. (3.12)
On the dielectric interface, at y = h, the potential is linearly interpolated on each interval Ax ,
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V(x)=ax+p, for xe(x,x,), y=h. (3.13)

Sinceat y=h

Vix)= iA,‘ cosd, x (3.14)

k=1

the Fourier coefficients are given by

A = %jV(x) cos A, xdx = %I:VDICOS A xdx + Nﬁ_l ]:l(alx +5, )cos}.,,xttt] (3.15)
0 (]

=N x,

where

ax +p =V,

1 /+l +ﬁ /+| (316)

Performing the integrals in (3.15) and rearranging the terms after |

N+M
=Y BV, (3.17)

=N

where the coefficients B, are known. The electric energy per unit length is determined as in

Section 3.2.1, from

LA §V 22 45, (3.18)

e
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with the energy stored outside and inside the dielectric given, respectively, by

NeM+1

o4
W, =360 2 (3.19)
k=l
and
c NeM+l
W, =3¢ Y A, Al coth Ah. (3.20)
k=1

With (3.17), the total energy per unit longitudinal length is

c NeM+l N+M 2
W=W +W2=—2- > lk(eo+ecothikh{ZBbVl] : (.21
k=l J=N

Minimizing W with respect to the unknown potentials ¥ we obtain

aW N+AM +| N+M
5, =¢ Y A(e,+ecothi,h) Y BV, |B, =0, [=N+1.. ,N+M-1. (3.22)
i k=i =N

The following system of nonhomogeneous equations with M-1 equations in AM-1 unknowns,

Vv

N+leo-

<oV ¢ as-1» 1S Obtained

N+AM -1
agV,+ Yal, =0 (3.23)
J=N+1
where
N+AM +1
a,= Y 4(+¢, coth,h)B B, . (3.24)
k=l



Once this system is solved, the coefficients 4, are calculated from (3.17) and the energy W from
(3.19)-(3.21). The capacitance per unit length is finally obtained,

C'= 2w . (3.25)

v

Similarly, for the microstrip without substrate (& = &, ),

Cy = 7 (3.26)
Then, the effective dielectric constant ¢,,(0) at zero frequency is obtained as
c W
EL(0D)=—"—=—, 3.27
7 (0) A (3.27)

The computer program has to be run twice in order to obtain &,,(0) and the characteristic
impedance of the microstrip line. With the coefficients 4, determined, the analytical expressions

in (3.5) allow the calculation of the electric potential and field intensity at any point in the region

considered.
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3.2.4. Theorem for Upper Bound of Capacitance

Consider the capacitor in Figure 3-2.

Fig. 3-2. The armatures of a capacitor.

If the dielectric is nonhomogeneous, the equation satisfied by the electric potential is
V-(VV)=0 (3.28)

with the boundary conditions V=V, and ¥V =V, on the conductor surfaces I, and Z,,

respectively. The capacitance can be expressed as
pli 4

q
C= = ) 3.29
G-V, W -V.) 5:29)

Let U be a function which does not satisfy the Equation (3.28) (V- (¢VU)# 0), but satisfies the
boundary conditions U =V, on Z, and U=V, on X,,andlet u=V-U. On X, and %,, u=0.

The energy W* which would correspond to U is calculated as

| 1 2 40
W= J’D:e(vuf =3 Ioze[V(V—u)] dv =
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1 2 1 2
=1 LY -~ Vudv . :
2J&£(VV) dv+2'fD‘£(Vu) dv jofvv udv (3.30)
But
-J'D!eVV‘Vudv =-ID:V-(u£VV)dv ='§t,+z, ue(VV)-ndS=0  (3.31)
since V-(eV¥) =0 (the exact solution) and ¥ =0 on Z, and Z,. Thus,
s - 1 2 - -
w —W+-2—ID:£(Vu) av>W. (3.32)

Hence

c=F W __c (3.33)
Vi -ny w-v)

with C*¢ being an upper bound of the exact value C of the capacitance.
The method presented in Section 3.2.3 builds a function U from two functions ¥, and V,,

defined in two subregions, which satisfy the Laplace equation everywhere except on the

dielectric boundary. By minimizing W * we approach the exact value W.

3.2.5. Variational Method for Electric Charges

A fourth method is being proposed to enable us to control the error introduced in the
variational approach in Section 3.2.3. Consider again the general solution in (3.5) and a

discretization of the dielectric boundary in 2(M + N) intervals. The free electric charge density
p,(x) is different from zero on the strip line and zero on the dielectric boundary. The values of

P, (x) at the discretization points on the strip are unknown. From the condition
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DZn “Dln =p.t(x)

(3.34)

where D,, and D,, are the electric flux densities in the two regions (see Figure 3-1 (b)), the

charge density is obtained in the form

p.(x)= i A A (ecoth L,h+¢,)cos A, x .
k=1

Using the Fourier series expansion

p.(x)= Z R, cosd,x

k=1

the coefficients R, are expressed as

Xiet

2 N
R, =—Z jp,(x)coslkxdx
C =0 X,
with
R,
4, = .
A.&,(g, cothd_x+1)

Using again a linear interpolation for p,(x), Equation (3.37) can be written in the form

N
Rk = Zﬂhpxl
=0

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

where p, are the unknown values of p,(x)at the discretization points and the coefficients S,

are known. The expression of the electric energy is minimized with respect to p,,,
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oW

=0, i=0,},...,N, (3.40)
ap,

which yields a system with N +1 equations in N +1 unknowns. Since the total charge per unit
length of strip is given,

w/2
[p.(x)ax =gy, (341)

~wf2

the system (3.40) is in fact reduced to a system of N equations in N unknowns, giving o, and
then R, and A4,, and finally the energy. The capacitances are calculated as shown in the

previous Sections.

3.2.6. Theorem for Lower Bound of Capacitance

Consider in Figure 3-2 the electric charge +¢ on the armature Z, and —g on Z,. The

capacitance is expressed now as

2

q q
C= =4 3.42
V,-v, 2w (3.42)

S

Let U be a function that satisfies the equation V-(éVU)=0 but does not satisfy the boundary

conditions, U # ¥ on X, and on Z,. Assume that U gives the same charge on the two armatures

E——dS (3.43)

and let U =V - u. The associated energy is
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c_ 1 1 1 .
W= -2-]'02 e(VU) dv = EIoz S(VV)Z""*EIDf(V")zd" _iﬂz V(eVu)-ndS (3.44)

since V- (eéVu)=0. The last integral in (3.44) can be developed as

~§, . V(eVu)dS =~(¥q,, ~V,q.,) =0, (3.45)

the charges corresponding to u being zero (Uand V give the same charge on X, and £,). Thus

¢ l 2
W -W+§I&£(Vu) dv>W . (3.46)
Hence
2 2
c=2_<4 _c (3.47)
QW' 2W

with C' being a lower bound of the exact value C of the capacitance. The last two proposed

methods provide the bounds C* and C'.

3.3. Numerical Results and Conclusions

The performance of the method in 3.2.2 was compared with that of the method of lines
(Hoffmann, 1987; Schulz and Pregla, 1980) for w/h=0.02, 0.03, 0.04, 0.05, 0.1, 0.15, 0.2, 0.3,
04, 06, 0.8, 1.0, 1.2, 1.4, 1.6, 1.8, 2.0, 2.5, 3.0, 3.5, 4.0, 5.0, and 10.0, and for relative
permittivities ¢, =2.1, 2.3, 2.5, 3.78, 9.6, 10.0, 11.9, 129, and 16. For microstrip lines without

substrate (&, =1), the method of lines has an accuracy of 0.12% on average with a maximum
error of 0.2% for Z_(0), with respect to the exact values determined by the method of conformal

mapping. The integral equations method using Green’s function (Silvester, 1968) generates
results which differ from those obtained by the method of lines by 0.3% on average for £ (0),
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with a maximum of 0.4%, and by 0.8% on average for Z_(0), with a maximum of 2%.

For the calculation of £,(0) we set c—w/2=10w in the case of w/A>1 and
¢ —w/2 =10h in the case of w/h<1. Taking the number of discretization points M + N =300,
the proposed method gives results for £,,(0) with an average of 0.26% difference from the

results obtained by the method of lines (Hoffmann, 1987), with a maximum difference of 0.4%.
In this case the computer time, employing a HP 300 AHz Personal Computer, is 15 seconds. If
the number of points is increased to 500, the differences are on average 0.14% (maximum 0.3%).
The computer time increases to 50 seconds. In Table 3-1, the convergence of the results versus
the total number of points M+N is presented. In Tables 3-2 and 3-3 results are presented for all
four developed methods (in Sections 3.2.1, 3.2.2, 3.2.3, and 3.2.5), the number of discretization
points being 300. Knowing that the method proposed in 3.2.3 provides an upper bound of

capacitance and the method proposed in 3.2.5 provides a lower bound, the maximum error can be

defined as

Error(%)= £ (Oﬂm“" (;)E(O)L.», X100
o

where £,(0),, and £,(0),, are the values obtained by applying the methods in Sections 3.2.3

and 3.2.5, respectively.

M+N £.4(0)
20 1.774
30 1.759
40 1.750
150 1.749
200 1.747
300 1.745

Table 3-1. Convergence of the method in 3.2.2 for £, =2.3 and
w/h =0.15.
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w/h

Polyolefin substrate £, =2.3

¢y @) 3) 4) () ©)
0.03 1.715 1.716 1.719 1.719 1.718 0%
0.15 1.745 1.747 1.745 1.746 1.748 0.05%
1.0 1.834 1.834 1.833 1.834 1.838 0.05%
2.0 1.903 1.904 1.904 1.904 1.904 0%
3.0 1.952 1.952 1.953 1.953 1.953 0%
10.0 2.100 2.101 2.101 2.101 2.098 0%
W Alumina ceramic substrate &, =9.6
(1) (2) 3) 4) () (6)
0.03 5.674 5.688 5.705 5.706 5.692 0.01%
0.15 5.869 5.878 5.869 5.871 5.873 0.03%
1.0 6.429 6.428 6.428 6.430 6.448 0.03%
2.0 6.885 6.890 6.887 6.888 6.890 0.01%
3.0 7.213 7.217 7.218 7.218 7.213 0%
10.0 8.221 8.224 8.233 8.234 8214 0.01%

Table 3-2. Results obtained for the effective dielectric constant: (1) method in 3.2.1;
(2) method in 3.2.2; (3) method in 3.2.3; (4) method in 3.2.5; (5) results
in [24]; (6) maximum error.
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Polyolefin substrate ¢, =2.3

w/h
) @ 3) 4 &) (6)

0.03 253.47 | 253.86 | 254.16 | 254.18 | 255.51 0.0%
0.15 177.73 | 178.86 | 17998 | 180.03 | 180.46 0.0%

1.0 92.75 92.77 92.94 92.95 93.30 0.0%
2.0 64.34 64.41 64.53 64.55 64.52 0.0%
3.0 49.90 49.97 50.00 50.02 49.96 0.0%
10.0 19.87 19.92 19.96 19.98 20.02 0.01%

" Alumina ceramic substrate £, =9.6

" (1 (2 €)) 4 () (6)
0.03 139.80 | 139.94 | 140.29 | 140.33 | 140.27 0.0%
0.15 98.19 98.30 98.33 98.35 98.38 0.0%
1.0 49.96 50.01 50.07 50.11 49.76 0.0%
2.0 34.17 34.15 34.30 34.33 33.90 0.0%
3.0 25.74 25.72 25.80 25.88 2598 | 0.003%
10.0 9.93 9.96 10.06 10.11 10.12 | 0.004%

Table 3-3. Results obtained for the characteristic impedance (2): (1) method in
3.2.1; (2) method in 3.2.2; (3) method in 3.2.3; (4) method in 3.2.5;

(5) results in [24]; (6) maximum error.
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The following general conclusions can be drawn.

The theorems on upper and lower bounds of the capacitance proved in Sections 3.2.4 and
3.2.6 are general theorems that are not restricted to microstrip lines only. Collin (1992), for
example, uses similar theorems for the calculation of the upper and lower bounds of
impedance, employing Green'’s functions, for a stripline with a rectangular inner conductor.

These proposed methods allow the calculation of the upper and lower bounds of impedance,
and of the effective dielectric constant, at zero frequency.

The hybrid analytical-numerical methods presented in this Chapter can also be used for
various other structures such as:

- Microstrip lines with a top shield;

- Shielded mirostrip lines;

- Coupled microstrip lines;

- Slot lines;

- Coplanar lines.
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CHAPTER 4. MICROSTRIP DISPERSION ANALYSIS

4.1. Introduction

Wide spread use of microstrips has made the accurate computation of microstrip
parameters increasingly important. Numerous researchers have implemented both approximate
and rigorous numerical techniques to calculate microstrip line characteristic impedances and
phase velocities. When confronted with using either a rigorous numerical technique or an
approximate solution, the microwave circuit designer must choose between more rigorous, but
time consuming computer algorithms, and relatively simple closed form expressions with limited
ranges of validity and degrees of uncertainty. In all cases, reliable experimental data is required
to verify the numerical approach or to determine the limitations of an approximate expression.
Extractions of experimental data, however, is expensive and time consuming; this explains the
fact that only limited experimental results are available in the literature for comparison of
performance of various microstrip dispersion models (York and Compton, 1990; Forzley and
Bridges, 1992).

Comparisons among different dispersion models were published by Verma and Kumar
(1998), Atrwater (1988), Edwards and Owens (1976), Kuester and Chang (1979), and York and
Compton (1990).

Verma and Kumar (1998) compared results based on the available dispersion models
with those from a numerical solution and not with experimental data. This is why comparisons
with the empirical formula proposed by Verma and Kumar (1998) will not be performed in this
thesis.

Atwater (1988) compared the performance of various models using published
experimental data “taken from each curve by measurements on an enlarged photocopy”. The
author concludes that the model published by Kirschning and Jansen (1982) is the most accurate
(rms error 2.3% for the data employed).

Edwards and Owens (1976) published an extensive set of experimental data covering the
frequency range of 2-18 GHz. The measurements were performed on a single type of substrate
(sapphire) using ring resonator techniques and the frequency error was estimated at less than 2

MH:. They concluded that the model proposed by Getsinger (1973) is sufficiently accurate for
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practical purposes.
York and Compton (1990) published results for microstrip dispersion over the range of 1-

18 GHz, measured using the method of gap-coupled resonator pairs. The estimated errors
were + 1 MHz in frequency, + 0.05 mm for length, corresponding to about 0.8% in the measured
permittivity. These authors concluded that the model proposed by Kobayashi (1988) is the most
accurate, yielding rms errors of 0.73% when compared to experimental data, which is
significantly lower than 2.5% as reported by Atwater (1988). This difference is mainly due to the
way the experimental data were extracted from a graph as opposed to having first-hand measured
experimental results. From the available literature, we remark that:

e none of the published empirical equations allow the analysis of the higher-order

modes and their dispersion;

e there is no empirical formula that can evaluate the microstrip losses.
In order to evaluate the accuracy of the results obtained on the basis of the model proposed in
this thesis, in comparison with that of the results from existing models, a full-wave analysis has
been performed for all the cases considered. Among the most recent software packages, the
Sonnet (1999), for example, uses a method of moments solution to calculate the dispersion on a
microstrip line. The line has to be enclosed in a box made of perfect conductor walls. Obviously,
the dispersion characteristics computed by applying such a full-wave analysis depend on:

e the dimensions of the box containing the strip line, and;

e the number of cells used in the discretization of the region considered.
When using this type of analysis, one should truncate the field region and choose the number of
cells in such a way that the results obtained have a controllable accuracy. Since a benchmark
solution does not exist, in this work we proceed as follows:

o first, using a reliable method to calculate the static parameters of the microstrip line,

especially the effective dielectric constant at zero frequency ¢_;(0), such as the two

variational methods proposed in Chapter 3 which allow an evaluation of the errors in
the results. This will give an indication, after the first calculations, as to whether the
results obtained by applying a proposed model are in the expected range given by the
proposed variational methods. Thus, a considerable amount of time can be saved;

e second, relying on accurate first-hand experimental data. This will give an indication

of the accuracy of the computed results over the range of frequencies considered.
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Typical experimental techniques for dispersion measurements utilize resonant structures such as:

e open- and short- circuited transmission line (Hoffmann, 1987);

e gap coupled ring resonators (York and Compton, 1990).
The methods in the first group suffer from frequency dependent effects at the open- or short-
circuits terminations of the transmission line. While the ring resonator eliminates this problem, a
large diameter ring may be necessary to reduce mutual coupling and radiation effects. On the
other hand, resonant techniques only determine the dispersion characteristics at a set of discrete
frequencies.

In contrast to resonant techniques, a sliding load method has been used at the University
of Manitoba to measure directly the wavelength on the microstrip line (Forzley and Bridges,
1992). This is accomplished by sliding some type of load, such as a surface absorber, along the

transmission line and measuring the variation of the input reflection coefficient, which is 4/2

periodic. The dispersion is determined through direct measurement of the voltage standing wave
ratio (VSWR) on an unmatched microstrip transmission line. In this technique, the VSWR is
determined by scanning a near field probe along the transmission line. The wavelength and thus

.7 (f) is then obtained by measuring the distance between successive voltage minima for which

a 180° phase shift occurs. This method is non-invasive and transmission line termination effects

do not affect the calculated ¢_;( f). The effective relative permittivity is given by

2
e,,,-m=(f;° ) @1

where ¢p is the speed of light in free space, f is the frequency, and 4, is an average of the

measured values. The substrate utilized for the measurements was RT/duroid 6010 Ceramic
Polytetrafluorethylene (PTFE) composite (Rogers Corporation, 2000). The relative permittivity
of this material is 10.2+£0.25 and the dielectric thickness considered was 1.905+0.1016 mm.
The experimental data provided by Forzley and Bridges (1992) were obtained using three
measurement methods: ring resonator, sliding load, and direct VSWR. For each method the error

was evaluated by considering » test frequencies,
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Eg (f)m,

=i

2
= | € -£,
R = Z[( 2D este, =€ e, )] “2)
where £.7(f )., Was obtained by using Kobayashi’s formula (Kobayashi, 1988) and &,; (f)neas,
is the measured value, with the rms error being calculated as

2
E, =% (4.3)

ms
n

The results are shown in Table 4-1.

Z,(Q) Measurement technique n | En (%)

VSWR measurement 24 2.07
29.0 Sliding load (magnitude) 21 2.03
Sliding load (phase) 11 1.92
VSWR measurement 25 2.30
Sliding load (magnitude) | 25 2.18
Sliding load (phase) 16 1.41
Ring resonator 23 0.85
VSWR measurement 27 2.64
61.4 Sliding load (magnitude) 30 3.66
Sliding load (phase) 25 2.02

48.3

Table 4-1. Published results in {14] showing the rms error for various
experimental techniques relative to [31] for £=10.2 and
h=1.905 mm.

As seen from Table 4-1 the maximum rms error is 3.66 % for the cases considered. Taking into
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account that Kobayashi’s formula (Kobayashi, 1988) is in error of 0.8 % when compared to the
full-wave results in (Kobayashi, 1982), and that Atwater (1988) reported an average rms error of
0.73% for Kobayashi’s formula, which is lower than the values in Table 4-1, we can safely
conclude that, in the worst case scenario, the experimental data are in error of 3.66% + 0.8% =
4.46% when compared to the more accurate numerical methods. In addition to measurement
errors, supplementary errors are due to fabrication tolerances. This can be analyzed using the
sensitivity approach (Bhartia and Bahl, 1984; Gupta et al., 1979) and by employing the upper
and lower tolerances (Forzley and Bridges, 1992). For example, for the microstrip

geometry in Fig. 4-1, the substrate RT/duroid 6010 has a relative dielectric permittivity of

10.2 £0.25 and a dielectric thickness of 1.905+0.1016 mm.

——'w=4.55mm )<~ v

€ h=1.905 mm

& 4
Fig. 4-1. Microstrip geometry in [14].

For ¢, =102, h = 1.905 mm, and w = 4.55 mm, the proposed variational methods give a
dielectric permittivity at zero frequency &,,(0) =7.446. The value of £,(0) corresponding to
the upper tolerance, calculated with £, =10.2 +0.25=10.45 and # = 1.905+0.1016=2.0066 mm
is 7.575. For the lower tolerance, &, =10.2 -0.25=9.95 and & = 1.905-0.1016=1.8034 mm with
the same w, the calculated value of £,(0) is 7.325. A comparison of the dispersion curves

derived from a full-wave analysis (Sonnet, 1999) for the upper and lower tolerances with the
experimental values corresponding to various measurement techniques is presented in Figures 4-

2 t0 4-4.
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Fig. 4-2. Comparison with experimental data for the microstrip in Fig. 4-1.
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Fig. 4-3. Comparison with experimental data for the microstrip in Fig. 4-1.



]
9 -
< 8 j
_:/ — - Average results {65]
7 —j Lower tolerance results [65)
—: Ring resonator data in [14]
] A
6 T T r—~ - T 1T T 7 1T 7
Frequency (GHz)

Fig. 4-4. Comparison with experimental data for the microstrip in Fig. 4-1.

Most dispersion models introduce errors of less than 5% with respect to the numerical
solution based on the full-wave analysis and to experimental data (Medina er al, 1993).
Therefore, a new model should bring either a more simplified formulation or additional features
not present in the existing models. In this thesis we construct dispersion models based on the
two-dimensional telegraphists’ equations. Employing these models we can calculate:

& the dispersion for the fundamental mode and the losses, simultaneously, and also

@ the dispersions for the fundamental mode and for higher-order modes, simuita-
neously.

In order to validate the models based on the two-dimensional telegraphists’ equations, the
following are performed in this Chapter:

@ a comparison of the dispersion obtained for the fundamental mode with that
calculated using Kobayashi’s formula (Kobayashi, 1988), using a full-wave solution
employing the most recent Sonnet (1999), and with published experimental data in
(Edwards and Owens, 1976; Forzley and Bridges, 1992; Getsinger, 1973; Yamashita
et al., 1981; York and Compton, 1990);
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e a comparison of the losses obtained with the existing results and experimental data in
(Pucel et al, 1968) and (Stracca, 1997);

e a comparison of the dispersion for the higher-order modes with that from solutions
and data published by Gupta er al. (1979), Hoffmann (1987), Kompa (1973), and
Kompa (1975).

4.2. Dispersion Model for Lossless Microstrips

The first order two-dimensional equations for microwave planar circuits under time-

harmonic conditions (2.25), (2.26) can be written in the form

-VU=2],
-V.J,=YU (4.4)

where U is the transverse voltage between the strip and the conducting base, Js is the surface
current density carried by the conducting strip, Z = R+ jwL is the longitudinal impedance per
square, and ¥ =G + jwC is the transverse admittance per unit area. The corresponding second

order equations are

VU-yU =0
Vi, -y, =0 (4.5)

where y’ =ZY. Equations (4.4), (4.5) are to be used in the computation of the microstrip

dispersion on the basis of the proposed model.

The effective dielectric constant for a given microstrip structure can be expressed as

£5(f) = /(Zc,%.anfj (4.6)
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where Z_ is the characteristic impedance of the microstrip, 4 is the height of the substrate, w is
the width of the stripline, £, is the relative permittivity of the substrate, and f is the operating
frequency. The dispersion of a lossless microstrip can be analyzed by using a simple model in
which the static parameters per unit length of the real structure, L and C’, are kept unchanged.

For the microstrip shown in Figure 4-5, the model contains a parallel-plate capacitor, completed
with lateral magnetic walls of £ =0 and g4 — oo, such that the field exists only within the region

between the plates. The model is presented in Figure 4-6, has in the central part ye (—a.,a) a

dielectric between the plates of same permittivity as in the original microstrip, a and b having to
be determined from the condition that the corresponding propagation parameters at low

frequency, Z, =+/L’/C’ and the velocity 1//L’C’, be the same as in the original microstrip.
Assuming the substrate to be non-magnetic, we have to impose only the condition that

the corresponding C’ remains unchanged,

£,2b _

=8, 8B, 00, .7

h h

Fig. 4-5. Microstrip geometry.

CI

X

—

e=0

N
N

<— b — — b —d

'Y
Y
)
Y

Fig. 4-6. The model.
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with the capacitance of the structure filled with air

~2a+b)s, (4.8)

C
0 h

The dimensions a and b are related to C;, and £, (0) as follows:

a= noh
Z.(m+1),/4(0)
b=ma (4.9)
where m is given by
& —55(0) (4.10)
£.5(0)—1

and 7, =</ /€, is the free space intrinsic impedance. This model was presented and used by

Pramanick and Bhartia (1984), Tugulea (1984), and Tugulea and Ciric (1993).
Assume the line to be infinitely extended in the x-axis direction and choose the system of

coordinates as shown in Figure 4-6. Denoting U, (x, y) as the voltage in the region ye (—a,a),
U,(x,y) the voltage in the lateral region ye€ (a,a+b) and U;(x,y) the voltage in the region

Yy € (—a — b,—a), the corresponding two-dimensional equations are

U, U,

+ +7'U, =0 4.11
axz ayz Y Y ( )
o°’U, dU
PR ayzz +pU, =0 (4.12)
U, JU
Fwey +——ayz’ +fU; =0 (4.13)



where 7’ =w’cu for lossless structures and B2 = w?c,u, < y?. Assuming only the dominant

mode of propagation, we look for solutions of the form
Uias(x63) =V, 15(»)e™* (4.14)

where [ is real. From (4.11)-(4.13) we get

el - g2y, =0
Vz""(ﬁoz-ﬂz)’z =0
ve+(82 - B2V, =0 . (4.15)

Since y*> %> f;, we have al =y’ -f8? >0 and —a’ =8} - 8% <0. Equations (4.15)

yield the general solutions

Vi=4cosa,y+B,sina,y
V,=4,cosha,y+ B,sinha,y
V, = 4;cosha,y + B, sinha,y (4.16)

The boundary conditions are

U,(x,a) =U,(x,a) (4.17)
U,(x,~a) = U,(x,~a) (4.18)
J(x,a)=J ,,(x,a) (4.19)
J i (x,—a) =J ,(x,—a) (4.20)
J,(x,a+b)=0 (4.21)
J 3 (x~a—-b)=0. (4.22)

Imposing these conditions at y = a we have:
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A cosa,a+ B, sin@,a = 4, cosha,a + B, sinh a,a (4.23)

a,(- 4, sin a,a + B, cosa,a) = a, (4, sinh a,a + B, cosha,a) ; (4.24)
at y=-a

A, cosa,a - B, sin a,a = 4, cosh a,a - B, sinh a,a (4.25)

a,(4, sina,a + B, cosa,a) = a, (- 4, sinh a,a + B, cosha,a) ; (4.26)
at y=a+b

a@,[A4, sinh a,(a + b) + B, cosha,(a+b)|=0 ; (4.27)

and finallyat y=-a-»5
a,[- A, sinh @,(a + b) + B, cosha,(a + b)]=0. (4.28)

From (4.27) and (4.28)

B __5
4, 4,

=tanha,(a +b). (4.29)

Dividing Equations (4.23) and (4.25) gives

A cosaa+ B sinaya _ 4, cosha,a + B, sinh a,a _ 4,

> . (4.30)
A cosaa—-B sinaa A,cosha,a-B;sinha,a 4,

and dividing Equations (4.24) and (4.26) gives



— Ay sina,a+ B cosa,a _ _4,sinha,a+B,cosha,a _ 4, @31)
A sinaa+ B cosaa —A,sinha,a+B;cosha,a 4, )

A simple calculation shows that these equations are satisfied if B, =0 and 4,/4; =1. Hence,

(B, + B,)sinha,a=0 (4.32)
(B, + B,)cosha,a =0. (4.33)

From Equations (4.32) and (4.33) we obtain B, = -B,. The solutions become

Vi(y) = A4, cosa,y (4.34)
V,(y)=4,cosha,y + B, sinha,y (4.35)
V,(y)=A,cosha,y—B,sinha,y. 4.36)

From the last two equations we observe that V,(y) = V,(—y)and due to the symmetry we only

impose the conditions for y >0,

A, cosa,a = 4, cosha,a + B, sinh a,a (4.37)
- a, 4, sin ¢,a = a,(A, sinh a,a + B, cosha,a) (4.38)
a@,[A4, sinh a,(a + b) + B, cosha, (a +b)]=0. (4.39)

Dividing Equations (4.38) and (4.37) yields

A4, sinh a,a + B, C(.JSh a,a (4.40)
A, cosha,a + B, sinh a,a

-a,tanaa =a,

and from (4.39)
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tanhaz(a+b)=—% (4.41)

and

—-a,tanaa = -a, tanh a,b . 4.42)

Denoting & =aya, k* =w’e,u,(e, —1)a’, and m = b/a the following transcendental equation is

derived

Etan& —\Jk? - &2 tanh(m\/kz -&? )=0. (4.43)
The dispersion (Gupta and Singh, 1982) of the lossless microstrip is obtained as

2 2
cq@=brmc,~5rle, -1 (4.44)

with the first root of the Equation (4.43) corresponding to the dominant mode of propagation.

At very low frequencies, tan& =¢&, tanh(m\/k2 —52):: myk*—-&*, and (4.43) and
(4.44) yield

eg (=6, -——(c,1). (4.45)

At very high frequencies, k> — oo, and we check that
Eg(=)=¢,. (4.46)

To verify for accuracy, the model presented is compared with Kobayashi’s model (Kobayashi,

1988) and with published experimental data. For both models £, (0) is calculated using the
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variational methods introduced in Chapter 3. The results are presented in the even-numbered
Figures 4-8 to 4-50, with the corresponding calculated errors in the odd-numbered Tables 4-3 to

4-45. In the table header the errors are defined as follows:

e the error:

e = 8@.(-/;)-€eﬂ'c(f:) x100 (%)

€ o in )
where £, (f,) is given by Equation (4.44) and £ (/) is given either by
Kobayashi’s formula (Kobayashi, 1988) or by the full-wave solution (Sonnet, 1999);

e the maximum error:
e, = Max(e,)

is the largest error in the frequency range considered;

e the mean (average) error:

dle, |
I

n

e =

is the arithmetic mean of the calculated errors with » the number of frequency points

considered;
e the standard deviation (or rms error):

2
Se
Sei -1
= ! n

n

o

Only the maximum error, standard deviation and mean error are given in the table header.
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—P’ wW=4.49 mm "ﬂ— ¥

€

h=0.491 mm

€,

A

Fig. 4-7. Microstrip geometry in {11].

Substrate | w(mm)

h(mm) | wh

£, £.4(0)

Sapphire 4.49

0.491 9.14

11.5 9.742

Ecﬂ(i)

Table 4-2. Data for the microstrip in Fig. 4-7.

12

—
—
Jacwa b e b e basa o la g Ly vy ]

A
Proposed model

Results in [31]

Experimental data in [i1]

o
N
&

6 8

T

10

SRR L

12 14 16

Frequency (GHz)

Fig. 4-8. Effective dielectric constant versus frequency for
the microstrip in Fig. 4-7.

Maximum Standard Average
error deviation error
2.63% 1.51 1.31%

Table 4-3. Comparison with Kobayashi’s model [31]
for the microstrip in Fig. 4-7.
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—v{ w=2.445 mm}‘— v

€

h=0.492 mm

&

|

Fig. 4-9. Microstrip geometry in [11].

Substrate

w(mm)

h(mm)

w/h

&

eeﬂ' (O)

Sapphire

2.445

0.492

4.96

11.43

9.064

Table 4-4. Data for the microstrip in Fig. 4-9.

Experimental data in [11]

A
Proposed model

Results in (31]

O -t A_I_A-LA_I-A..A..] caaa b _4) .I_I_LJ._A_LL-L_LJ_

4 6

T T T

8§ 10 12 14 16

T

Frequency (GHz)

the microstrip in Fig. 4-9.

TT T T 7

Maximum Standard Average
error deviation error
2.42% 1.265 1.122%

Table 4-5. Comparison with Kobayashi’s model [31]

for the microstrip in Fig. 4-9.

KA

18

Fig. 4-10. Effective dielectric constant versus frequency for




~—f w=l.92lmm’<— ‘

€

h=0.512 mm

&

A

Fig. 4-11. Microstrip geometry in [11].

Substrate

w(mm)

h(mm)

w/h

ef ge[ (O)

Sapphire

1.921

0.512

3.75

11.39 8.737

Table 4-6. Data for the microstrip in Fig. 4-11.

10
%
] A~
] _A
; __-A
9 - ""
I o Expenmental daw in [11]
) A
— Proposed model
;ﬁ Results in [31]
i - -
8 1’ ] T 1 1 T | 2RER SRR IR ] v
0 2 4 6 8 10 12 14 16 18
Frequency (GHz)

Fig. 4-12. Effective dielectric constant versus frequency for

the microstrip in Fig. 4-11.

Maximum Standard Average
error deviation error
2.121% 1.186 1.067%

Table 4-7. Comparison with Kobayashi's model [31}
for the microstrip in Fig. 4-11.
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——-i w=1.068mm[<— v

€ h=0.496 mm

Substrate | w(mm) | h(mm) w/h £ €4 (0)

Sapphire | 1.068 | 0.496 2.15 11.29 8.108

Table 4-8. Data for the microstrip in Fig. 4-13.

]

]

E

] Experimental data in [11]

3 A

: Proposed model

3 Results in [31)

.!'l'l'l‘l'l'I‘I'r'l‘l'Irl']‘l‘I'T'E‘a

0 2 4 6 8 10 12 14 16 18
Frequency (GHz)

the microstrip in Fig. 4-13.

Maximum Standard Average
error deviation error
-1.694% 1.156 1.029%

Table 4-9. Comparison with Kobayashi’s model [31]
for the microstrip in Fig. 4-13.
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—->1 W=0.642 mm [*— v

€ h=0.510 mm

) A

Fig. 4-15. Microstrip geometry in {11].

Substrate | w(mm) | h(mm) w/h E £4(0)

Sapphire | 0.642 | 0.510 1.25 11.18 7.583

Table 4-10. Data for the microstrip in Fig. 4-15.

e el

Expenmental data in {11]
A

Proposed model

Results in [31]

1
-

i

i

i
-—
|

-

i

!

-

i

T T o Tt T T Ty Ty T

4 6 8 10 12 14 16 18
Frequency (GHz)

(]
N -

Fig. 4-16. Effective dielectric constant versus frequency for
the microstrip in Fig. 4-15.

Maximum Standard Average
error deviation error
-1.662% 1.235 1.156%

Table 4-11. Comparison with Kobayashi’s model [31]
for the microstrip in Fig. 4-15.
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——{ w=0.415mm"'— ‘

€

h=0.507 mm

&

A

Fig. 4-17. Microstrip geometry in [11].

Substrate

w(mm)

h(mm)

W/h £ geﬁ (0)

Sapphire

0.415

0.507

0.81 11.08 7.245

Table 4-12. Data for the microstrip in Fig. 4-17.

J

]

1

]

.

]

:i Experimental data in [11)

- A

_ Proposed model

zi Results in [31]

g‘.-\'x CErr T T T T T T T T T T Tt Tt

0 2 4 6 8 10 12 14 16 18
Frequency (GHz)

Fig. 4-18. Effective dielectric constant versus frequency for
the microstrip in Fig. 4-17.

Maximum Standard Average
error deviation error
-1.558% 1.185 1.102%

Table 4-13. Comparison with Kobayashi’s model [31]
for the microstrip in Fig. 4-17.
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———1 w=0.275 mm r-— v

€

h=0.502 mm

%

Fig. 4-19. Microstrip geometry in [11].

A

Substrate

w(mm)

h(mm)

w/h

£

r

£.4(0)

Sapphire

0.275

0.502

0.54

10.99

7.005

o0

F‘(:fl(D

Table 4-14. Data for the microstrip in Fig. 4-19.

o aa

:| Experimental data in {11}

7 A

_1 Proposed model

Results in [31]

j i { 1 | 1 I R Tt T T T [ T
0 2 4 6 8 10 12 i4 16 18

Frequency (GHz)

Fig. 4-20. Effective dielectric constant versus frequency for
the microstrip in Fig. 4-19.

Maximum Standard Average
error deviation error
-1.892% 1.360 1.218%

Table 4-15. Comparison with Kobayashi's model [31]

for the microstrip in Fig. 4-19.
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€e ﬁ( f)

——»! W=0.178 mm P— v

€ h=0.48 mm

o i

Fig. 4-21. Microstrip geometry in [11].

Substrate | w(mm) | h(mm) | w/h €, £.,4(0)

Sapphire | 0.178 | 0.480 | 037 | 1091 | 6.821

oo

~

Table 4-16. Data for the microstrip in Fig. 4-21.

]

]

-

j _,_‘-—"‘
7

‘ Experimental data in [11]
j Proposed modet!

j Results in [31]

: NS SN S SR BRI TLAS S B SN L R BN B SR S
0 2 4 6 8 0 12 14 16 18

Frequency (GHz)

Fig. 4-22. Effective dielectric constant versus frequency for
the microstrip in Fig. 4-21.

Maximum Standard Average
error deviation error
-2.1% 1.394 1.232%

Table 4-17. Comparison with Kobayashi’s model [31]
for the microstrip in Fig. 4-21.
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—-1 w=0.lllmmJ<— ‘

€ h=0.507 mm

. i
Fig. 4-23. Microstrip geometry in [11].

Substrate h(mm)

w(mm) w/h £, £4(0)

Sapphire | 0.111 | 0.507 | 021 | 10.82 | 6.632

Table 4-18. Data for the microstrip in Fig. 4-23.

]

3

3

¥ Experimental data in (11] [
- A |
: Proposed model i
d

: Results in (31] J
:1—’\'\‘I'I‘I’I’l‘i‘jrjjl'lfTrT‘I'I‘T‘
0 2 4 6 8 10 12 14 16 18

Frequency (GHz)

Fig. 4-24. Effective dielectric constant versus frequency for
the microstrip in Fig. 4-23.

Maximum Standard Average
error deviation error
-2.159% 1.337 1.18%

Table 4-19. Comparison with Kobayashi’s model [31]
for the microstrip in Fig. 4-23.
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——| w=0.073 mm ‘4——

v
€ h=0.502 mm
€ / |

Fig. 4-25. Microstrip geometry in [L1].

Substrate

w(mm)

h(mm)

w/h

£, £4(0)

Sapphire

0.073

0.502

0.14

10.76 6.519

Table 4-20. Data for the microstrip in Fig. 4-25.

53
E
:
7
:
]
.
9 Experimental data in [11]
6 - A
:E Proposed model
-fgj Results in [31]
5§ — T T T T T
0 2 4 6 8 10 12 14 16 18
Frequency (GHz)

Fig. 4-26. Effective dielectric constant versus frequency for
the microstrip in Fig. 4-25.

Maximum Standard Average
error deviation error
-2.138% 1.251 1.087%

Table 4-21. Comparison with Kobayashi’s model [31]

for the microstrip in Fig. 4-25.
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——{ w=0.05 mm }-—

€ h=0.496 mm
g, L)

Fig. 4-27. Microstrip geometry in [11].

Substrate | w(mm) | h(mm) w/h £, £, (0)
Sapphire 0.05 0496 | 0.1008 | 10.73 6.446
Table 4-22. Data for the microstrip in Fig. 4-27.
83
:
7 -
o 4
4 _ A - -
w -
] Experimental data in [11]
6 =
:: Proposed model
—éf Results in [31]
57 T 7T T 7177 TP T T T YT T
0 2 4 6 8 10 12 14 16 18
Frequency (GHz)

Fig. 4-28. Effective dielectric constant versus frequency for
the microstrip in Fig. 4-27.

Maximum Standard Average
error deviation error
-2.14% 1.177 1.01%

Table 4-23. Comparison with Kobayashi’s model [31]

for the microstrip in Fig. 4-27.




iw=<)254 mm f<~

L i
€ h=127 mm
Y )

Fig. 4-29. Microstrip geometry in [16].

Substrate

w(mm)

h(mm)

w/h

£ £.4(0)

Alumina

0.254

1.27

0.2

10.185

6.251

Table 4-24. Data for the microstrip in Fig. 4-29.

J

1

]

4

_A -

y A&

B A A A A

: Experimental data in [16]

- A

: Proposed model

3

Results in [31]

L - |
! [ t I [ L
0 2 4 6 8 10 12

Frequency (GHz)

Fig. 4-30. Effective dielectric constant versus frequency for

the microstrip in Fig. 4-29.

Maximum Standard Average
error deviation error
-1.26% 1.359 0.93%

Table 4-25. Comparison with Kobayashi’s model [31]

for the microstrip in Fig. 4-29.
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—-j Ww=3.175 mm ’4— v

€

€,

A

h=127mm

Fig. 4-31. Microstrip geometry in [16].

Substrate | w(mm)

h(mm) | wh £, £ (0)

Alumina | 3.175

1.27 2.5 10.1 7.416

Table 4-26. Data for the microstrip in Fig. 4-31.

|
jj.
8 -
_-:}
-3{ Experimental data in {i6]
77
:; Proposed model
Resuits in [31]
6 - R I R e
0 2 4 6 8 10 12
Frequency (GHz)

Fig. 4-32. Effective dielectric constant versus frequency for
the microstrip in Fig. 4-31.

Maximum Standard Average
error deviation error
2.35% 1.32 1.12%

Table 4-27. Comparison with Kobayashi's model {31]
for the microstrip in Fig. 4-31.

82




——! w=3.l75mm!*— "

£ h=0.635 mm

)

€

Fig. 4-33. Microstrip geometry in {16].

Substrate | w(mm) { h(mm) w/h £, £4(0)

Alumina | 3.175 | 0.635 5 10.51 8.361

Table 4-28. Data for the microstrip in Fig. 4-33.

10 7
1
3'
)2
S
5
B! Experimental data in [16]
8 - A
:: Proposed mode!
5 Results in [31]
7 ql R e e e o
0 2 4 6 8 10 12
Frequency (GHz)

Fig. 4-34. Effective dielectric constant versus frequency for
the microstrip in Fig. 4-33.

Maximum Standard Average
error deviation error
-1.46% 0.745 0.497%

Table 4-29. Comparison with Kobayashi’s model [31]
for the microstrip in Fig. 4-33.
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s

€

&

A

Fig. 4-35. Microstrip geometry in [14]-

h=1.905 mm

Substrate

w(mm)

h(mm)

w/h

£

r

£4(0)

RT/duroid

4.55

1.905

2.38

10.2

7.447

Table 4-30. Data for the microstrip in Fig. 4-35.

(S
o
I S T

,-'A’A
A

Experimental data in [14]

EErUET U BT *A_A_L-AL_A_L._L.‘[_ L

7 Proposed model
Results in [31)
6 i j [ T T 1 7
0 2 4 6 8 10 12
Frequency (GHz)

Fig. 4-36. Effective dielectric constant versus frequency for
the microstrip in Fig. 4-35.

Maximum Standard Average
error deviation error
4.60% 2.459 1.735%

Table 4-31. Comparison with Kobayashi’s model [31]
for the microstrip in Fig. 4-35.
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—’L“’z‘“““ 4

(3 h=1.905 mm

~ 3

Fig. 4-37. Microstrip geometry in [14].

Substrate | w(mm) | h(mm) | w/h £, £.4(0)

RT/duroid 1.0 1.905 | 0.52 10.2 6.514

Table 4-32. Data for the microstrip in Fig. 4-37.

97
i
]
|
.
]
s
=77
J Experimental data in [14]
. A
6“5 Proposed model
j
Results in [31]
5l L D D e e
0 2 4 6 8 10 12
Frequency (GHz)

Fig. 4-38. Effective dielectric constant versus frequency for
the microstrip in Fig. 4-37.

Maximum Standard Average
error deviation error
-2.74% 1.264 0.931%

Table 4-33. Comparison with Kobayashi’s model [31]
for the microstrip in Fig. 4-37.
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—-!w=l.8mm J-—— ‘

£ h=1.905 mm

S 'y

Fig. 4-39. Microstrip geometry in [14].

Substrate | w(mm) | h(mm) | w/h £

r

Eq (0)

RT/duroid 1.8 1.905 | 0.94 10.2

6.777

ecﬂ(t)

[*-]

~

Table 4-34. Data for the microstrip in Fig. 4-39.

] A

1

: Experimental data in [14]

1 A

~; Proposed model

:1 Results in [31]

’ - 3 1 1 - i 1 1T .t 1 1

0 2 4 6 8 10 12
Frequency (GHz)

Fig. 4-40. Effective dielectric constant versus frequency for
the microstrip in Fig. 4-39.

Maximum Standard Average
error deviation error
4.28% 1.724 1.17%

Table 4-35. Comparison with Kobayashi's model [31]
for the microstrip in Fig. 4-39.
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|t o

€

h=3.175 mm

>

A

Fig. 4-41. Microstrip geometry in [14].

Substrate | w(mm) { h(mm) | w/h E, £4(0)
RT/duroid 2.8 3.175 0.88 10.5 6.925
Table 4-36. Data for the microstrip in Fig. 4-41.
10 7
9 7
o ]
= 8
“ : Experimental data in [14]
; A
7 - Proposed model
]
]’ Results in [31]
6 l 7 ! 1 T ! ! v ] T
0 1 2 3 4 ) 6 7 8
Frequency (GHz)

Fig. 4-42. Effective dielectric constant versus frequency for
the microstrip in Fig. 4-41.

Maximum Standard Average
error deviation error
5.21% 2.985 2.109%

Table 4-37. Comparison with Kobayashi’s model [31]
for the microstrip in Fig. 4-41.
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——] w=3.496 mm v

€ h=1.15mm

e i

Fig. 4-43. Microstrip geometry in [83).

Substrate | w(mm) | h(mm) w/h £, £4(0)

Fluorglas | 3.496 1.15 3.04 2.5 2.099

Table 4-38. Data for the microstrip in Fig. 4-43.

24
:: Experimental data in [83)
j A
_5 Proposed model
: Results in [31]
1 l N R S S S S S S E SR R HH S
0 10 20 30 40 50
Frequency (GHz)

Fig. 4-44. Effective dielectric constant versus frequency for
the microstrip in Fig. 4-43.

Maximum Standard Average
error deviation error
-1.09% 0.773 0.722%

Table 4-39. Comparison with Kobayashi's model [31)
for the microstrip in Fig. 4-43.



——' w=4.4274 mm’-c— v

€ h=1.57 mm

~ 5

Fig. 4-45. Microstrip geometry in [83].

Substrate | w(mm) | h(mm) w/h £ £,4(0)

r

Rexolite | 4.4274 | 1.57 2.81 2.62 2.175

Table 4-40. Data for the microstrip in Fig. 4-45.

3 -
-
o ]
T2 -
“ : Experimental data in (83]
] A
—-i Proposed model
} Risul_ls T[Bll
1 — —— e T T
0 10 20 30 40 50
Frequency (GHz)

Fig. 4-46. Effective dielectric constant versus frequency for
the microstrip in Fig. 4-45.

Maximum Standard Average
error deviation error
1.646% 0.953 0.901%

Table 4-41. Comparison with Kobayashi’s model [31]
for the microstrip in Fig. 4-45.
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—w0B0mm e

€ h=0.97 mm

P i

Fig. 4-47. Microstrip geometry in [83].

r

Substrate | w(mm) | h(mm) w/h £ £.4(0)

Alumina | 0.840 0.97 | 0.865 9.0 5.987

Table 4-42. Data for the microstrip in Fig. 4-47.

o ]
X6 -
w® |
:i Experimental data in (83]
3 A
5 —~ Proposed model
1
{ Results in [31]
4 — ———
0 10 20

Frequency (GHz)

Fig. 4-48. Effective dielectric constant versus frequency for
the microstrip in Fig. 4-47.

Maximum Standard Average
error deviation error
1.882% 1.141 1.054%

Table 4-43. Comparison with Kobayashi’s model [31]
for the microstrip in Fig. 4-47.



——‘ w=0.559 mm |~<—

Y
€ h=0.655 mm
& )

Fig. 4-49. Microstrip geometry in [84].

Substrate

w(mm)

h(mm)

w/h £

r

£.4(0)

Alumina

0.559

0.655

0.853 9.8

6.476

Table 4-44. Data for the microstrip in Fig. 4-49.

]

3

7

]

]

i Experimental data in (84] |
J A

: Proposed model

|
: Results in [31] !
4: T ! l ;
0 10

Frequency (GHz)

Fig. 4-50. Effective dielectric constant versus frequency for

the microstrip in Fig. 4-49.

Maximum Standard Average
error deviation error
-1.575% 1.157 1.080%

Table 4-45. Comparison with Kobayashi’s model [31]
for the microstrip in Fig. 4-49.
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As it can be seen from the results presented, the best accuracy is obtained for w/h >1 where the

proposed model gives results closer to the experimental data than those from Kobayashi (1988).
In order to minimize the errors in calculating the dispersion, it is also important to have an
accurate value for &£_(0). For the microstrip geometry in Figure 4-51 and Table 4-46, the

variational methods give the upper bound of the effective permittivity at zero frequency as
£,7(0)=6.875 and the lower bound as &,,(0)=6.873. Wheeler’s formula (Wheeler, 1965;

Hoffmann, 1987) gives £,(0)=6.868 which is lower than ¢,,(0) and Hammerstad and
Jensen’s formula (Hammerstad and Jensen, 1980) gives &,,(0)=6.900, which is higher than

£, (0) . The dispersion curves based on these results are presented in Figure 4-52.

——{ w=0.635 mm}<— ‘

€ h=0.635 mm

€ 4

Fig. 4-51. Microstrip geometry in [16].

Substrate | w(mm) | h(mm) w/h £ £4(0)

r

Alumina | 0.635 | 0.635 1.0 10.31 6.875

Table 4-46. Data for the microstrip in Fig. 4-51.

For the microstrip geometry in Figure 4-51, a comparison with the results from the full-wave
solution (Sonnet, 1999) is also performed for the results from Kobayashi’s formula (Kobayashi,
1988) and from the proposed model, and the respective errors are presented in Tables 4-47 and
4-48, respectively, and in Figure 4-52. The CPU time on a HP Vectra 300 MHz personal
computer is about 1 s for Kobayashi’s formula, 13 s for the proposed model and 48 min and 31 s

for the full-wave solution.
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onlf)

A
3 co O o — N
e l i l 1 l i l L ‘ 1 l 1

N
o

Experimental data in [16)
R A
7 A Wheeler[77)
] Hammerstad and Jensen [23]
] Full wave with {65]
- 1 - T -7 7 T 17T 1T T 7 1
0 2 4 6 8 10 12

Frequency (GHz)

Fig. 4-52. Effective dielectric constant versus frequency for the
microstrip in Fig. 4-51.

Experimental data in [16)
A

Proposed model

Results in [31]

Full wave with [65]

[ R N W SN N I W N N

4 6 8
Frequency (GHz)

Fig. 4-53. Effective dielectric constant versus frequency for the
microstrip in Fig. 4-51.
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Maximum Standard Average
error deviation error
0.428% 0.195 0.119%

Table 4-47. Comparison of Kobayashi’s formula and the
full-wave solution [65] for the microstrip
in Fig. 4-51.

Maximum Standard Average
error deviation error
1.869% 0.951 0.597%

Table 4-48. Comparison of the proposed method and the
full-wave solution [65] for the microstrip
in Fig. 4-51.

The range of applicability of the proposed model is determined by that of the two-dimensional

equations, which can be used as long as the thickness of the substrate is much less than the

wavelength h << 4. If, for example, 4 is taken to be ten times less than the wavelength, then

h=i=L_l-__cﬂ_._l__ (4.47)

where ¢ is the velocity of the wave in the substrate. Hence, the maximum operating frequency is

7
2.99x10 _ (4.48)

S =_W_e,__

For the structure in Figure 4-7, h =0.491mm, £, =11.5 and from (4.48) /.. =17.95 GHz. This

condition is quite restrictive considering that at 50 GHz the dispersion given by the model is less
then 2% different from that given by Kobayashi’s model (Kobayashi, 1988).
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Same general conclusions can be drawn from all the cases considered in this Chapter.
The results in Figures 4-7 to 4-42 and Figures 4-47 to 4-53 are computed up to only 18, 12, 8, or
20 GHz, respecﬁvely, since the experimental results in the literature are available only for these
ranges. It should be noted that Kobayashi’s formula (Kobayashi, 1988) is an empirical/fitting
formula. This is why its agreement with the available experimental data cannot be related
logically to various ranges of frequencies. On the other hand, the two-dimensional equations
method based on the quasistationary approximation gives in general, as a rule of thumb. better
results at low frequencies than at higher frequencies. The advantage of the method presented in
the thesis for evaluating the microstrip line dispersion consists in the fact that it can be extended
to lossy lines and to the analysis of dispersion of the higher-order modes. This is shown in the
next section and in Chapter 3.

The purpose of the study presented in this Section is to show the range of validity and the
accuracy of the two-dimensional equations model. This will justify the construction of similar
models for lossy structures (Section 4.3) for which the theoretical results presented in the
literature are rather limited. Also, the results obtained here will be exploited in Section 5.7 where
the higher-order modes of propagation on microstrip lines are investigated. The analysis based
on the models presented in the next Section allows an accurate determination of dispersion,
attenuation and of the higher order modes at the same time, which cannot be done using existing

models.
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4 3. Dispersion Model for Lossy Structures

Analysis of attenuation and dispersion along transmission lines is important particularly
at high frequencies. In the case of microstrip lines the wave attenuation is caused by the
conductor loss, the substrate loss, and the radiation loss. The conductor loss is due to the finite
conductivity of the strip material (Itoh, 1987) and is related to the skin depth of the conductor.
As well, the current density near the edges of the microstrip is much higher and this also
contributes to the wave attenuation. In (Pucel ef al., 1968) the conductor loss calculations are
based on the incremental inductance rule described by Wheeler (1965). The change in strip
inductance due to the skin depth is used in this method for calculating the series resistance in the

microstrip model, necessary for the evaluation of the attenuation constant.

e=0 €. Ho p €. Ho h H— oo

L - oo

e— b —>le a-ple 3 >le— b

'Z

Fig. 4-54. Proposed Model.

For the lossy microstrip geometry shown in Figure 4-5, the proposed model (Tugulea,
1998; Tugulea and Ciric, 1999) has two vertical magnetic walls (4 — ) and two horizontal

walls assumed to be made from the same material as the original microstrip conductors, with the
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same longitudinal impedance per square. It is also assumed that the thickness of the strip and of
the base ground is ¢, > &, and ¢, > &,, where &, and &, are the skin depths of the strip line and

the ground base, respectively. The model (shown in Figure 4-54) has a dielectric between the
plates of same permittivity in its central part y € (~a,a) as in the original microstrip, with a and

b determined as in (4.9). The capacitances per unit area for the three regions in the model are

Ca=te, L2 | ye(-aa)
&o

C2=—}—'- . ye(a,a+b)

C3=§’-:’- , ye(-a-b,—a)

where tand is the loss angle.

(4.49)

4.50)

(4.51)

We choose the system of coordinates as shown in Figure 4-54 and assume the line to be

infinitely extended in the x-axis direction. Denoting U,(x, y) the voltage in region ye€ (~a,a),

U,(x,y) the voltage in region ye (a,a+b) and U,(x,y) the voltage in ye (—a-b,—a), the

corresponding two-dimensional second order equations are

U, JU
=t ayz' +7U, =0
U, J*U
ax22 * ayzz +7:U: =0
U, U
3x23 + ay23 -&}IJZU3 =0

where —y! =(R+ joL)jwC, and —y2 =-y; =(R+ jol)jaC, .

the following form:

Ul.Z.J (x,y)= Vl.z.s (}’)etﬁ
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The attenuated voltages have

(4.53)



with y =a + j to be determined. Substituting (4.53) in (4.52) yields

v, +(pi+ry, =0
Vz+(7§+72)’2 =0
V,+(2+r’W, =0 (4.54)

whose solutions are

V,=Acosa,y + Bsina,y
V, =Ccosa,y + Dsina,y

V,=FEcosa,y+ Fsina,y (4.55)

where a=(y?+y?) and a?=(y?+y?) are complex quantities. Imposing the boundary

conditions

U,(x,a)=U,(x,a)

U,(x,—a) =U,(x,—a)

J,(x,a)=J,(x,a)

J(x,=a) = J ,(x,~a)

J,(x,a+b)=0

J,(x,—a—b)=0, (4.56)

the following transcendental equation is finally derived
a,tanaa+a,tana,b=0 4.57)

where a, and a, are unknown. With C, and C, from (4.49) and (4.50), and the total

98



inductance L = u,h+ AL, where (Pucel ez al, 1968) the additional inductance due to the skin

effect AL=R/w, with R=1/0,8, =\Jou,/(26,), o, being the conductivity of the strip

conductor, we obtain

y2 =—joC,[(R +oLtan5)- j(Rtan 6 — wlL))
y: ==joC,(R+ jol) (4.58)

with C, =¢,¢,/h. For a given frequency, equation (4.57) now gives both @ and f. The

effective relative permittivity £_; (@) which characterizes the microstrip dispersion is given by

eq(@)=p*[B; (4.59)

where S, =w/c, with ¢, the speed of light in free space. For the microstrip in Figure 4-55, the

dispersion and attenuation determined from (4.57) are presented in Figures 4-56 and 4-57.

——-l w=1.245 mm }-—— v

£ h=0.508 mm

& A

Fig. 4-55. Microstrip geometry in [54].

Substrate | w(mm) | h(mm) w/h £, £.4(0)
Alumina 1.245 0.508 2.45 9.35 6.715

Table 4-49. Data for the microstrip in Fig. 4-55.
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Fig. 4-56. Effective dielectric constant versus frequency for the
microstrip in Fig. 4-55.

Maximum Standard Average
error deviation error
3.31% 0.866 0.361%

Table 4-50. Comparison with Kobayashi’s model [31]
for the lossy microstrip in Fig. 4-55.
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Fig. 4-57. Attenuation constant versus frequency for the microstrip in Fig. 4-55.

For the microstrip in Figure 4-58, the dispersion and attenuation derived from (4.57) are

presented in Figures 4-59 and 4-60.

“"i W=0254 mm }1— .

v
£ h=0.508 mm
€ A

Fig. 4-58. Microstrip geometry in [54].
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Substrate | w(mm) | h(mm) w’h £, £4(0)

Alumina | 0.254 | 0.508 0.5 9.35 5.965

Table 4-51. Data for the microstrip in Fig. 4-58.

P Y

Proposed model

Results using {31]

J0 Gy J— Y AAAA.L‘J L.t

L e A S St S S

3 4 5 6 7
Frequency (GHz)

[ [ R |

(=)
—
N

Fig. 4-59. Effective dielectric constant versus frequency for the
microstrip in Fig. 4-58.

Maximum Standard Average
error deviation error
9.066% 2,670 1.248%

Table 4-52. Comparison with Kobayashi's model [31]
for the lossy microstrip in Fig. 4-58.
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Fig. 4-60. Attenuation constant versus frequency for the microstrip
in Fig. 4-58.

The dispersion and attenuation from (4.57) for the microstrip in Figure 4-61 are presented
in Figures 4-62 and 4-63.

——{ W=0.508 mm }-—

Y
€ h=0.508 mm
g, 4

Fig. 4-61. Microstrip geometry in [54].
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Substrate | w(mm)

h(mm) w/h

er erﬂ' (0)

Rutile 0.508

0.508

105 66.619

Table 4-53. Data for the microstrip in Fig. 4-61.

Proposed model
:{ Results using [31]
60 1; T T T T T T T T T T T T T
0 1 2 3 4 5 6 7
Frequency (GHz)

Fig. 4-62. Effective dielectric constant versus frequency for the
microstrip in Fig. 4-61.

Maximum Standard Average
error deviation error
-1.356% 0.551 0.2893%

Table 4-54. Comparison with Kobayashi’s model [31]
for the lossy microstrip in Fig. 4-61.
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Fig. 4-63. Attenuation constant versus frequency for the microstrip
in Fig. 4-61.

For the microstrip geometry in Figure 4-64, the dispersion and attenuation calculated from the
proposed model (Equation 4.57) are presented in Figures 4-65 and 4-66.

—’J w=].346 mm ii— v

€ h=1.27 mm

) A

Fig. 4-64. Microstrip geometry in [54].
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Substrate | w{(mm) | h(mm) w/h £, £.45(0)
Rutile 1.346 1.27 1.059 105 65.835
Table 4-55. Data for the microstrip in Fig. 4-64.
]
—_, Proposed model
j
J; Results using [31]
| | AR T I f 1 i T ' I I T 7
0 1 2 3 4 5 6 7

Frequency (GHz)

microstrip in Fig. 4-64.

Fig. 4-65. Effective dielectric constant versus frequency for the

Maximum Standard Average
error deviation error
6.32% 2.254 1.097%

Table 4-56. Comparison with Kobayashi's model [31]

for the lossy microstrip in Fig. 4-64.
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Fig. 4-66. Attenuation constant versus frequency for the microstrip
in Fig. 4-64.

The average difference between the attenuation constant calculated with the formula in
(Pucel er al., 1968) and that determined using our model is under 3%. The loss angle for
Alumina is tand =2.1x10™ and it is assumed to be constant over the frequency range
considered (Pucel er al, 1968). For Rutile, the loss angle varies with frequency and
measurements have to be made in order to calculate the attenuation (Pucel ef al., 1968). Pucel et
al. (1968) indicate that the dielectric losses account for less than 20% of the total attenuation,
therefore assuming a constant value for the loss tangent should not affect significantly the final

result. The copper conductivity used in calculations is o, =5.81x10’S/m . The attenuation

measurements were made with a resonance-Q technique on open-circuit terminated lines. This
method is described by Pucel er al. (1968) to be “very sensitive to low losses”. However, no
numerical indication of the accuracy of the method is given by these authors.

In this Section the model presented for the lossless lines in Section 4.2 was extended to
the general case of lossy lines. The main advantages of the two-dimensional equations over
previously published models consist in the fact that the losses can be easily accounted for in the
initial formulation of the problem. The model presented in the thesis has a more rigorous basis

than other presentations in the literature and can be applied to all practical microstrips.
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CHAPTER 5. HIGHER-ORDER MODES ON MICROSTRIP LINES

5.1. Introduction

The two-dimensional equations for planar structures can also be used in the calculation of
the higher-order modes of propagation along microstrip lines. A planar circuit (Okoshi and
Miyoshi, 1972) is defined as an electric circuit having dimensions comparable to the wavelength
in two directions but a much smaller dimension in the third direction. Microwave integrated
circuits, which have replaced the conventional microwave circuits (Hoffmann, 1987), are
constructed in a planar form. The transmission systems contain striplines, the most common
being the microstrips. As any electrical transmission line, the microstrip is a waveguide where
the waves are propagating in an inhomogeneous medium consisting of substrate, conductor, and
air.

The exact formulation of the problems relative to planar structures is based on the
Maxwell’s equations. In a correct formulation, the integration of these equations assumes:

- the existence of the solutions;
- the uniqueness of the existent solutions.
The last two conditions depend on:
- the geometric structure of the conductors and dielectrics;
- the materials characteristics of the conductor and dielectric;
- the excitation modalities of the electromagnetic field;

- the mathematical method used to construct the solution.

A most complete formulation is difficult and not efficient from an engineering viewpoint.
Even in the full-wave approach one assumes perfect conductors, piecewise homogeneous
dielectrics, and so on, which are in fact approximations. The following simultaneous phenomena
should be considered in the formulation of the problem:

e propagation of electromagnetic waves with dispersion;

o standing electromagnetic waves, therefore the resonance;

e loss of energy in conductors and dielectrics, hence the attenuation;
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e electromagnetic radiation.
These phenomena bear different weights which finally determine the functionality and the role of
the structure:
e in microstrips and striplines the analysis of the wave propagation is the main
objective;
e in microwave resonators the filter effects are investigated,

e in microwave antennas the study of radiation is most important.

The geometry of these three categories of devices is different accordingly. For example, the
microstrips have longitudinal dimensions much larger than their transverse dimensions, and the
resonators and antennas have dimensions which are of the same order of magnitude.

Until microstrip lines were invented, only two systems of transmission of electromagnetic
waves existed: transmission lines, based on the theory of telegraphists' equations (for example
the coaxial cable), and waveguides (for example the hollow single conductor waveguide) whose
theory is based directly on Maxwell’s equations. As expected, the theoretical investigations of
the new structures started by applying these two acknowledged theories.

The classical waveguide theory, which considers the guide with all the side walls to be
perfect conductors (o — =) was excluded from the very beginning because it does not admit
TEM waves (not even at low frequencies).

The transmission line theory based on the existence of TEM modes was appealing due to
its simplicity, but finally it proved unable to explain the high frequency behavior of the
microstrips, for instance the dispersion on a lossless line or the propagation of higher-order
modes.

Dispersion, i.e. the dependence of the propagation velocity on frequency, has been
accounted for in a simplified manner by considering that the capacitance per unit length varies

with the effective dielectric constant ¢ ; (@) . Various quasi-TEM models use the inductance per

unit length at zero frequency (for non-magnetic substrates) and correct only the capacitance per
unit length in terms of frequency. These are approximate theories, which prove their limitations
at higher frequencies, being not able to characterize the higher-order modes.

Even the two-dimensional equations for the microwave planar circuits as presented by

Radulet and Tugulea (1983) were derived by considering quasistationary conditions, with the
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TEM mode as the fundamental mode of propagation. In this Chapter we show that the two-
dimensional equations can be used not only to analyze the fundamental mode but also higher-
order modes of propagation (Tugulea and Ciric, 1998) and the range of validity of these
equations in terms of the operating frequency is determined.

Consider a rectangular waveguide with magnetic vertical walls (z — o= ) and perfectly
conducting horizontal walls (o — ) filled with a lossless homogeneous dielectric as indicated
in Figure 5-1. A guide with all the walls considered to be perfect conductors walls admits only
TE and TM modes. The difference between the guide with hybrid walls and the one with only
perfectly conducting walls is in the existence in the former of a 7TEM mode as fundamental
mode, with 7F and TM modes as higher-order modes. In what follows we assume all the fields to

be time-harmonic of same frequency.

5.2. The TEM Mode

The electric and magnetic field intensities for this mode are expressed in the form

E(z)=a E,e***

H(z) = -a H e*/% 5.1

with the corresponding voltage and current

Ay
b C—o00
U—oo U
=0 E, U H—oo
=0

|

I(z)

Fig. 5-1. Cross section of a rectangular waveguide with hybrid walis.

110



U(z) = Epe*'™
I(z) = Hae*® | (5.2)

The capacitance and the inductance per unit length are defined as

c'=£2 =42, (5.3)
b a
The phase constant £, and the characteristic impedance Z, are obtained as
By =0 L'C =w,\eu (5.9)

=L |46 U@
ZO_\/; J—e—(aj I(z) -3)

It can be seen that the Maxwell equations and the transmission line equations, as well as the

boundary conditions, are verified by using these expressions.

5.2. TE Modes

The TE or H modes associated with the model can be derived from a Hertzian magnetic
potential (Collin, 1992)

M, =a_y,(x.y)e”* . (5.6)
The field expressions are

E=—jouVxIl, = -ja)pVIyI,, (x, y)e”""']xa_.
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H=Vx(VxII,)

where y, satisfies the Helmholtz equation

k:=wleu—p=pl - .

The field components are

E, =—jm,ue*”: ay,
dy
E, =ja)pe”ﬂ’%

174
H, =tjpe”? Y
X ]ﬂ &

—a :ﬂ:aw
Hy-t_]ﬂej T—ayﬁ-

H =k e y,(x,y)

with the boundary conditions

E,(x0)=E (x,b)=0 ; xe (0,a)
H,(0,y)=H (a,y)=0; ye (0,b)
H.(0,y)=H_ (a,y)=0; ye (0,b) .

The eigenvalue solutions of the equation in y, are all possible products

vi(x,y)= {Sin)“}x{
cos x

sin &y
cosdy

12

}

(5.7

(5.8)

(5.9)

(5.10)

(5.11)



with

y 8t =k (5.12)

and according to the boundary conditions

v,(0,y)=w,(a,y)=0

%"f-(x,O) =%“;L(x,b)=o : (5.13)

We observe that only the combination
v, (x,y) = sin px cosdy (5.14)

verifies the above conditions, therefore
Vo, =sinm—ﬂ—xcos%y, m=12,... , n=012... . (5.15)
a

There is an infinity of solutions defined by the parameters m,n, which satisfy the equation
(5.12). Each pair of values defines a TE,,, propagation mode also denoted Hx .. From (5.8) the

acceptable values of S are

B, =B; —[(1’5] +(”—”—J ] : (5.16)
a b

We observe that:

e if S2 >k’ then B2, >0 and there is a propagation mode;

e if B} <k’ then B}, <0 and there is an evanescent mode;
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e if B2 =k’ then B,, =0 and the corresponding @ is a cutoff frequency.

The cutoff frequencies are therefore

[ . | : | %
(.—) +(_)] ? m=1!2"" ’ n=09l’2"' (5.16)
a b

where ¢ = 1/ \/-e; . The lowest cutoff frequency for the first propagation mode H,, corresponds

tom=1and n=0 (fora=b),
== (5.18)
2a
and then
-
Who =SID— . (5-19)
a
The fields for this mode do not depend on y, no matter what the ratio b/a is. If
a
=—>>1 5.20
5 (5-20)
the guide modeled becomes a planar circuit and we can write
1
f-cnu! =i(m2 +n2N2)'1' . (521)
2a

For each m< N and n=0 we have f™° < ! Thus, these are N -1 TE,o or H,, modes

defined by the functions
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W:'°=Sinﬂx , m=12,....N-1
a

for which the fields are independent of y,

Er® =0
HT® =0
. apmMT max
E}’ = joue #: Z cos——
a a
. :mxn mx
H™ =%jfe™* 2= cos T
a a

mnx
p .

HM =k2e™ sin

These fields satisfy the Maxwell equations

aaExy - __jw#H:

o0E, .
= jouH,
o0z

_(2H, o,
ox a9z

]:jwaEy

and observing that on the perfectly conducting walls

we have
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(5.23)

(5.24)

(5.25)

(5.26)

(5.27)
(5.28)



dE

&y - -jmﬂ,, (5.29)
E

9, =—joul,, (5.30)
oz

aJ_ dJ

—E +—==—jweE . 5.31
== = ek, (5.31)

Multiplying the equations (5.29)-(5.31) with b, the height of the waveguide, and denoting

bE =U(x,z) (5.32)

ub=1L (5.33)

£

s=C 5.34

5 (5.34)

we obtain
—-a£=jca[,.lsx (5.35)
ox
_v = jolLJ_ (5.36)
oz
(e ¥ Vo U (5.37)
ox dz

These are just the two-dimensional equations which are valid for the first N -1 TE,, modes
(m< N-1). If, for example, a/b= N =5 then the fundamental TEM mode and four higher-
order TE, o modes, m =1,2,3,4, can be sufficiently rigorously treated with the two-dimensional
equations, L and C being the inductance per square and the capacitance per unit area,

respectively, defined at zero frequency.
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5.4. TM Modes
Consider the Hertzian electric potential (Collin, 1992)
M, =ay.(x,y)e”" (5.38)

The expressions of the fields are

E=Vx(VxIL,)
H = jweV xI1, = joe(Vy, xa,) (5.39)

where y,(x, y) satisfies the Helmholtz equation

2 2
——-aafz‘ +——aafz‘ +k*y. =0 (5.40)
with
kl=w’eu—-p* =g - B (5.41)

The field components are
* /8= al//
E =+jfe™f e
. =%jB :

. 17
E,=%jpe*? T e
y =xJp 3

E.=kXe" "y (x,y)

H, =+jwe et: _av/,
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8= aV’,
oax

H =-jwce

with the same boundary conditions as for the 7F modes,

v.(x0) =y . (x,0)=0, x€ (0,a)

e 0,y)=2% (4, y)=
ax (O,J’)— ax (asy)"o ’ _}’E(O,b)

The only combination that satisfies these conditions is

¥.(x,y) =cos yxsin &y

with
mx nxw
=——, 5:—
¥ a b
or
v.=cos " %sin 2. m=012,.. ,

a

Following the same reasoning as in the TE case we obtain again the cutoff frequencies

The lowest cutoff frequency is
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(5.42)

(5.43)

(5.449)

(5.45)

(5.46)

(5.47)

(5.48)



0y (8 )\_nFE _ 1.0
U )W_Za(b) NZa M) -

(5.49)

Therefore, the cutoff frequencies of the first N —~1 TE modes are lower than the cutoff frequency
of the first 7M mode. In conclusion, the two-dimensional theory can be applied to and the
cutoff frequencies can be obtained for the first N —1 TE modes. The TM modes can not be

described by the two-dimensional equations, but these modes appear at much higher frequencies

for planar circuits.

5.5. Definition of the Effective Dielectric Constant

For the TEM mode the effective dielectric constant ¢, is simply the relative permittivity

g, of the material filling the waveguide and

fo===2af Jeu .

c

For the higher-order modes the phase constant is

with the phase velocity

- PR

cm.n

Therefore
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Y]
| Le §.53
[‘ (,]J 29

for £> ™. With

Cop =V JEEF (N1t (5.54)

the effective dielectric constant for a mode of cutoff frequency /™ is defined as

2
£ ) ] (5.55)

<

R (f) = s,[l —(

|

i.e. for higher-order modes £,(f) <e¢, .
In conclusion, only for the TEM mode ¢, (f) > ¢£,,(0) > 1. For the higher-order modes

£,7(f) can be greater or smaller than £, (0), and even negative (for evanescent modes).
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5.6. Rectangular Waveguide with Hybrid Walls and Inhomogeneous Dielectric

The dispersion model presented in Chapter 4 uses a rectangular waveguide with hybrid
walls and different dielectrics. Consider the cross-section of such a waveguide, as shown in
Figure 5-2. A TEM wave can not propagate in this structure due to the presence of two
dielectrics of different permittivities. The analysis of the higher-order modes of propagation in

this case is performed in a similar way.

Ay
b c—om
],l.—,oo
=0 &, 1 €2.H2 H—oo
c=0 -

Fig. 5-2. Rectangular waveguide with hybrid walls
filled with inhomogeneous dielectric.

The TE Mode
Consider the Hertzian magnetic vector potential

M, =ay(xye ", xe (0,d)

n,, =ay,(x,y)e xe (d,a). (5.56)

The fields in the two regions are

E,= "j(”.ul.zv xII, ,,
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H,,=Vx(Vx,,,) (5.57)

where the subscripts 1 and 2 denote the two regions, and the respective functions y, and y,

satisfy the equations

2
a'/’1+a’/’|+k

axz a 2 lwl 0

a2 92 .
a:" + ay":’ +kiy, =0 (5.58)

where

(5.59)

The corresponding field components are

rs a'/’l.z
dy

.oy
. r:
Eyl.z = Ju, ;¢ _axli

Exl.z = —jw:ul.Z €

17
H =r rs 12
2 c ax

s a'/,l,z
dy

H,,= kczl.z'/’t,z e’ (5.60)

H,,=Te

122



with the boundary conditions

E ,(x,00=E  ,(x,b)=0 for electric walls
H,00,y)=H,(0,y)=0 for magnetic walls

H,(a,y)=H,(a,y)=0 for magnetic walls

and with the interface conditions at x =d

£E, (d,y)=6E,(,y)
E,d,y)=E,(d,y)
mHL A, y)= 1, H,,(d,y)
H,d.y)=H,d,y)
H,d,y)=H,d,y) .

(5.61)

(5.62)

The solutions of the equations (5.58), which satisfies the boundary conditions in (5.61), have the

form

v (x,y)= Asinaxcos%y

y,(x,y)= Bsinﬂ(a—x)cos%y , n=0]1,...

where a and S are parameters resulting from equations (5.58),

, n’rm?

-a” ——b—z-+k‘.2| =0

n‘rz?

b2

-pB* - +k%, =0.

Imposing the second and the last conditions in (5.62) gives
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Aau, cosad = —Bpfu, cos f(a—d)
Ak? sin ad = Bk, sin f(a—-d). (5.65)

Dividing the last two equations yields the following eigenvalue transcendental equation

2 2
* tancd + 2 van ga-ay=o . (5.66)
ay, Bu,

The first and fourth conditions in (5.62) would give the condition
Eipy = E M, (5.67)

which is, generally, not satisfied, for example when u4, = 4, = 4, and ¢, # &, . All the conditions

from (5.62) can be satisfied if the functions ¢, , do not depend on y i.e. for n =0, when

y,(x,y) = Asinax
w,(x,y) = Bsin B(a-x).

Therefore the only admissible solution is that of a field with one vertical electric component and
two magnetic components /{, and A, parallel to the electric walls. This is exactly the structure
of the field used in the definition of the two-dimensional equations (as shown in Chapter 2). In a
homogeneous guide Equation (5.67) is identically satisfied and this is why higher-order modes
with n # 0 exist. As well, Equation (5.66) is the eigenvalue equation which results directly from
applying the two-dimensional equations. Indeed, from (5.64) with n =0, the only possible

solution is @ = &2, B? = k’,, and (5.66) becomes

o4 vanad + 2 an pla-d)=0. (5.68)
H, H,
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Since @’ =T +w?/cl and B> =TI +w?/c? we have

g =a’ +w2[—17-—17J . (5.69)
c; 4

If I?=-w?/c® and ['=—jw/c there is propagation, and if ¢, >c,, for instance, then

¢, >c>c and

2 2
a’ =-—2—+92—>0
cl
2 2
g=-2+2 <o ; (5.70)
¢ q

with

~-pi=k*-a*, ad=¢&, (a-d)/d=m

5.71)
the following equation is obtained from (5.68)
ctané -2 [V — £ tanhm V2 =2 =0 (5.72)
H;

where v = kd . Equation (5.72) is identical with the one obtained for the lossless dispersion
model if 4, = u, . The corresponding field solution is given by

E, = djou e acosax
E,, =-Bjwu,e " Bcosf(a-x)

H, =Te ‘adcosax
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H,=-Te "’ aBBfcosf(a-x)
H, =k Asinax

H_, =k Bsin f(a—x). (5.73)

When Equation (5.67) is satisfied, the two waves have the same speed in the two dielectrics and
higher-order TE modes with n #0 can propagate. In this case, also a TEM can be supported by

the structure. Indeed, if ¢, = ¢, = ¢ then k2, = k2, =0 and the solutions are
w, = Ae"’ x +constant ; v, = Be' * x + constant (5.74)

with only the field components

E,=E,=Eje"; E,=—jouA=-jou,B=> pnA=u,B

H,=ATe""#H_,=Bre"". (5.75)

A similar analysis of the guide in Figure 5-2 using the LSE mode (Collin, 1992) leads to the

same Equation (5.72).

Since (5.72) is a transcendental equation, one cannot have directly the higher-order
modes arranged in the order of increase of their cutoff frequencies. To determine the lowest
higher-order mode and its cutoff frequency we use the following procedure. Since the phase

velocity of the wave c satisfies the condition ¢, > ¢ > c¢,, we consider initially the case when the
waveguide is filled only with the first dielectric (£,,) and the speed of the wave is ¢,. The

corresponding cutoff frequency, with m =1 and n =0, is from (5.21)

(fcm )| =L

2a

Consider then the waveguide filled with the second dielectric (£,,) and the speed of the wave is

now ¢, . The corresponding cutoff frequency, with m=1 and n=0 is
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o) - %
(o) =2
If g, >645(f)>¢,, (c; >c>c))then

(re), > ()

and the waveguide filled with ¢,, has the lowest cutoff frequency.

5.7. Higher-Order Modes

In this Section we show how the model presented in Section 4.2, used for the calculation
of the dispersion characteristic of the fundamental mode, can also be employed to find the
higher-order modes of propagation and the evanescent modes on microstrip lines.

Equation (4.43) has been applied to determine £, (f) in (4.44), for the fundamental
mode of propagation, by using its first root £,. The same Equation (4.43) can be employed to
find the higher-order modes of propagation and the evanescent modes from its next roots &, .

The following procedure has been implemented and illustrated considering the example

in Figure 5-3. For given values of frequency, starting from f =0, we find solutions of Equation
(4.43). As seen in Figures 5-4 to 5-6, the first root & is found always in the interval
0< ¢, <m/2. This corresponds to a TEM mode with zero cutoff frequency, which is the
fundamental mode of propagation. If no other root (intersection) occurs for which £tané >0,
then all the other intersections (&,,4;__) correspond to evanescent modes (as in Figure 5-4).

On the other hand, if there are two or more roots of Equation (4.43) for which
£tan& > 0, then the first solution &, corresponds to the fundamental mode and the others to the

higher-order propagation modes; the subsequent roots, for which £tané <0, correspond to

evanescent modes (see Figures 5-5, 5-6).
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For a given f a set &,&, _ is determined. The first root &, substituted in (4.44) gives
£ () for the fundamental mode. The second root §, when substituted in (4.44) gives ¢, (/)

for the first higher-order mode (if &£ tan& > 0). Thus, by repeating the procedure described, the

curves in Figure 5-7 are obtained for the frequency range considered.
One can distinguish two cases. In the first case, when the quantity under the square root

in (4.43) is positive or zero, k> —£? 20, the first solution will give the fundamental mode, all
the others will give higher-order propagation modes. In the second case, when k> —£? <0 the

square root (4.43) becomes imaginary and with

TP bl P )= T

the equation becomes

Etané + & —k? tan(m,/g2 -k2)= 0. (5.76)

All solutions of (5.76) correspond to evanescent modes. Equations (4.43) and (5.76) admit as a
solution & =7 which corresponds to the cutoff frequency of the first higher-order mode, as

illustrated for f =14.15 GHz in Figure 5-5. With k = wa,/g,u,(¢, —1) (from Section 4.2), we

obtain for & = r the cutoff frequency for the first higher-order mode, TE, , as

1

= 5.77)
20\/50.“0 \/(5, =1

Jr,,

where a=r70h/ (Zc(m+1),/£,ﬂ(0)) as calculated from (4.9). The cutoff frequency for the m

higher-order mode, TE, ¢ is

S, =M, (5.78)
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> weimm e

€ h=0.635 mm

€ L

Fig. 5-3. Microstrip geometry in [12].

Substrate | w(mm) | h(mm) w/h £, £4(0)
Alumina 3 0.635 4.72 9.8 7.753

Table 5-1. Data for the microstrip in Fig. 5-3.

0O 20 40 60 80 100 120 140 160 180
E(degrees)

Fig. 5-4. Solving the transcendental equation (4.43) at S GHz for the structure in
Fig. 5-3 gives & for the fundamental mode and evanescent modes:

tan& . — ; \/kz =& tanh(m,{kz ~&? ):---;k=0.173 ; m=0.303.
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0 20 40 60 80 100 120 140 160 180
E(degrees)

Fig. 5-5. Solving the transcendental equation (4.43) at 14.15 GHz for the
structure in Fig. 5-3 gives £ for the fundamental mode and for the
cutoff frequency of the first higher-order mode:

Etang:— ; Jk - & tanh(m\/kz =& ): - - - ; k=0.489; m=0.303.

0 100 200 300 400 500
&(degrees)

Fig. 5-6. Solving the transcendental equation (4.43) at 35 GHz for the structure
in Fig. 5-3 gives & for the fundamental mode, for the first two higher
-order modes, and for evanescent modes:

ganf:— ; Jk* =& tanh(m,/lc2 =& ): ---;k=1211; m=0.303
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For the structure in Figure 5-3, the formula (5.77) gives fr; =14.09 GHz. The formula given

by Hoffmann (1987) for “a quick, rough estimate of f, " is

c,Z,

5.79
2n4h ( )

S, =

where ¢, is the speed of light in free space, 7, is the free-space impedance, and Z_=18.47 Q
the characteristic impedance. From (5.79) f;; =11.57 GHz and the difference with respect to
the result from the proposed formula (5.77) is

error =Mx100=-17.8% ;

14.09

The cutoff frequency f7;, based on the planar waveguide model (Hoffmann, 1987) is given by

= =15.96 GHz (5.80)
fml.o zw ,
This time the error is
error = 13961409 1 00=13.29 .
14.09

Finally, the cutoff frequency fns.}., obtained by full-wave analysis (Ermert, 1976) of the structure

in Figure 5-3 is fj; = =14.20 GHz and the error of our formula with respect to this value is

error = M x100=-0.77% .

14.20

e In Figure 5-7, the dispersion curves for the fundamental and the first two higher-order modes
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are represented. Only the results obtained from the proposed theory are represented, since
they are very close to those from the full-wave solution (Ermert, 1976).

10 r

g8 | e

7 Fundamental mode - -
o 6 |First higher-order mode g ’ 7
&S5 | T .7 -
w Second higher-order mode y / yd

4 R ’ e

3 ,/ /

2 )/ /

I / /

0

0 10 20 30 40 50
Frequency (GHz)

Fig. 5-7. Dispersion characteristics for the fundamental and
higher-order modes for the structure in Fig. 5-3.

In order to further validate the proposed model, comparisons with experimental data have
been performed. The dispersion measurements for the fundamental and the first two higher-order
modes published by Kompa (1975) were made using both the resonator and the sliding-load
techniques. Kompa (1975) concluded that utilizing the sliding-load technique, dispersion
measurements are possible up to near the cutoff frequencies of the higher-order modes. No
indication on the accuracy of measurements is given, but based on the investigation published by
Forzley and Bridges (1992), a 3-5 % error is expected when compared to the full-wave solution.

Two examples are given in Figures 5-8 and 5-10.
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Eor )
O = N W A N N 00O

——i w=9.15 mm !4—

4
(3 h=0.635 mm
€ A

Fig. 5-8. Microstrip geometry in [33].

Substrate

w(mm)

h(mm)

w/h

£

r

£.4(0)

Alumina

9.15

0.635

14.40

9.7

8.566

Table 5-2. Data for the microstrip in Fig. 5-8.

[
o

Fundamental mode

First higher-order mode

Second higher-order mode

Fundamental mode, expenmental data in [33)

A

TE, , mode, expenmental data in [33]

v

TE, ; mode, expenimental data in {33]

v

J

4

6

8

Frequency (GHz)

10

12

Fig. 5-9. Dispersion curves for the fundamental and higher-order modes for
the structure in Fig. 5-8.
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2
E h=1.6 mm
Y 5

Fig. 5-10. Microstrip geometry in [12].

Substrate

w(mm)

h(mm)

w/h

£4(0)

Polyguide

25.0

1.6

15.62

2.32

2.163

8eﬂ(0

Table 5-3. Data for the microstrip in Fig. 5-10.

AV

Fundamental mode

First higher-order mode

Seccond higher-order mode

T /
Fundamental mode, experimental data in (12]

A

TE,, mode. experimental data in [12]

TE:,o mode. experimental data in (12]

2 4

6

8

Frequency (GHz)

10

12

Fig. 5-11. Comparison of the resuits by the proposed model with experimental
data for the structure in Fig. 5-10.
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The present model does not allow the analysis of radiation from microstrip lines (Oliner and Lee,
1986). Also the leaky modes can not be obtained from the two-dimensional equations. To
analyze leaky modes, full-wave analysis (Mesa et al., 1999; Nghiem er al.,1996) has to be used.

The following main conclusions can be finally drawn.

The two-dimensional equations, derived from the exact Maxwell’s equations can be
used for the analysis of higher-order TE,, modes giving faster results than the
existing methods (Ermert, 1976) (CPU time on a HP Vectra 300 MHz personal
computer necessary to calculate the dispersions characteristics of the fundamental and
of the first two higher-order modes is 16 seconds).

The frequency range of applicability of the method presented extends up to the cutoff
frequency of the first TM mode, which covers the entire technical operating range for
practical microstrips (fundamental mode and higher-order TE, o modes).
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CHAPTER 6. MICROSTRIP STEP DISCONTINUITIES

6.1. Excitation of the Higher-Order Modes

Stepped microstrip components are often found in microstrip integrated circuits. They act
as impedance transformer, as compensating elements in microstrip power dividers, or are used in
LC ladder structures with filtering properties. Thus, knowledge of the scattering matrix of these
configurations is of great interest for their design and for the performance analysis of the
respective circuits. Earlier authors tackled the discontinuity problem under the assumption of
stationary or quasistationary conditions. For this reason the derived results are only valid in the
lower frequency range. Another approach was to use a parallel-plate waveguide model and a
mode-matching procedure in order to determine the scattering parameters (Koster and Jansen,
1986) employing a method of moments solution (Xu er al., 1989). Computer-aided design
software such as Sonnet (1999) utilizes a modified method of moments based on Maxwell’s
equations to perform a three dimensional analysis of planar structures. These methods require a
substantial computer time. In this chapter, simple formulas for the scattering parameters of a
microstrip step discontinuity, are derived from the two-dimensional telegraphists’ equations
(Tugulea and Ciric, 2000).

Consider a symmetrical step discontinuity in a microstrip line as shown in Figure 6-1,
where 2a is the width of the wide microstrip line and 25 is the width of the narrow microstrip
line. In the case of a lossless, isotropic microstrip, the inductance per square and capacitance per
unit area L and C, are constant and the resistance per square and the conductance per unit area,
R and G, are zero. In the case b << a, let us consider first the surface current density, of
frequency @, injected at the origin, with the corresponding surface density injected at the origin

in the form
J, (x,0) = I5(x) (6.1)

where / is the total current and 6 (x) is the Dirac function.
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2b -t

L

Fig. 6-1. Symmetric step discontinuity.

The voltage and the current will depend on both x and y coordinates, as does the current density

(sketched in Figure 6-2). The first order two-dimensional scalar equations are

-3 = jal, 62)
oU

-5, =0l (6.3)
aJ, dJ,

—Z e ———_ = U . 4
ox dy Jec 6-4)

J

16(x) - >

Fig. 6-2. The current density distribution on the wide strip.
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The second order two-dimensional equations are

’U U

=+ > +pU=0 (6.5)
9:J_. 9*J
axzn + ayzn +p’J,. =0 (6.6)
a:J 9%J
PR ay;’ +pJ, =0 6.7)

where f# = w+/LC . The boundary conditions are

Jo(-a,y)=J.(a,y)=0
J, (x,0)= I6(x) (6.8)

and we also assume that no inverse waves are present. Using the separation of variables for (6.5)

the voltage U, is derived in the form

U(x,y)=U,e "+ ZUk cos(v,x)e*"” (6.9)
k=l

where y, =+/f8°—v] . From the first boundary condition in (6.8) the transverse eigenvalue
equation is sinv,a =0, hence v, = kz/a with k =1,2,... . Using the cosine series expansion for

d(x) and imposing the second boundary condition leads to

wl e-/ﬁ)’ - etm,y
Ux,y)=1— F2 cosv, x (6.10)
2a ( /] é Y ¢

and from the first order equations
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Jn(x,y)=ij£2e‘”"v—"sin VX (6.11)
a

=1 7

k=1

J(x,y)= %(e""+ ZZe*”" cos vkx) . (6.12)
a

To decide on the sign of the exponentials, the nature of the propagation constant y, must be

studied and the third boundary condition (no inverse waves) must be imposed. The propagation

constant is

27 (kA Y
=72 221 -1 6.13
Ve =7 1 (20) ( )

with A being the wavelength. The wavelength is assumed to be much greater than the transverse

dimensions of the microstrip line (Denlinger, 1971). If A > 2a, then k1/(2a) > 1. In this case y,

is imaginary, y, = jf, and

et/UAY — oFhy

The plus sign must be considered, otherwise unbounded solutions are obtained for y — o . With

this observation, the equations (6.10)-(6.12) are now

-1 - =By

U(x,y)=1w—[' ¢ +2j2e CoSV, X (6.14)
2a( B Pl
I « Vi “Bey a2

Jo(x,y) == —~eP sinv,x (6.15)
a ;- k

J, (x,y)= EI—(e“’”ﬂr 22 R cosv,‘xJ (6.16)

a k=1
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Only the dominant mode will propagate along the microstrip since the higher-order modes are
attenuated exponentially. The less attenuated mode is obtained for k =1. Let y, be the distance

at which the exponent has the value of m (for m = 3, the exponential is = 0.05)

A
el
mA 1 ma[ (20]2] 2 ma[ I(Za]z :l
y, = = 1-| =— =—|l4+—=|— | +...
2z ’(&/20)1 -1 T A V4 21 4

For m=3, y, =a, therefore at distances equal to the half width of the microstrip the higher-

order modes practically vanish. The reference planes are chosen at this distance. For the

geometry in Figure 6-1 the reference planes, T-T, are shown in Figure 6-3.

2a

l

| |

2b v l
|

Fig. 6-3. Showing the reference planes for a
microstrip step discontinuity.

For y > y, we have

J. =0 6.17)
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J =L e (6.18)
2a

ol - L
U(x,y)= [ — ”’:W’—J 6.19
(x,y) 2aﬂe ' (6.19)

6.2. Characterization of the Discontinuity Region
Consider the case in Figure 6-1, where A4 >> 2a and b <a, in which the fundamental
mode of propagation is the only one not attenuated. The two-dimensional equations are to be

integrated under the following boundary conditions

JP(x,0)=J P (x,0) , xe[-b,b] (6.20)

UD(x,0) =UP(x,0) (6.21)

where the superscripts are (/) for the narrow line and (2) for the wide line. There is no closed-
form analytical solution for this problem because of the transverse eigenfunctions which are

different for the two lines

An approximate solution can be obtained by considering the current density to be uniformly

distributed on the narrow line (see Figure 6-4)

JO (x,y) =I5 (x,0) = 5’-5 , x€[-b,b] . (6.22)
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o

- sz (x,0)=1I/(2b)

-a -b b a ;

Fig. 6-4. Uniform current density distribution

Fig. 6-5. Current density on the narrow
on the narrow microstrip.

microstrip line.

With this assumption, it is now possible to solve the problem analytically, on the wide line, by
developing the current distribution shown in Figure 6-5 in a Fourier series as

J,(x,0) = _’_(1 +34, cosvkx) (6.23)
2a k=1
where
d, 1%t1 I
Sl SPSLE dx = b, 6.24
22 ai2p COSV, X, abv, sinv, ( )
hence
d, =28vb (6.25)
b v,

Finally, we have
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1(,.2
J,,(x,O):z(H;Z

k=]

Using again equation (6.9) for U and the first order equation for J,_ , we obtain for y =0

k=t Y%

é—;(l +%Z sinv,b cosv,,xJ

From the identification of the coefficients we have

and

Thus, U, and U, are

_ oLl

° 2ap
I sinv,b
U, = joL— *
I By,

and the expression for the voltage is

U(x,y)=-2—‘$ [

sinv, b
Vi

cosv,,x).

k=l

- sinv,b _
Yy t_e P cosv, x

wu( py, 2JB
b
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k=l kvk

l . -
oL [- JBU, - Zﬂkuk COSV,x

|

(6.26)

6.27)

(6.28)

(6.29)

(6.30)

(6.31)

(6.32)



where B, =/vi-p8?, p=aJLC, and v, =kzr/a. Because in the discontinuity region the
voltage is not constant on the whole width of the microstrip, it is necessary to use the complex
power in the attempt to find the input impedance seen at the microstrip junction

b & .
_ . _ I
S(x,0) = _{ U(x,0)J., (x.0)dx = jb U(x0) 5 dx

I wlLl 2jB < sinv,b
1+ ldx
= 2524 2251 ( Z. B, ot

. (21; 4B § sin” v, ) zr. (6.33)

4‘1613 & Bwvi

With

ol ol {L/(Z"):J—LT: 6.34
2af 2awVIC \ C2a Cc’ Ra €39

where L’ and C’ are the parameters per unit length, and R_, is the characteristic resistance of
the corresponding one-dimensional transmission line, the input impedance can be written in the

form

sin’ v, - .
Z = R[ Z X ) R, +jX (635)

where X is the reactance due to the discontinuity. We observe that

= Sm Vk 6.36
Re bz ; .Bka ( )

and therefore X is inductive (Kompa, 1978). By replacing v, , £, and S, , we obtain
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X= in“—b 6.37
V 2ab2 & f 2 z/a @'LC Knija® | a 637
or
2
_ ola Z sin® knb/a (6.38)

7°0® 3 kK n?/a* - 0’ LC

for kzfa> @ LC . In the case B, in equation (6.33) becomes imaginary, then the respective

terms in the series do not contribute to X, but to the input resistance.

6.3. Asymmetric Step Discontinuity

Consider the asymmetric step discontinuity in Figure 6-6.

x}
2a
1 %12
Txl
0 v

Fig. 6-6. Asymmetric step discontinuity in
microstrip line.

The first-order two-dimensional equations are (6.2) and (6.3) and the second-order two-

dimensional equation for the voltage is (6.5). We look for a solution of the form
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Uix,y)=U, e"”-{»iU, e cosv, x (6.39)

k=]

where g =aoVJLC, B, =m and v, = kx/(2a). Whenever the ratio b/a is small, we
assume that the current is uniformly distributed over the width 25 of the narrow line. With the
system of Cartesian coordinates chosen as shown in Figure 6-6, the boundary conditions for the
region x € [0,2a], y€ [0,e) are expressed as

Jo(0,y)=J,(2a,y)=0 (6.40)
! for x®(x,,x,)
2b B

J,,(x,0)= (6.41)

0 elsewhere

Applying the method of separation of variables to the voltage Equation (6.5) and taking into
account the Equations (6.2)-(6.3) yields

wll | _ .4af < sinv,b cosv,x, _
Ulx,y) = ——| e+ k k-m e~PY co 6.42
(x, ) 2aﬂ(e I & 5K svkx) (6:42)

where x, =(x, +x,)/2. To obtain the impedance Z, seen at the microstrip junction, we

calculate the complex power transferred into the section of width 2a as

g . wLl? 28 < sin®v,b cos’v,x
S(x,0)= |U(x,0)J ,0)dx = 1+ k Em (=72 6.43
(x.0) !(x),y(x) 2aﬂ[+,b2§ 0.0 ] , (6.43)

with / being the rms value of the current. The input impedance is derived in the form
Z =R, +jX (6.44)
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where R, is given in (6.34) and X is the reactance due to the discontinuity

ol & sinfv,b cos’v,x, ,
R T (6.45)

For the special case of a symmetric step discontinuity x_ =a and the reactance expression

becomes

- 2 2
_ola$sinnmbja g o (%) —wiLc (6.46)
7 b n=l n ﬂn a

In the case £, in (6.43) becomes imaginary, then the respective terms in the series do not

X

contribute to X, but to the input resistance. It should be remarked that the series in (6.45) is

rapidly convergent. For example, retaining only the first 15 terms in equation (6.45) evaluates
the series with an accuracy of 107, for a microstrip step (Xu ef al., 1989) with &, =2.32, the

height of the dielectric substrate A =1.58 mm, 2a =16.65 mm and 2b =4.5 mm.

6.4. Numerical Results

In order to validate the formulation presented and the formulas derived in this Chapter,
we compare results for the scattering matrix of the equivalent circuit of the step discontinuity
with available published data. The equivalent circuit for a step discontinuity is shown in Figure

6-7. The scattering matrix for this circuit is (Feldstein er al., 1967)

[S] = [ill ?z ] (6.47)
21 2

with
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_Z+r-1

N Zar+l
s =5 =_2dr
20Tz e+l
Z—-r+1
S ==_"__ 648
2 Z+4r+l ( )

with r=R_/R, and Z = jX/R,, where R, is the characteristic resistance of the narrow

microstrip section, or

Rcb

Fig. 6-7. Equivalent circuit for the
step discontinuity.

R:L —R.L +X*+2jXR,
(R,+R,V+X?

S. =8 _2 RcaRcb(Rca+Rcb)-j2X\chaRcb
SR (Rca+Rcb)z+X2

Sll

_RL-RL+ X'+ j2XR,
(Rca + Rcb )2 + X2

(6.49)

where X is given in Equation (6.38) for the symmetric step and in Equation (6.45), for the
asymmetric step.

The magnitude of the transmission coefficient for the symmetrical step configuration on a
polyguide substrate shown in Figure 6-8 is plotted in Figure 6-9 against experimental data and
full-wave results in (Xu ez al., 1989).
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l 4
2a=17.4 mm

Fig. 6-8. Geometry of the microstrip step discontinuity
in [79).

Substrate | 2b(mm) | 2a(mm) | h (mm) | ¢,

Polyguide 4.6 17.4 1.58 2.32
h' is the dielectric thickness

Table 6-1. Data for the microstrip in Fig. 6-8.

1.0
0.8
06
28
0.4 IS, J-experimental data [79]
A
IS, ,|-proposed method
0.2
IS, ,I-full-wave analysis (79}
0.0

0 2 4 6 8 10 12
Frequency (GHz)

Fig. 6-9.S;,| versus frequency for the microstrip in Fig. 6-8.
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The error in Figure 6-9 is less than 1.5 % when compared with the method of moments solution
(Xu er al., 1989). The necessary computer time to obtain the solution with (6.49) is 2 seconds on
a HP Vectra 300 MHz personal computer.

For the symmetric step discontinuity in Figure 6-10 the transmission coefficient versus
frequency is plotted in Figure 6-13. In Figure 6-12 the fundamental, first higher-order, and
second higher-order modes for the wide microstrip line (2a in Figure 6-10), are plotted. For the
symmetric step, only even-order 7E,, modes (m=2, 4, 6,...) can be excited. As seen in Figure 6-
13, signal blocking occurs at f;; =23 GHz which is the cutoff frequency of the second higher-

order mode (see Figure 6-12).

For the asymmetric step discontinuity in Figure 6-11, which has the same parameters as the
symmetrical step in Figure 6-10, except for an axis displacement of 0.5 mm (thus x, = 1.5 mm in
equation (6.45)), the magnitude of the transmission coefficient is plotted also in Figure 6-13. For
the asymmetric step, all TE, modes (m=1,2,...) are excited and signal blocking occurs at
Jre, =11.5 GHz, which is the cutoff frequency of the first higher-order mode (Figure 6-12).

Thus, the simplified theory proposed in this thesis generates results in agreement with those
published by Baican (1996), Hoffmann (1987), and Kompa (1976).

l [ )
2a = 8.0 mm

Fig. 6-10. Geometry of the symmetric step
discontinuity in [24].
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___+__ 2a=8.0mm

Fig. 6-11. Geometry of the asymmetric step
discontinuity in [24].

Substrate | 2b(mm) | 2a(mm) | h (mm) | ¢

Alumina 1.2 8.0 0.635 9.7
h' is the dielectric thickness

Table 6-2. Data for the microstrip discontinuities in Figs. 6-10
and 6-11.

10

9 //

8

7 .
s © T
55 P
w 4 Fundamental mode e

3 First higher-order mode 4 ’

2 |22 o P

1 Second higher-order mode 4 7

0

0 10 20

Frequency (GHz)

Fig. 6-12. Fundamental, first, and second higher-order modes for
the wide microstrip line in Figs 6-10 and 6-11.
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Frequency (GHz)

Fig. 6-13. Comparison of the magnitudes of transmission
coefficients for the symmetric and asymmetric
step discontinuity configurations in Figs. 6-10
and 6-11.
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6.5. Cascaded Microstrip Lines

Consider the general case of an asymmetric cascaded microstrip line whose geometry is
shown in Figure 6-14.

y §

a
y_L_I
4 b 2
2 L
Ly 4y A
vy
0 1 X

Fig. 6-14. Cascaded microstrip line.

The equations are the same as those employed in Sections 6.2, 6.3, except that this time there are
more boundary conditions to be imposed, namely at x =/. Assuming that the currents /, and /,
are uniformly distributed on the respective narrow lines, we solve the problem by superposition.
The voltage U at any point in x€(0,/), y®(0,a) is determined as U =U, +U,, where

U,(x,y) is the voltage when /, #0 and /, =0, and U,(x,y) is the voltage when /, =0 and
I, #0.

Firstcase: /, #0 ; I, =0

The equation satisfied by U,(x, y) is

2 2
aag' + % +pU, =0 . (6.50)

Enforcing the boundary conditions
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=[_L§ﬂ =0 (6.51)

v\ JjeL d
1 9U,
T =(-ﬁ¥1)ﬂo =J,(0,»)#0, ye(¥,y,) (6.52)
J,(d,»)=0, (6.53)

the following solution is obtained for the voltage

U,(x,y) =U, cos Bl - x)+ 3 [U,, cos 8,1 - x)cos a, ] (6.54)

k=]

where @, =kzfa, f=w~LC and B, =1/vf - B? . By enforcing the boundary condition at
x=0,

Ji (0, y) =1, + lek cosa,y = - ﬂmlz in A "T—ZﬂkUM sin B,/ cosa, y . (6.55)
k=1 k=l

By identification

wll
UIO
JBsin A
wll
U, =—% 6.56
N JB sin B, 1 ¢ )
where 7/, and [, are
sin @ b cosa,c
I 1 k ? I3
I, ==L ; I, =4-1 6.57
g Ik b, kx ( )
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and ¢, =(y, +,)/2 determines the y coordinate of the middle point of the narrow line (in
Figure 6-14). The voltage U, is finally derived as

__J{aolly cosBl-x) < @Ll, cos B, (I —x)
U(x,y)= j{ ; sin A +§ ] sin A1 cosa,y] . (6.58)

Second case: /, =0; [, #0

The solution is of the form

U,(x,y) =U, cos fix + ZUu cos fB.xcosa,y . (6.59)

k=]

Enforcing the condition at x =/ we obtain

1 oU 1 . - .
J.(L,y)= (—E ax2 J,:J = 'ﬁ[" BU,, sin Sl '*';(" U,, B, sin ﬂklcosaky):]=

=Iy+ 3 I, cosa,y (6.60)
k=1

where /,, and /,,,

)} I sina, %cosa,,c2
Iy=-%+; I,, =42 6.61
®a 2 b, kmx ¢ )

and ¢, =(y; + y,)/2 determines the y coordinate of the middle point on the other narrow line (in

Figure 6-14). After identification

JolLl,,
U, =2—--20 6.62
» B sin [l ( )
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Jall,,

U, =-—2—3x%_ 6.63
* = B, sin B, (©63)
and hence
U,(x,y)= ij[ 1_2" cos fix + i#cosﬁkx cosa,,y] . (6.64)
B sin gl =1 B sin Bl
By superposition, we obtain
Uu=U+U, =
- joL I,, cos fix - {m cos B(I - x) + o« 1, cosf,x - {,,‘ cos B, (I —x) cosa,y| .
Bsin gl k=1 B, sin Bl
(6.65)
The input voltage at x =0 results as
. Ioy—Igcos B <1, -1, cosp,l
U, y)= ijl: 20 10 + *___ U cosa,y| . (6.66)
Psin@ & B.sin Bl ‘
The output voltage, at x =1, is
. Incos Bl -1 o Iy cos -1,
Uud,y)= ij[ 0 0 4y 2 cosa,y| . (6.67)
Bsin fl im  Pisin Bl )

Both the input and the output voltage depend on y. Calculating their average value over the width

of the respective narrow microstrip lines, at the input and output, yields

5 ool =Iecos Bl jol & a I, =1, cos Bl
U, = joL + Y

ﬂsmﬁ b k’t ﬂ Si.nﬂ I (Sin akyZ -Sin akyl) (6’68)
1 k=1 k k
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~ . Igcosfl—-1, joL a Iycospl-1, . .
U - d)L 20 10 + Ehadii! k 1k - i 669
2=1J Bsin A b, gkﬂ' B, sin B,1 sma,y, smak)’;) ( )

Finally, the average input and output voltages can be written also as

~

U =z,1 +2,I,

U,=z2,1+2,1, (6.70)

where

sin” @, —-cos” @,c,

JjoL 8wl o a .
z, =——cotfl - — cotB,! = jX (6.71)
t1 m ”2 ;blz kzﬂt k 11
sin? @, 2 cos? a,c
JoL 8wl o~ a ko ik .
Z,, =——cotfl + — cotf.l=jX (6.72)
fa x* &b kB, ) =
ina, 2t ina, 2
o - joL 1 +8ij 2_: a a5 cosacsing, 5 €0sa,c, i
T pasnfl nt &b, k*B, sin B,1 B

(6.73)

The corresponding equivalent circuit is given in Figure 6-15, with Z,, and Z_, being the

characteristic impedances of the narrow lines, respectively, for which (Feldstein et al., 1967)

Zy =242y 2, =—2,42) 5 2, =2y, =—2, . (6.74)

Thus, the circuit parameters z,, z,, z, are determined from (6.71)-(6.73)

Z =z, %2,

2,=2,, =2y - (6.75)
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Fig. 6-15. Equivalent circuit showing the association of

volitages and currents.

With the following notations

the entries of the scattering matrix (6.47) for the circuit in Figure 6-15 are

_ Z,( 2, -1)+(Z,+r')(Z,+2Z, —1)
N ZAZ )+ (Z,+ N2, + 2, +])

S =5 = 2Z,Jr
BT 22 AN (Z, N Z + 2, + 1)
S _Z,(Z+ D)+ (2, -r N2, + 2, +]))

Z(Z,+ D)+ (Z,+r' )2, +2Z, +])

(6.76)

(6.77)

The results obtained using the above analysis were compared with experimental data in

(Giannini et al., 1992). Since in (Giannini er al., 1992) there is no indication on the accuracy of

the measurements or on the method used to acquire the experimental data, we also generated

full-wave results in order to perform a reliable comparison. Except for the resonance regions, in

most of the cases considered there is a good agreement between the two sets of results. We

conducted the full-wave analysis of the structures in (Giannini et al., 1992) by using two
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different most recent softwares, Sonnet (1999) and Microwave Office 2000-Version 3.20 (2000)
that uses a modified Method of Moments to generate the solution. Both software packages
require that the original circuit be enclosed in a box made of perfect conductor walls, as shown in
Figure 6-16, where X, Y and H are selected to be much greater then the substrate thickness h. A
gridded, variable cell size mesh is automatically generated which places smaller cells in areas
that have high variations in current densities, and larger cells in areas with more uniform current
variations. The cell size in each direction (AX or AY) is the dimension in each direction (X or Y)
divided by the number of divisions (Nx or Ny) in that direction. In the rest of this Section we

present comparatively results for various structures considered in the literature.

=

X

Fig. 6-16. Enclosure used for full-wave
analysis [43] and [65].
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a=15mm

It

6 mm

1=6.8 mm

Ti‘;ﬁmm
——

Fig. 6-17. Symmetric microstrip geometry in [17].

Substrate

a(mm)

I(mm)

bij(mm)

b2(mm)

h(mm)

Alumina

15

6.8

0.6

0.6

0.635

9.7

Table 6-3. Data for the microstrip in Fig. 6-17.

Box Size

Number of Cells

Cell Size

X(mm)

Y(mm)

H(mm)

Nx

Ny

AX(mm)

AY(mm)

20

20

10

200

200

0.1

Table 6-4. Data used with [43] for the microstrip in Fig. 6-17.
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S, ,-Proposed method

S, ,|-Full-wave results [43]

2 3 4

5 6

7

9 10 11

Frequency (GHz)

Fig. 6-18. |S,,| versus frequency for the microstrip in Fig. 6-17.

Number of Full-wave [43] Proposed method
computed Memory Time Memory Time
frequencies used used
11.72 MB + 55
100 245 MB ' 61 KB 1.5 sec
hours
(swap)

Table 6-5. Comparison of computer time and memory requirements in the
proposed method with those in the full-wave method [43] for the
microstrip in Fig. 6-17.
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1S,,1 (dB)

IS,i- Experimental data in [17]

G____

S,,|-Proposed method

S, ,I-Full-wave results [43]

3 4 S5 6 7 8
Frequency (GHz)

9 10 11 12

Fig. 6-19. |S;;| versus frequency for the microstrip in Fig. 6-17.
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a=15mm

—3—

1=9.0 mm

Fig. 6-20. Symmetric microstrip geometry in [17].

Substrate

a(mm) | I(mm) | by(mm) | b(mm) { h(mm) £,
Alumina IS 9 0.6 0.6 0.635 9.7
Table 6-6. Data for the microstrip in Fig. 6-20.
Box Size Number of Cells Cell Size
X(mm) | Y(mm) | H(mm) Nx Ny AX(mm) | AY(mm)
18 18 18 180 180 0.1 0.1

Table 6-7. Data used with [65] for the microstrip in Fig. 6-20.
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-10
)
S
2y
-20 ‘
[S,,I-Proposed method
[S,,[-Full-wave results [65]
-30
2 3 4 5 6 7 8

Frequency (GHz)

Fig. 6-21.|S;,| versus frequency for the microstrip in Fig. 6-20.

Number of Full-wave [65] Proposed method
computed Memory Time Memory Time
frequencies used used
2MB +
60 24 MB 0.236 61 KB 1.5 sec
hours
(swap)

Table 6-8. Comparison of computer time and memory requirements in the
proposed method with those in the full-wave method [65] for the
microstrip in Fig. 6-20.
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S,/ (dB)

0
(o>
- 1 O ?\ ‘@, - ’9
C
[S,,I-Experimental data in [17]
2 ! |G
IS,,|-Proposed method
S,,[-Full-wave results [65]
-30
2 3 4 5 6 7 8
Frequency (GHz)

Fig. 6-22. |S,;| versus frequency for the microstrip in Fig. 6-20.
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a=785mm 1

Fig. 6-23. Symmetric microstrip geometry in [17].

0

it

.23 mm

=051 mm

T}ﬁsm
'—!_

Substrate

a(mm) | l(mm) { bj(mm) | b(mm) | h(mm) £,
Alumina 7.85 0.51 0.23 0.23 0.254 9.9
Table 6-9. Data for the microstrip in Fig. 6-23.
Box Size Number of Cells Cell Size
X(mm) | Y(mm) | H(mm) Nx Ny AX(mm) | AY(mm)
10 10 10 100 100 0.1 0.1

Table 6-10. Data used with [43] for the microstrip in Fig. 6-23.
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S, (dB)

: IS} Experimental data in [17]
TR B
[;) S,,|-Proposed method
1 '
il IS,[-Full-wave results [43] !
1 - -
6 8 10 12 14 16 18 20 22 24 26

Frequency (GHz)

Fig. 6-24. [S;,| versus frequency for the microstrip in Fig. 6-23.

Number of Full-wave [43] Proposed method
computed Memory Time Memory Time
frequencies used used
293 MB + 0.33
200 2454 MB : 61 KB 2 sec
hours
(swap)

Table 6-11. Comparison of computer time and memory requirements in the
proposed method with those in the full-wave method [43] for the
microstrip in Fig. 6-23.
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a=176mm

0.23 mm

3 1

=0.23 mm

1

F———— 1

1=0.51 mm

Fig. 6-25. Microstrip geometry in [17].

Substrate | a(mm) | I(mm) | bi(mm) | by(mm) | h(mm) £,
Alumina 1.76 0.51 0.23 0.23 0.254 9.9
Table 6-12. Data for the microstrip in Fig. 6-25.
Box Size Number of Cells Cell Size
X(mm) | Y(mm) | H(mm) Nx Ny AX(mm) | AY(mm)
S 5 10 500 500 0.01 0.01

Table 6-13. Data used with [43] for the microstrip in Fig. 6-25.
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S|,/ (dB)

-10

-20

0 e o
Soq
S

IS ,I- Experimental data in [17]

[S|,/-Proposed method

IS,/-Full-wave results [43]

6

8 10

12 14

16

18 20 22 24

Frequency (GHz)

Fig. 6-26. |S;,| versus frequency for the microstrip in Fig. 6-25.

Number of Full-wave [43] Proposed method
computed Memory Time Memory Time
frequencies used used
73.24 MB +
200 6134 MB 9 hours 61 KB 2 sec
(swap)

Table 6-14. Comparison of computer time and memory requirements in the
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proposed method with those in the full-wave method [43] for the
microstrip in Fig. 6-25.




a =226 mm

—el':'o.zs mm

i

F——

1=0.51 mm

Fig. 6-27. Microstrip geometry in [17].

Substrate | a(mm) | I(mm) | by(mm) | by(mm) | h(mm) &,
Alumina 2.26 0.51 0.23 0.23 0.254 9.9
Table 6-15. Data for the microstrip in Fig. 6-27.
Box Size Number of Cells Cell Size
X(mm) | Y(mm) | Hmm) | Nx Ny | AX(mm) | AY(mm)
5 5 10 500 500 0.01 0.01

Table 6-16. Data used with [43] for the microstrip in Fig. 6-27.
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1S,/ (dB)

Q
S ,,I- Experimental data in [17]
?:;, [S,,|-Proposed method
:: IS ,|-Full-wave results [43]
I —
6 8 10 12 14 16 18 20 22 24

Frequency (GHz)

Fig. 6-28. |5,,| versus frequency for the microstrip in Fig. 6-27.

Number of Full-wave [43] Proposed method
computed Memory Time Memory Time
frequencies used used
73.24 MB +
200 6134 MB 9 hours 61 KB 2 sec
(swap)

Table 6-17. Comparison of computer time and memory requirements in the
proposed method with those in the full-wave method [43] for the

microstrip in Fig. 6-27.
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On the basis of the results and comparisons presented in this Chapter, we can draw the following

conclusions:

The main advantages of the proposed method consist in that results can be generated with an
insignificant computation effort and memory usage.

The method presented can be applied initially to check approximately the performance of
single and double step microstrips and, if acceptable, then a more accurate method can be
used, thus reducing substantially the design time.
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CHAPTER 7. MICROSTRIP RESONATORS

7.1. Circular Resonator with Homogeneous Dielectric

The resonant frequency of a microstrip resonator is usually calculated on the basis of a
model where it is assumed that the electromagnetic field exists only in a bounded region between
the conducting strip and the ground base. This implies that the scattered field at the side surface
of the resonator is neglected. Resonant frequencies for the homogeneous rectangular, circular,
and ring microstrip resonators were computed by many authors (Baican, 1996; Gopinath, 1981;
Hoffmann, 1987; Khilla, 1984; Watkins, 1969; Yabuki et al., 1996).

In this Chapter we determine the resonant frequency of an inhomogeneous circular mi-
crostrip resonator based on the two-dimensional equations (Tugulea and Ciric, 2000). To check
the validity of the proposed solution technique, we first use the two-dimensional equations to
determine the resonant frequencies of a homogeneous circular resonator for which numerical re-
sults are available in the literature (Watkins, 1969).

Consider a resonator as shown in Figure 7-1, with a homogeneous and isotropic lossless
dielectric, of permittivity £ and permeability 4. The model employed and shown in Figure 7-2
consists of a cylinder with re (0,a) and ze (0,4), bounded by vertical walls which are either
ideal ferromagnetics (x4 — o) or perfect conductors (o — < ) (Bonetti and Tissi, 1978).

The two-dimensional second order voltage equation for time-harmonic fields,
ViU +pU=0 (7.1)
where S = w./gu , can be written in circular cylindrical coordinates r, ¢, z in the form

U 19U 19U 2
- — U=0. .
or? +r or +r2 09° +h (7.2)
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o> oo
} : S
} | (r,¢) EH : h
| i ! v
G 200 0 a

Fig. 7-1. Circular microstrip resonator.

z
> 00

A

|

I l

| e &K h
I I

c—=00 0 a

Fig. 7-2. Model for the structure in Fig. 7-1.

The associated boundary conditions are

8U§r,¢) =0, if r=a is a magnetic wall (7.3)
r r=a
U(a,p)=0, if r = a is an electric wall. (7.4)

Applying the separation of variables and enforcing the regularity conditions at r =0 yields so-

lutions of the form

U,(r.p)=(4,cosng + B, sin np)J,(fr) (7.5)
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where n is an integer and J,(fr) is the Bessel function of the first kind and order n. Imposing
the boundary conditions gives J,(Ba)=0 for the model with a magnetic vertical wall, and
J, (fa) =0 for the model with an electric vertical wall. For n =0, the eigenvalues are obtained
from the roots of the equations J,(fa)=0 and J,(fa) =0, respectively, for the magnetic wall
and for the electric wall. The first root of J,(fa)=0 is fa = 3.831, which corresponds to the
TE,,, mode (Baican, 1996; Khilla, 1984), and for a=10mm, &, =9.7, 4, =1 the resonant fre-
quency is 5.85 GHz. For n =1, the equation J,;(fa)=0 gives fa =1.841, which corresponds to
the TE,,, mode and the resonant frequency is now 2.81 GHz. Similarly, for n =2 one has
Pa =3.054, which corresponds to the TE,,, mode and the respective frequency is 4.66 GHz,
and for n=3, fa=4.201, which corresponds to the 7E,,, mode with the resonant frequency
6.41 GHz. TE,,, is the fundamental mode and TE,,,,TE,,,, andTE;,, are higher modes of os-
cillation. These results are in agreement with those presented by Khilla (1984) using the classi-

cal field theory based on Maxwell’s equations.

7.2. Circular Resonator with Inhomogeneous Dielectric

For the resonator in Figure 7-3, the substrate has the permittivity £ and permeability g,
for re (0,a), and ¢, and u,, respectively, for re (a,o). It is assumed that the dielectric mate-

rials are lossless, homogeneous, and isotropic. The resonator model, shown in Figure 7-4, has

either a vertical electric wall or a magnetic wall at » = 5. The equations for the two regions are

3U, 13U, 1
2

7t +o’eulU, =0, re(0,a) (7.6)

U,
g’

o'U, 19U 1 3°U
arz- +; arz +7 a¢22 +a’2£z/‘2U2 =0, re(ab). a.n
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Applying the method of separation of variables and enforcing the regularity conditions at r =0

yields the following solutions with no dependence on @ :

U,(r)=AJ,(B\r), B =wjeu , re(0,a) (7.8)

U,(r) = 4,J(B,r) + B,Y,(B,r), B, =w e, , re(ab) (7.9)

where Y; is the Bessel function of the second kind and order zero.

o —

Fig. 7-4. Model for the structure in Fig. 7-3.
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Imposing the boundary conditions

U;(a,¢) =Uz(av¢) (7.10)

1 U, (r,p) 1 U, (r,@)
— =— 7.11
# or lm My Or |, 7D

U, (r.9) =0 if r =b is a magnetic wall (7.12)
or |,

U,(b,p)=0 if r =5 is an electric wall, (7.13)

the following transcendental equations are derived, corresponding to (7.12) and (7.13), respec-
tively:

\/s_‘. Ji(fa) \/E J(BaY (Bb) - J,(B:b)Y (B,a) 7.14)

H, Jo(ﬂla) My Jo(ﬁza)Yl(ﬂzb)-Jl(ﬂzb)Yo(ﬂza)

J’i Ji(Ba) _ \/Z J\(B,@)Yo(Bb) = Jo (B0 (Bra) (7.15)
4y Jo(Ba) Uy Jo(B,a)Y,(B,b) - J,(B,0)Y,(B,a)

For instance, if a=10mm, b=15mm, ¢, =9.7, ¢,, =232, and u, = u,, =1, the first reso-
nant frequency from (7.14) is 3.68 GHz and the first resonant frequency from (7.15) is 2.57
GHz.

7.3. Ring Resonator with Inhomogeneous Variable Dielectric
Consider the ring resonator with variable dielectric permittivity, £(r), in Figure 7-5. The
model shown in Figure 7-6, has vertical magnetic walls at r=a and r=5. The two-

dimensional second-order voltage equation is now:
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i H | |
S(r),u|

a"»—
[
(=)
[ )
o ] =

Fig. 7-5. Ring resonator with variable dielectric permittivity.

000 G 5o
l T | 1

EM,K | &K, | e h
1 | [ |
b a 0 a b

G- oo G =0

Fig. 7-6. Model for the structure in Fig. 7-5.

’U 13U | o%U
— + +—
or* r or r? 9¢?

We look for ¢ -dependent solutions of the form

U(r,p) = U,(r>{°°s"“’} .

sin ng

178

+w’e(r) uU =0, re (a,b).

(7.16)



The function U, (r) satisfies the equation

rRUs(ry+rU.(r) +[@*ue(r)yr* =n*U,(r) =0 .

If u= y, and the law of variation of the dielectric permittivity is, for instance

r 2m
8(’) = 508,(—) ’
a

then Equation (7.17) becomes

, 4#202 r 2m+2 ,
r‘U,,'(r)+rU;(r)+[ Af, e,(;) —n'le,,(r):O

with

_ 2

ofeats

This equation is of the form
x*y ' +axy + (" +y)y=0

whose solution is

with
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(7.18)

(7.19)

(7.20)

(7.21)



i

v==[1-a’)-4y]?
p
where Z, (x) is the combination 4, ,J, (x)+ B Y, (x) . By identification

2
%; p=2m+2; v=2n/2m+2)
a

a=1; y=-n*; f=

and the voltage expression is

U(r,¢)=Z,[ £ 27 el ){cosrw} -

m+1 A,a"” sin ng

Imposing the boundary conditions at r=aq and r =5,

aUn(r) —_
or =0

r=a

r=b

and taking n =0 and m = 2, the following equation is obtained
JI (O, (kg) = J (k5 (£) =0

where

EAC B O

Solving Equation (7.26) for the first root &,, the corresponding resonant frequency is
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(7.23)

(7.24)

(7.25)

(7.26)



_ 3¢ (7.27)

f'-ZmJJ.; ‘

Choosing a different value for m in (7.18) modifies the law of variation of the dielectric permit-
tivity and correspondingly the resonant frequency.
The solution technique presented is simple and equations like (7.14), (7.15) and (7.26)

can be easily solved employing computation tools such as Mathematica or Matlab.
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8. CONCLUSIONS

8.1. Two-Dimensional Equations

In this thesis the two-dimensional equations for microwave planar circuits have been
successfully used in the analysis of specific phenomena in microstrip lines. These equations are
in fact a generalization of the classical, one-dimensional transmission line equations. The two-
dimensional equations allow the inclusion of losses in the analysis of microstrip structures.

The frequency range of applicability for these equations extends up to the cutoff
frequency of the first TM mode, covering the practical operating range of the microstrip circuits.

8.2. Quasistatic Parameters

In the analysis of microstrip lines, accurate values for the effective dielectric permittivity
at zero frequency are required. Four different methods to calculate the quasistatic parameters
were developed. Two of these methods are variational methods, one for the potentials, the other
for electric charges, which along with the theorems for upper and lower bound on capacitance,
permit the accurate calculation of the effective dielectric permittivity and characteristic
impedance at zero frequency.

These methods were employed to calculate the quasistatic parameters for all the examples
considered in various chapters of this thesis. A criteria for choosing the distance where the
perfect conductor walls should be placed in the models presented, based on the ratio of the strip
width to the thickness of the dielectric substrate, was also given. The results obtained were

compared to full-wave results available in the literature and the differences are well under 1%.
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8.3. Applications of the Two-Dimensional Equations

Based on the two-dimensional equations, the following applications were developed and
the results obtained were compared with those available in the literature:

e A model to calculate the dispersion for the fundamental mode and simultaneously,
that for the higher-order modes of propagation;

e A modified model to include the losses, for the computation of both the dispersion
and the attenuation, simultaneously;

e A simple equivalent circuit for symmetric and asymmetric step discontinuities in
microstrip lines, along with efficient formulas to compute the scattering parameters,
saving considerable computer resources;

e An equivalent circuit and an analytic formula for the computation of the scattering
parameters of a double step discontinuity that gives acceptable results, when
compared to results by full-wave methods and to experimental data, reducing the
computer time by two orders of magnitude as compared to that required by full-wave
techniques;

e A simple model and equation to calculate resonant frequencies of microstrip circular

and ring resonators with inhomogeneous dielectrics.
Other results of the research performed in the thesis include:
& A detailed explanation of the existence of the higher-order modes of propagation in
the proposed model based on rectangular structures filled with inhomogeneous

dielectric;

& A discussion related to the existence of the evanescent modes on microstrip lines;
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8.4. Future Work

The potential for engineering applications of the two-dimensional equations was
demonstrated in this thesis. There are certain applications where these equations, based on the
results obtained in the thesis, can be employed with a higher degree of confidence, for instance:

e Computation of the scattering parameters for T-shaped microstrip lines and for
multiple step microstrip discontinuities;

e Calculation of dispersion and attenuation in parallel, coupled microstrip lines;

e Analysis of dispersion in coupled lines, including losses;

e Investigation of the attenuation for higher-order modes of propagation.
It is expected that relatively simple models, formulas, and equivalent circuits can be obtained for

the above configurations and incorporated in computer aided design software, providing a fast

evaluation of dispersion, attenuation and scattering parameters.
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